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We deduce the thermophysical properties of near-critical xenon from measurements of the frequencies and
half-widths of the acoustic resonances of xenon maintained at its critical density in centimeter-sized cavities. In
the reduced temperature range 1�10−3� �T−Tc� /Tc�7�10−6, we measured the resonance frequency and
quality factor �Q� for each of six modes spanning a factor of 27 in frequency. As Tc was approached, the
frequencies decreased by a factor of 2.2 and the Q’s decreased by as much as a factor of 140. Remarkably,
these results are predicted �within ±2% of the frequency and within a factor of 1.4 of Q� by a model for the
resonator and a model for the frequency-dependent bulk viscosity ���� that uses no empirically determined
parameters. The resonator model is based on a theory of acoustics in near-critical fluids developed by Gillis,
Shinder, and Moldover �Phys. Rev. E 70, 021201 �2004��. In addition to describing the present low-frequency
data �from 120 Hz to 7.5 kHz�, the model for ���� is consistent with ultrasonic �0.4–7 MHz� velocity and
attenuation data from the literature. However, the model predicts a peak in the temperature dependence of the
dissipation in the boundary layer that we did not detect. This suggests that the model overestimates the effect
of the bulk viscosity on the thermal boundary layer. In this work, the acoustic cavities were heated from below
to stir the xenon, thereby reducing the density stratification resulting from Earth’s gravity. The stirring reduced
the apparent equilibration time from several hours to a few minutes, and it reduced the effective temperature
resolution from 60 mK to approximately 2 mK, which corresponds to �T−Tc� /Tc�7�10−6.
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I. INTRODUCTION

In a previous publication �1�, we determined accurate val-
ues of the isochoric heat capacity CV and the thermal con-
ductivity �T of near-critical xenon by measuring the frequen-
cies and half-widths of acoustic resonances of Helmholtz
cavity resonators filled with xenon at its critical density �c.
�For xenon, Tc=16.58 °C, Pc=5.84 MPa, and �c
=1116 kg m−3.� In that work, the analysis was restricted to
large reduced temperatures ���T−Tc� /Tc	1�10−3 where
�t
�1 and the frequency-dependent bulk viscosity ����
played a small role in the results. �Here, ��2�f is the an-
gular frequency and t
 is the fluctuation relaxation time.� In
this work, we extend the measurements and the analysis 140
times closer to the critical temperature to reach reduced tem-
peratures as small as ��7�10−6, where ���� dominates the
dissipation. The measurements were accomplished by using
thermally driven convection to stir the xenon inside the reso-
nators. As Tc was approached, the Helmholtz mode of each
resonator reached the condition �t
=1 at the reduced tem-
perature ��2�10−5. This is 100 times closer to Tc than
previous work at megahertz frequencies �2–4�. Thus, the
present results test dynamic scaling where the corrections to
asymptotic behavior are expected to be small. Prior to this
work, low-frequency acoustic measurements in near-critical
fluids have been limited by �1� an incomplete theory of the
resonators and �2� gravitational stratification. The first limit
was addressed in Ref. �1�. In this work, we show that con-
vective stirring virtually eliminates the second limit.

In pioneering work, Voronel showed that mechanical stir-
ring reduces gravitational stratification of near-critical argon
in a 10-cm-tall calorimeter. The stirring enabled him to make
accurate heat-capacity measurements as close to Tc as ��1

�10−4�5�. Mechanical stirring was used also during mea-
surements of the attenuation and dispersion of sound in xe-
non near its critical point �2,3�. These measurements were
made in tall cells and at high frequencies �0.4–7 MHz�. In
Sec. VI, we compare the ultrasonic measurements to the
present results. Subsequently, Cannell �6� used a heater to
force convective stirring in a 2-cm-tall optical cell filled with
sulfur hexafluoride �SF6� near its critical point. Cannell mea-
sured the intensity of the light scattered from a small volume
in the center of the cell at reduced temperatures as small as
�=4�10−6. The present work resembles Cannell’s insofar as
we stirred the xenon in our 2.3-cm-tall resonators by ther-
mally driven convection. A key difference between this work
and Cannell’s is that the acoustic frequencies are sensitive to
the thermodynamic state of the xenon throughout the volume
of the cavity and the acoustic half-widths are particularly
sensitive to the state of the xenon at the boundaries of the
cavity. We assume that the stirring generated a nearly adia-
batic temperature gradient throughout the volume and esti-
mate in Sec. IV that the results have an effective resolution
of ��7�10−6.

Substantial acoustic dissipation occurred at the walls of
each resonator and throughout the volume of each resonator.
In Ref. �1�, we derived a model for the resonator from linear
hydrodynamics that accounts for both the surface and the
volume dissipation. Because calculations within this model
become complicated near Tc, we performed them using two
independent methods: �1� analytic solution of the damped
wave equation and �2� treatment of the nonuniform surface
admittance in perturbation theory. Both methods gave the
same results.

A key input to the acoustic model is the frequency-
dependent bulk viscosity ���� that results from the relaxation
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of critical fluctuations �7–9�. Theory does not provide a
closed-form representation of ���� for xenon �or any fluid
with a nonzero background specific heat�; therefore, we de-
vised a function that interpolates between the theoretical
low- and high-frequency limits of ����. This interpolating
function contains no parameters that could be fit to the
present data. We tested the acoustic model and the function
���� with our measurements of the resonance frequencies
and the quality factors �Q� of six modes spanning a factor of
27 in frequency. As Tc was approached, in the reduced tem-
perature range 1�10−3���7�10−6, the frequencies de-
creased by a factor of 2.2 and the Q’s decreased by as much
as a factor of 140. Remarkably, the model predicts these
results within ±2% of the frequency and within a factor of
1.4 of Q. A better approximation for ���� might improve
these results. The present model for ���� describes the fre-
quency dependence of the speed of sound at ultrasonic fre-
quencies �0.4–7 MHz� as well as it described the present
low-frequency data �from 120 Hz to 7.5 kHz�. For any plau-
sible form of ����, the model predicts that the thermal pen-
etration length becomes complex valued when 
�t
	1.
�Here, 
�CP /CV is the heat capacity ratio and CP is the
isobaric heat capacity.� Near 
�t
=1, our model predicts a
peak in the temperature dependence of the dissipation in the
boundary layer that we did not detect. In our discussion of
this discrepancy in Sec. VI, we conjecture that our model
overestimates the role of the bulk viscosity on the thermal
boundary layer dissipation.

In Sec. II, we describe the resonator’s shape, its lowest-
frequency acoustic modes, and the effects of gravitational
stratification. Next, in Secs. III and IV we consider the ther-
mal environment, convective stirring, and the determination
of Tc. In Sec. V, we describe the acoustic model used in the
analysis and, in Sec. VI, compare the predicted dissipation
and dispersion with the data. In Sec. VI, we also discuss the
consistency between the present model for ���� and ultra-
sonic attenuation data �0.4–7 MHz� from the literature. In
Sec. VII we list possible explanations for the small discrep-
ancies between the measurements and the model.

II. RESONATOR, SPECTRUM, AND STRATIFICATION

This work extends the measurements described in Ref. �1�
to smaller reduced temperatures. We used the same resona-
tors and the same charges of xenon, but some of the ther-
mistors used to record temperatures and temperature gradi-
ents were different than those used before. We did not
carefully calibrate the thermistors used in the present work
against a standard platinum resistance thermometer, because
an accurate determination of Tc was not our objective. Thus,
the difference between Tc reported here and Tc reported in
Ref. �1� is due to the uncertainty in the thermistor calibra-
tion. No evidence of actual Tc drift was observed during the
course of these or the previous measurements.

Figure 1 shows two cross sections of the resonator. The
asymmetric design yields a spectrum �Fig. 2� with a low-
frequency Helmholtz mode and five longitudinal modes that
span a factor of 27 in frequency. Each of these six modes is

well separated from all other modes. Reference �1� describes
the resonator in more detail.

The xenon-filled volume consisted of two horizontal, cy-
lindrical chambers; one was 48 mm long and 16 mm in di-
ameter, and the other was 22 mm long and 23.5 mm in di-

FIG. 1. Schematic cross sections of acoustic resonator and inner
shell of thermostat. All dimensions are in mm. The duct’s diameter
was 4 mm and its length was 15 mm. The xenon-filled volume was
20 cm3.

FIG. 2. Low-frequency acoustic modes of resonator filled with
xenon at density �c and reduced temperature �=1�10−3.
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ameter. The chambers were oriented at right angles to each
other and connected by a cylindrical duct 15 mm long and
4 mm in diameter. �See �1� for details.� Piezoelectric trans-
ducers were securely attached with epoxy to the outer sides
of diaphragms �2.5 mm thick� machined into each end of the
longer cylinder. One transducer was the driver; the second
was the detector.

As discussed in �1�, two nearly identical resonators were
used. The internal surfaces of one resonator were coated with
an 80-�m-thick layer of poly-monochloro-para-xylylene, a
polymer known commercially as Parylene C �10�. The ther-
mal impedance of the polymer layer is comparable to that of
a layer of stainless steel 13 mm thick. �We use the value
�T=0.0837 W m−1 K−1 and �=370 kg K−1 s−5/2 for the ther-
mal conductivity and the effusivity of the polymer �11�.�

Figure 2 displays the spectrum measured when the reso-
nator was filled with xenon at its critical density and at the
reduced temperature �=1�10−3. The resonances that we
studied are identified by H and L1, . . . ,L5. For the uncoated
resonator, these modes had wave numbers � /c
��12,65,130,197,261,and 326� m−1. �c is the speed of
sound.� The lowest-frequency resonance �fH�120 Hz near
Tc� is the Helmholtz mode, in which the xenon oscillates
between the two cylindrical chambers through the duct. In
the lowest approximation, �2�fH�2����S�−1, where �S is the
adiabatic compressibility of the xenon averaged over both
chambers and � is the density of the xenon in the duct �12�.
The prominent resonances L1, . . . ,L5 are longitudinal modes
in which the xenon oscillates parallel to the axis of the longer
cylinder. Thus, the frequencies fL1 , . . . , fL5 depend only upon
the speed of sound of the xenon in the longer chamber.

A detailed model for the resonance frequencies shows that
they depend also upon the thermoacoustic boundary layers in
the xenon at the solid surfaces of the resonator. Although
these layers have thicknesses on the order of only
0.1–10 �m, they can change the frequencies by as much as
2.5%. Thus, accurate predictions of the resonance frequen-
cies require knowledge of the temperature distribution on the
surface of the resonator in addition to the temperature distri-
bution throughout the interior of the resonator.

As Tc is approached, the xenon in an isothermal resonator
becomes stratified in Earth’s gravity �13,14�. Following Ho-
henberg and Barmatz �13�, we numerically calculated the
resonance frequencies of hypothetical resonators that have a
rectangular cross section in vertical planes of height h=0,
0.5, 1.4, 4, 12, and 32 mm and have their longest dimension
in the horizontal plane. The calculations used estimates of
the thermophysical properties of xenon based on our fit of
the restricted cubic model �14� to high-quality experimental
data from the literature �15–18�. The calculations assumed
that the stratification was isothermal, and they neglected the
boundary-layer corrections to the resonance frequencies.
With these assumptions, the resonance frequencies of all the
longitudinal modes �along the longest axis� changed by the
same factor as a result of stratification, but there was a dif-
ferent factor for each resonator.

Figure 3 displays as smooth curves the calculated reso-
nance frequencies divided by their values at �=1�10−3. As
Tc is approached, the calculated frequencies decrease, reach
a shallow minimum at the temperature �min= �9.38
�10−6��h /mm�0.639, and then increase.

Figure 3 also displays the frequency ratios measured in
the isothermal resonator. �Here, we do not show data in the
range 1�10−3���1�10−1; they are not influenced by
stratification �1�.� The frequency ratios for the H mode �tri-
angles� are slightly larger than the ratios for the L1 mode
�inverted triangles�; both sets of ratios are close to the ratios
calculated for a 12-mm-high cell with a rectangular cross
section. The agreement is reasonable, considering that the
measured fL1 depended upon the thermophysical properties
of xenon averaged over a 16-mm-high circular cross section
and the measured fH depended upon an average over a more
complicated volume 23.5 mm high.

For measurements near Tc, following a change in T, the
mode frequencies required about 16 h to stabilize. This is the
time required for an unstirred sample of xenon of this size to
fully stratify.

To summarize, as expected in the absence of stirring,
gravitational stratification limits the useful resolution of the
acoustic measurements to �	2�10−4, corresponding to T
−Tc	60 mK.

III. CONVECTIVE STIRRING

When near-critical fluids are heated from below, turbulent
convection occurs whenever the magnitude of the vertical
temperature gradient �dT /dz� exceeds the magnitude of the
adiabatic temperature gradient �14�:

FIG. 3. Solid curves: calculated frequency ratios for the hori-
zontally propagating, longitudinal modes of a rectangular cell of
various heights �h� in millimeters. Triangles connected by the
dashed curve: frequency ratios in the polymer-coated resonator in
equilibrium under gravity. Isolated points: frequency ratios in the
polymer-coated resonator measured while the xenon was stirred by
convection.
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�Here, the coordinate z is taken to increase upward and g
=9.8 m2 s−1 is the acceleration due to gravity.� A gradient of
about −1 mK cm−1 is large enough to force convection in
near-critical xenon. We note that discussions of Rayleigh-
Benard convection in near-critical fluids �19,20� often add to
the right-hand side of Eq. �1� the so-called Rayleigh term,
which raises the convection threshold �due to dissipative pro-
cesses� in geometries with a high degree of symmetry—e.g.,
a thin horizontal slab of fluid heated uniformly from below.
As T→Tc, this term decreases as �1.87 and becomes smaller
than the adiabatic gradient, which remains finite. We omitted
the Rayleigh term from Eq. �1� because it is negligible com-
pared to the adiabatic gradient for xenon in our temperature
range and geometry �14�.

We generated temperature gradients in the body of the
resonator using a rectangular �25 mm�50 mm�, thin-film
heater �134 �� glued to the bottom of the resonator near its
center. As sketched in Fig. 1, three pieces of insulating foam
held the resonator near the center of a cylindrical aluminum
shell. The aluminum shell was the innermost shell of a four-
stage air-filled thermostat that was maintained in a small re-
frigerator. �The thermostat has been described elsewhere
�21�.� When power was supplied to the heater, it generated a
nonuniform temperature distribution in the steel cell. For ex-
ample, the temperature difference between two thermistors
embedded within the steel body of the polymer-coated reso-
nator was 240 mK� �P /W�, where P was the power in
watts dissipated in the heater �Fig. 1�. A finite-element heat-
transfer model suggested that similar temperature differences
existed in the horizontal directions. One thermistor was ap-
proximately 3 cm higher than the other; thus, Eq. �1� sug-
gests that 12 mW would be sufficient to exceed the adiabatic
gradient. We interpret our experiments with different heater
powers �discussed in the next section� to indicate that 8 mW
was more than sufficient to stir the xenon, but 4 mW was
marginal.

Our interpretation that the xenon is being convectively
stirred is supported by the observation by Moldover et al.
�14� that “convection cannot be avoided when a temperature
gradient close to the adiabatic gradient is imposed on a near-
critical fluid.” Further support for this interpretation comes
from theoretical evidence that oscillatory convective insta-
bilities may occur in a near-critical fluid even when the tem-
perature gradient is less than the adiabatic gradient �19�.

The “stirred” data in Fig. 3 and the tabulated data were
recorded using P�8 mW. The finite-element heat-transfer
model suggested that the fluid was heated asymmetrically
from the sides and bottom of the chambers. The temperature
gradient within the bulk of the stirred xenon will be less than
the gradient in the steel body of the resonator. By manipu-
lating the set points of the thermostat shells, it was possible
to measure the resonance frequencies while the resonator’s
average temperature was either held constant, increased, or
decreased in a controlled fashion.

The heating had two effects on the xenon that were in-
ferred from monitoring the resonance frequencies. First, the

average temperature of the stirred xenon was colder than that
indicated by the lower thermistor by 100 mK� �P /W�. This
is illustrated for the Helmholtz mode in Fig. 4. Second, only
about 1 min was required for the stirred xenon to reach a
steady state following small temperature changes, either
close to Tc or far above Tc. However, much longer times
were required to achieve a steady state when the xenon was
warmed from the coexisting liquid and vapor phases below
Tc into a single phase above Tc.

The approach to a steady convective state, determined by
relaxation of the viscous modes and sound modes, occurs on
a short time scale �a few minutes�, whereas the approach to
thermal equilibrium occurs on the much longer time scale of
the thermal relaxation time �a few hours� �14�. This supports
our observations mentioned above. Therefore the convective
state forms during a time in which the entropy remains con-
stant, thus freezing in the adiabatic gradient. Based on these
arguments and observations, we assume that the gradient
within the stirred xenon is adiabatic. We do not know the
actual density and temperature distributions from our mea-
surements.

IV. DETERMINATION OF Tc

Figure 4 displays typical results near Tc. The frequencies
fH and the halfwidths gH of the Helmholtz resonance are

FIG. 4. �a� Frequency ratio and �b� dissipation �2g / f� data in the
polymer-coated resonator for the Helmholtz mode near Tc for three
heater powers. Before plotting, the data were shifted upward in
temperature by 100 mK� ��heater power� /W�.
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plotted on a linear temperature scale. The frequencies are
divided by 177.3 Hz, the value of fH at �=10−3, and the
halfwidths are divided by fH /2. �For the standard resonance
formula, 2g / f =1/Q, where Q is the “quality factor” of the
resonance.� Six sets of data are plotted; they were acquired
with 8, 18, and 32 mW supplied to the heater. For each
heater power, data were acquired as the resonator cooled
�plotted points� and warmed �jagged lines�. Before plotting
Fig. 4, the data were displaced toward higher temperatures
by 100 mK� �P /W�. With this displacement, the six data
sets coincide within ±0.2 mK at temperatures above Tc. This
demonstrated that the results above Tc are independent of
power applied to the heater. Below Tc, the warming and
cooling data show hysteresis. The apparent equilibration time
of the stirred xenon is much longer when it is in two phases
below Tc than when it is in one phase above Tc. When the
temperature was within ±5 mK of Tc, the data were equally
spaced in temperature and acquired while the temperature
was ramped at the rates of either +0.5 mK/h or −5 mK/h.
Between Tc+5 mK and Tc+400 mK, the data were spaced
logarithmically in temperature and acquired over a 10-h pe-
riod. With these ramp rates and within this temperature
range, the data acquired while warming and cooling were
indistinguishable.

We also took data with P=4 mW and similar warming
and cooling rates. If they were plotted on Fig. 4, the cooling
data would coincide with the higher-power data above Tc;
the warming data were noisy and did not track the data at
higher powers. This behavior suggests that 4 mW was insuf-
ficient to reliably stir the xenon. We interpret the difference
in behavior between the 4-mW data and 8-mW data as sig-
naling the onset of turbulent convection, although we did not
detect it directly.

The data in Fig. 4 show one unexpected feature. When the
stirring power was increased, the minimum value of the reso-
nance frequency and the maximum value of the resonance
half-width did not change significantly. However, their extent
in temperature did increase. The “valley” in the upper panel
of Fig. 4 acquires a flat bottom and the peak in the lower
panel acquires a flat top. This flat top is especially clear for
the other modes. �See Fig. 5.� We speculate that the width of
this feature is determined by the width of the temperature
distribution inside the stirred xenon. The width of this feature
is only about a tenth of the temperature difference measured
between the two thermistors embedded in the body of the
resonator.

The onset of hysteresis described above coincided with
the minimum in the frequency ratio for the 8-mW warming
data in Fig. 4. The location of the minimum, as determined
from a fit to the data in this region, differed by 0.2 mK or
less for all modes observed with this power and ramp rate.
We chose the average location of these minima as Tc and
expressed the data as a function of reduced temperature. The
two lower thermistors that were used in the present measure-
ments are the same thermistors that Gillis et al. �1� used
earlier. Between the two sets of measurements, these ther-
mistors were removed from the cells, crudely recalibrated,
sealed into the cell bodies with epoxy, and then compared to
each other. This history leads us to recommend the value
Tc=16.583 °C, for these samples of xenon, as reported in
�1�.

The resolution of the thermometry and of the acoustic
measurements permitted measurements with a repeatability
equivalent to approximately 0.2 mK �Figs. 4 and 5�. How-
ever, the adiabatic temperature gradient in the stirred xenon
was approximately 2 mK over its 2-cm height. This tempera-
ture difference corresponds to the reduced temperature �
�7�10−6. From the sensitivity of the dissipation and dis-
persion on reduced temperature, we estimate that the varia-
tion of the dissipation and dispersion across this temperature
difference is at most 10% and 1.8%, respectively, at this
lowest temperature. At ��2�10−4, these uncertainties drop
to 0.4% and 0.2%, respectively. Because the acoustic mea-
surements were determined by the properties averaged over
this gradient, we restricted our analysis to data with �	7
�10−6. The adiabatic density gradient as a result of stirring
is much smaller than the isothermal gradient. Assuming that
the gradient in our resonator is adiabatic, we estimate that the
density deviation at ��7�10−6 spans the range ±3
�10−5�c. The effect of this density variation on the acoustic
measurements is negligible.

V. ACOUSTIC AND RESONATOR MODELS

The acoustic model used in the data analysis was based on
the theory presented in Gillis, Shinder, and Moldover �1�,

FIG. 5. Dissipation �2g / f� data in the polymer-coated resonator
for the �a� L1 mode and �b� L5 mode near Tc for three heater
powers. Before plotting, the data were shifted upward in tempera-
ture by 100 mK� ��heater power� /W�.
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which was a generalization of a theory presented by Morse
and Ingard �22�. The relationships between the pressure, tem-
perature, and velocity fields developed in Gillis et al., to-
gether with appropriate boundary conditions, were used to
obtain a complete description of the Helmholtz and longitu-
dinal modes of the resonator that included the thermal wave
in the resonator wall, the effects of bulk viscosity, and an
arbitrarily large heat capacity ratio 
. We argue that the
theory is valid close to the liquid-vapor critical point �one-
phase region�, where the dissipation is large and the heat
transport in the solid is significant. First, we specify the as-
sumptions that underlie the model and derive expressions for
propagating and evanescent waves; then, we specify the
model for the bulk viscosity. With these tools, we calculate
the resonance frequencies and half-widths.

A. Propagating and evanescent waves

The four scalar fields p̃, �̃, T̃, and s̃ and the vector field ũ
represent the fluctuating pressure, density, temperature, en-
tropy per unit mass, and �acoustic� fluid velocity, respec-
tively; these fields are functions of position r and time t. We
assume an implicit time dependence ei�t and that the ampli-

tudes of the fluctuating fields p̃, �̃, T̃, and s̃ are small com-
pared to their corresponding average values P, �, T, and S,
respectively. The average fluid velocity is assumed to be
zero, and the amplitude of ũ is assumed to be small com-
pared to the speed of sound c. Near the critical point, we
must further restrict the magnitudes of the fluctuating fields
to be small compared to the average “distance” from the

critical point—i.e., T̃� �T−Tc�, p̃� �P− Pc�, and
�̃� ��−�c�—to ensure that the sound wave does not influ-
ence the critical behavior.

We implicitly assume local thermodynamic equilibrium
and appropriately impose no-slip, no-temperature-jump
boundary conditions. To ensure local equilibrium, we require
that the wavelength, the thicknesses of the boundary layers,
and the dimensions of the resonator be larger than the corre-
lation length or the mean free path, whichever is larger. As
shown in Fig. 6, the boundary layer thicknesses �v and �T are
an order of magnitude larger than the correlation length 
 for
the ranges of frequency and reduced temperature � spanned
in this work. The mean free path for xenon at its critical
density is about 3�10−10 m, which is much smaller than �v,
�T, and 
. Local equilibrium is therefore assured for the
present work.

Theories for dynamics in critical phenomena �9� predict
that critical fluctuations will be in equilibrium with an acous-
tically driven fluid as long as �t
�1. �t
 is the characteristic
relaxation time for critical fluctuations.� In this limit, the
transport coefficients and thermodynamic functions obey the
static scaling laws. When �t
�1, the fluctuations cannot
keep up with the acoustic oscillation. As a result, the bulk
viscosity ����, shear viscosity ����, and thermal conductiv-
ity �T��� become complex-valued, frequency-dependent
functions that saturate at frequency-dependent values instead
of diverging as �→0. The frequency dependences of these
transport coefficients lead to dispersion and increased attenu-
ation of sound waves.

Since the thermal dissipation and shear dissipation are
much smaller than the dissipation from bulk viscosity, we
neglected the frequency dependences of the shear viscosity
�23� and thermal conductivity in our calculations. This ap-
proximation for the shear viscosity introduced a maximum
error in the calculated dissipation of only 0.03%, which oc-
curred at ��7�10−6 for the Helmholtz mode in the steel
resonator. The error from the thermal conductivity is not so
easily determined. To our knowledge, a dynamic scaling
function for �T��� has never been published. By analogy
with the shear viscosity, we assumed �T�� ,��=�T�� ,
0��S�−i�t
 /2��−x�/z, where the dynamic scaling function S
was developed for ���� in Ref. �23�, x��0.90 is the scaling
exponent for �T�
x�, and z�3.069 is the dynamic expo-
nent. With these assumptions, we estimate that using the
static thermal conductivity introduced a maximum error in
the calculated dissipation of 1% at ��7�10−6 for the Helm-
holtz mode in the steel resonator.

We do consider the bulk viscosity ���� to be a complex-
valued function of � that is determined by the dynamic
theory of critical phenomena. The thermodynamic properties
�speed of sound, c, specific heat CV, etc.� that appear in the
equations below are the zero-frequency properties unless
specified otherwise. However, we show how the inclusion of
���� in the basic hydrodynamic equations leads to the
frequency-dependent sound speed c���, specific heat CV���,
and adiabatic compressibility �S��� as discussed by others
�7,9�.

In Ref. �1�, we assumed that linear acoustics was suffi-
cient to describe our measurements. Here, we tested this as-
sumption by performing additional measurements at T−Tc
=0.01, 0.1, 0.4, and 6 K. We varied the drive level by a
factor of 100 and found that the acoustic pressure was a
linear function of the drive level. Furthermore, there was no
detectable change in the resonance frequency or the Q. Fi-
nally, we detected no harmonics of the drive frequency.

FIG. 6. Comparison of lengths as functions of the reduced tem-
perature �. The viscous penetration length �v and the thermal pen-
etration length magnitude ��T� are shown for the lowest and highest-
frequency modes H and L5, respectively. The dotted lines are
predicted by �2DT /��1/2. 
 is the correlation length. The mean free
path is approximately 3�10−10 m; thus, it is much smaller than the
plotted lengths.
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Therefore, we omitted the second-order �and higher� terms
from the equations of motion, continuity, and entropy �22,9�
because they lead to nonlinear solutions and amplitude-
dependent dissipation. We estimate that omission of the vis-
cous stress term from the entropy is justified as long as the
acoustic pressure is much less than 2�104 Pa at �=3
�10−4 and much less than 20 Pa at �=1�10−5. Based on
the measured transducer sensitivity, the acoustic pressure in
our resonator was about 100 Pa at �=3�10−4 and less than
5 Pa at �=1�10−5 for the acoustic measurements presented
in Sec. VI.

The effect of fluid motion �stirring� on acoustic wave
propagation and dissipation is proportional to M2, where M
is the Mach number �fluid speed�/�sound speed� �22�. There-
fore the effects will be very small until the flow speed is a
substantial fraction of the speed of sound. If M were not
small, our results would have shown a strong dependence on
the applied heater power, which we show was not the case.

The linearized forms of the Navier-Stokes �NS� equation,
the continuity equation, the diffusion equation for heat flow
�in the fluid and in the wall�, and the thermodynamic rela-
tionships between the fluctuating fields describe the basic
physics. After we decompose the fluid velocity ũ into the
sum ũ1+ ũvor of the curl-free ��� ũ1=0� and divergence-free
�� · ũvor=0� parts, replace � /�t with i�, and eliminate s̃ and
�̃, the equations for the fluid become

ũ = ũ1 + ũvor, �2a�

�curl-free NS� i��ũ1 = − �p̃ + 	���� +
4

3
�
�2ũ1,

�2b�

�divergence-free NS� i��ũvor = ��2ũvor, �2c�

�continuity� i��PT̃ − i��Tp̃ = � · ũ1, �2d�

�heat flow� i��CPT̃ − i��PTp̃ = �T�2T̃ , �2e�

where �T is the isothermal compressibility, �P is the isobaric
expansivity, CP is the isobaric heat capacity per unit mass,
and �T is the thermal conductivity.

The acoustic wave within the rigid solid is neglected.
However, the temperature distribution in the solid must not
be neglected near the fluid’s critical point. As �→0 the heat
capacity per unit area in the fluid’s boundary layer exceeds
the heat capacity per unit area in the solid’s boundary layer,
so heat driven into the solid will cause substantial tempera-
ture gradients there. The equation for heat transfer in the
solid is

�2T̃s = �i��sCPs/�Ts�T̃s = − kTs
2 T̃s. �3�

The subscript s is used to identify the solid �bare steel or
polymer in our case� unless stated otherwise. Since kTs

2 is
purely imaginary, Eq. �3� describes a diffusive thermal wave
with wave number kTs= �1− i� /�Ts and thermal penetration

length �Ts=�2�Ts / ���sCPs�.

Equations �2� and �3� must be solved for the resonator
geometry subject to the boundary conditions on the fluid
velocity �ũ= ũ1+ ũvor� and the temperature

�ũ��rw�� = 0 �rigid wall� , �4a�

�ũ��rw�� = 0 �no slip� , �4b�

T̃�rw� = T̃s�rw� �local equilibrium� , �4c�

��T��T̃�rw�� = ��T��T̃�rw��s �energy conservation� .

�4d�

The vector rw locates a point on the resonator wall. The
subscript � and � designate, respectively, vector components
perpendicular to and parallel to the wall.

As the Appendix of Ref. �1� explains, the system of equa-
tions �2� supports one propagating mode �the acoustic wave�
and two diffusing modes �thermal and shear waves�. The
acoustic wave is a long-wavelength oscillation that, in an
unbounded system, can travel many wavelengths before be-
ing significantly damped. The thermal and shear waves are
diffusion modes that arise due to heat and momentum trans-
fer, respectively, between adjacent portions of the fluid.
These modes do not propagate; instead, they are exponen-
tially damped over a distance that is orders of magnitude
smaller than the acoustic wavelength at the same frequency.
The diffusion modes are important near boundaries where
the acoustic wave alone cannot satisfy all the boundary con-
ditions. This coupling through the boundary conditions be-
tween the acoustic and diffusion wave modes is an important
mechanism that dissipates acoustic energy. Here, we describe
in detail how the predicted nature of these modes near the
liquid-vapor critical point differs from classical acoustics.

The acoustic pressure is a solution of �2p̃ac=−kac
2 p̃ac,

where the dispersion relation is

kac
2 =

�2

c2 q−
2��� , �5�

with

q−
2��� =

2

1 + i�v + i
�T + �
, �6�

�v =
�

c2	 ����
�

+
4

3
Dv
, �T =

�

c2DT, �7�

and

�2 = �1 + i�v − i
�T�2 + 4i�T�
 − 1� . �8�

The viscous diffusivity �or kinematic viscosity� Dv=� /� and
the thermal diffusivity DT=�T / ��CP� are used for brevity.
For a freely propagating damped acoustic wave, we usually
write kac= �� /c�����1− i�� / �2���, where the phase velocity
is c���=� /Re�kac� and the attenuation per wavelength is
��=−2� Im�kac� /Re�kac�. The dispersion relation, Eq. �5�,
gives explicitly the frequency dependence of the phase ve-
locity in terms of the transport coefficients. We can also write
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the phase velocity and the attenuation in terms of q−���,
from Eq. �6�, as

c��� =
c

Re�q−����
�9�

and

�� =
2� Im�q−����

Re�q−����
, �10�

respectively. If this free-space attenuation were the only
damping, then the quality factor of an acoustic resonance in
a chamber would be Q=� /��.

The temperature, density, and velocity fields for the
acoustic wave are

T̃ac =

 − 1


�̄

Tc

Pc

p̃ac

1 − i�Tq−
2 , �11�

�̃ac =
q−

2

1 − i�vq−
2

p̃ac

c2 , �12�

and

ũac = −
1

1 − i�vq−
2

�p̃ac

i��
. �13�

The dimensionless quantity �̄��Tc / Pc���P /�T�� is finite and
continuous at the critical point: �̄�6 at the critical point for
xenon �17�.

The temperature of the thermal wave is a solution of

�2T̃T=−kT
2T̃T, where

kT
2 =

�2

c2 q+
2��� =

�

2DT

1 + i�v + i
�T + �

i�1 + i
�v� � �14�

and

q+
2��� =

1 + i�v + i
�T + �

2i�T�1 + i
�v�
. �15�

The thermal penetration length �T, defined such that kT
2 =

−2i /�T
2, is given by

�T �
1 − i

kT
= 	2DT

�

1/2
 2�1 + i
�v�

1 + i�v + i
�T + �
�1/2

. �16�

The pressure, density, and velocity fields for the thermal
wave are

p̃T =

�̄


 − 1

Pc

Tc
�1 − i�Tq+

2�T̃T, �17�

�̃T =

�̄


 − 1

Pc

Tc

1 − i�Tq+
2

1 − i�vq+
2

q+
2

c2 T̃T, �18�

and

ũT = −

�̄


 − 1

Pc

Tc

1 − i�Tq+
2

1 − i�vq+
2

1

i��
� T̃T, �19�

respectively.

Over the frequency and temperature ranges in this work—
i.e., f �10 kHz and 2�10−6���0.04—�T and 
�T are al-
ways much smaller than unity.1 Although �v and 
�v are
much smaller than unity far from the critical point, these
quantities rapidly grow as T approaches Tc �due to the scal-
ing behavior of � and 
� and must not be neglected. The
approximations

�T � 	2DT

�

1/2
 �1 + i�v��1 + i
�v�

�1 + i�v�2 + i�
 − 1��T
�1/2

�20�

and

kac �
�

c

 1 + i�v

�1 + i�v�2 + i�
 − 1��T
�1/2

�21�

are valid for a wide range of temperatures and frequencies.
Outside the critical region, where 
�v and 
�T are both very
much smaller than 1, Eqs. �20� and �21� reduce to

�T � 	2DT

�

1/2

�1 + i�
 − 1���T − �v��−1/2 �22�

and

kac �
�

c
�1 + i�v + i�
 − 1��T�−1/2 �23�

to lowest order in �T and �v. In the limit that 
�v and 
�T
are completely negligible, Eq. �22� reduces to the classical
expression for the thermal penetration length �2DT /�. Close
to the critical point, where ��v��0.1 and 
��v��1, but still

�T�1, the approximations are

�T � 	2DT

�

1/2	 i
�v

1 + i�v

1/2

�24�

and

kac �
�

c

1

�1 + i�v�1/2 . �25�

In this limit the dispersion relation Eq. �25� can be written as

�2

kac
2 = c2 +

i�����
�

+
4

3

i�����
�

, �26�

which is consistent Onkui’s Eqs. �5.4.25� and �6.2.23� in Ref.
�9�. The shear-viscosity term is negligible in this limit. Fol-
lowing Onuki, Eq. �26� may also be written in terms of a
frequency-dependent adiabatic compressibility—i.e., �2 /kac

2

=1/��S���, where

1At the temperature and frequency extremes of this work, �=1
�10−5 and 10 kHz, 
�T�2�10−7. At sufficiently high frequency
and low reduced temperatures, 
�T should approach 1. However, at
�=1�10−7 and 1 MHz, we estimate 
�T will be just 0.02.
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�S��� =
�S

1 +
i�����

�c2 +
4

3

i�����
�c2

. �27�

The agreement between these relations and the formal dy-
namic theory supports the basic assumptions of the model
presented here.

The complex forms of kac and �T arise naturally from the
coupled system of equations �2�. Indeed, the presence of the
complex-valued factor on the right-hand side of Eq. �16� for
�T is a remnant of the pressure term in Eq. �2e�. This term
describes the entropy change due to an isothermal change in
pressure. The relative importance of the pressure term in Eq.
�2e� for the thermal wave is determined by the ratio

�PT

�CP

p̃T

T̃T

= 1 − i�Tq+
2 , �28�

which follows from Eq. �17�. Outside the critical region, the
thermal wave pressure p̃T is negligible because �1− i�Tq+

2�
��
−1���v−�T��1 and Eq. �2e� reduces to the ordinary
diffusion equation with the classical penetration length. In-
side the critical region, �1− i�Tq+

2� grows as �→0, it becomes
non-negligible when 
�t
�1, and it is nearly unity when

��v��1. This behavior of �1− i�Tq+

2� estimated from our
model for the H mode is shown graphically as a function of
� in Fig. 7. Note that for 
�v	1 �to the left of the central
dashed line in Fig. 7�, the two terms on the left-hand side of
Eq. �2e� very nearly cancel, so the entropy of the thermal
wave becomes negligible.

As �→0 the increasing importance of the thermal wave
pressure is accompanied by a change in the spatial profile of
the thermal wave because Im��T� is increasing and the wave
number kT is becoming purely imaginary. The behavior of �T
for the H mode as a function of reduced temperature is
shown in Fig. 8. The imaginary part of �T grows as �→0, it
becomes non-negligible when 
�t
�1, and it is nearly equal
to the real part when 
��v��1.

The other diffusion mode is the shear �or vorticity� wave.
This mode has just one field �the shear velocity ũvor� that
satisfies �2ũvor=−�� ��� ũvor�=−kv

2ũvor, where kv
2=−2i /�v

2.

The viscous penetration length �v=�2� / ���� is real, since
the coefficient of shear viscosity � is assumed here to be real
and frequency independent. Although near-critical fluids are
known to be weakly viscoelastic due to the slowly relaxing
critical fluctuations �9,23�, the effect is small and completely
negligible in the context considered here. However, for situ-
ations in which the dissipation from bulk viscosity is negli-
gible, such as the shear viscosity measurements in near-
critical xenon by Berg et al. �24�, viscoelastic effects may
play a dominant role. If the viscoelastic effects are retained,
then � and, therefore, �v become complex valued when �t


	1. In the high-frequency limit, where viscoelastic effects
are largest, the theory of critical dynamics predicts that the
ratio −Im������ /Re������ is less than about 0.04. Therefore
�Im��v� /Re��v�� is always much less than 1, in contrast to the
complex-valued thermal penetration length that we discuss
above.

B. Bulk viscosity

Onuki �9� derives an integral expression for the
frequency-dependent bulk viscosity that includes the correc-
tion for the background specific heat. To our knowledge,
neither an analytic nor a numeric evaluation of the integral
has been published, except for specific limiting cases. Onuki
evaluates the bulk viscosity in the low and high-frequency
limits. In the low-frequency limit ��t
�1�, the bulk viscos-
ity behaves as

i���0�
�c2 =

RBi�t


1 + qB
, �29�

where t
=6�
3� / �kBTc�= t0�−�z is the fluctuation relaxation
time, z is the dynamic exponent, and RB is a universal num-
ber. Measurements of low-frequency sound attenuation in
3He suggest RB�0.03 �3�. The nonuniversal parameter qB is

FIG. 7. The real and imaginary parts of ��PT /�CP�p̃T / T̃T for the
H mode as a function of reduced temperature. See discussion near
Eq. �28�.

FIG. 8. Real and imaginary parts of �T / �2DT /��1/2 from Eq.
�16� for the H mode as a function of reduced temperature.
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the ratio between the background and singular parts of the
reduced specific heat �1,9�—i.e.,

qB =
CV,background

*

CV,singular
* =

CV
*

A+�−� − 1, �30�

where CV
* =Tc�cCV / Pc�A+�−�+B+ is the reduced specific

heat, A+ is the universal specific heat amplitude, and B+ is the
nonuniversal background. For xenon, we use A+=18.015 and
B+=−18.043, as determined in Ref. �1�, to calculate qB�
−0.3 at �=1�10−5. Fluids with qB�0 have larger acoustic
attenuation than fluids with qB=0. In the high-frequency
limit ��t
�1�, the bulk viscosity behaves as

i�����
�c2 =

1 + qB

�i�t
/2�−�/�z + qB
− 1, �31�

where z is the dynamic exponent. The most accurate experi-
mental value, which was determined from shear viscosity
measurements in microgravity by Berg et al. �24�, is z−3
=x��0.0690±0.0006. This value is in good agreement with
the value 0.0679±0.0007 recently calculated by Hao et al.
using mode-coupling theory �25�.

We estimate the bulk viscosity with the simple function

i�����
�c2 =

1 + qB

�1 + i�t
/2�−�/�z + qB
− 1, �32�

which smoothly interpolates between the low and high-
frequency limits in Eqs. �29� and �31�. The high-frequency
limit of Eq. �32� agrees with Eq. �31�. The low-frequency
limit of Eq. �32� is

i���0�
�c2 =

�

2�z

i�t


1 + qB
, �33�

which agrees with Eq. �29� if we replace RB with � / �2z��
�0.028. This value of RB is consistent with the 3He experi-
ments as mentioned earlier. Although Eq. �32� has the correct
low- and high-frequency limits, it may not possess the cor-
rect dependence on �t
 at intermediate frequencies. We hope
that an accurate, theoretically based interpolation function
for ���� will be published in the future.

We observe that Eq. �32� gives precisely the bulk viscos-
ity contribution to �v defined in Eq. �7�. Using the dispersion
relation in the critical region, Eq. �25�, we can write Q−1 as
�neglecting surface dissipation�

Q−1 =
2 Im��1 + i�v�

Re��1 + i�v�
. �34�

In the high-frequency limit of Eq. �31�, Eq. �34� predicts
that, as T→Tc at fixed frequency, the inverse quality factor
Q−1 of a resonance �neglecting surface dissipation� reaches a
temperature-independent, maximum value

Qmax
−1 =

��/�2�z�
1 + �B+/A+���t0/2��/�z , �35�

where t0=��zt
�1.6�10−12 s. For this work, Qmax
−1 predicted

by Eq. �35� is 0.128 for the Helmholtz mode and 0.140 for
the L5 mode. The respective experimental values of Q−1 in

the steel resonator at �=7�10−6 were 0.124 and 0.155.
The frequency-dependent speed of sound in the critical

region is, from Eqs. �9� and �25�,

c���
c

= 
Re	 1
�1 + i��


�−1

. �36�

The limiting behavior for �t
�1 as T→Tc is not tempera-
ture independent but has the form

c���
c

� ��t
/2��/�z
 1 + qB

1 + �B+/A+���t0/2��/�z�1/2

, �t
 � 1.

�37�

Equation �37� predicts that c��� /c at �=7�10−6 is 1.052 for
the Helmholtz mode and 1.217 for the L5 mode. The respec-
tive experimental values of c��� /c in the steel resonator at
�=7�10−6 were 1.046 and 1.188.

To define the frequency-dependent specific heat, we sub-
stitute for qB from Eq. �30� into Eq. �32�,

1 +
i�����

�c2 =
CV

*

A+�−��1 + i�t
/2�−�/�z + B+ , �38�

where the background specific heat B+�CV
* −A+�−�. Follow-

ing Onuki �9� and Ferrell and Bhattacharjee �7�, we identify
the denominator of Eq. �38� as the frequency-dependent spe-
cific heat CV

*���. Thus, we write

1 +
i�����

�c2 =
CV

*

CV
*���

, �39�

where

CV
*��� = A+�−��1 + i�t
/2�−�/�z + B+. �40�

By inspection, CV
*��� is obtained by replacing � in CV

* by
��1+ i�t
 /2�1/�z.

C. Calculation of resonance frequencies and half-widths

Two methods were used to calculate the resonance fre-
quencies and quality factors for the modes of the resonator
described in Sec. II. With the first method, we calculated the
resonance frequency and quality factor directly from an ana-
lytic solution to the system of Eqs. �2� and boundary condi-
tions �4�. With the second method, we treated the effective
surface admittance of the thermal and viscous boundary lay-
ers as a perturbation on the unperturbed eigenfunction, which
included volume dissipation. Then we calculated the change
in the wave number from the unperturbed case using first-
order perturbation theory �22,26�. Both methods were used
to calculate the resonance frequencies and quality factors for
the longitudinal modes. The largest discrepancy in the reso-
nance frequency between the two methods was about 0.05%
at the lowest reduced temperature. The largest discrepancy in
the quality factor was about 0.4%, also at the lowest reduced
temperature. Only the second method was used to calculate
the resonance frequency and quality factor for the Helmholtz
mode.
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Analytic solution for longitudinal modes

We analytically determined the resonance frequency fLn
and quality factor QLn of the nth longitudinal mode by first
finding the standing wave solution to �2p̃ac�r�=−kac

2 p̃ac�r�
for the acoustic-wave pressure in a closed cylindrical cham-
ber. Here, r is the position vector in cylindrical coordinates
defined by the radial distance r, the azimuthal angle �, and
the axial position z. Then just enough of the thermal wave is

added to the acoustic wave so that the total temperature T̃

= T̃ac+ T̃T satisfies boundary conditions �4c� and �4d�. Finally,
just enough of the shear wave, which solves �2ũvor�r�=
−kv

2ũvor�r�, is added so that the total velocity ũ= ũac+ ũT

+ ũvor satisfies boundary conditions �4a� and �4b�. The com-
posite solution that satisfies all the boundary conditions ex-
ists only for certain complex-valued eigenvalues Kn deter-
mined by the dimensions of the resonator. The complex
frequency � /2�= f r+ igr that satisfies the resonance condi-
tion

kac��� =
�

c
q−��� = Kn��� �41�

gives the resonance frequency and half-width for driven os-
cillations. The general solution for all modes of a cylindrical
resonator is described in detail in a forthcoming publication
�27�.

For the longitudinal modes of a cylindrical chamber with
radius R and circular end plates at z=0 and z=L, the acoustic
pressure is either antisymmetric or symmetric about the mid-
plane z=L /2. The index n is odd for antisymmetric modes
and even for symmetric modes. The acoustic pressure is pro-
portional to the eigenfunction

�Ln = J0��acr�sin�kaz�z − L/2��ei�t �42�

for the n=1,3 ,5 modes and

�Ln = J0��acr�cos�kaz�z − L/2��ei�t �43�

for the n=2 and 4 modes, where

Kn
2 = �ac

2 + kaz
2 . �44�

The boundary conditions at the cylindrical wall and at the
end plates yield two equations for each mode that, together
with Eq. �44� for Kn=kac, determine �ac and kaz. The approxi-
mate equations, neglecting terms of order ��vkac�2, ��Tskac�2,
and ��Tkac�2 are

2Lac = �kazRT�2Fv +
�kTRT�2YkTsGTs

kTsGTs + �kTFT
FT �45�

and

ikaz cot	n�jaz

2k0n

 =

�ac
2

kv
+

kTY

1 + �
�n odd� �46�

or

− ikaz tan	n�jaz

2k0n

 =

�ac
2

kv
+

kTY

1 + �
�n even� , �47�

where ���TkT / ��TskTs� and Y �−q−
2�1− i
�Tq+

2� / �q+
2�1

− i
�Tq−
2��. We also define the function

Fv �
2J1�kvRv�

kvRvJ0�kvRv�
, �48�

FT �
2J1�kTRT�

kTRTJ0�kTRT�
, �49�

Lac � −
�acRJ1��acRT�

J0��acRT�
, �50�

and

GTs � −
2H1

�2��kTsRT�
kTsRTH0

�2��kTsRT�
�51�

in terms of the mth-order Bessel functions Jm�x� and Hankel
functions of the second kind Hm

�2��x�. Fv and FT are standard
functions used to describe dissipative acoustics in circular
ducts �28�. Lac is proportional to the acoustic admittance of
the acoustic wave at the wall of a circular duct �discussed in
the next section�. GTs is a measure of the thermal wave in the
wall of a circular duct. The effective radii RT and Rv are
related to the geometric factors qTn and qvn defined in Ref.
�1�, such that RT=1/qTn� , LT=2/qTn� , qTn=qTn� +qTn� , and Rv

=1/qvn. We have made the approximations �kv
2−kaz

2

��kv
2−�ac

2 �kv, �kT
2 −kaz

2 ��kT
2 −�ac

2 �kT, and �kTs
2 −kaz

2

��kTs
2 −�ac

2 �kTs which introduce small errors of order
��xkac�2�1�10−5 or less in our frequency range.

In the absence of dissipation, �ac=0 and kaz is determined
by the zeros of the cotangent in Eq. �46� or tangent in Eq.
�47�. Even when the dissipation was strongest, �ac was only
a few percent of kac. Therefore, �ac is determined mostly by
Eq. �45�, since kaz�kac. Equations �46� and �47� are the con-
ditions that determine the allowed values of kaz.

In the dilute-gas limit, i�Tq+
2 �1 and i
�Tq−

2 �1, so Eq.
�45� reduces to

�ac
2 = − kaz

2 Fv − kac
2 
 − 1

1 + �
FT, �52�

where we have retained the parameter �. In this limit, � is
just the ratio of the effusivity of xenon to the effusivity of the
wall. If we combine Eqs. �44� and �52� and then eliminate
�ac, we obtain

kaz = kac
�1 +


 − 1

1 + �
FT

1 − Fv
, �53�

which is a generalization of the propagation parameter �
= ikac for circular ducts �28� to include the finite effusivity of
the walls. From the resonance condition �46� and �47�, we
obtain �for all n	0�
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kaz � k0n	1 − �1 − i�

 − 1

1 + �

kac
2

k0n

�T

n�

 �54�

and the total wave number

kac � k0n	1 − �1 − i�
�v

2Rv
− �1 − i�


 − 1

1 + �

�T

2RT

− �1 − i�

 − 1

1 + �

k0n�T

n�

 . �55�

Equation �55� reduces to the well-known result �29� if we set
Rv=RT=R and L=n� /k0n. We use the effective radii RT and
Rv and the effective length Lcal=n� /k0n to calibrate the di-
mensions of the resonator and take into account the imper-
fect geometry.

Since �ac and kaz are implicit functions of �, the root of
Eq. �41� is found when � in Eqs. �45�–�51� is replaced by the
complex frequency �=2��fLn+ igLn�. The resonance fre-
quency and quality factor are then

fLn = Re
 c��ac
2 + kaz

2

2�q−
� , �56�

QLn
−1 =

2gLn

fLn
=

2 Im���ac
2 + kaz

2 /q−�

Re���ac
2 + kaz

2 /q−�
. �57�

Equations �56� and �57� include the effects of volume and
surface dissipation. We can determine the individual contri-
butions from surface and volume dissipation, since the vol-
ume dissipation is contained in q−. If the surface dissipation
were neglected, then the eigenvalue Kn would be real and Eq.
�57� would reduce to

Qvol
−1 =

2 Im�1/q−�
Re�1/q−�

= −
2 Im�q−�
Re�q−�

, �58�

which is just the volume loss in agreement with Eq. �10�
since ��=�Q−1. If we set q−=1 in Eq. �57� using the eigen-
value from Eqs. �45�–�47�, which includes surface dissipa-
tion, then we get

Qsurf
−1 =

2 Im���ac
2 + kaz

2 �

Re���ac
2 + kaz

2 �
. �59�

Note that Eqs. �57� and �59� include effects of bulk viscosity
in the boundary layer.

2. Perturbation theory

The effect of the thermal and viscous boundary layers on
the acoustic response of a resonator is the same to acoustic
fields as if, instead of being rigid, the resonator’s walls had a
nonzero acoustic admittance per unit area �ac such that

− �cn̂ · ũac�rw� = �ac�rw�p̃ac�rw� , �60�

where n̂ is the unit normal to the surface pointing into the
gas and �ac�rw� is a function of position along the boundary.
If we treat �ac as a perturbation, we can calculate the eigen-
value with perturbation theory �22�,

kn = k0n +
ikac

2k0n

�
S

�0n
2 �rs��ac�rs, f�dS

�
V

�0n
2 �r�dV

, �61�

where �0n is the eigenfunction �proportional to the pressure�
satisfying �2�0n=−k0n

2 �0n and the rigid-wall boundary con-
dition �4a� only—i.e., zero surface admittance. The specific
acoustic admittance �ac�rw� for a planar surface was given in
Eq. �A31� of Ref. �1�.

For a cylindrical resonator, we use the solution described
in the previous section to obtain the specific acoustic admit-
tance for the cylindrical wall �side,

�side =
�cr̂ · ũac�R�

p̃ac�R�
=

1

1 − i�vq−
2

ic

�

Lac

RT
, �62�

and for the end plates �end,

�end =
�c�− ẑ� · ũac�z = 0�

p̃ac�z = 0�
=

�cẑ · ũac�z = L�
p̃ac�z = L�

=
1

1 − i�vq−
2

c

�
ikaz cot	n�kaz

2k0n

 �n odd�

=
− 1

1 − i�vq−
2

c

�
ikaz tan	n�kaz

2k0n

 �n even� . �63�

The surface integrals in Eq. �61� are trivial since �side and
�end are independent of position. For �0n we use Eq. �42� or
�43� with �ac=0 and kaz=k0n. The eigenvalue from Eq. �61�
becomes

TABLE I. Values and uncertainties for some parameters used in
the analysis. See also Tables VII and VIII in Ref. �1�.

Parameter Value

� 0.11±0.003a

� 0.63±0.002a

y 0.04349±0.00035b

x� 0.0690±0.0006b

Pc �MPa� 5.84c

�c �kg m−3� 1116.0±1.7d

Tc �°C� 16.583±0.015e


o
+ �nm� 0.1866±0.001e

A+ 18.015±0.11e

B+ −18.04±0.27e

C+ 0.42±0.1e

�o�Tc� ��Pa s� 51.3±0.4b

qC
o
+ 0.051±0.007b

qD
o
+ 0.16±0.05b

aSee Ref. �33�.
bSee Ref. �24�.
cSee Ref. �34�.
dSee Ref. �35�.
eSee Ref. �1�.
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kn = k0n +
2

LT
i�end +

1

RT
i�side, �64�

from which the resonance frequency and quality factor are

fLn = Re
 ckn

2�q−
� �65�

and

QLn
−1 =

2 Im�kn/q−�
Re�kn/q−�

, �66�

respectively.
A similar analysis for the Helmholtz mode gives the ei-

genvalue

kH = kH0 + iqT�c +
iVd

6Vc
qv�d, �67�

where the specific acoustic admittances of the chamber and
duct walls are

�c =
1 + i

1 − i�vq−
2

�

2c

Yq+
2

1 + �
�T �68�

and

�d =
1 + i

1 − i�vq−
2

�

2c
	 kaz

kac

2

q−
2�v +

1 + i

1 − i�vq−
2

�

2c

Yq+
2

1 + �
�T,

�69�

respectively, and the coefficients qT and qv were defined in
�1�. The resonance frequency fH and quality factor QH of the
Helmholtz mode were determined by

fH = Re
 ckH

2�q−
� �70�

and

QH
−1 =

2 Im�kH/q−�
Re�kH/q−�

. �71�

The working equations �65�, �66�, �70�, and �71� include the
effects of bulk viscosity.

In the first-order approximation, the inverse quality factor
of the resonances Q−1 can be written as a sum of viscous

TABLE II. Results for the Helmholtz mode in the bare steel resonator. The resonance frequency f r and
quality factor Qr were measured from the acoustic data. The speed of sound cH was determined from the
acoustic data using Eq. �79�. QH was calculated from the model with Eq. �71�.

� f r �Hz� Qr
−1 �t
 QH

−1 cH �m s−1�

7.66�10−6 126.155 0.1237 7.427 0.1295 64.851

9.73�10−6 126.897 0.1180 4.704 0.1198 65.223

1.11�10−5 127.415 0.1139 3.655 0.1129 65.484

1.66�10−5 129.275 0.1016 1.701 0.08762 66.437

2.53�10−5 131.831 0.08809 0.7736 0.06606 67.788

3.73�10−5 134.807 0.07813 0.3719 0.05672 69.405

5.49�10−5 138.540 0.07083 0.1813 0.05499 71.458

8.05�10−5 142.646 0.06568 0.0894 0.05707 73.752

1.17�10−4 147.059 0.06239 0.0445 0.06055 76.256

1.71�10−4 151.809 0.05985 0.0223 0.06333 78.990

2.48�10−4 156.972 0.05697 0.0113 0.06276 81.951

3.59�10−4 162.471 0.05370 5.70�10−3 0.05806 84.955

5.20�10−4 168.378 0.05004 2.90�10−3 0.05228 87.990

6.87�10−4 173.123 0.04689 1.75�10−3 0.04805 90.355

9.94�10−4 179.844 0.04205 8.94�10−4 0.04259 93.658

1.44�10−3 187.057 0.03715 4.58�10−4 0.03730 97.183

2.08�10−3 194.844 0.03222 2.36�10−4 0.03230 100.990

3.00�10−3 203.168 0.02773 1.21�10−4 0.02772 105.073

4.34�10−3 212.103 0.02368 6.27�10−5 0.02366 109.480

6.28�10−3 221.747 0.02026 3.25�10−5 0.02016 114.263

9.08�10−3 232.226 0.01732 1.69�10−5 0.01719 119.492

1.31�10−2 243.723 0.01486 8.80�10−6 0.01472 125.257

1.90�10−2 256.496 0.01281 4.62�10−6 0.01267 131.691

2.74�10−2 270.878 0.01110 2.43�10−6 0.01098 138.961

3.61�10−2 282.871 9.77�10−3 1.51�10−6 9.91�10−3 145.037
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losses Q�
−1 and thermal losses Q�

−1 at the boundaries of the
resonator plus bulk losses Q�

−1 throughout the volume of the
resonator:

Q−1 = Q�
−1 + Q�

−1 + Q�
−1. �72�

In �1�, we derived approximate expressions for the losses in
terms of the thermophysical properties and the frequency:

Q�
−1 � qv�v, �73�

Q�
−1 � �
 − 1�qT�T/�1 + �� , �74�

Q�
−1 � ��/��c2� . �75�

For each mode, the inverse lengths qv and qT are ratios of
surface integrals to volume integrals defined in �1�. We esti-
mated qv and qT by solving numerically the Helmholtz equa-
tion for the velocity potential for the modes H, L1, L2, and
L3. For the L4 and L5 modes, we assumed that qv and qT had
the values appropriate for a cylinder 48 nm long and 16 mm
in diameter. As discussed in �1�, these coefficients were ad-
justed slightly from the original estimates to improve the
quality of the fit. The values for qv and qT and the unper-
turbed wave numbers k0 used in this work were unchanged

from the values tabulated in Tables IX and X from Ref. �1�.

VI. ANALYSIS AND RESULTS

The resonance frequencies and half-widths were deter-
mined by the method described in Ref. �1�. The in-phase and
quadrature voltages from the detector were fit with the stan-
dard resonance formula to determine the measured resonance
frequency f r and half-width gr for each mode. The fitted pa-
rameters f r and gr were then corrected, as discussed in Ref.
�1�, to account for known systematic errors that grow as Q
decreases. The errors arise because the standard resonance
formula ignores the frequency dependence of the dissipation
mechanisms that contribute to the half-width �gr� f−1/2 for
surface losses and �f for volume losses�. We quantified
these errors and developed corrections for them by fitting the
standard resonance formula to numerical data generated by a
model that included the frequency dependence of the losses,
which we measured for xenon in the range 1�10−3���7
�10−6. The largest corrections occurred close to Tc. For the
Helmholtz mode, the corrections were ��f r / f r��0.4% and
��Q /Q��1.7%. For the L5 mode they were ��f r / f r��0.5%
and ��Q /Q��0.4%.

TABLE III. Results for the L5 mode in the bare steel resonator. The resonance frequency f r and quality
factor Qr were measured from the acoustic data. The speed of sound cL5 was determined from the acoustic
data using Eq. �79�. QL5 was calculated from the model with Eq. �66�.

� f r �Hz� Qr
−1 �t
 QL5

−1 cL5 �m s−1�

7.66�10−6 3819.98 0.1552 224.9 0.1403 73.625

9.73�10−6 3823.08 0.1510 141.7 0.1399 73.685

1.11�10−5 3825.43 0.1482 109.7 0.1396 73.730

1.66�10−5 3834.93 0.1382 50.45 0.1378 73.914

2.53�10−5 3852.47 0.1249 22.61 0.1337 74.252

3.73�10−5 3878.16 0.1100 10.70 0.1255 74.746

5.49�10−5 3917.02 0.09278 5.127 0.1095 75.494

8.05�10−5 3972.53 0.07501 2.489 0.08361 76.562

1.17�10−4 4047.31 0.05822 1.224 0.05441 78.004

1.71�10−4 4145.88 0.04301 0.6082 0.03307 79.912

2.48�10−4 4264.29 0.03083 0.3057 0.02144 82.211

3.59�10−4 4400.46 0.02185 0.1543 0.01595 84.867

5.20�10−4 4551.18 0.01580 0.0784 0.01365 87.827

6.87�10−4 4672.90 0.01274 0.0472 0.01263 90.232

9.94�10−4 4845.62 9.93�10−3 0.0241 0.01080 93.637

1.44�10−3 5030.64 8.06�10−3 0.0123 8.67�10−3 97.222

2.08�10−3 5230.06 6.65�10−3 6.32�10−3 6.98�10−3 101.045

3.00�10−3 5444.09 5.52�10−3 3.25�10−3 5.70�10−3 105.136

4.34�10−3 5674.45 4.60�10−3 1.68�10−3 4.69�10−3 109.539

6.28�10−3 5924.11 3.82�10−3 8.68�10−4 3.87�10−3 114.316

9.08�10−3 6196.57 3.18�10−3 4.50�10−4 3.20�10−3 119.536

1.31�10−2 6496.88 2.65�10−3 2.35�10−4 2.65�10−3 125.296

1.90�10−2 6831.74 2.21�10−3 1.23�10−4 2.21�10−3 131.726

2.74�10−2 7209.86 1.84�10−3 6.47�10−5 1.84�10−3 138.991

3.61�10−2 7527.34 1.62�10−3 4.03�10−5 1.62�10−3 145.095
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Our model for the acoustic data requires, as inputs, the
thermodynamic properties of near-critical xenon and the un-
perturbed wave number k0n of the modes of each resonator.
In Ref. �1�, the thermodynamic properties were determined
from our acoustic measurements in the range 1�10−3��
�0.04 and from data from the literature. The results were
expressed in algebraic forms that could be extrapolated to-
wards Tc and we used these forms in this work. As described
in Ref. �1�, we determined k0n from calibration with argon
far from Tc, and we determined the effusivity of the polymer
coating from the acoustic losses far from Tc. We emphasize
that our model has no parameters that were adjusted to fit the
present data in the range 1�10−3���7�10−6.

The zero-frequency speed of sound c was calculated from
the thermodynamic relation

c2 =
�

 T
+

T

�2CV
	 �P

�T



�

2

. �76�

In Eq. �76� we used the measured specific heat from Ref. �1�,
described by the scaling form

Tc�cCV/Pc = CV
* = A+�−��1 + C+�0.5� + B+, �77�

with values for the parameters given in Table I, the isother-
mal susceptibility  � measured by Güttinger and Cannell

�15�, and ��P /�T�� from Swinney and Henry �17�.
The thermal conductivity was calculated from Eq. �35� of

Ref. �1�. The shear viscosity was calculated from the zero-
frequency limit of Eq. �2� in Ref. �24�,

��T,�c� = �0�T,�c�exp�x�H�qC
,qD
�� , �78�

which has the asymptotic dependence on 
 predicted by scal-
ing. Equation �78� includes the crossover function H pre-
dicted by Bhattacharjee et al. �30� and the background vis-
cosity from Ref. �31�. We used the values x�=0.069, qC
0
=0.051, and qD
0=0.16 determined experimentally in Ref.
�24�. The background viscosity �0 was scaled to be 51.3
�10−6 Pa s at Tc as recommended by Berg et al. �24�. For
the present work, the calculation of the relaxation time t
, not
the acoustic dissipation, required that we use a representation
for the viscosity with the correct dependence on 
.

The measured resonance frequencies and quality factors
are tabulated for the H and L5 modes for the bare steel
resonator in Tables II and III and for the polymer-coated
resonator in Tables IV and V. These tables include predicted
resonance frequencies calculated using Eqs. �56� and �70�.
The calculated dissipation in the polymer-coated resonator
includes a small contribution from some exposed bare steel
�about 5% of the area� where the flanges attach to the reso-

TABLE IV. Results for the Helmholtz mode in the polymer-coated resonator. The measured f r and quality
factor Qr were measured from the acoustic data. The speed of sound cH was determined from the acoustic
data using Eq. �79�. QH was calculated from the model with Eq. �71�.

� f r �Hz� Qr
−1 �t
 QH

−1 cH �m s−1�

7.94�10−6 124.450 0.08385 6.837 0.1138 65.690

9.66�10−6 125.008 0.07755 4.696 0.1045 65.998

1.17�10−5 125.756 0.07051 3.246 0.09286 66.386

1.73�10−5 127.533 0.05928 1.563 0.06521 67.332

2.48�10−5 129.818 0.04712 0.7865 0.04252 68.545

3.59�10−5 132.723 0.03623 0.3953 0.02815 70.085

5.21�10−5 136.254 0.02737 0.1976 0.02022 71.955

7.52�10−5 140.245 0.02005 0.1001 0.01614 74.068

1.09�10−4 144.462 0.01711 0.0504 0.01400 76.299

1.58�10−4 149.114 0.01480 0.0255 0.01290 78.761

2.28�10−4 154.069 0.01336 0.0130 0.01229 81.382

3.29�10−4 159.353 0.01256 6.61�10−3 0.01193 84.177

4.76�10−4 164.970 0.01207 3.37�10−3 0.01171 87.147

6.89�10−4 170.942 0.01173 1.72�10−3 0.01153 90.305

9.95�10−4 177.299 0.01141 8.78�10−4 0.01135 93.665

1.44�10−3 184.086 0.01116 4.50�10−4 0.01116 97.251

2.08�10−3 191.311 0.01089 2.31�10−4 0.01094 101.067

3.01�10−3 199.056 0.01058 1.19�10−4 0.01069 105.155

4.34�10−3 207.406 0.01027 6.13�10−4 0.01041 109.559

6.28�10−3 216.462 9.93�10−3 3.17�10−5 0.01008 114.332

9.08�10−3 226.358 9.55�10−3 1.64�10−5 9.70�10−3 119.543

1.31�10−2 237.281 9.12�10−3 8.58�10−6 9.27�10−3 125.290

1.90�10−2 249.473 8.65�10−3 4.51�10−6 8.80�10−3 131.702

2.74�10−2 263.257 8.16�10−3 2.40�10−6 8.31�10−3 138.948

3.59�10−2 274.636 7.77�10−3 1.53�10−6 7.93�10−3 144.931
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nator. The measured and modeled dissipation �Q−1� as func-
tions of the reduced temperature are shown in Fig. 9 for the
H and L5 modes in both resonators. Four reduced tempera-
tures, where �Xe=�steel, �Xe=�polymer, 
�t
=1, and �t
=1,
are indicated in the figure. Thermal and shear losses at the
surface dominate the dissipation for temperatures to the right
of the line 
�t
=1 in the figure. The surface losses saturate
in the vicinity of �Xe=�steel and �Xe=�polymer for the respec-
tive resonators. The energy loss in the fluid volume due to
bulk viscosity dominates the dissipation for temperature to
the left of the line �t
=1.

The model agrees with the data at the highest reduced
temperatures where the influence of the bulk viscosity is neg-
ligible and at the lowest reduced temperatures where the dis-
sipation is dominated by the bulk viscosity acting throughout
the volume of resonator. The largest differences between the
model and the data occur for the H mode of steel resonator.
As Tc is approached from the temperature where 
�t
=1, the
modeled dissipation rises above the experimental values and
then drops below the experimental values. The largest differ-
ence for the Helmholtz mode is a factor of 1.4; the factor
decreases as the frequency increases. The differences are
largest where the effect of the bulk viscosity on the boundary
layer peaks, as predicted by the model. The peak in the

boundary layer dissipation of the polymer resonator is much
smaller than the corresponding peak for the steel resonator
because the effusivity of the polymer is much smaller than
the effusivity of the steel.

The model predicts that the bulk viscosity “stiffens” the
thermal boundary layer, thereby lowering the thermal bound-
ary layer admittance from what it would be if bulk viscosity
were not present. To demonstrate this, we repeated the cal-
culations with the bulk viscosity contributing only to the
volume dissipation and plotted the results as the dash-dotted
curves �labeled �surf=0� in Fig. 9. The �surf=0 curves do not
have the inflections that the theory predicts for the dissipa-
tion in the steel resonator; however, the total dissipation at
the lowest temperature is larger for the �surf=0 curves due to
the higher boundary layer admittance. For the polymer-
coated resonator, omitting the bulk viscosity from the surface
dissipation made a negligible difference from the theory. We
emphasize that the �surf=0 calculation is ad hoc; we have no
physical reason to omit the bulk viscosity from the boundary
layer.

The frequency-dependent speed of sound c��� was deter-
mined as a function of temperature for each mode from the
measured resonance frequency, the corrections for the known
perturbations, and the mode’s unperturbed wave number k0n.

TABLE V. Results for the L5 mode in the polymer-coated resonator. The measured f r and quality factor
Qr were measured from the acoustic data. The speed of sound cL5 was determined from the acoustic data
using Eq. �79�. QL5 was calculated from the model with Eq. �66�.

� f r �Hz� Qr
−1 �t
 QL5

−1 cL5 �m s−1�

7.94�10−6 3837.13 0.1438 210.8 0.1399 73.754

9.66�10−6 3839.83 0.1408 144.2 0.1393 73.806

1.17�10−5 3843.73 0.1373 99.22 0.1385 73.882

1.73�10−5 3854.79 0.1281 47.23 0.1361 74.096

2.48�10−5 3870.93 0.1172 23.45 0.1319 74.407

3.59�10−5 3895.15 0.1041 11.60 0.1240 74.874

5.21�10−5 3932.37 0.08861 5.702 0.1093 75.591

7.52�10−5 3984.10 0.07192 2.844 0.08580 76.588

1.09�10−4 4053.07 0.05485 1.414 0.05682 77.917

1.58�10−4 4146.15 0.03992 0.7102 0.03331 79.710

2.28�10−4 4259.86 0.02716 0.3594 0.01889 81.900

3.29�10−4 4392.12 0.01753 0.1823 0.01092 84.447

4.76�10−4 4539.81 0.01097 0.0926 6.67�10−3 87.290

6.89�10−4 4700.85 6.92�10−3 0.0472 4.44�10−3 90.391

9.95�10−4 4874.05 4.57�10−3 0.0241 3.23�10−3 93.725

1.44�10−3 5059.09 3.26�10−3 0.0124 2.57�10−3 97.285

2.08�10−3 5257.39 2.54�10−3 6.35�10−3 2.19�10−3 101.100

3.01�10−3 5469.84 2.12�10−3 3.26�10−3 1.96�10−3 105.185

4.34�10−3 5698.74 1.86�10−3 1.68�10−3 1.80�10−3 109.586

6.28�10−3 5946.84 1.67�10−3 8.71�10−4 1.68�10−3 114.355

9.08�10−3 6217.75 1.53�10−3 4.52�10−4 1.56�10−3 119.561

1.31�10−2 6516.69 1.41�10−3 2.36�10−4 1.45�10−3 125.305

1.90�10−2 6850.32 1.29�10−3 1.24�10−4 1.33�10−3 131.714

2.74�10−2 7227.44 1.18�10−3 6.60�10−5 1.21�10−3 138.958

3.59�10−2 7538.90 1.10�10−3 4.20�10−5 1.13�10−3 144.941
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c��� is calculated from the measured resonance frequency
according to

c��� =
2�fmeas

Re�kn�
�

2��fmeas − �f�
k0n

, �79�

where �f = �c /2��Re�kn−k0n� is the predicted frequency
shift due to the presence of the boundary layer �estimated
from perturbation theory�. The speed-of-sound data is shown
in Fig. 10 where the phase velocity for the H and L5 modes
is plotted as a function of reduced temperature. For �t
�1
the speed of sound for the L5 and H modes agrees with the

zero-frequency speed of sound as expected from dynamic
scaling. For �t
	1, the difference between the c��� and c
increases with increasing frequency. At �=7�10−6, the mea-
sured c��� is within 0.6% of the predicted value for the
Helmholtz mode and within 2% of the predicted value for
the L5 mode.

The ratio c��� /c was calculated using the values of c
from Eq. �76�. Figure 11�a� displays c��� /c as a function of
�t
 for both resonators. At large values of �t
, the dispersion
of in the speed of sound approaches 20% in our data. Figure
11�b� displays the ratios of the experimental to calculated
phase velocities c��� /c���calc for the steel and polymer-
coated resonators. The calculated phase velocities differ from
the measurements by at most 2.2%. The differences are a
smooth function of �t
 with a peak near �t
�1. However,
the deviations are not a smooth function of the reduced tem-
perature, as shown in Fig. 11�c�. Because the bulk viscosity
is the property in our model that has the strongest variation
with �t
, we speculate that a better model for ���� would
reduce the differences. We are currently investigating ways
to deduce ���� directly from our dissipation and dispersion
measurements. However, because ���� is a complex-valued
function that must satisfy Kramers-Kronig relations, this is
not a trivial matter. This work will be the subject of a forth-
coming article.

In Fig. 11�b�, the data from the polymer-coated resonator
are more tightly clustered than the data from the steel reso-
nator and, on the average, are at higher values of
c��� /c���calc. We suspect that these features have two
causes. First, the dissipation in the boundary layer is much
higher in the steel resonator than in the polymer-coated reso-
nator. Second, as discussed below, our model for the dissipa-
tion in the boundary layer overestimates the boundary losses
for the steel resonator.

The dispersion and attenuation of ultrasound in near-
critical xenon were measured by Garland and collaborators

FIG. 9. The dissipation Q−1 as a function of reduced temperature for �a� the fifth longitudinal mode, L5, and �b� the Helmholtz mode, H.
In both graphs, the symbols denote measurements in the steel � and polymer-coated � resonators. The solid curves are calculated from Eqs.
�57� and �71� for the L5 and H modes, respectively. The dash-dotted curves are the predicted losses when the bulk viscosity is included only
in the volume dissipation ��surf=0�.

FIG. 10. The speed of sound as a function of reduced tempera-
ture deduced from the Helmholtz modes �circles� and L5 modes
�squares� in the bare steel resonator �solid symbols� and polymer-
coated resonator �open symbols�. The dispersion is evident when
�t
	1. The solid curve is the zero-frequency speed of sound from
Eq. �76�.
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in the 1970s �2,3�. They used an interferometer to measure
c��� and the attenuation per wavelength, ��, in a compara-
tively large, geometrically complicated, stirred cell. They re-
ported difficulties in dealing with density gradients near Tc.
In Ref. �2�, Garland’s group tabulated values of c��� and ��

measured along the isochore with density 1.01 �c for fre-
quencies in the range 0.4 MHz� f �7 MHz. We include in
Fig. 11 c��� at 1 MHz and 3 MHz as tabulated in Ref. �2�. In
Fig. 11�a�, the ultrasonic data for �t
�1 show a higher dis-
persion than our audio frequency data at the same �t
; this is
predicted by the theory �9�. Figure 11�b� shows that the ul-
trasonic data nearly agree with the present model, without
adjusting any parameters. It is remarkable that data spanning
a frequency ratio of �3 MHz� / �120 Hz�=25 000 are so

nearly consistent. Furthermore, the ultrasonic data deviate
from our model smoothly as a function of �t
 with a broad
peak at �t
�1. Because the ultrasonic data were not ac-
quired with a resonator, they are not influenced by dissipa-
tion in boundary layers. This supports our speculation that a
better function is needed for ����.

Figure 11�c� shows that there is a systematic difference
between the present speed-of-sound data and the ultrasonic
data in the temperature range 3�10−2	 �T−Tc� /Tc	1
�10−3. We have no explanation for this. �As discussed in
Ref. �1�, the present speed-of-sound data are within 0.2% of
the data of Kline and Carome far above Tc �32�.�

In a subsequent publication, Thoen and Garland �3� state
that gravity had caused temperature-dependent density
changes such that the tabulated attenuation data2 in Ref. �2�
“are low by about 15% near Tc” and that this phenomenon
occurred when �t
�2. In accordance with this, we multi-
plied the tabulated values of �� from Ref. �2� by the factor

A + B tanh�ln��t
/2�� , �80�

with A=1.0882 and B=0.0882, which smoothly crosses over
from 1 to 1.18 near �t
=2. In Fig. 12, the corrected mea-
surements are compared with the values calculated for
1 MHz using Eq. �10� together with the thermodynamic and
transport properties of xenon used in the analysis of the
present data. No empirical parameters were adjusted for this
comparison. For �t
�1, the measured and calculated values
of �� agree within the scatter of the data. Near �t
�5, the
measured values of �� are 2/3 of the calculated values, and
for �t
�1, the measured values of �� are approximately

2Thoen and Garland state that gravity did not noticeably affect the
ultrasonic velocity data c���; therefore, we used these data as
tabulated.

FIG. 11. �a� The ratio of the measured speed of sound at fre-
quency � to the thermodynamic �zero-frequency� speed of sound as
a function of �t
. The data from the steel resonator are denoted by
open symbols; the data from the polymer coated resonator denoted
by solid symbols. The ultrasonic data �� and �� are from Ref. �2�.
We calculated the zero-frequency speed of sound c from Eq. �76�.
�b� Ratio of the experimental to calculated speeds of sound as a
function of �t
. We calculated c���calc from Eq. �9� using the bulk
viscosity from Eq. �32� with no adjusted parameters. �c� Same as
�b�, but plotted as a function of �T−Tc� /Tc. Note that the horizontal
axis in �c� is reversed.

FIG. 12. The ultrasonic attenuation �� from Ref. �2� as a func-
tion of �t
. Before plotting, we multiplied the values by Eq. �80� as
recommended in Ref. �3�. The curve is the calculated attenuation at
1 MHz from Eq. �10� using the bulk viscosity from Eq. �32� with no
adjusted parameters. The attenuation from shear viscosity and ther-
mal conductivity have been omitted from the experimental and cal-
culated values.
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88% of the calculated values. We speculate that the agree-
ment between the ultrasonic measurements and the theory
could be improved near �t
�5 by using a better functional
form for ����. Perhaps the measurement problems in the
region �t
�1 were not fully accounted for by the factor of
1.18 recommended by Thoen and Garland.

VII. CONCLUSIONS

The data from the stirred samples �Figs. 3–5� indicate that
the useful temperature resolution of the stirred samples is on
the order of a few millikelvin. We estimate that the condition
�t
=1 was encountered for the H mode at the reduced tem-
perature ��2.3�10−5 and fH�131 Hz and for the L1 mode
at ��5.5�10−5 and fL1�758 Hz and for the L5 mode at
��1.3�10−4 and fL5�4070 Hz. In previous experiments at
megahertz frequencies, �t
=1 occurred much further from
Tc. Thus, a convectively stirred sample can be used for low-
frequency tests of dynamic scaling much closer to Tc than an
isothermal sample.

Our theory for the resonator, which includes the effects of
bulk viscosity, predicts dissipation that agrees within a factor
of 1.4 or less with measurements in both the bare steel and
polymer-coated resonators. The predicted frequency depen-
dence of the speed of sound agrees within 2% with experi-
mental values. The theory predicts peaks in the temperature
dependence of the dissipation in the steel resonator that are
not observed. A calculation which omits the bulk viscosity
from the boundary layer suggests that the effect of the bulk
viscosity on the surface dissipation is weaker in the experi-
ment than the theory predicts. We considered four possible
explanations for this discrepancy. First, an unexpected tem-

perature distribution might exist within the xenon due to the
applied temperature gradient. Perhaps this temperature distri-
bution differs in the two resonators because the thermal
properties of the polymer coating and the bare steel are very
different. However, the results were independent of the size
of the applied temperature gradient �Figs. 4 and 5�. Second,
upon disassembling other resonators coated with the same
polymer, we found instances where the polymer coating par-
tially separated from the steel substrate leaving voids that
would fill with xenon. In these cases, the measured dissipa-
tion was anomalously large. Perhaps a version of this phe-
nomenon explains why the dissipation in the polymer-coated
resonator was larger than expected and the fitted effusivity of
the polymer was larger than estimated from its properties �1�.
Third, the approximate expression that we used for the bulk
viscosity, Eq. �32�, may not be good enough. The deviations
between the model and data were found to be sensitive to the
interpolation function used for ����. A full calculation of the
bulk viscosity integral is necessary in order to fully assess
the ability of the model to correctly predict the dispersion
and the dissipation. Fourth, our fundamental assumption that
we can use linear hydrodynamics and include the dynamic
scaling effects in the bulk viscosity as predicted by others
may be incorrect. We did search for nonlinear hydrodynamic
effects; however, we did not find any.
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