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Anomalous roughness with system-size-dependent local roughness exponent
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We note that in a system far from equilibrium the interface roughening may depend on the system size which
plays the role of control parameter. To detect the size effect on the interface roughness, we study the scaling
properties of rough interfaces formed in paper combustion experiments. Using paper sheets of different width
Lo, we found that the turbulent flame fronts display anomalous multiscaling characterized by nonuniversal
global roughness exponent and the system-size-dependent spectrum of local roughness expdg@nts
=D “N?< a, whereas the burning fronts possess conventional multiaffine scaling. The structure factor of
turbulent flame fronts also exhibit unconventional scaling dependenkeTdrese results are expected to apply
to a broad range of far from equilibrium systems, when the kinetic energy fluctuations exceed a certain critical

value.
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I. INTRODUCTION AND BACKGROUND W(A, 1) = tAf (AT (1)), aq(A,t) o tﬁfq(A/g(t)) (1)

Kinetic roughening of interfaces occurs in a wide varietyand
of physical situation$1], ranging from the fluid invasion in
porous medi@2], crystal growth 3], and motion of flux lines Sk, t) o« k™ Vi (kE(t)), 2)
in superconductorfgt], to the meandering fire front propaga-
tion in a forest[5] and fracture phenomer®]. In many  where the scaling functions behavefdy) «y*(i=w,q) and
cases of interest, a growing interface can be represented byfgyy) «y?**1 if y<1, and they become constants whgn
single-valued functiorz(x,t) giving the interface location at -1 [1-6]. So, the saturated self-affine roughness is charac-

positionx at timet [1-6]. _ _ terized by the unique scaling exponertH=<1, also called
Extensive theoretical and experimental studies of the lashe Hurst exponent, i.e.,

decade have led to a classification of interface roughening

according to the asymptotic behavior of such quantities as WI(L) o< LH, og(A) = W(A) = AR, (3
the local and the global interface widfli], defined asw
=({[26, 1) =(2(x,1))s D )&? and WL, ) =([z(x,t)-z() D%  and
respectively; heré---), is a spatial average over axisn a S(K) o k24D 4)
window of sizeA, the overbar average denotes overxaith '

a system of sizé, and(: ) denotes average over different The self-affine interfaces were found in a large variety of
realizations. Alternatively, the interface roughness can bejynamic system§l—6]. Generally, however, in a system far
characterized by calculating the structure factor or powefrom equilibrium, the system size itself can play the role of
spectrum Sk, t)=(Z(k,)Z(-k, 1)), whereZ(k,t) is the Fou-  control parameter that governs the spatiotemporal dynamics
rier transform ofz(x,t), and theg-order height-height corre-  of the systen{8—10]. Accordingly, the interface roughening
lation function[7] o4(A,t)=(|z(x,t) —z(x+ A, t)[ DK% dynamics may also depend on the system kif&1].

When initially a flat interface starts to roughen the global A simple example of this phenomenon is the so-called
width of interface shows the following behavipt]. At the  anomalous kinetic roughening, characterized by different
initial stage,W(L,t) grows as a power law of im&ML,t)  scaling exponents in the local and the global scflds-15.

«t#, whereg is called the growth exponent, while at the later |n such a case, the local roughness amplitude depends on the
stage,W(L,t) saturates to a certain power of the system size&ystem size. Moreover, the power spectrum of growing inter-
L, W(L,t)L% wherea is the global roughness exponent. face also may be size dependent; nevertheless, the global
The crossover to the saturated state is governed by the latenaldth displays the Family-Vicsek dynamic scaling ansatz,
correlation lengthé(t), which scales ag(t) <t at the initial  i.e., the behavior of different scaling functions are generally
staget<<L” and saturates th, whent>L? wherez=a/Bis  governed by different scaling exponents.

the so-called dynamic exponent. This behavior is known as According to the concept of the generic dynamic scaling
the Family-Vicsek dynamic scaling ans&tz. in kinetic roughenind13], the scaling functions behave as

In the absence of any characteristic length scale in the ) )
system, the interface roughening displays scaling invariance, fw > Y* andq oy, if y <1, while f, = const and,

.e., it does not change under rescaling of space and time - (), wheny> 1, (5)
combined with an appropriate rescaling of the observables
and the control parametef$]. In this case whereas
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fo(y) e y2est if y < 1, andfg(y) eyl @, if y > 1, (a)
(6) IRl A
where{ < a is the local roughness exponety,is the multi-
affine spectrum of local roughness expondidis¢) [8] and (b)
ag is the spectral roughness exponéh8]. Therefore, the Burning front .

local characteristics of saturated anomalous roughness de-

pend on the system size p2—15 ~ Flame front -
et Lol @<,
W(A,L) o AL, Uq(A’L) o AfaL % 7 FIG. 1. Scanned images of the burned she&kts50 mm of
and “secant” paper afterta) slow combustion without forced air flow;
(b) slow combustion with forced air flow velocity,=5+2 mm/s
Sk, L) o k‘(2§s+1)|_9, (8) > v

where
A definitive advantage of experiments with paper is that
6=2(a-{9. (9)  these experiments are easy to perform and the interface con-
Accordingly, for self-affine interfaces={s=«, while the in- figurations fo”'_‘ed in paper can be weI_I d?ﬁ”ed- Rec_ently,
trinsically anomalous roughness is characterized{byg papers were widely l.Jsed to study the Kinetic roughe_nmg of
< a; the super-roughness is characterized’byl ,(s=a > 1, interfaces formed_ in paper wetting2,22], fracturing
while the faceted roughness is also characterizeg=y, but [2,22,23, and burning experimen{21,24-29.
a> {s>1[13]. Multiaffine roughness is characterized by the
spectrum of scaling exponenfs such that,=«, whereas in A. Experimental details
the case of anomalous multiscaligg= a=const for allq
[15].
Commonly it is assumed that the scaling exponents ar
constants, i.e., they do not depend on the variabtesL)
[1-15]. However, the roughness of some types of interface

Early, the kinetic roughening in slow combustion of paper
was studied in work$24—29 in which the flame dynamics
was essentially lamindB0] We note that the forced air flow
is essential to produce the flame turbulef2#]. So, to ob-

Tain a turbulent flame, in this work the sheets of paper were

Is characterized by the sca_ling exponents which are not €O urned in a combustion chamber with forced air flow along a
stants; rather they are continuous functions of control paranhorizontally oriented burned sheet

eters[16,17. Namely, more generally, the local width be- In this work we were especially interested in the effect of

haves as sheet width on the turbulent flame front roughness, rather
W(L, A1) o D (ASLAD (LAY | amdLAD) (100  than in the flame roughening dynamics. Accordingly, to sim-
plify the image proceeding and reduce the uncertainty in the

instead of simple power-law scaling. In this case, to producgame front definition, we studied the post-mortem marks of
a data collapse, the functional dependences of scaling eXPAame, formed when the burning is quenchisde Fig. 1 To
nents should satisfy a group homomorphism, which can bgpiain well defined flame front marks we used the relative
e>.<pressed as a set of partial @ffgrenngl equations associategh papers the burning of which is accompanied by a high
with the concept of local scaling invarianfes]. smoke. So we were not able to film the burning prodess
Dynamic sgalmg w'|th cont!nuously varying exponents gy, with a satisfactory image quality.
was observed in certain experiments in turbulefig} and To keep the paper sheet planar during combustion, it was
in some diffusion-limited-aggregatioiDLA )-related growth 55064 in the open metallic frame in such a way that one end
processes|[19] In both cases the roughness exponent andy the sheet is fixed in the holder and the lateral edges of
growth exponents depend on time and the window &ze p,ning zone are kept by thin bridges attached to the paper
The' aim of this work is to show that in systems far from edges fixed in the fram@ee Fig. 2 The papers were ignited
equilibrium the local roughness exponent may be system sizgom free edge using an electrical heating wire stretched
dependent. across the paper sample. Air flow in the direction of paper
burning was produced by a cross-flow blower. The combus-
Il EXPERIMENTS tion was quenched when the_ burning front achieves the mark
on the middle of shedsee Fig. 2
We are interested in the system size dependence of the In order to study the effects of the paper properties on the
roughness exponent. Accordingly, we note that in experiflame front, in this work the combustion experiments were
ments with turbulent premixed propane/air flames were obdone on sample sheets of two different papers, early used in
served the increase in the fractal dimension of flame fronts aRef.[22] to study the scaling properties of rupture lines and
the Reynolds number Re=n/ u increase$20] (herev is the  wetting fronts[31]: the “Secant” papefsheet thickness is
mass velocity angk is the kinematic viscosily So, a prom-  0.338+0.04 mm; basis weight of 200+30 g?mand the
ising candidate to study a system size dependent roughenirifiltro” paper with open porosity (sheet thickness
is a turbulent flame front formed in paper combustion experi0.321+0.05 mm; basis weight of 130+20 g?mBoth pa-
ments.[21] pers are characterized by the well pronounced anisotropy as-
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FIG. 2. Configuration of paper samples used for slow combus-
tion experiments.

sociated with preferred fiber alignment along the paper mak-
ing machine direction(see Ref.[22]). In this work we
studied the interfaces with middle line across the machine
direction of paper.

Examples of interfaces formed in these papers in the im-

bibition, fracture, and burning experiments are shown in
Figs. 3 and 4. The scaling properties of saturated wetting
fronts and rupture lines were reported in REgE2]. In this
work we studied the saturated roughness of the post-mortem
flame and burning fronts in sheets of different widii{see
Fig. 5, which was varied from.,=10 mm toL,,=50 cm,
with the relationL =\L, for scaling factors\=2.5, 5, 7.5, 10,
15, 20, 30, 40, and 50, whereas the length of all paper sheets
used was 40 cm. At least 30 burning experiments were car-
ried out with sheets of each size. So the data reported below
are averaged over these experiments.

We found that the flame is laminar, if the forced air flow
velocity v, is less than the velocity of burning fronf and it
becomes turbulent when,>uv,. The burning velocity in-
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FIG. 4. Interfaces formed in the “Filtro” paper sheets of width
L=100 mm:(a) grey-scale scanned imagés) digitized black-and-
white images, andc) contours.

creases slightly when the flame becomes turbulent. In our
experiments the burning velocity without forced air flow was
vpb=~2.0x1.0 mm/s and it achieves,~2.5+1.5 mm/s,
whenv,=5 mm/s.[32] No systematic change in the com-
bustion velocity as the sheet width increases was found.

We also note that the behavior of downward flame spread
over a paper sheet depended not only on the air stream ve-
locity but also on its changing ratesee also Ref[33]) in
such a way that the burning may be quenched when the air
flow velocity v,>4v,. However, the effect of air flow rate

FIG. 3. Scanned images of rough interfaces in the sheets adn the fire front dynamics was not studied in this work, be-

“Secant” paper of width. =100 mm, obtained iifa) slow combus-
tion, (b) tensile fracture, an€c) imbibition experiment$22].

cause of the rising of hotter aiconvection due to paper
combustion also affects the flame dynamics and makes dif-
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FIG. 5. Postmortem burning and flame fronts in the “Filtro”
paper sheets of different widtke) L=300 mm(the snapshot shows

the scanned image and the graphs of postmortem fronts in the sheet z [
of width L=10 mm), (b) L=150 mm,(c) L=75 mm.(d) Digitized 400 |
graphs of the burning and the flame fronts showiicin I
300
ficult to control the local air flow velocity. Accordingly, we I
control only the mean velocity of air flow produced by the 200 4
air blower which was around,=5+2 mm/s>uv, in all ex- I
periments reported below. 100 & Jf‘v
B. Image proceeding 0 N e -
0 5000 10000 x

For quantitative studies all burned sheets were scanned

with 700X 700 ppp resolutior(see Figs. 1, 4, and)%and FIG. 7. Graphs of burningl) and flame(2) fronts in the sheets

then each interface was digitizésee Figs. (), 4(c), and 3 of “Secant” paper of width(a) L=100 mm andb) L=500 mm.
using SCION IMAGE software[34] and plotted as a single-

valued function35] z (x), in XLs format(see Figs. 6 and)7
The pixel size is 0.04 mm, that is close to the mean fibe
width (see Ref[22]) and it is well below the average length

of fibers, which is€z=~3 mm. It should be emphasized that

fin this work we were interested in the small-scale local
roughnesgA <6 mm=2¢;) associated with the flame tur-
bulence, in contrast to other work84-29, which were fo-

z. | cused on the roughness at the scales larger than fiber length.

ix | Working width 36
pix |~ 14 > [36]

C. Scaling analysis

200

I The configurations of burning and flame fronts are as-
(2) sumed to be described by the single-valued functi@t
z(x) (see Figs. 6 and)7 To eliminate the effect of sheet

borders on the front configurations, the scaling analysis was

150 performed only on the central parts of interfaces, leaving the
W” (3a) T edges of width 0.2 (see Fig. 6.
I M””M R S _The scaling pr_operties of eac_h interface were analyzed
L] (3b) using three techniques adopted in g@mNoIT 1.3 software:

L e S s [37] the rescaled-range analyd® S« A¢, the variogramV

« A%, and the power spectru®p k ?s*V2¢ methods[38]
The global roughness exponents were determined from the

| F[V\Lm scaling behavior of interface widtli3). Furthermore, to
50 : check and quantify the multiscaling properties of the burning
v \/ and fire fronts, we have studied the scaling behavrrof

g-order height-height correlation function f@=1,2,..,10
(see Ref[7]).

0

D. Empirical results
0 550 X, pix 2200 2750

First of all we found that the burning fronts in both papers
FIG. 6. Graphs of the burningl) and flame(2) fronts, the  display the multiaffine scaling behavior which is character-
rupture lineg(3), and the wetting fron4) in “Filtro” paper (see Fig.  ized by the same spectrum of local roughness expdrseet
4). Figs. 8, 9, 10, and 1d)]:
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100 + E i
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p ',,,C
1 ¢ s
04+ ] 061
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v FIG. 10. (a) Log-log graphs of the-order height-height corre-
100+ lation function of the postmortem burning fronts in “Filtro” paper
(from bottom to topg=1, 2, 3, 6 10; (b) spectrum of local rough-
14 ness exponents of burning fronts in “secaftircles and “Filtro”
(triangles papers.
0ot e—" o )
1 10 Apix 100 LN =M N <a, LN =HL=LN?, (12

FIG. 8. Log-log graphs ofa) R/S and (b) V versusA for the where{;(1),,(1) are constants and and ¢ are new scaling

guenched burning fronts in “secan(it,2) and “Filtro” (3,4) paper exponentgsee Table . L
sheets of width_=25 mm (1,3 andL=500 mm(2,4). The graphs We note that the roughness of flame fronts in different
are shifted for clarity. ' ' papers is characterized by different global roughness expo-

nents and different spectra of local roughness exponents
{4(\) (see Table), nevertheless the spectral roughness ex-
ponent is found to be

. as=0.50+ 0.0 a, (13
and the structure factors of burning fronts are found to be
size independenfas=a=¢, and #=0). We note that the for the flame fronts in both papers. We also found that the
value of £,=0.83+0.04 is consistent with the small-scale power spectrum of flame fronts behaves(sese Fig. 1%
(A<2 mm) roughness exponernf=0.88+0.05 of moving So k220 (14)
combustion front which was reported in RE26], where it ’
has been found that at larger scales the combustion fronthere(see Table)l
roughness follows the scaling predictions of the Kardar-
Parisi-Zhang equation with thermal noise, i.€(5<A 20=-¢<0<2a-{9); (19

<100=0.5. The power-law decrease §f asq increases is  je. Sk, L) decreases as the sheet width increases; the sym-

also consistent with data for small-scale roughness reportegh| = means the numericééxperimental equality. This be-

in Ref. [27]. havior differs from that expected in the case of anomalous
On the other hand, we found that the flame front rough+inetic rougheningsee Eqs(8) and(9) and Refs[13,15].

ness displays an anomalous multiscaling, characterized byyrthermore, we found that the correlation length of the

the global roughness exponent and the sheet-widthg-order height-height correlations also possesses unconven-

dependent spectra of local roughness exponéyite) [see  tjonal scaling behaviofsee Figs. 15 and 16
Figs. 11b), 12, and 13 Specifically, we found that

{q=0.937%for =1 anda={,=0.83+0.04 (11)

&N =&(1)g N\ forg=1, (16)
10000000 where, numerically,
m=wandv=q; (17
10000 +
i see Table I.
“ 10+
I Ill. DISCUSSION
0.01+
i Paper combustion is a complex process involving many
0.00001 ‘ chemical reactions along with complicated air flows. In this

0.001 0.0 . 01 1 work we are interested only in the system size dependence of
turbulent flame front roughness which is closely related to
FIG. 9. Power spectrum of burning fronts in “seca(®’2) and  the intensity of gas-flow turbulence and the nonuniformity of
“Filtro” (3,4) paper sheets of widtii=10 mm (1,3 and L  combustible burning medig89]. Accordingly, the turbulent
=500 mm(2,4). The graphs are shifted for clarity. flame can be represented by means of the Navier-Stokes set
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1000 1000 +
g F (b)
A I FIG. 11. Log-log graphs of the global front
EE 104 FE 100 ) M width versus sheet width fd) burning and(b)
F o V_,e—"” flame fronts in the “secant{l) and “Filtro” (2)
F(2) p - papers.
0.1 0.1 A
10 100 1000 10 100 1000
L, mm L, mm
of differential equations or their extended forf#s]. On the other hand, from comparison of E¢k2) and(18)

Turbulence is essentially multiscale phenomenon assocfellows that the turbulent flame may be associated with the
ated with the Kolmogorov cascade of energy flux from theLévy-stable process such that
largest scale to the smallest op#l]. This cascade is com-
monly modeled by multiplicative processes, generically lead- p=l-o (19
ing to multifractal fields[42]. As a result, the flame front
obeys a multiaffine geometry.
A continuous-scale limit of multiplicative cascades leads C(\) = wl(N) =C(HN? (20)
to the family of log-infinitely divisible distributions, among
which are the universal multifractals which have a normal orare dependent on the properties of burning media. Specifi-
Lévy generator, and for whicpt3] cally for flames in the “secant” papgr=0.8+0.04,C(1)
=0.14+0.04, while for flames in the “filtro” papep
c =0.57+0.05 andC(1)=0.37+0.07(see Table)l
{q=l— — (g -1, (18) To take an insight into the physics of the observed depen-
p-1 dence of local roughness exponent on the system size, we
note that when the kinetic energy fluctuatidlsn a system
whereC=d is an intermittency parameter anc<@<2 is  far from equilibrium exceed a certain critical val@k., the
the basic parameter which characterizes the protebgy  System dynamics is characterized by system-size-dependent
index; p=2 corresponds to the log-normal distribution largest Lyapunov exponef#4]
From comparison of Eq$11) and(18) follows that the burn-
ing fronts in both papers are related to multiplicative cascade

with p=0.85 andC=0.1%,=0.14+0.03. whereP denotes the perturbatidthe power consumption of
turbulent flow[45], in the present cageand e, y>0 are the
scaling exponents determined by the microscopic nature of
the system. This implies that the fractal dimension of strange
L T attractor[46], DpxA, as well as the fractal dimension of
> ;/A,/cr(g) avalancheg47], D,, =D, decrease as the system size in-
[ creases. Accordingly, the local roughness exponent of turbu-

and

A(L) o PPoc L7, (21)

17
(@

1 10 100

G2

10000

1 10 100

> 100 ¢

1 10 100
A, pix

1 10 100
A
FIG. 12. Variogram graphs for the postmortem flame fronts in
(a) “secant” and(b) “Filtro” paper sheets of width.=10 mm (1), FIG. 13. (a) The local roughness exponefit versus\ and (b)
L=100 mm (2), and L=500 mm (3). The graphs are shifted for the sheet width dependence of correlation lengttior the flame

clarity. fronts in “secant”(1) and “Filtro” (2) papers.
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TABLE |. Scaling exponent for turbulent flame fronts in differ-
ent papers.

Scaling exponent “Filtro” paper “Secant” paper
a 1.00+£0.04 0.83+0.03
5H(D) 0.86+0.06 0.72x0.05
(1) 0.77+£0.04 0.63+0.03
® 0.43+0.05 0.20+0.03
¢ 0.10+0.03 0.38+0.05
20 -0.12+0.05 -0.40+0.06
o 0.43+0.05 0.20+£0.02
v 1.00£0.08 0.83+0.08

lent front {,=D,,—d [46], also should be a function of sys-
tem size, e.g.,
Lo L7, (22)

From the comparison of Eq22) and the secon(empirica)
relation in Eq.(12) follows that

b=1v. (23)

PHYSICAL REVIEW E 71, 056102(2005

FIG. 15. Log-log graphs of thg-order height-height correlation
function of the postmortem flame fronts i@ “secant” and(b)
“Filtro” paper sheets of width.=100 mm (from bottom to top:q
=1, 2, 3, 6 10. The graphs are shifted for clarity.

IV. CONCLUSIONS

Now one may speculate that the intermittency parameter

C(\) in Eq. (19) is related to the largest Lyapunov exponent,

The kinetic roughening of interfaces in systems far from

e.g.,C(\)xA(\). The unusual dependence of the structuretquilibrium depends on the system size. Specifically, we

factor leaves to future work the important questions concer
ing the numerical equalitiedl5) and (17).

10000
1004 |
5] 1,;
0.01}
0.0001 um s nesey o
0.001  0.01 0.1 1
k
0.1
i (b)
1 ™
< 001}
i @
0.001
1 10 100

A

FIG. 14. (a) Power spectrum of flame fronts in the sheets of

“secant” (1,2 and “Filtro” (3,4) papers of widthL.=500 mm(1,3)
andL=10 mm(2,4). (b) System size dependence &£ SK for the
flame fronts in “secant(1) and “Filtro” (2) papers.

nshow that the roughness of turbulent interfaces may be char-

acterized by system-size-dependent spectrum of local rough-
ness exponents. This gives a rise to a new type of scaling
behavior related to the Lévy-stable multiplicative process
with system size dependent intermittency parameter. We ex-
pect that the system size dependence of scaling exponents
should be observed in a wide variety of systems far from
equilibrium, whenQ) > Q [48].

1
-
0.1 L
1 10
q
10 T
- (1) ()
: oxr' * t”"*vo
« o
upS (2)0 0 oq
] .
1 10
q

FIG. 16. (a) Data collapse for the-spectra of local roughness
exponents of the flame fronts in “secalit) and “Filtro” (2) papers
(Wg=Zg\). (b) Log-log graphs ofgazgq)\‘“ versusq for the flame
fronts in “secant”(1) and “Filtro” (2) papers.
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