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Measurement of dynamic and static radiation force on a sphere
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Dynamic radiation force from ultrasound has found increasing applications in elasticity imaging methods
such as vibro-acoustography. Radiation force that has both static and dynamic components can be produced by
interfering two ultrasound beams of slightly different frequencies. This paper presents a method to measure
both static and dynamic components of the radiation force on a sphere suspended by thin threads in water. Due
to ultrasound radiation force, the sphere deflects to an equilibrant position and vibrates around it. The static
radiation force is estimated from the deflection of the sphere. The dynamic radiation force is estimated from the
calculated radiation impedance of the sphere and its vibration speed measured by a laser viborometer. Experi-
mental results on spheres of different size, vibrated at various frequencies, confirm the theoretical prediction
that the dynamic and static radiation force on a sphere have approximately equal mad@tutesilvaet al,,
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I. INTRODUCTION metal seed$7]. In addition, dynamic radiation force from
ultrasound was also used to generate shear waves in a me-

Acoustic radiation force is a phenomenon associated withjjum, from which its shear modulus and viscosity can be
the nonlinear nature of acoustic wave propagation in a megstimated8]. Other applications of dynamic radiation force
dium. The force is caused by the transfer of momentum fromncjude determining resonance frequencies of differently
the wave to an object in the wave path. In an attenuatinghaped objectf9] and evaluating an artery’s stiffnefs0].
medium, part of the wave momentum is transferred to the pespite the extensive use of dynamic radiation force, little
medium, resulting in a force exerted on the medium alongyork has been done on it theoretically and experimentally.
the direction of the wave propagation. The magnitude of th&recently, the theory of dynamic radiation force on a solid
radiation force exerted on an object by a wave depends upa&ylinder immersed in ideal fluid was report¢#il]. In an-
both th.e medium’g mechanical characteristics and the objegjther papef12], the theory of dynamic radiation force on an
scattering properties. object of arbitrary shape was developed. In particular, special

Commonly, the acoustic radiation force is defined as attention has been paid to the dynamic radiation force on
steady force, given that the intensity of the incident soundspheres because traditionally spherical targets have been the
field does not change over time. It has been shown that rggcys of theoretical13—15 and experimental studi¢$6,17]
diation force can have both a static and a dynafogzilla-  of static radiation force. However, no experimental study on
tory) component, if the intensity of the incident field is the dynamic radiation force has even been reported. In this
modulated versus time. This can be achieved either by thgaper, we present a method to measure the radiation force on
interference of two sound beams with identical amplitude bug sphere suspended in water due to a SCAM ultrasound
slightly  different  frequencies or, equivalently, by a peam. The static component of the radiation force is esti-
suppressed-carrier amplitude modula(@CAM) beam[1].  mated from the deflection of the sphere, whereas the dy-

Recently, the dynamic ultrasound radiation force hasyamic component is derived from the sphere’s vibration
found increasing applications in elasticity imaging tech-speed measured by optical vibrometry. Experimental results
niques. For example, vibro-acoustograly uses dynamic on several spheres of different radii demonstrate that the
radiation force from focused ultrasound to vibrate an objecinagnitude of the static and dynamic radiation force on the

at audio frequencies and makes images related to the objeckphere is about the same, which confirms one of the theoret-
elasticity from its acoustic emissions. This technique hasca| predictions presented [12].

been successfully used to image artery calcificatifls
breast microcalcification$4,5], calcium deposit on heart
valves[2], human calcaneus and Hif], and brachytherapy Il. METHOD

Figure Xa) shows a sphere suspended with bifilar ar-
rangement in water. Figurgld) is another projection of the
*Email: chen.shigao@mayo.edu sphere viewed from the right side of Figal An amplitude-
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) ) FIG. 2. The diagram of experimental setup. Ultrasound radiation
~ FIG. 1. The suspension and force balance on a sphere in a SoURghce deflects and vibrates the sphere. The vibration is detected by
field. the laser vibrometer. The deflection is measured by the alignment
laser positioned on a micro-station.
modulated ultrasound propagates from the right side of Fig.
1(b) to the sphere. The static radiation force deflects the _4__3 2,2 3,3 4
sphere to a r?ew equilibrium position along the ultrasound Z =igmapye(2 +ak (4 +a), ®
beam. The dynamic radiation force causes the sphere to wWrherek is the wave number of the acoustic radiation. For
brate around this new equilibrium position. typical applications in this papes is at the order of milli-
meter, whilek is at the order of unity. Thereforea<1 and
A. Measurement of static radiation force Eq. (3) can be simplified to

The vibration amplitude of the sphere is very snalg., Z, =i5ma’p,w. (4)
less than Jum from the equilibrium positionin typical ap-
plications presented in this paper. Therefore, one can negleﬁ%
the motion of the sphere when analyzing the balance of static
forces on it. As shown in Fig.(b), the static radiation force d(veey) ot
F. is balanced by the gravitational force on the spheg F=m - imoVe*. (5
and the tension of the thread. Neglecting the mass of the
thread, the displacememnt of the sphere is related to the We define the mechanical impedarigg of the sphere as
static radiation force afl7]

For a sphere of mags and oscillating at velocitye®,
e force required to overcome the inertia of the sphere is

_F_._4 4
. mgd " Zm—@—lmw—léwa Pw. (6)
S \5L2_d2’

The dynamic radiation force drives the sphere to vibrate,
wherelL is the suspension lengtb,is the acceleration due to While the impedances represent the resistance towards vibra-
gravity, andm is the mass of the sphere corrected for buoy-tion. Dividing the driving force by the impedances yields the
ancy. The buoyancy on the sphere is equal to the weight dfibrating speed/ of the sphere

water with identical volume as that of the sphere. Therefore,

Eg. (1) can be rewritten as - _Fa , (7)
. Z+ 2y
Fs= gwag(ps—pw)gﬁ, (2)  whereFg is the dynamic radiation force on the sphere. Sub-
VLo -d stitution of Egs.(4) and(6) into Eq.(7) yields
wherea is the radius of the sphere anpd and p,, are the Fy= i%wa3(0.5pw+ps)wV. (8)

densities of the sphere and water, respectively. Therefore, the

static radiation force on the sphere can be solved with EqThis result is essentially identical to Eq. 8 given by R&#B].

(2), given that the deflectiod can be measured accurately. Equation(8) can be used to solve for the dynamic radiation
force on the sphere, given that the vibration sp¥eaf the

B. Measurement of dynamic radiation force sphere can be measured accurately.

For a rigid sphere oscillating at radial frequenegywithin Il EXPERIMENTS
a medium, the stress field around the sphere can be calcu-
lated. The net force on the sphere can be found by integrating Three 440C stainless spheres of radius 0.638, 0.851, and
the stress at the surface of the sphere. The radiation imped-19 mm are used in the experiments shown in Fig. 2. Each
ance of the sphere is defined as the net force divided by thephere is suspended with human Haioout 0.07 mm in di-
vibrating speed of the sphere, and represents the resistanametey in a bifilar arrangement. A 35 mm diameter flat pis-
the sphere has to overcome when pushing its surroundinigpn transducer with an acoustic lens is used to insonify the
medium back and forth. The radiation impedarnteof an  sphere with CWcontinuous waveamplitude-modulated ul-
oscillating sphere in water s8] trasound. The distance between the transducer and the sphere
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is about 10 cm and the center frequency of the insonation iat amplitude-modulateAM) mode with suppressed carrier.
0.93 MHz. The ultrasound’s beam width is relatively large The center frequency of the carrier was 0.93 MHz. This AM
such that its intensity does not change significantly across thieeam is equivalent to two ultrasound beams with identical
sphere’s surface. amplitude, but with slightly different frequency, denotedaby
The vibration of the sphere is detected by a laser vibroandb. The radiation force on the sphere can be calculated
meter (Polytec GmbH, Waldbronn, Germanywhich is  with Eq. (42) of Ref.[12]. It is repeated here as EQ) for
aligned with the beam axis of the ultrasound transducerthe reader’s convenience:
There are a few details that require special attention in order _
to make correct measurements for these experiments. First, Fs= ma’(EaYa+ EuYy), (93)
the Polytec laser is calibrated in air, while measurements on )
spheres are made in water. The speed, and hence the wave- Fo=ma"Ess Y0, (9b)

length, of light in air are larger than that in watelr by a factor\yhere E.=0.50,(k;A?), Ep=0.50,(kpA?), Ex,=pukaknAZ,

of 1.33. Therefore, for the same amount of motion, the Dopangy,, v, andY,,, are the static radiation force function at
pler frequency shift in water is 1.33 times larger than that inytrasound frequencies b, and the dynamic radiation force
air. Consequently, the measurement made in water should Bgnction at acoustic frequenayw, respectively. In these for-
divided by 1.33 because the Polytec vibrometer measuregy|as, k, andk, are wave numbers corresponding to ultra-
vibration from the Dopplgr frequency shift of the reflected gg ;g frequenciea andb, andA represents the amplitude of
laser. Second, the “velocity rangéivhich also controls the  the velocity potential. For a monochromatic plane wave, the
highest detectable frequenand the “velocity filter"(a low-  ampjitude of velocity potentiah can be determined from the
pass filtey on the vibrometer should be set to as low asyqoustic pressure amplitugeby A=p/pkc, wherep, k, and
possible, to avoid aliasing from the motions at ultrasound; gre the density, wave number, and sound speed of water,
frequency. In these experiments, they were set Igespectively. The incident acoustic pressure from the trans-
1 mms=v™ (with a highest detectable frequency of gycerwas measured with a calibrated membrane hydrophone
10 kH2) and 5 kHz(cutoff frequency for the low-pass filter 1o pep,=p,=83.74 kPa. In these experiments, the difference
respectively. Oscillations due to dynamic radiation force haqrequencies are very small compared to the center frequency
frequencies less than 1 kHz, thus were detected by the lasgf the ultrasound. Thereford, Y,, andY,, should be al-
vibrometer. In contrast, the vibrations at ultrasound fre-y,ost identical and independent of the difference frequency.
quency were cut off from the output. . _ For the 0.638 mm radius sphere, the theory Nas=Y,

The deflection of the sphere is measured with an aligns. Y,,~0.862. From Eq(9), the theoretical values for the
ment laser that is perpendicular to the ultrasound beam. Thgatic and dynamic radiation force on this sphere Bge
laser is first focused on the sphere at its deflection position.. Fy~3.51x 107 N. This theoretical value is very close to
Then the ultrasound is turned off and the position of the lasefhe measurement results reported above.

is moved laterally on a micro-platform to align with the  The incident acoustic pressure measured by the mem-
sphere at its rest position. The deflection of the sphere cagrane hydrophone is not necessary equal to the actual acous-

thus be measured with 1@m resolution. tic pressure the sphere experiences. This can be due to two
reasons. First, the incident acoustic wave is not a uniform
IV. RESULTS plane wave, but rather has a nonuniform beam pattakn

though this pattern is relatively flafThus the pressure on the

Each sphere is tested at three different vibration frequensphere depends on its transverse position within the beam
cies: 100, 200, and 400 Hz. This is achieved by changing thgattern. Second, there may be a standing wave between the
modulation frequency on the amplitude of a 0.93 kHz ultra-transducer and the sphere, which will make the actual pres-
sound. As an example, the detailed results on the smallesure on the sphere sensitive to its axial positiaf]. For
sphere vibrated at 100 Hz are presented here. The parametéfigse two reasons, the incident pressures on each measure-
of the sphere area=0.638 mm, p;=7670 kgm? p, ment may be different due to their different positioning
=1000 kg m® g=9.81 m §2, L=61 mm,d=3.025 mm, and  within the beam pattern. Since the radiation force is related
w=27x 100 rad s', V=0.587 mm §* (already corrected by to the square of the incident pressure, the pressure inconsis-
the factor of 1.33 for water Substitution of these parameters tency is amplified in radiation force. We found that the mea-
into Egs. (2) and (8) yields F;=3.45x10°N, and Fy  sured static and dynamic radiation force varied more for re-
=3.27x10°° N. The percentage difference between the meapeated measurements on larger spheres. This may be due to
sured static and dynamic radiation force|fg—F¢/0.5Fy  stronger standing wave effect for larger spheres. However,
+F¢)=5.3%. For a vibration frequency of 200 Hz, the mea-the measured magnitude of the static and dynamic radiation
surements on the same sphere yidgigs 3.46xX 10° N and  force for the larger spheres remained very close to each other
Fq=3.27x10°® N, with a 5.6% difference. At 400 Hz, the in all measurements. This observation supports our hypoth-
results areF=3.53x10°% N andFy=3.34x 10® N, with a  esis that the variations in radiation force measurements are
5.3% difference. mainly due to the variance of the actual incident pressure.

The incident acoustic fields on the spheres were also me&herefore, results for other spheres are reported as the per-
sured to calculate the theoretical values of the dynamic andentage differences betwe&g andF4 as shown in Table I.
static radiation force on the sphere and compared with th€alculating the percentage difference cancels variation due
experimental results. The transducer in Fig. 2 was operatintp incident pressure. The data in Table | confirm a theoretical
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TABLE I. The percentage difference between dynamic andthe radiation force measurements can be safely neglected.
static radiation force measured at 100, 200, and 400 Hz for spheres The measurement of dynamic radiation force can be ex-
of different radius. tended to a sphere embedded in viscoelastic medium. The
radiation impedance formula for a sphere in viscoelastic me-
a=0.638 mm  a=0.851mm  a=1.19 mm dium derived by Oestreich¢f 8] should be used to replace
Eg. (3). Two new unknown parametefshear elasticity and

0, 0, 0,
100 Hz 5'30/0 1'4?)/0 0.980A; viscosity of the mediumneeded in the new radiation imped-
200 Hz >.6% 2.1% 1.46% ance formula can be estimated from the resonance of the
400 Hz 5.3% 2.5% 1.61%

sphere[19]. The method described here can be readily
adapted to geometries other than a sphere, such as a rectan-

. ) . ) ~gular or circular disk.
result in Ref.[12] stating that the dynamic and static radia-

tion force on the sphere have equal magnitudes. VI. CONCLUSIONS

This paper presents a method to measure both static and
V. DISCUSSION dynamic radiation force on a sphere suspended by thin
threads in water. Radiation force that has a dynamic compo-

flection and vibration speed of a suspended sphere to meBent can be produced by interfering two_ultrasounds of
sure the static and dynamic radiation force on the spheréSllghtly different frequency, or by a single ultrasound beam

There are a number of limitations on this research. First owhose amplitude is modulated at a low frequency. The

all, the influence of the thin thread and adhesiused to sphere deflects to an equilibrant position and vibrates around
att’ach the thread to the spheris not considered. Their it. The static radiation force is estimated from the deflection

weight can affect the static radiation force measurementOf the sphere. T.he dynamic r_adiation force is estimqted by
while the thread can change the radiation impedance of th@easunng the ylbratlon \_/eloc[ty of the sphgre. Expenmepts
sphere. These influences may be negligible for large sphere n spheres of different size, vibrated at various frequencies,

but can be significant for small spheres. This may explai ow that the magnitudes of sta’qc gnd dynam|c radlatloon
why the percentage differences in Table | are larger fo orces on each sphere are very similar, with less than 6%

smaller spheres. Second, acoustic streaming is neglected
this study. The pressure of the incident ultrasound used in th . . . ;
experiments is about 610* Pa. Using the method of Ny- ave identical magnitude for suppressed carrier AM ultra-
borg[21], the acoustic streaming is estimated to be less thaﬁound'
1 mm st in water. The drag on the sphere by the streaming

can be calculated by Stoke’s formyi22]. It is at the order of

108 N, which is about 1% of the radiation force measured This work is supported by Grant Nos. EB02167 and
on the sphere. Therefore, the effect of acoustic streaming oBB00535 from National Institute of Health.

This study demonstrates the feasibility of using the de

erence. This is in accordance with a theory which states
at the static and dynamic radiation force on a sphere should
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