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We show that the spurious current present near a curved interface in a class of multiphase lattice Boltzmann
�LB� models is due to the insufficient isotropy of the discrete gradient operator. A method of obtaining highly
isotropic gradient operators on a lattice is given. Numerical simulations show that both the magnitude and the
spatial extent of the spurious current are significantly reduced as gradient operators of increasingly higher order
of isotropy is adopted in multiphase LB models.
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The lattice Boltzmann �LB� equation method �1,2� is in
essence a kinetic theory based computation method for fluid
simulations. Some of the microscopic physics giving rise to
the complex behavior at macroscopic level can be modeled
within the framework of the governing equations owing to its
kinetic nature. One example is the modeling of a nonideal
gas fluid in the LB equation through a mean-field interaction
potential �3,4�, which at macroscopic level yields a nonideal
gas equation of state and the associated behaviors of multi-
phase flow and phase transitions. Since its creation, the mul-
tiphase LB model has been used in simulations of a wide
range of scientific and engineering problems �5–8�.

A phenomenon known as the spurious current was first
discovered in an early LB multiphase model �9� as a small
but finite amplitude circulating flow near the interface of a
stationary bubble. The flow pattern was found to posses the
same symmetry as the underlying lattice and the magnitude
of the velocity scales with the surface tension and the inverse
of the viscosity. Similar flow pattern was found in the sub-
sequent LB model for nonideal gases and multiple compo-
nents �3,4� although both the magnitude and the spatial ex-
tent of the spurious velocity are much reduced �10�.

Before further discussion, it should be pointed out that
spurious currents discussed in the current work only exist in
the vicinity of an interface with nonzero curvature. The “spu-
rious velocities” reported near flat interfaces �11,12� are
caused by ambiguous interpretation of the true fluid velocity
which by definition represents the overall momentum trans-
fer. In typical LB simulations, the dynamics of the distribu-
tion function is split into separate streaming and collision
steps. As the consequence of the long-range interaction, mo-
mentum at each lattice site changes in the collision step. The
overall momentum transfer is defined by the average of the
momenta before and after the collision �4�. Once the proper
interpretation is used, the velocity field vanishes completely
in a flat stationary interface as required by the force balance
law. The pressure field is also a perfect constant once the
contribution of the interaction is considered.

The presence of the anomalous circulation has caused
some skepticism about the applicability of LB method in the
simulation of multiphase flow. For engineering applications,

the small velocities also compromises the accuracy of the
numerical results, especially in situations where the detailed
dynamics of the interface is of critical importance. Several
attempts have been made to understand the origin and to
reduce the magnitude of the spurious velocities. Wagner �13�
concluded that the origin of the spurious currents are due to
the incompatibility between the discretizations of the driving
forces for the order parameter and momentum equation.
Cristea �12� proposed a correction force term to eliminate the
spurious current. In this Brief Report, we show that the ori-
gin of the spurious current in the nonideal gas LB model
given in Refs. �3,4� can be understood as caused by the lack
of sufficient isotropy when the gradient of the density is
calculated. By adopting a finite difference gradient operator
of sufficient isotropy, the spurious current can be made arbi-
trarily small.

We proceed by first briefly summarizing the basic algo-
rithm of the multicomponent nonideal gas LB model �3,4�.
Within the theoretical framework set forth in Ref. �14�, the
motion of a single component fluid system is described by a
set of d discrete values of the distribution function, fa, which
obey the following lattice Bhatnagar-Gross-Krook �BGK�
equation:

�fa

�t
+ �a · �fa = −

1

�
�fa − fa

�eq��, a = 1, . . . ,d , �1�

where ��a� is the set of abscissas of a Gauss-Hermite quadra-
ture in the velocity space and � the relaxation time. For the
purpose of the present work, we limit the scope of our dis-
cussion to an isothermal system with unit molecular mass.
The macroscopic fluid density, ��x�, and velocity, u�x�, are
the moments of the distribution function as the following:

� = �
a=1

d

fa, �u = �
a=1

d

fa�a. �2�

The equilibrium distribution function, fa
�eq�, is taken to be the

truncated Hermite expansion of the Maxwell-Boltzmann dis-
tribution. At the second order, it is*Electronic address: xiaowen@exa.com
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fa
�eq� = wa��1 + ua +

ua
2 − u2

2
	 , �3�

where ua
u ·�a, and wa the weight of the Gauss-Hermite
quadrature associated with abscissa �a. Equations �1�–�3�
form a closed system and exhibit the Navier-Stokes hydro-
dynamics with an ideal-gas equation of state at macroscopic
level �1,2�.

Long-range intermolecular interaction was introduced
into the above system by defining a lattice version of the
interaction potential between two neighboring sites x and x�
�3,4�. In the single-component case it can be written as

V�x,x�� = G�x,x����x���x�� , �4�

where G�x ,x��=G�x−x�� is a Green’s function and the func-
tion �=���� is the “effective mass” that defines the details of
the interparticle interaction. As the consequence of the inter-
action potential, an interaction force is induced on the par-
ticles at lattice site x

F = − G��ea����x��
a

��x + ea�ea, �5�

where the summation is over all neighbors interacting with x.
The momentum exchange so introduced among lattice sites
can be easily shown to sum up to zero, which ensures exact
global momentum conservation. As shown previously
�14,15�, a convenient and computationally efficient way to
incorporate this intermolecular force into the dynamics of fa
is simply incrementing the particle momentum in f �eq� by the
amount �F. Namely u in Eq. �3� is replaced by u+�F /�. It is
straightforward to see that the averaged momentum before
and after collision is �u+F /2, which defines the macro-
scopic fluid velocity.

In its original form �3�, the interaction range is defined
over the nearest neighbors on a hexagonal lattice, i.e.

G��ea�� = �G , if �ea� = c

0, if �ea� � c ,

 �6�

where c is the lattice spacing. By projecting from four-
dimensional �4D� FCHC lattice, the interaction was extended
to the next nearest neighbors on a cubic lattice in three di-
mensions �3D� �16�

G��ea�� = �2G , if �ea� = c

G , if �ea� = �2c

0, otherwise,
� �7�

and on a square lattice in two dimensions �2D� �17�

G��ea�� = �4G , if �ea� = c

G , if �ea� = �2c

0, otherwise.
� �8�

We point out that the interaction potential can be generalized
to include any number of neighbors by recognizing that the
right-hand side of Eq. �5� is the finite difference representa-
tion of −��� with an unspecified relative interaction
strengths at different distances. The relative interaction
strengths can be determined by the requirement that the finite

difference gradient operator should posses sufficient degree
of isotropy so as to reduce the extent of the spurious current
in the vicinity of a curved interface.

Following the standard analysis procedure of finite differ-
ence schemes, we consider an arbitrary function f defined on
a regular lattice. Let x be any lattice site and �ea :a
=1, . . . ,d� the set of vectors pointing from x to its d neigh-
bors. The function value at the neighboring site is given by
the following Taylor series in multidimensions:

�9�
where the product on the right-hand-side denotes full con-
traction between the two rank-n tensors. For the convenience
of discussion, we follow the standard notation in Ref. �18�
and write:

Ei1i2. . .in
�n� = �

a

w��ea�2��ea�i1
¯ �ea�in

, �10�

where w��ea�2� are the weights. The finite difference approxi-
mation to the gradient of f follows from Eq. �9� immediately:

�
a=1

d

w��ea�2�f�x + ea�ea = ��f� · E�2� +
1

3!
���3�f� · E�4�

+
1

5!
���5�f� · E�6� + ¯ . �11�

Clearly, for the left-hand side to be a good approximation to
the gradient of f , E�2� must be the unit tensor. Furthermore,
for any axisymmetric �2D� or spherically symmetric �3D�
function, f , the gradient of f should only have the radial
component. This condition is met if all the tensors E�n� are
isotropic. Unfortunately, with finite number of vectors in Eq.
�10�, only the lowest few tensors can be made isotropic by
properly choosing the weights. The high-order error will al-
ways include an azimuthal component. In Eq. �5�, the same
finite difference approximation is effectively applied to the
density field near a stationary drop or bubble to obtain the
interaction force. The azimuthal component in the high-order
terms will inevitably cause a circulation flow. In the alterna-
tive multiphase LB model of Swift et al. �19,20�, the mo-
mentum is conserved locally at each lattice site and there is
no momentum exchange. The existence of the much reduced
spurious current is perhaps due to other reasons.

With a given set of vectors, it is therefore highly desirable
to obtain the finite-difference gradient operator with the
highest degree of isotropy. This problem is reduced to that of
obtaining the weights that yield the highest isotropic E�n�.
Reference �18� gives solutions for isotropy tensors up to E�6�

in both 2D and 3D. Extensions to higher orders are tedious
but straightforward. Listed in Table I are solutions that yield
isotropic tensors up to E�8� using neighbors with components
�ea�i�2. All solutions are scaled such that E�2� equals to the
unit tensor. Note that the previous results by projection from
4D FCHC as given in Eqs. �7� and �8� correspond to the
solutions that yield isotropic E�4�.
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To numerically examine the effect of the isotropy of the
interaction force on the spurious current, simulation of a
single stationary drop was performed using the single-
component nonideal gas LB model. Once the relative
weights fixed, the interaction strength in Eq. �5� is controlled
by a single parameter G

G��ea�� = G · w��ea�2� , �12�

which yields the following equation of state:

p = � +
G

2
�2��� . �13�

For simplicity, the same heuristic effective mass, ����=1
−exp�−� /�0� �3�, is used in the present simulation. The cor-
responding critical point is at G=−4 and �0=ln 2. All simu-
lation here are performed on a 100�100 square lattice with
an initial drop of a radius r0=10 latices located in the center

of the computational domain. The interaction strength is cho-
sen to be G=−5. Otherwise identical simulations are per-
formed using the three 2D gradient operators given in Table
I. Shown in Fig. 1 are the steady-state velocity field in the
three cases. To illustrate the structure of the velocity field
clearly, the lengths of the velocity vectors are multiplied by
100, and only the velocity field in the vicinity of the drop
above a threshold of �u�=0.001 is shown. To be seen is that
spurious currents of eightfold symmetry present in all cases
in the vicinity of the liquid-vapor interface. However, both
the magnitude and the spatial extent of the spurious currents
are significantly reduced as higher order isotropy is enforced
in the calculation of the gradient. The maximum velocities in
these three cases are also plotted in Fig. 2. By adopting an
interaction rule with higher order symmetry, the spurious
current can be reduced to a minimum level. Since the addi-
tional computational cost associated with the higher isotropy
gradients is mainly due to the enlarged boundary range in a

TABLE I. Weights that yield unit E�2� and isotropic E�n� tensors in two and three dimensions. The tensors
given in the second column is the highest isotropic E�n� tensor with the corresponding weights.

Tensor w�1� w�2� w�3� w�4� w�5� w�6� w�8�

E�4� 1/3 1/12

2D E�6� 4/15 1/10 1/120

E�8� 4/21 4/45 1/60 2/315 1/5040

E�4� 1/6 1/12

3D E�6� 2/15 1/15 1/60 1/120

E�8� 4/45 1/21 2/105 5/504 1/315 1/630 1/5040

FIG. 1. Velocity distribution in the vicinity of
a stationary drop. The degree of isotropy of the
interaction force is 4 �a�, 6 �b�, and 8 �c�,
respectively.
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domain-decomposed distributed-memory environment, the
interaction rules with the eighth order isotropy are relatively
more attractive than the sixth order ones, as with the same
amount of communication cost, they achieve higher degree
of isotropy and smaller spurious current. In fact, these gra-
dient operators were used in some previous simulations of
multiphase flows �6,21�.

A few remarks on the interaction model are called for at
this point. First, although the model was originally created
using mainly microscopic arguments, later analysis from the
perspective of the classic continuum kinetic theory reveals
that a relation can be identified between the pseudopotential
� and the long-range intermolecular attraction and the exclu-
sion volume of the molecules �22�. The form of � can be

tailored to fit a fairly wide range of interaction potentials in
classic kinetic theory to at least the leading order. Some
high-order corrections were subsequently proposed by relax-
ing the exact momentum conservation and explicitly con-
structing the pressure tensor as functions of the derivatives of
the density field according to the specification of the classic
phenomenological theory �23�. However, it should be noted
that substantial degree of arbitrariness can exist in the dis-
cretization of the interaction force of the continuum theory,
and it is not clear whether a discrete interaction model can be
so constructed without sacrificing the global momentum con-
servation. Second, at a further level, the lack of energy con-
servation in this interaction model has been recognized since
its inception. The difficulty lies with both the well-known
problems of the energy-conserving LB models and the con-
struction of a discrete model with simultaneous exact conser-
vations of global momentum and energy. Consequently, dis-
crepancies with the predictions of classic thermodynamic
theory cannot be completely precluded until full thermody-
namic consistency �24,25� can be established through an ex-
plicit rigorous energy conservation relation.

In summary, the origin of the spurious circulation current
in the vicinity of a curved interface between two phases is
attributed to the insufficient isotropy in the calculation of
density gradient. Finite difference gradient operators with
higher degree of isotropy are obtained. It is numerically
shown that by adopting a sufficiently isotropic gradient op-
erator, both the magnitude and the spatial extent of the spu-
rious current can be greatly reduced. The same technique can
be applied to the multicomponent nonideal gas LB model,
and other occasions where highly isotropic calculation of
gradients is required.

The author thanks Dr. Hudong Chen for many helpful and
intriguing discussions.
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FIG. 2. The magnitude of the spurious velocity as a function of
the degree of isotropy of the interaction force.
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