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We used the temporal evolution of the bubble radius in single-bubble sonoluminescence to estimate the
water liquid-vapor accommodation coefficient. The rapid changes in the bubble radius that occur during the
bubble collapse and rebounds are a function of the actual value of the accommodation coefficient. We selected
bubble radius measurements obtained from two different experimental techniques in conjunction with a robust
parameter estimation strategy and we obtained that for water at room temperature the mass accommodation
coefficient is in the confidence intervalf0.217,0.329g.
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The value of the liquid-vapor accommodation coefficient
affects such diverse phenomena as water droplet nucleation
and growth in the atmosphere, heterogeneous boiling
through microlayer evaporation, and bubble dome condensa-
tion and velocity of bubble collapse in cavitation among oth-
ers.

The accommodation coefficient may be the limiting factor
for the energy concentration in bubble luminescence phe-
nomena. In single-bubble sonoluminescencesSBSLd the va-
por that is present inside the bubble limits the maximum
compression that can be obtained. The noble gases present in
the bubble could achieve higher temperatures if it were not
for the quenching effect of the water vapor. Several endo-
thermic reactions occur at temperatures of the order of 5000
K saround 0.5 eVd that absorb energy and prevent the noble
gases from becoming hotterf1g. A larger accommodation
coefficient implies a smaller amount of water vapor inside
the bubble at the moment of maximum compression and
therefore a greater concentration of energy.

Inside the bubble we distinguish between gas, which is
noncondensable for the temperature range of interest, and
vapor, which corresponds to the same chemical species as
the liquid. In this paper the vapor is water vapor and gas
corresponds to air.

During the bubble compression of the gas-vapor mixture,
the vapor partial pressure inside the bubble is higher than the
saturation pressure corresponding to the bubble wall tem-
perature. Nonequilibrium condensation occurs under these
circumstances. This is the key element we take advantage of
to estimate the accommodation coefficient. The evaporation
rate and the condensation ratef2g, salso Yasui,f1gd at the
liquid-vapor interface can be expressed as
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ṁcon=
aM

s2pRvd1/2

Gpv

TB
1/2 ,
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is the saturation vapor pressure at the temperature of the
liquid at the bubble wallTL,i , TB is the mixture temperature
at the bubble wall, andpv is the actual vapor partial pressure
inside the bubble.G is f1g
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whereT is the bubble temperature.
Direct experimental results for the accommodation

coefficient are not common in the literature. For example a
recent compilation of these resultsf3g contains two entries
for water and they are for ice and vapor but no data are
presented for water liquid-vapor. In the literature researchers
have used values that differ by several orders of magnitude,
from a = 10−3 up to 1 f4g.

In this work we compute the temporal evolution of the
radius of a SBSL bubble using the Keller-Miksis version of
the Rayleigh-Plesset equation and conservation equations
that take into account heat and mass transfer. The equations
have the accommodation coefficientaM as a free parameter.
From the solution we identified the temporal intervals that
have the strongest dependency onaM. We combine these
numerical results with experimental results and a robust pa-
rameter estimation technique to obtainaM.

In particular we consider a sonoluminescent bubble
undergoing nonlinear oscillations in an acoustic field with
frequency f < 30 kHz and acoustic pressure amplitude
pa < 1.4 bars1 bar = 105 Pad and static pressurep0 = 1 bar.
The resonator is spherical and has a diameter of
d < 60 mm. The resonator is filled with water, there are no
free surfacessclosed resonatord, and the water has a concen-
tration of airc` /c0 < 0.2 or Arc` /c0 < 2310−3, wherec0
is the airsor Ard saturation concentration in water at a pres-
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surep0. The exact values we use depend on the experiments
but they do not depart significantly from the ones given in
this paragraph.

We describe first the particular form of the thermofluid
dynamic equations used in this work. A number of versions
of the Rayleigh-Plesset-ProsperettisRPPd f4g equations have
been used to study the temporal evolution of a SBSL bub-
ble’s radius. One of the most common is presented by Barber
f5g. Brenneret al. f4g and Prosperettiet al. f6g presented a
generalized RPP equation that includes the one inf4g as a
particular case. We used in this work the following RPP
equationf1g:

S1 −
Ṙ
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where R is the bubble radius,c is the speed of sound in
the liquid, pBstd is the pressure of the liquid on the external
side of the bubble wall,psstd is a nonconstant ambient pres-
sure component such as a sound field, andp` is the undis-
turbed pressure.pBstd is related to the pressure inside the
bubble byf1g
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wheres is the surface tension,m is the liquid viscosity,rL is
the liquid density, andrg is the density inside the bubble.

Equations4d corresponds to the general RPP equation in
f4g with l=0 sKeller-Miksis equationd.

We assume that the bubble interior is a homogeneous
mixture of swaterd vapor molecules and gas atoms. We also
consider that the carrier gassO2 or air in our cased dissolved
in the water does not remain inside the bubble due to chemi-
cal reactions occurring when the bubble interior is at high
temperaturesLohseet al. f7gd. The mixture is considered to
be a van der Waals gas with all properties being weighted
averages using the number of particlessmolecules or atoms
depending on the cased f1g. The heat transfer equation is as in
f1,8g. Based on previous worksfToegelet al. f9g, Storey and
Szerif10gd we assumed the mass transfer to be controlled by
binary mass diffusion during the 50 ns previous to collapse.
During these 50 ns prior to collapseRstd does not provide
information to obtainaM. This lack of information intro-
duces an uncertainty in the modeling. We incorporated this
modeling uncertainty into the experimental uncertainty.

We numerically solved the resulting system of ordinary
differential equations using a Runge-Kutta-Fehlberg scheme
with adaptive time step. Figure 1 shows the results ofRstd

for different aM. We observe that the resultingRstd is a
strong function ofaM for small aM but the curves do not
change much foraM .0.1.

This initial value problem required the amount of gas at-
oms present in the bubble to be known. Usually the number
of gas atoms in the bubble is given in terms ofR0

g, the radius
that a gas bubble with the same number of atoms would have
at referencestypically ambientd pressure and temperature.
However, in the experiments, one does not controlR0

g di-
rectly. Instead one controls the gas concentration in the liquid
c`. The system pressure and temperature determinec0. The
condition for no net gas mass flow in one cycle for a pure Ar
bubble isf10g
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whereRstd is the bubble radius andpg is the partial pressure
of the gassFig. 2d.

The problem as defined is not strictly an initial value
problem becauseR0

g is not known in advance and Eq.s6d is
not necessarily satisfied. We added a bisection subroutine
sshooting methodd to computeR0

g until Eq. s6d was satisfied.
With this procedure we obtained a fixed point of the prob-
lem, the conditiondsc` /c0d /dR0

g.0 taken at constantpa as-
sured that the equilibrium was stablef7g. For the range of
parameters that we analyzed there was a single stable solu-
tion sFig. 2d.

We compare the results of our model with the more so-
phisticated model of Storeyf11g sFig. 3d, who performed a
direct numerical simulation for the same problem. The over-
all agreement is good. The damping of the rebounds is cap-
tured by our simpler and computationally less expensive
model.

FIG. 1. Temporal evolution of the bubble radius for different
accommodation coefficients in the range 0 through 1. The larger the
accommodation coefficient, the larger the maximum radius and the
longer time of collapse. It can be seen that the maximum radius
after collapse is not monotonically varying with the accommodation
coefficient. The accommodation coefficient equal to 0.315 corre-
sponds to the largest maximum radius after collapse among the
values shown in this figure.
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Based on the numerical results we identified the basic
selection criteria for the experimental data to be used. Time
intervals where the bubble radius evolved slowly are more
representative of thermodynamical equilibrium than non-
equilibrium evaporation or condensation. These time inter-
vals did not contain relevant information regarding theaM.
For our estimation procedure it was necessary to use experi-
mental results that resolve theRstd fastest temporal scales,
exact values of the relative maximum values during the re-
bounds, or both.

It was also necessary to determine the bubble radius with
a pure experimental techniquesi.e., not using a RP equation
fitd. An experimental technique that satisfied both require-
ments is based on a Laser-Doppler velocimeter for a SBSL
bubblefFig. 5sadg below f12g. The best technique to resolve
the Rstd fastest temporal scales is based on femtosecond
pulses illuminating the bubble at repetition rates of the order

of 76 MHz fFig. 4sad f13gg. However, in this case the deter-
mination of the absolute value of the velocity requires a RP
fit.

The vast majority ofRstd estimations were measured illu-
minating a bubble with a continuous wavescwd laser and
locating a phototubesor photomultiplier tubed near the Brew-
ster angles83° from forward for the water-gas systemd. The
scattered light was collected with a large aperture lens to

FIG. 2. Plot ofe0
TR4ptdt/e0

TR4dt as a function of the argon am-
bient radius of the bubble for an acoustic pressure amplitude of
pa=1.396 bars. Forpa=1.396 bars the diffusively stable bubble ra-
dius is R0

g=4.53mm. The fixed pointR0
g=1.50mm is diffusively

unstable.

FIG. 3. Comparison between our model results withaM =0 and
the direct numerical simulationsDNSd results of Storeyf17g for the
same conditions. Our simpler model captures the damping in the
rebounds very well.

FIG. 4. Experimental bubble radiusR as a function of time for
c` /c0=0.002scorresponding to Fig. 15 inf7gd. sad corresponds to a
whole bubble cycle measured with the standardf9g Mie scattering
technique.sbd corresponds to the measurement of the rebounds re-
gion only. scd was obtained using a pulsed Ti:sapphire laser Mie
scattering technique.
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increase the signal to noise ratio and to reduce the amplitude
of the Mie resonances. Mie theory for the scattering of light
predicts a smooth quadratic relationship between scattered
light and bubble radius in this configuration. The voltage
measuredswhich is proportional to the light intensityd de-
pends on the bubble radius as in

V = a0 + a2 R2,

wherea0 corresponds to the signal for the limitR = 0 and
has three contributions: an average valueswhich can be es-
timated and removedd, a rms valuesthat comes from electro-
magnetic noise and laser intensity fluctuation if the water is
not extremely pured, and stray light from reflections and/or
refractions that may change with time. Most researchers es-
timate a2 sand pad using oversimplified Rayleigh-Plesset
equationsse.g., without considering water vapor inside the
bubbled. This strategy introduces an unacceptable error for
this paper.

The results obtained in this manner are useful for several
purposes. However, they are not adequate for this work. An
error propagation analysis performed ona0 concludes that
very small changes ina0 produce large changes in the mini-
mum radius and the maximum compression and expansion
velocities. The information that is useful to estimateaM is
contained in these time intervals.

The other condition we used to select the data was to use
Rstd corresponding to the minimum possible amount of gas
in the bubble. The gas reduces the mass flow at the interface
and ideally one would like to have no gas in the bubble.
However, there are no reported sonoluminescence bubble
conditions without some small amount of noble gases.

Figures 4 and 5 show theRstd for the experimental tech-
niques mentioned above. Figure 4sad was obtained with the
femtosecond laser pulse techniquef13g. The insetfFig. 4sbdg
around the first collapse shows the region of maximum ve-
locities and the rebounds. Figure 4scd shows the main col-
lapse. Figure 5sbd shows the velocities measured with the
laser-Doppler techniquef12g. The insetfFig. 5sadg shows the
reconstructed radius as a function of time obtained from the
integration of the velocity measurements.

We usedx2 minimization of key values obtained from the
experimental data for the parameter estimation. These values
were the absolute maximum radius and relative maximum
radii sduring the reboundsd, minimum radius during the main
collapse and relative minimum radiisduring the reboundsd,
time location of radius extrema, the phase with respect to the
acoustic pressure excitation, and maximum and minimum
velocities. All times are measured with respect to the time of
collapse. We call theseN quantities experimentally obtained
a1,… ,aN. We call the corresponding computed quantities
b1sp1,… ,pMd ,… ,bNsp1,… ,pMd where p1,… ,pM are the
parameters to be estimated. In our caseM =2, p1 is aM and
p2 is pa. We define the random variablex2 f14g

x2 = o
i=1

N

fai − bisp1,…,pMdg2/si
2 s7d

wheresi is the standard deviationswe took them to be the
estimated experimental errorsd of the random variablesai. If

the ai’s are normalsGaussiand distributions and thebi’s are
the mean values of theai’s then each term in Eq.s7d corre-
sponds to a Gaussian distribution withpi mean and standard
deviation of 1. In this casex2 defined in Eq.s7d has ax2

distribution with N degrees of freedom. Estimating the pa-
rametersp1,… ,pM from x2 minimization is also a maximum
likelihood estimator. Our free parameters for all experiments
wereaM andpa and thusM =2.

We define a new variable that is measured with respect to
the minimum conditionDx2=x2−xmin

2 . With this definition
Dx2 is a random variable with ax2 distribution with N−M
degrees of freedom. We must keep in mind that theai’s are
not normally distributed. For one thing the radii are always
positive; also the time intervals can only be positive the way
we define them. However, we can still use Eq.s7d for the
parameter estimation even though it is not a maximum like-
lihood estimator under these conditions.

Figure 6 shows a plot ofDx2 for the experimental results
shown in Fig. 5 as a function of one of the parameters

FIG. 5. Experimental bubble radiusR as a function of time for
c` /c0=0.002 sDelgadino and Bonettof12gd. sad corresponds to a
bubble radius cycle measured with the laser-Doppler technique.sbd
corresponds to the radius and velocity measurements during the
main collapse. Note the logarithmic scale on the time axis and they
axis. Also the independent variable in this plot is the time of col-
lapsetc minus the timet.
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saMd to be estimated with the other already estimatedspad.
Dx2=0 corresponds topa=1.396 bars andaM =0.308. For
this case the degrees of freedom areN−M =4 and using a
probability p=0.68 the resulting value forx2 is 4.5. Thus
the value forpa is 1.396±0.02 bar and the value foraM
from this experimental set is in the confidence interval
aM P f0.217,0.329g.

We studied how sensitive the presented confidence inter-
val results were to the model assumptions. In particular we
may question the Toegel approach to the solution of the mass
boundary layer. The size of the boundary layer is obtained
based on dimensional analysis so it may be a factor of 2 or
0.5 off. We computed theaM that minimized thex2 for a
factor 1sthe base cased, a factor 2, and a factor 0.5, obtaining
aM equal to 0.308, 0.275, and 0.329, respectively. We could
see that the variation is much smaller than the length of the
confidence intervals0.112d. We concluded that this assump-
tion did not affect our estimated results significantly.

Two theoretical and numerical calculations of the accom-
modation coefficient have been made to our knowledge ob-

taining dissimilar results. Matsumotof15g performed mo-
lecular dynamics simulations at the liquid-vapor interface
and obtained for water the valueaM =0.35 for a temperature
of 350 K. Leightonf16g computed the accommodation coef-
ficient based on classical statistical mechanics, obtaining a
value ofaM =0.00667.

We used the data in Fig. 4 to compute theDx2 cor-
responding to aM =0.006 67 and 0.35. We obtained
Dx2=270.19 and 8.45, respectively. For this experimental
dataset the degrees of freedom wereN−M =7. With a
p=0.68 the value forDx2 is 8.5. Thus it is very unlikely that
the valueaM =0.006 67 is correct. The valueaM =0.35 is
inside the confidence interval. The confidence interval is
large due to the fact that the experiment was conducted in
such a way that no absolute measurements in the radiisand
therefore the velocitiesd were performed. The use of relative
radii extrema and velocity did not differentiate the results for
aM .0.2.

We believe that the approach presented in this paper could
be used to estimate the accommodation coefficient for any
liquid-vapor combination that is compatible with an acousti-
cally levitated bubble. We know that we require for this pur-
pose some small amount of a noble gas. Using small
amounts of noble gases leads to a more accurate estimation
of the accommodation coefficient. We conclude also that the
temporal regions of thermodynamic nonequilibrium are the
most important to be measured in order to estimate the ac-
commodation coefficient. The gas-vapor temperatures are
very high during bubble collapse. However, the liquid tem-
perature at the bubble wall is very close to room temperature
as reported by Kamathet al.With the method proposed here
we estimate a single effective accommodation coefficient.
The underlying assumption is that theaM is a function of the
liquid temperature and a weak function of the vapor tempera-
ture.
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FIG. 6. Plot ofDx2 as a function of the accommodation coeffi-
cient aM for an acoustic pressure amplitudepa=1.369 for the data
shown in Fig. 5. TheDx2 minimum sequal to 0 by definitiond cor-
responds toa1=0.315 andpa=1.369 bars. The confidence intervals
are obtained through a projection of theDx2=4.7 isocurve to the
corresponding axis.
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