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Polarization modulation instability in liquid crystals with spontaneous chiral symmetry breaking
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We present a theoretical model which describes the polarization-modulated and layer-undulated structure of
the B7 phase and gives the phase transition from the synclinic ferroelectric smectic-C¢Pf phase to the B7 phase
as observed experimentally. The system is driven into the modulated phase due to the coupling between the
polarization splay and the tilt of the molecules with respect to the smectic layer normal. The modulation
wavelength and the width of the wall between two domains of opposite chirality are estimated.
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The discovery of the polar order and macroscopic chiral-
ity in smectic liquid crystals of bow-shaped (also called bent-
core or banana-shaped) molecules is one of the most fasci-
nating features found in liquid crystals in the last decade.
These systems represent the first example of the formation of
chiral structures that do not possess chirality on the molecu-
lar level [1,2]. The polar order and the macroscopic chirality
appear spontaneously as a result of broken orientational and
translational symmetries. The most widely studied polar chi-
ral phases formed by bow-shaped molecules are the B2
phases. They are layered systems in which the molecules are
tilted with respect to the layer normal. This tilt, together with
polarization and the layer normal, breaks the chiral symme-
try. The origin of the molecular tilt and the layer polarity is
still not clear. The polar ordering is most probably directly
driven by the strongly polar molecular shape [3], and spon-
taneous polarization occurs due to the polar excluded-
volume effects [4]. Since the molecules are achiral the tilt of
the molecules does not affect the polarization significantly
and the latter is determined primarily by the magnitude of
the dipole moment of the constituent molecules. The tilt in
the neighboring layers can be either in the same (synclinic
Cy) or in the opposite (anticlinic C4) direction. Close pack-
ing of bow-shaped molecules results in polar order of each
smectic layer. The neighboring layers can be either synpolar
(ferroelectric Pp) or antipolar (antiferroelectric P4). So, in
all, four different structures are possible. The adopted no-
menclature for these B2 phases is smectic-Cg 4P 4.

Recently, the B7 phase, which shows extremely rich and
fascinating textures and has a more complicated structure
than the B2 phase, received considerable attention. Jikli et
al. [5] suggested that the structure of the B7 phase is identi-
cal to the smectic- (Sm-)Cg phase, which is lamellar with
triclinic local layer symmetry. Coleman er al. [6] suggested a
different structure of the B7 phase: it is a polarization-
modulated and layer-undulated structure and studies of the
electric-field-induced transition [7] between the polarization-
modulated and the ferroelectric smectic-C¢Pr phases gave
no evidence of the Sm-Cg ordering.

The structure of phases formed by bow-shaped molecules
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has been studied theoretically by several authors. An exhaus-
tive classification of the symmetry-allowed smectic phases
was presented in [8], and a phenomenological Landau model
that produces many of the phases formed by bow-shaped
molecules were introduced in [9,10]. In [11] it was shown
that first-, second-, and third-rank tensor order parameters are
necessary to fully characterize the phases exhibited by bow-
shaped molecules.

In this paper we show that in a smectic phase with spon-
taneously broken chiral symmetry there is a symmetry-
allowed coupling of the molecular tilt and divergence of po-
larization which can cause the B2 phase to become unstable
and lead to the spatially modulated B7 phase with splayed
polarization, as found experimentally [6,7].

Since the polarization-modulated structure has been ob-
served only in ferroelectric systems where the tilt in the ad-
jacent layers is synclinic and since the preferred local orien-
tation of the polarization is perpendicular to the tilt plane, we
propose that the B7 phase and the Sm-C¢Pf phase can be
described by a model, based on our previous work [12], in
which the smectic structure is described in terms of the
smectic order parameter ¢, the nematic director n, which
describes the average local orientation of the axes that go
through the top and the bottom of the molecules (see Fig. 1),
and the polar parameter p, which is the unit vector in the
direction of the local polarization P. Taking into account the
n— —n symmetry we have a constraint n-p=0.

Due to the vectorial symmetry of the polarization the lo-
cal free energy contains terms of the form (V-p)’, where i is
an integer. These terms can stabilize a finite splay of polar-
ization. Since the constituent molecules have thicker cores
than tails, one type of splay (positive or negative) is privi-
leged. The use of the terms with i=1 and 2 has already been
proposed [6]. However, the linear term V-p is a surface
term, and the quadratic term, even if its coefficient is nega-
tive, cannot stabilize the polarization modulation in bulk
samples, such that the volume average (V-p)# 0. The latter
can be achieved if coupling between the polarization splay
and the director tilt is included. So we write the free-energy
density in the following form:
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FIG. 1. The local arrangement of the constituent molecules is
described by the nematic director n, by the polar parameter p, and
by the smectic layer normal v. The orientation of these three vectors
is described by the cone angle ¥ (the tilt of the director with respect
to the smectic layer normal), the smectic layer tilt A, the director
position on the cone ¢, and the angle « that describes the tilt of
polarization from the direction perpendicular to the tilt plane (the
plane determined by the director n and the smectic layer normal v).
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The first term gives the nematic elastic energy density. The
second term describes the compressibility of the smectic lay-
ers and defines the smectic layer thickness. The parameter g
is defined as go=2/d,, where d, is the smectic layer thick-
ness in the nontilted phase. In the tilted phases c, is negative
and the D term stabilizes a finite tilt of n with respect to
the layer normal v. These four terms suffice to describe the
structure in achiral smectic liquid crystals. The fifth term
presents the energy due to the dipole-dipole self-interaction,
when all the variables are functions of the x coordinate only.
It is important in chiral smectics and bow-shaped systems
with a large value of the spontaneous polarization. P is the
(constant) magnitude of the local polarization, & is the di-
electric constant, and p, is the x component of the polar
parameter.

The last three terms in Eq. (1) describe the characteristics
of the phases formed by bow-shaped molecules. The term

with I?p is the lowest-order coupling term between the splay
of polarization and the tilt of the director with respect to the
layer normal. If the coupling is large enough, the
polarization-modulated phase becomes stable with respect to
the homogeneous (unmodulated) phase. The term with K,
stabilizes a finite splay of polarization. The last term is the
coupling term between the polar parameter, the layer normal,
and the nematic director. This term prefers a direction of
polarization perpendicular to the plane defined by the layer
normal and the director n (in the ordinary chiral Sm-C phase
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polarization is always perpendicular to this plane).

The smectic order parameter is expressed as
=mnexpliq, z+u(x))], where g, is the smectic layer period-
icity along the z axis, u(x) is the layer displacement from the
bookshelf geometry of layers, and # is the magnitude of the
smectic order parameter; we assume that it is constant. The
layer displacement is related to the tilt A of the smectic lay-
ers as du(x)/dx=—tan A. We express the free-energy density
(1) in terms of the angles «, ¢, 9, and A (see Fig. 1) and
expand it around the homogeneous structure with bookshelf
geometry of smectic layers (=35, p=A=a=0) up to the
second-order terms in 89, d¢, SA, and Sa. In order to check
under which conditions the homogeneous structure becomes
unstable we study the effect of the fluctuations with a wave
vector g on the structure. The variables are expanded as
oV=%,V, exp(igx) where V stands for any of the four vari-
ables U, a, ¢, and A. Defining the layer compressibility con-
stant as B=ch(2)772, the quadratic part of the variation in the
free energy F is finally expressed in matrix form as
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where the matrix elements m;; of the Hermitian matrix M,
are

my; = k,,ij cos? O + 2(k, cos> Ip + ky, tan’ Jp),
My, =2k, + (k, + sin® O + 14" cos® 9)7°,

msy=2(2r + tan® Op) + (1 + r%z cos? Oy cot® 9p)7°,

_ _ =2
Mmyy=—mMzy=(q",

my, =2k, cos Up+ kpqz cos Ug,
nmy3 =niy3 COS 193 = 21kp67 sin 193,

myg=ny =0,

where g=g\; and N\=VK,/B is the smectic penetration
depth, Go=qo\y, k,=K,/K,, k,=K,q51 K, ks=Py/ (2e£0B),

> &p

k,py=K,,q517 /B, r=|c|/c, and tan® 95=|c |/ (2Dgg). If the
matrix M, has only positive eigenvalues the homogeneous
structure is stable. Our main finding is that at some ¢, one of
the eigenvalues becomes negative, so a modulated structure
appears. The critical wave vector ¢, can be expressed ana-
Iytically; however, it is a very complicated function that de-
pends on all the parameters in the free-energy density. So we
show the dependences graphically (Fig. 2). The homoge-
neous structure becomes unstable if (all the rest of the pa-

rameters being fixed) the value of Ep is greater than the
critical value I?;’. In Fig. 2 we show analytically obtained
results for the dependence of E;’ and ¢, (at IEP=I?;’) on K,

at different values of Jp. The value of I?;’ decreases if Jp
increases or/and if K, decreases.
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FIG. 2. The dependence of (a) ¢, and (b) the critical value of
the coupling constant I?p between the polarization splay and the
director tilt on the ratio between the polar and nematic elastic con-
stant. Solid line, U5=20°; dotted line, ¥5=30°; dashed line,
95=40°. Parameter values: |c,|/c,=0.1, B/(ggK,)=7Xx107%,
P§/(2e€0B)=>5, K,,,qon7*/B=10.

If K =0 the eigenvalues of the matrix M, are always posi-
tive. So the modulated structure results due to the coupling
between the polarization splay and the director tilt . There
are other couplings possible (e.g., between the splay of po-
larization and the layer compressibility); however, they all
give higher-order instabilities. The same is true for the term
(V-p)>. Therefore we conclude that the tilt is essential to
obtain a polarization-modulated structure.

A possible mechanism for the coupling between the tilt
and V-p is the following. In an environment with mirror
symmetry, at any particular moment, the flexible parts of the
molecules have with equal probability left- or right-handed
conformation and the molecules are on average nonchiral.
The collective molecular tilt breaks the mirror (chiral) sym-
metry so that left- and right-handed conformations are no
longer equally probable. This reduces the disorder of the
flexible tail parts of the molecule and increases their packing
density. As the central parts, carrying the electric dipole, are
rigid (and thicker than the tails), this induces the polarization
splay.

At Ep>ff,’ the symmetry-required local preference for
polarization is to be splayed. However, it is impossible to
achieve splay of the preferred sign everywhere in space un-
less appropriate walls are introduced (Fig. 3). Two types of
walls are expected, depending on whether the chirality
switches across the wall or not.

Chirality switching occurs when the molecules rotate
around the long axis. Due to the bow shape of the molecules
this rotation is strongly hindered when the molecules are
tilted. In order to rotate around the long axis the cone angle
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FIG. 3. In a ferroelectric domain stripes of the preferred polar-
ization splay are divided by walls. The neighboring stripes can have
the same or the opposite chirality. Below is shown the structure of
the wall over which chirality switches and above the structure of the
wall with no chirality switch is shown. The figure presents the top
view of the undulated layer, and at the wall (of width \,) there is
the top of a hill or the bottom of a valley. The radius of the circle is
a measure for the cone angle, the arrows present the polar param-
eter, and the lines with bars present the director position on the
cone.

has to decrease significantly, and to estimate the wall width
we assume that it goes to zero. Spatial variation in the mag-
nitude of the cone angle is coupled to the layer deformation.
The situation across the wall can, in the most simplified ver-
sion, be described by no spatial variation of the director and
the polarization director across the wall (see Fig. 3). Then the
free-energy density has only three spatially dependent terms:

dw\?
f==lc.lggmw* + Dggw* + Dq?mz(a) ,

where w=du/dx. The Euler-Lagrange equation that follows
from the minimization of the free energy across the wall can
be solved by the ansatz w=w tanh(x/\,,), where \,, is the
characteristic width of the wall, and one finds

[2D 1
)\'W'= T - 4
le | gotan 9

To estimate the characteristic widths the following set of
parameters is used: Py=300 nC/cm?, e=10, U5=40°,
lc |/¢)=0.1, and K,=K,~107"' N. The compressibility is
rather low compared to the ordinary smectics and we set
B~10* Jm™ [6]. The smectic penetration depth is then
N\~ 30 nm. With the chosen set of parameters the width of
the wall over which chirality switches is \,,=0.2d,, i.e., only
a few widths of the constituent molecules. The width of the
wall over which chirality does not change is essentially of
the same order of magnitude; however, the energy associated
with the wall is lower since there is no need for the cone
angle to reduce to zero (see Fig. 3).

Finally we estimate the modulation length (\,,), i.e., the
width of the stripe with the preferred polarization splay well
below the instability. In a very crude estimate we consider
only the terms that contain spatial derivatives of the x com-
ponent of the polarization vector and set 9 equal to its bulk
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value. We find that the equilibrium value of the polarization
splay is dpx/dx~lzpq(2)7]2 sin’ 9p/K,. Setting dp,/dx=1/\,,
and using the critical value of IZI, at K,/K,=1 [see Fig. 2(b)]

we obtain \,,=~80 nm. The modulation length can also be
estimated from the critical value of ¢ at the critical value of

I?p [see Fig. 2(a)]. One finds \,,=27/g..~ 10 nm. Both val-
ues agree qualitatively with the experiment where the ob-
served modulation lengths are of the order of ten layer thick-
nesses.

To conclude, we have presented a model that describes
the phase transition from the smectic-C¢Pr phase to the
layer-undulated and polarization-modulated B7 phase. The
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system is driven into the modulated phase due to the cou-
pling between the polarization splay and the tilt of the mol-
ecules. As the tilt is responsible for the breaking of chiral
symmetry, the instability is due to the coupling between po-
larization and chirality. The transition from the homogeneous
to the modulated phase occurs if the coupling term is strong
enough. Since this coupling depends on the structure of the
constituent molecules, we predict that a small change in the
molecular structure, e.g., in the molecular tail, can lead to a
significant change in the coupling and thus determine
whether the system is in the homogeneous or in the modu-
lated phase.
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