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Modeling the elastic deformation of polymer crusts formed by sessile droplet evaporation
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Evaporating droplets of polymer or colloid solution may produce a glassy crust at the liquid-vapor interface,
which subsequently deforms as an elastic shell. For sessile droplets, the known radial outward flow of solvent
is expected to generate crusts that are thicker near the pinned contact line than the apex. Here we investigate,
by nonlinear quasistatic simulation and scaling analysis, the deformation mode and stability properties of
elastic caps with a nonuniform thickness profile. By suitably scaling the mean thickness and the contact angle
between crust and substrate, we find that data collapse onto a master curve for both buckling pressure and
deformation mode, thus allowing us to predict when the deformed shape is a dimple, Mexican hat, and so on.
This master curve is parameterized by a dimensionless measure of the nonuniformity of the shell. We also
speculate on how overlapping time scales for gelation and deformation may alter our findings.
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I. INTRODUCTION

The emergence of cost-effective microfluidic devices al-
lowing manipulation and control of fluids on micrometer
scales has promised a significant new paradigm for the
manufacturing industry [1,2]. Known as bottom-up process-
ing, the required material can be transported to its destination
in solvent form and deposited onto the target substrate using
established technologies such as ink-jet head fluid ejection.
One constraint of this means of material transport is that the
deposited solution will evaporate, inducing nontrivial solvent
flow that may distribute the solute in an irregular and unde-
sirable manner. Understanding the physical mechanisms un-
derlying such phenomena are thus crucial to obtaining the
desired deposit profile.

Of concern here is the formation of a glassy “crust” that
can appear on the liquid-vapor interface of evaporation poly-
mer [3-7] or colloid [7-9] solutions. Such crusts are believed
to produce roughened surface profiles after drying of thin
films [10]. For sessile (i.e., pinned contact line) droplets on a
wetting substrate, the effect is compounded by the outward
radial flow of solvent during evaporation which, for low-
concentration solutions, leads to enhanced solute deposition
near the pinned line [6,11-14]. For the higher concentrations
where crust formation occurs, this outward flow suggests that
the thickness of the crust will vary nonuniformly over the
surface of the droplet, being thicker near the outer contact
line and thinner near the center or apex.

Being elastic, such a crust will deform under the internal
osmotic pressure generated by continued solvent evaporation
through its porous surface, and thus the final deposited poly-
mer profile will at least partly depend on the mechanical
properties of the crust. Assuming it to be everywhere thin,
the relevant area of elasticity required is shell theory, an
established field with known results for many different ge-
ometries, including the spherical caps relevant here (the
droplet surface is spherical, so the initial crust profile should
be approximately so); see, e.g., Shilkrut [15] for a recent
survey. However, most of the literature is for shells of uni-
form thickness [16—19] or specific, engineered nonuniformi-
ties [20]; those with a thickness profile similar to that ex-

1539-3755/2006/74(2)/021601(8)

021601-1

PACS number(s): 81.15.—z, 46.32.+x, 46.70.De

pected for evaporating droplets have not been investigated.
Furthermore, the rich array of deformed shell profiles ob-
served in experiments [3-7] has not, to the best of our
knowledge, been systematically quantified as a function of
the shell parameters, even for uniform shells.

In this paper we describe numerical and theoretical inves-
tigations into the deformation of closed, elastic spherical
caps with a thickness profile expected of crust formation dur-
ing droplet evaporation, namely thin near the apex and
thicker near the contact line. We restrict ourselves here to
axisymmetric deformations that preserve the axis of symme-
try of the shell; asymmetric deformations, as sometimes seen
in experiments [5], will be the subject of a future study. An
overview of the problem is given in Fig. 1(a). Here, two
schematic equilibrium curves of inward pressure P and
change in droplet volume AV are given, one monotonic and
one nonmonotonic (here and below we define P and AV to
be positive for the deformations of interest). The S-shaped
nonmonotonic curve exhibits a buckling instability at a value
P., when the shell jumps to an approximately inverted shape
with a boundary layer. This is known as snap-through, or
simply snap buckling, and can also be realized by, e.g., ap-
plying a localized load [15] or long-range attractive force
[21]. If the pressure is subsequently decreased, a lower criti-
cal pressure is reached when the shell jumps to the original
solution branch. This instability is known as snap-back buck-
ling. The two differing critical pressures gives a hysteresis
curve, the integrated area of which corresponds to the com-
bined energy dissipated during both dynamic buckling events
as the shell is damped to the static, equilibrium curve.

The above discussion assumes the pressure P is being
controlled. In fact, for the evaporation problem it is more
natural to consider a slowly varying AV, which may exhibit
different limit points; indeed, the simple schematic curves
given in the figure are always stable under controlled vol-
ume. Nonetheless, we shall here control P, and focus much
of our attention on the snap-through buckling point. The
principle reason for doing this is that we are most interested
in the deformation of the shell once nonlinear effects have
first become established, and the snap buckling point is a
convenient point to focus on. Indeed, as shown below, the
mode of the shell remains essentially unaltered from when
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FIG. 1. (a) Schematic equilibrium P-AV curves, one that buck-
les (with a dashed unstable regime), showing a hysteresis curve for
cyclically varying P, and one that does not. Sketches of possible
shell shapes are also shown. (b) Lateral cross sections of prebuckled
shells (black) compared to the undeformed shape (gray), showing
the first three deformation modes. For the crater mode, the turning
points of the profile are indicated by arrows.

nonlinear effects first become significant to the buckling
point itself, so we are effectively probing a broad range of
the P-AV curve. Furthermore, controlling P permits a closer
correspondence with the spherical cap literature, for which a
controlled volume is not typically considered. It also avoids
the need for more sophisticated (and time consuming)
incremental-iterative algorithms [22].

This paper is arranged as follows. In Sec. II the model and
simulation method are described. Results are then presented
in Sec. III, where it is shown that data for P, as a function of
the undeformed shell geometry can be made to collapse onto
a single curve when scaled accordingly. The same scaled
parameters also determine the shape of the shell, as quanti-
fied by the “mode number” n [see Fig. 1(b) for some ex-
amples]. By parametrizing shells of nonuniform thickness in
a convenient way, we show that the effect of nonuniformity
is to distort these master curves, without altering the gross
underlying behavior. This is supported by the scaling analy-
sis of Sec. IV. Finally, we return to the droplet evaporation
problem in light of our findings in Sec. V.

II. MODEL AND SIMULATION METHOD

To focus on the behavior of elastic shells of nonuniform
thickness, we shall here reduce the complex process of crust
formation into a simple, idealized form. In particular, modu-
lation of the liquid-vapor interface during crust formation,
crust thickening after its initial genesis, and the possibility of
temporally evolving intrinsic curvature are all ignored. In
essence we assume that the all of the polymer rapidly gels at
the surface of the droplet, and is initially in a stress-free
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state. Since liquid droplets of size less than a few mm have
spherical surfaces [23], our initial, undeformed shell configu-
ration is taken to be a spherical cap with radius of curvature
R and a contact angle (the angle the shell makes with the
substrate) 6,. This curved undeformed state identifies the
crust as a shell, distinct from a plate which is flat when not
deformed [24].

The static configuration of a thin shell can be purely de-
fined in terms of the geometry of the mid-plane surface S
and a (possibly variable) thickness &, defined such that the
outer and inner surfaces lie at distances +//2 normal to S.
As we are only concerned here with quasistatic deforma-
tions, it suffices to find shell configurations that minimize
U-PAV, with U the elastic strain energy and —PAV is the
work done by the pressure P (in our sign notation). It is
convenient to partition ¢/ into two parts, a stretch term

1 Eh
Ustreten = 5 f dsm{uée"‘ “iw + 2V gt p g} (1)

where u;; is the strain of the mid-plane, in spherical coordi-
nates in which 6€[0, 6,] is the azimuthal and ¢ e[0,27]
the polar angles, respectively, E is the Young’s modulus of
the material, and v its Poisson ratio. In addition, there is a
bending energy term

: f dS—h3 { 2 + 2 +2 } (2)
nd = K K VKoK g}
bend 2 12(1 2) 06 dP 00" .

where «;; the change in curvature of the shell meridian from
the undeformed value 1/R [25,26]. Terms proportional to uy,
or kg, vanish for axisymmetric deformations and have been
dropped.

The expressions (1) and (2) allow for E, v, and the thick-
ness h to vary over the surface. We shall here only consider
variations in thickness that respect the axis of symmetry of
the shell, i.e., h=h(6). For simplicity, a two-parameter qua-
dratic form for i(6) is employed,

h(6) = A((h),p) + B((h).p) &*. 3)

Here, the constants A and B are completely specified by the
mean thickness (h) and a dimensionless nonuniformity pa-
rameter p=[h(6,))—h(0)]/h(6y). In this way, p=0 corre-
sponds to uniform shells, and p>0 to shells that are thinner
near the apex than the contact line. The apex thickness van-
ishes in the limit p—17.

Equilibrium configurations S for given shell parameters
and pressure were found by numerically minimizing the total
energy using the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
variable metric method [27]. This was performed on the dis-
placement vector fields u,(6) (radial displacement) and u(6)
(angular displacement), where the 6 range was discretized
into 50-100 segments as the situation dictated. The midplane
strain tensor u;; was found by evaluating the full (geometri-
cally), nonlinear expression 2u;;=du;+du;+(du)(djuy) in
spherical coordinates [24]. For simplicity, only the linear ex-
pressions for x;; [26] were used, since intuitively it is non-
linearity in the in-plane strains that controls buckling. The
severity of this simplification was checked by comparing
simulation data to known results for spherical caps (i.e., the
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FIG. 2. Example of the evolution of the shell deformation with
pressure. Each curve corresponds to the outward radial displace-
ment u,(6), scaled by the uniform shell thickness (h)=h=5
X 1073R, for different pressures P. The final value of P is just prior
to buckling. In this example, 6,=0.5, »=0.3, and E is the Young’s
modulus of the shell material.

buckling pressure P, for uniform & [17,19]), for which the
agreement was good.

The results presented below are for a Poisson ratio v
=0.3 and clamped boundary conditions, in which the angle
the shell makes with the contact line is fixed. For robustness,
we have also simulated a representative sample of systems
with »=0.5 (incompressible), »=0, and v=-0.5, and found
no qualitative change in the results, merely a modulation of
the master curves (discussed below) amounting to no more
than 10%, although inspection of the shell equations (1) and
(2) suggests values of v close to —1 might produce more
significant deviations. For hinged (i.e., no angle constraint)
boundary conditions the effect was larger, reducing AP
(again, see below) by =40%, and similar sized changes in
the critical pressure. Furthermore, the master curves for non-
uniform shells were primarily shifted in pressure, only
weakly in \. Considerations of the microscopic nature of the
crust-substrate interaction suggest clamped boundaries to be
more realistic, and so we focus our attention on these.

III. RESULTS

For small pressures P, the shell displacements are linear
in P and the elastic strain energy is simply proportional to
P2. Furthermore, the shape of the shell always takes the low-
est mode consistent with the boundary conditions, namely
the n=1 “dimple” form. Higher modes only arise when the
nonlinear terms in the membrane strain become important.
This is demonstrated in Fig. 2, which shows the radial dis-
placement as a function of 6 for different pressures P from 0
up to the buckling point. Defining the mode n to be the
number of turning points in the radial displacement u,(6) in
the range 0= 6<<§,, it is evident that n=1 for small P but
takes a higher value just before buckling, n=4 in this ex-
ample. Note that n does not pass through any intermediate
states n=2 or n=3; the mode n of the shell deformation is
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fixed once nonlinear effects become established, only the
amplitudes continue to vary with P. This is typical of the
behavior observed in the parameter range studied. Thus
when below we present results for n just prior to buckling, it
should be understood that this same mode exists for all prior
P down to the linear regime.

The physical mechanism behind the snap-buckling is as
follows. In the limit 72— 0, the bending energy Uj,.nq (2) be-
comes arbitrarily small compared to the stretching energy
Ugreren (1) and so can be ignored (unless the shell deforms
inextensibly, which is not possible for this geometry
[26,28]). Now observe that if the deformed shell takes the
shape of an inverted spherical surface with the same radius
of curvature R, the midplane strains u;;, and hence Usyeicn,
vanish. In between this inverted shape and the undeformed
noninverted shape lay flatter configurations with a high
Usrercn, Which collectively play the role of an energy barrier
between the two preferred states. As P is varied, this energy
landscape “tilts” until the system hops between the two local
minima, i.e., it snap-buckles.

In contrast to the stretching energy, the bending energy
Upenq Increases monotonically, even when the shell becomes
inverted. Hence as (/1) increases and Uy.,q becomes more
significant, the depth of the energy well corresponding to the
inverted shape becomes smaller, until at some point it van-
ishes. When this happens, there is no buckling and the shell
continuously and smoothly deforms for slowly varying P
(i.e., the P—AV curve is monotonic). Thus it should be pos-
sible to identify some dimensionless combination of param-
eters, including (h), that determines whether or not the shell
buckles; for (h) too large, there should be no instability. This
insight is confirmed the simulation results, as we now de-
scribe.

A. Critical pressure P, and mode n

The variation of the mode n prior to buckling with both
contact angle 6, and uniform shell thickness i#/R is given in
Fig. 3. As expected, for each 6, there is a critical thickness
that separates shells that buckle (thin shells) from those that
do not (thick shells). For small angles this line is well ap-
proximated by (h)/R > 6, which can be attributed to a cross-
over from a stretch-energy dominated regime to a bending-
energy dominate one; see, for instance, the scaling theory of
Ref. [24] or Sec. IV. Furthermore, the mode n increases the
further one moves into the buckling regime, and again the
crossover between modes seem to lie on lines (/)/Rx 6}, an
observation that is quantified below. Thus dimpling, Mexican
hats, and so on are just the beginnings of a series of modes
that increases apparently without bound.

In the so-called shallow shell regime 6,<1, it is custom-
ary to describe the shell geometry by the dimensionless

quantity [15]
N=[12(1 - VZ)]”‘*\/I:—H;Z). 4)

Intuitively, small N corresponds to thick and/or flat shells,
which behave something like flat plates, and large \ to thin
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FIG. 3. Plot of shell shape just prior to buckling (as given in the
key) as a function of contact angle 6, and shell thickness normal-
ized to the radius of curvature A/R for a uniform A(6)=(h). The
“blockiness” is due to a large data interval for 6, of =41%. The
solid circles denote the thickness at which buckling is first ob-
served, and the dashed line has the slope 1/2 as shown.

and/or steep shells which deform as curved shells. In addi-
tion, the pressure is normalized to the buckling pressure for a
full sphere [28],

P P
I e T R3]

)

When plotted in terms of these dimensionless variables, both
P. and n collapse onto a single curve, as shown in Fig. 4.
Although the highest 6, were omitted from this plot, devia-
tions only amount to around =15% for 6,=0.8 rads=45",
suggesting the so-called “shallow shell” limit provides a de-
cent approximation for even somewhat steep contact angles.

It is apparent from this figure that g.~1 for A>1, i.e.,
the buckling pressure approaches the full sphere solution for
large values N. Furthermore, the mode n~ \ to good approxi-
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FIG. 4. Buckling pressure P scaled to the full sphere solution
PSP (ypper panel) and the mode just prior to buckling (lower
panel) vs \ for shells of uniform thickness 4 and contact angles 6,
given in the key. The data range for each 6, differ, but al/l extend
down to A°*P.
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FIG. 5. Buckling pressure P, scaled by the full sphere solution,
for different values of the nonuniformity parameter p given in the
key. For each value of p, data for 6,=0.1, 0.2, and 0.4 has been
plotted. To guide the eye, an arrow have been added to each line to
indicate the kink corresponding to the n=1+>n=2 mode transition.

mation, which is also confirmed by the scaling argument
given later. Plotting both sets of data on the same axes as
here also shows a correlation between the features of the
curves, namely that the “kinks” in the pressure data corre-
spond to increases in the mode. Thus deviations from the
complete sphere solution depend on the mode of deforma-
tion. As a final observation, note that a minimum A°"SP
~ 3.2 for buckling to occur was observed for each data curve
(the label “cusp” is explained below). This, and the shape of
the P.(\) curve, lie within 5% of known results from more
rigorous shell simulations [15], justifying the simplifying
choice of linear bending expressions in the simulations.

Introducing a variable shell thickness through the nonuni-
formity parameter p>0 does not alter the data collapse de-
scribed above, but rather shifts and distorts the master curve.
P vs \ for different values of p is given in Fig. 5, in terms
of the same dimensionless quantities as before. There is
again good data collapse, but now onto distinct curves, with
one such curve for each p. As p increases, the curves move to
lower pressures; in other words, shells that are thinner near
the apex than the contact line are weaker than uniform shells
with the same mean thickness. Furthermore, they move to
higher A, so that A°**P increases and a broader range of shells
will not buckle (i.e., have A <\P). Note that although the
curves for different p share the same essential features, in-
cluding kinks when the mode number changes, they cannot
be collapsed onto a single “supermaster” curve by simple
scaling. Note also that the relationship n~ \ still holds (data
not shown).

An alternative way to probe nonuniform shell thickness is
to hold N fixed and instead vary p. Since the master curves
tend to drift to lower ¢ and higher N with p, increasing p
should act to decrease the mode number (possibly removing
buckling) and lower the critical pressure. This is precisely
what is observed; as evident in Fig. 6, P_ is a decreasing
function of p, and furthermore mode reduction or loss of
buckling can occur at finite values of p>0. Thus a nonuni-
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FIG. 6. P, as a function of the nonuniformity parameter p,
scaled to the uniform thickness p=0 case, for mean thickness and
contact angle given in the key. The 6,=0.2 shells cease to buckle
for p>0.45. Also, the radial displacement u,(6) just prior to buck-
ling for the two shells either side of the “kink™ in the 6,=0.4 line
are given, showing the decrease in mode.

form shell, rather than increasing the mode number (as per-
haps might be expected), on the contrary acts to decrease the
mode. Quantifying the dependency on p is difficult as it de-
pends on the details of the family of master curves param-
etrized by p, but we note that the data for the 6,=0.4 case in
the figure appears to scale as P (p) ~ (1—p)? for small 1—p.
We have no explanation for this at present.

B. Onset of buckling: Cusp scaling

Although evaporation is clearly a unidirectional process,
it is nonetheless instructive to consider cyclic variations
around the buckling point since, as evident from Fig. 1, such
a protocol probes the hysteresis curve and allows greater
insight to be gained into the nature of buckling singularity. A
sample of hysteresis curves for a range of N near \“*P are
given in Fig. 7. The “width” of the hysteresis loop was taken
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to be the difference between the two critical pressures for
snap-through and snap-back buckling, AP.. For the “height,”
either the difference in strain energy Al/, or the difference in
apex displacement Au,(6=0), between prebuckled and post-
buckled states can be used; both quantities give the same
scaling. As evident from the figure, the hysteresis loop van-
ishes continuously as N— AP, according to AP.~ (A
_)\cusp)3/2 and Aur,\/()\_)\cusp)l/Z.

These exponents are characteristic of a cusp singularity
[29,30], and indeed the scaling theory of Sec. IV, which ex-
plicitly has a potential-energy function capable of generating
a cusp, also predicts the same exponents (see below for de-
tails). This explains our use of the superscript “cusp” when
referring to this singularity. The picture is as follows: for A
>\P| the system encounters two buckling transitions on
suitably varying P, one corresponding to forward (snap-
through) buckling, the other to reverse or snap-back buck-
ling. As A\°**P is approached, these two transitions approach
until “annihilating” at a higher-order singularity, namely the
cusp point. For N <A®**P there is no buckling and the shell
deforms continuously for all pressures.

IV. SCALING THEORY

It is possible to construct a scaling argument to describe
and compare to the simulations results. This is similar in
style to that in Landau and Lifshitz [24], but with the addi-
tion of explicit nonlinear terms for the stretching energy, and
an additional variable to mimic the mode. We shall also
present some simple, linear calculations for nonuniform
shells.

A. Variation with mean thickness: Buckling

The approximations employed in setting up the scaling
theory are drastic but far reaching. First, only the radial com-
ponent of the displacement u, is considered; the angular
component u,y, which corresponds to in-shell motion and is
anyway small, is simply neglected. Second, the angular de-
pendence u,(6) is subsumed into a characteristic inward dis-
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placement {~ —u,, with an unknown (but positive as defined
here) dimensionless prefactor. We further define a dimen-
sionless variable  through the characteristic derivatives
du,l 0~—{wl Oy and Fu,/ I ~—-{(w/ 6,)*>. We shall below
identify w with the mode number n, although  is a continu-
ous variable and as such potentially contains more informa-
tion than the discrete n.

In terms of the dimensionless quantities A already defined
in Eq. (4), p=P/(E 03) and x=//{h), the characteristic ener-
gies per unit surface area (including the work W done by the
pressure) can be derived from Egs. (1) and (2),

2 2.3 4 4
X X X
&/{stretch = E<h>03{ C;F - C§—6 + CZ?} ,

A
E(h)6x?
Mypena = TOX{ngz + VC§w3 + Cﬁw“},
SW = C,pEfi(h)x, (6)

where all of the C;’s are unknown, but positive, dimension-
less constants. As in the simulations, the nonlinear strain U
but linear curvatures k;; have been used. These equations
must be supplemented by the constraint that w is bounded
below by some positive O(1) constant, which is required for
consistency with the fixed boundary conditions. The equilib-
rium x and w for a given p can be found by minimizing the
total energy.

Consider first the linear response x < 1, for which terms
in x* and higher can be ignored and the energy function is
quadratic in x. Then Eq. (6) predicts a negative w, which is
not consistent with the boundary conditions, so we fix w
to be an O(1) constant and minimize for x alone. In
the bending-dominated regime A< 1, when ey cCan
be neglected, x~p\® or {~ P@R*/E(h)*. Conversely, in
the stretching-dominated regime A>>1, x~pA* or (
~ PR?*/E(h). The crossover between these two regimes lies
at A=0(1), i.e., 06~(h)/R, which coincides with the onset
of buckling observed in the simulations. This confirms the
intuitive picture that buckling arises when the stretching term
dominates.

Let us now turn to nonlinear effects and buckling. For x
=(0(1), the energy (6) is quartic and thus admits one or three
equilibrium solutions. This is most clearly seen in the
stretching regime A > 1, when the strain energy is dominated
by Mgeen and all three roots exists, two minima at x=0 and
x~\?/®? and an unstable local maximum in between. As p
increases, the root initially at x=0 moves to higher x until it
and the local maximum annihilate each other; this is the
critical pressure when the system jumps to the second mini-
mum. It is straightforward to show that, just before this
buckling event, x,=O(1), w,~X\, and p.,~\"*, or in non-
normalized variables, {.~(h), .~ 60y\R/{h), and P,
~ E(h)*/R?. This is in agreement with the simulation results
discussed above if we regard w as a continuous analogue of
the mode number n. It should be mentioned here that the
second root and local maximum do not exist for all values of
the C;. Since it is beyond this scaling theory to determine the
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C:, we must simply assume they take values such that three
roots exist for A>> 1.

For A=0(1), the size of the jump to the second minimum
at p. is smaller than for large A\, and vanishes at a finite value
AP The corresponding critical pressure, ps**?, and \°**P de-
scribe a point in parameter space for which all three equilib-
ria (including the unstable maximum) coincide. To analyse
scaling behavior around this point, we define e=\—\"P and
again assume that w is a fixed, O(1) constant (this is consis-
tent with the simulations, for which the lowest mode solution
was always observed around the critical A). By expanding
the energy around the cusp point in & and preserving only the
lowest-order terms, it is straightforward to derive the scaling
observed in the simulations, namely that the difference be-
tween the two critical pressure (for snap-through and snap-
back buckling) scales as Ap*~e¥2, and the corresponding
configurations scale as Ax:~g!2. These exponents and the
energy function (6) describe a cusp catastrophe [29,30], as
suggested by our notation.

B. Nonuniform thickness

The nature of scaling theory means that it is not well
suited to describing spatially varying quantities. Nonetheless,
a simple argument, in which bending energy and nonlineari-
ties are ignored, can be treated analytically, as we now de-
scribe. For p>0, the apex is thinner than the “wing” region
near the contact line, and might be expected to deform more.
We therefore define two characteristic deformations, ¢, and
L. for the apex and wing regions, respectively. These two
regimes are considered to be sharply separated at an angle
6, < 6y, which defines the third variable of this model. For
any given pressure P, the values of ¢, {,,, and 6, are found
by minimizing the linear strain energy restricted to stretching
terms,

0, bo

U=C,EL f doh(0)sin 0+ CLEL, | d6h(6)sin 6
0 0,

0 bo

d@sin 6— C,,P{ R f d@sin 6,

0

- CpPLR? f

0
(7)

where as before the C;’s are O(1) dimensionless constants.
Substituting the explicit quadratic form for A(6), Eq. (3) is
most easily treated by considered small p and p=1 sepa-
rately, and again we assume shallow shells 6, < 1.

For p< 1, i.e., almost-uniform shells, 6,/6,=(1
—p/8)/2 and that the deformation around the apex is en-
hanced with respect to the wing by a small amount ,/{,,
~1+p/2, to leading order in p. The critical pressure, which
can be estimated in linear theory as when the shell becomes
flat, is similarly reduced, P.(p)/P.(0)=(1-p/4). Although
this correctly predicts an initially linear decrease in P, with
p, it is clear from the simulations that the slope depends on
the shell parameters rather than taking the fixed value —1/4
as suggested here.

Repeating the procedure for p~1 and expanding in 1
—p< 1 reveals a more drastic modification from the uniform
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case. Now 6,/0,=(1-p)"* and {/¢,=(1-p)7%, so a
small region around the apex becomes strongly deformed.
The small exponent of 1/4, however, suggests p must be
very close to 1 for this regime to be clearly observed. The
critical pressure vanishes as P.(p)/P.(0)=(1-p)* with a
=1, whereas the simulations instead suggest a=2 as already
described, again demonstrating this argument is at best ca-
pable of producing qualitatively correct predictions only. It
is, however, not clear at this time how to improve the theory
with regards to nonuniform shells while retaining the appeal-
ing clarity of the scaling approach.

V. DISCUSSION

The findings outlined in this paper demonstrate that the
effects of nonuniform shell thickness on the deformation and
buckling of elastic caps can be handled in a systematic man-
ner, once the mean shell thickness (%) has been factored out
of the thickness profile 4(6). For the quadratic profile con-
sidered here, the dimensionless nonuniformity parameter p
was shown to determine the behavior of the system, in that
each p corresponded to a different master curve once the
various quantities have been normalized in a suitable man-
ner. Based on this finding, we hypothesize that any nonuni-
form thickness profile h(6)=(h)f(0; 6,) will produce similar
behavior, with master curves parametrized by f(0; 6,). The
overall form of the curve, such as kinks corresponding to
changes in the mode, is also expected to remain the same,
with only quantitative details differing.

The issue then becomes one of determining the actual
thickness profile generated by droplet evaporation of sessile
polymer or colloid solutions. This is far from trivial; crust
formation involves a number of physical processes [10], in-
cluding vapor diffusion, solvent flow, and gelation, any and
all of which may overlap in time with the elastic deformation
considered in isolation here. Until such a time that these
effects are properly quantified for the droplet geometry, it is
difficult to provide any definite predictions. Nonetheless,
some broad statements can be made based on our findings.
For instance, we expect that shells that are thinner near the
apex than the base will generally have a lower mode number
n that uniform shells of the same mean thickness. This, per-
haps ironically, suggests that, if a uniform deposit profile is
required, it may be advantageous to have a nonuniform
thickness, since lower mode numbers n correspond to flatter
final shapes. Also such shells are weaker, in that the critical
pressure is lower, suggesting they will reach the nonlinear
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region of the P-AV curve comparatively quickly.

Notwithstanding the difficulties associated with the full
evaporating droplet problem, it may be worthwhile to briefly
speculate here on the effects of ongoing crust formation dur-
ing deformation. Supposing that polymer is added to the
crust in an initially unstressed state, the effects of continued
gelation will be to reduce the mean shell stress, and alter the
intrinsic curvature towards the current value. Given that the
selection of higher modes requires nonlinear deformations
from some (unstressed) reference configuration, we speculate
that the mode number n will be reduced by this effect. How-
ever, this assumes the increase in crust thickness to be uni-
form. In reality, it is expected that the rate of deposition of
new material to the shell will be higher for regions that are
convex relative to the solution (that is, that “bulge” into it)
than for concave regions, since convex regions will be ex-
posed to a greater volume of solution and thus solute. This
suggests a two-way coupling between deformation and crust
thickening, a potentially rich problem for which further study
would be desirable.

When comparing our work to the experiments of Pau-
chard and co-workers [3,5,7], Gorand et al. [4], and Kajiya
et al. [6], a difference in notation should be observed: in
these works the term “instability” is used to refer to the for-
mation of any mode n>1, whereas we reserve the term for
snap-buckling events (also symmetry-breaking deforma-
tions). From our findings, modes with n>1 (such as Mexi-
can hats) form when the characteristic deformation is of the
order of the thickness of the shell, and thus will be delayed
with respect to the formation of the crust itself. Nonetheless,
the sequence of deformed shapes with increasing 6, observed
in Ref. [4] appears to be consistent with our work, although
without any theory for the formation of the crust, it is diffi-
cult to provide any close correspondence with experiments.
For instance, no n>3 mode has been observed in experi-
ments; this may be due to the emergence of asymmetric
modes (which for uniform shells are known to occur by A
~8 [15], before the emergence of even the n=3 “crater”
mode), due to dynamic effects, or more simply that the re-
quired shell parameters are outside of the experimental pa-
rameter window.
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