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Hierarchical crack pattern as formed by successive domain divisions. Il. From disordered
to deterministic behavior
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Hierarchical crack patterns, such as those formed in the glaze of ceramics or in desiccated layers of mud or
gel, can be understood as a successive division of two-dimensional domains. We present an experimental study
of the division of a single rectangular domain in drying starch and show that the dividing fracture essentially
depends on the domain size, rescaled by the thickness of the crackingeldyslizing basic assumptions
regarding the conditions of crack nucleation, we show that the experimental results can be directly inferred
from the equations of linear elasticity. Finally, we discuss the impact of these results on hierarchical crack
patterns, and in particular the existence of a transition from disordered cracks at large scales—the first ones—to
a deterministic behavior at small scales—the last cracks.
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I. INTRODUCTION is propagating. A new fracture has no influence on the shape

: S of the previous ones. However, these previous fractures hav-
Macroscopic patterns often present an intriguing |nterpla¥ng modified the mechanical stress field have a direct influ-

between a well-defined Ioca] organization and a globally d'S'ence on the morphology of newer fractures. This asymmetri-
ordered appearance. For instance, the geometry of twi

dimensional foandd] | rfectly defined locallyv: th %al interaction becomes manifest at the connection points. A
\imensional soap foams] IS pertec yo etined locally: e o sture always propagates to release the main opening stress
films are arcs of circles joining at 120° in threefold vertices.

. 9 . rinciple of local symmetry The stress parallel to a given
Nevertheless, due to the distribution of bubble sizes and t rack IF; only Weaklgaﬁecte%(d by its form:gtion so thatgin the
their time evolution, the coarsenlng,_the foam presents a.d' /icinity of an existing crack, the residual stresses are parallel
orde_red. aspect at large scalg, vyhmh has been mtensweg it. Therefore, when a new fracture comes near an older
studied in recent decadgg]. While in this case, the apparent !

) S ; one, it turns to join it at a right angle. As discussed in paper
disorder results from a deterministic evolution, other systems [18], it is possible, using these characteristics, to recon-

are S_”"r_‘g'y |nfl_uenced by unco_ntrolled_expe_rlm_ental NOIS€struct the order of formation of the cracks of a complex
The liquid flow in the case of viscous fingering is well de- pattern

f‘ﬁ”bed 'n.tt.h.(i detfrtrﬁlnlsuctframe:/vork (t)f ﬂg.'fd dyr:_amms, .blt"t In one-dimensional systems, the correlation between suc-
€ sensitivity of the system close 1o biturcation pOINtSqsqiye cracks has been studied experimentally and theoreti-
makes the concrete evolution unpredictable: two experimen:

tal realizati ive identical its althouah th tcally. The study of a spring chain model coupled to a solid
al realizations never give identical resufts afthough the pa substrate[5] has revealed the existence of a characteristic
terns are similar from the statistical point of view.

length scale, which is a function of the spring constants and

In the present paper, we study the interplay between de|'engths. The identification with material properties and ge-

itr?rm'n'?:i'c l:l)erhavuzrr?]rll?ﬂthre re];fﬁ(:t|°frn020hat:afr:e”?r?1? nlg'ns(};)metry is nevertheless not evident. The spacing between suc-
a particuiar system. hierarchica crack patterns. This essive fractures along a line of desiccating clay with a rect-

of pattern can be found in the glaze .Of ceramifsg. 1) angular cross sectiof6] could be interpreted as the
or—experimentally more accessible—in layers of mud or

gel, deposited on a solid substrate and desiccating. The frac-
tures are formed via mechanical frustration: the shrinking,
induced either by cooling in the case of the glaze or by
evaporation of the solvent in the case of the mud, is re-
stricted by the adhesion to the rigid substrate. If the material
layer is not too thin and sufficiently homogeneous, these
cracks are formed successivdly,4]: one fracture has fin-
ished its propagation before the next one nucleates. The
shape of a fracture is entirely determined by its path while it

FIG. 1. The hierarchical crack pattern in the glaze of a ceramic
*Electronic address: bohns@rockefeller.edu plate.
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experimental confirmation of this characteristic length. How- metallic frame
ever, the size of the sample was kept fixed6hso that the X /iliconoil
physical origin of the length scale was not clear. @ [ water ]
We will investigate here, in the two-dimensional case, the =
effect of previous fractures on the following ones. The basic BIRTh. (vt
feature on which this investigation relies is that each new = Plexiglas bottom —
fracture joins existing fractures at both ends, so that at each
step of its formation the pattern divides space. Taking into ® [ J \—
account the succession of cracks, we can interpret the pattern
as the result of an iterative process: a fracture divides a
“mother” domain into two “daughter” domain], which = =
can be considered—at least in the limit of a perfect rigid
substrate—as mechanically independent. We can therefore © [ l ]
consider each domain separately. From this perspective, the
formation of the crack pattern is conceptually very simple: V
we need only to understand hosne single domain is di- — —
vided as a function of its shape and then take into account
the inheritance of the domain shape from the former divi- @

sions. Trrrrn-rv-rn-vrwmvwrrrr[n-rrnrn-vr"nwwr
The conceptual simplicity of the hierarchical crack pattern

will allow us to study the interplay between a deterministic
part—the control of fractures by the shape of the considered
domain—and a stochastic part—the impact of uncontrolled FIG. 2. Setup and evolution of the experime(@a. Side view of
imperfections of the material. For this purpose, we will in- the egperim_ent_. The starch solu_t_ion is fi_IIed into the rectangular
vestigate the division of a domain whose geometry is confontainer with its lateral walls silicone oil coated. A water layer
trolled. By contrast to the domains in an extended patterrfnorms on the layer of wet starch. It evaporatgs and the stgrch layer
whose shape is inherited from former divisions, this will al- becomes exposed to the aly) Due to the ongoing evaporation, the

low a systematic study under reproducible conditions. Westarch contracts and loses the contact to the lateral \aitews.

will successively present the experimental results, their intergc) The first kind of fracture, called hierarchical, is forméedrow).

pretation in the framework of linear elasticity, and their Con-(d) The second cracking regime with small scale cracks penetrating
sequences for extended crack patterns ’ simultaneously from the upper surface into the volume.

B. General behavior

Il EXPERIMENT In order to observe the temporal evolution of the system,

In what follows, we study fractures in a desiccating we conduct some experiments outside the oven, place the

starch-water mixture. While drying, the material shrinks, butContalner on a computer-controlled balance, and acquire a

due to the adhesion on a polymethylmethacryl@»MMA) f|Irr]n.t Flgurﬁ 2 thtflws a fketCE.Oftﬂ;ﬁ eyql_utlllon;] Fig. 3 some
substrate, the shrinking is partly inhibited. The resultingp otographs of the system. mirst, the initially homogeneous

stress is then released by the formation of fractures. We corz-toalllrjéfn ﬁgg: r:et?j?nl]gtr?tg\t/g fhheaﬁiﬁ%ri( ?/L]Hiﬁcvc\:gtceernstreatf: ates
trol the initial domain by lateral walls. The lateral dimension P greg

of the domains is fixed and we vary the layer thickness on the top. Approximately half an hour after filling in the
" mixture, a thin and clear water layer is found on top of the

A. Set up and protocol

Figure 2a) shows the container used, composed by a
PMMA bottom and removable metallic walls. The inner di-
mensions of the metallic frame are 57.3 mn?, its aspect
ratio is thusy2. Before each experiment, the components are
cleaned separately with a dishwasher solution and then
rinsed carefully. The lateral walls are then coated with a very
thlr\lNlaye( of S|[|cone oil. . ' . o ey ) )

‘e mix maize starch with water in the relation of 1 to ] €% %)
1.15 g. The homogeneous solution is filled into the container. Bl s ?~ : r‘ ( el
In order to obtain reproducible drying conditions and to ac- - ps
celerate the drying, the container is placed in a gently venti-
lated oven with a controlled temperature of 40 °C. When the
starch is completely desiccated, a photograph of the crack FIG. 3. Evolution of the system while dryin¢g) The formation
pattern is taken. of hierarchical cracksib) Small, columnar cracking.

T+0 T+8min T+ 16min T+ 24min
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layer of wet starch. The surface of the water layer is curved
at the border, due to the wetting on the oil-coated walls, but
the starch layer remains perfectly planar. Actually, the initial
mixture concentration was chosen to obtain this thin water
layer that allows the bypassing lateral wetting problems.

It takes about eight hours to evaporate the water layer.
The mass of the system decreases line@tita not shown
Then, the wet starch layer is exposed to air and starts drying.
The mass decrease is still linear in time, but slightly slower. bl) b2) (b3)
The water evaporation induces a shrinkage of the material '
that is frustrated by the adhesion to the PMMA bottom,
and—at the beginning—on the lateral walls. After another
hour, the resulting mechanical tensions are sufficiently strong
and a first kind of fracture appears: the starch layer gets
separated from the oil-coated lateral wdllsg. 2(b)]. The
rectangular domain is now laterally delimited by free sur-
faces, just like domains in extended crack patterns. By con-
trast to the latter, the domain geometry is controlled by the
shape of the container.

About one hour later, we observe the fracture of this con-
trolled domain[Fig. 2(c)]. Figure 3a) shows an example
where two fractures are formed successively, so that the rect-
angular domain is ultimately divided into three subdomains.
In general, these fractures, although successive, are formed |5 4 Examples of crack patterns for different layer thick-
in a relatively short time interval of half an hour. The frac- oqqege= (@ 9.1, (b) 6.3, and(c) 4.8 mm.
tures are nucleated on the upper surface of the starch layer

somewhere close to the center of the domain. Though nucle-

- : bvious observation is that the number of fractures increases
ated at the upper surface they quasi immediately affect th8 ) X
PP yd y when the layer thickness is decreased. &06.3 mm, there

whole thickness of the layer. In the following hours, only the. only one fracture. In one of the examples shdpart 1 of
rack ning incr lowly and w not rve any. ’ i
crack opening increases slowly and we do not observe a ig. 4@)], the fracture does not reach the domain borders.

change in the evaporation rate. : . L
Another, additional phenomenon is observed much IateIJ\Iote also that, in some realizations at this thickness, no frac-
' ‘ure was observed at all. Increasing the layer thickness, the

After another seven hours of drying, a multitude of small and b ; lizati ithout fract . @ at
corrugated cracks appear simultaneously on the air—exposéﬁg1 er of realiza |on§ wi céu ra;: urte mcc\e/astis, an i a ¢
surface[Figs. 2d) and 3b)]. The evaporation rate decreases mm, We never observed any fracture. We thus estimate

continuously while these cracks are propagating downwargqiocr::"ncal layer thickness for fractures roughly ®
into the bulk of the starch. As they penetrate, they become” - o
y P y In [3,4] it has been shown that the characteristic distance

more ordered and show polygonal pattern as they reach the ; f .
PMMA bottom. One obsgrvgg a m:jority of hexaéonal do-Petween the fractures scales linearly with the layer thickness.

mains. This regime has been recently studiedgiald]. If Although our_experiment_is_not designed forthis_purpose, we
the experiment is performed in a container entirely made OPbse_rve_ qu_alltatlvely a similar behavior. We define the char-
polytetrafluoroethylenéTeflon) to prevent adhesion, no hi- acteristic distance between cracks as
erarchical cracking is observed but only the columnar crack- \/X
==
N

ing. This demonstrates that this latter phenomenon is not (1)
linked to the adhesion on the substrate. Rather we have here

a three-dimensional3D) directional fracturing, which fol-  whereA is the area of the initial rectangular domain axd
lows a front of drying parallel to the surface and propagatinghe number of domains in the final pattern. The length scale
downwards. The characteristic length scale of this hexagongf the initial rectangle isVA=65 mm. Figure 5 shows this
pattern(~3 mm) is much smaller than that of hierarchical |ength as a function of the layer thicknees Despite the
fractures and scales probably with the depth over which thelispersion, essentially due to the discrete—and small—
water content varies. They are analogs to the columnafumber of cracks, the measurements suggest a linear rela-
cracking of basalt whose length scale is of the order of kionshipl=ye. The best fit gives a slopg~ 5.5, consistent
m—the typical depth of the thermal boundary layer. In whatwith the absence of fracture aboee 12 mm.

follows, we focus on the first cracking regime, wherein hier-

archical fractures form, due to the adhesion to the PMMA D. The geometry of the first fracture

substrate.
o . We will now concentrate on the first fracture that divides
C. Characteristic length scale of the final pattern the rectangular domain into two daughter domains. Figure
Figure 4 shows examples of the obtained hierarchical(a) shows three examples with a layer thickness
crack figures for different layer thicknessesA first and =9.1 mm. In all the three cases, the fitahd only fracture
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FIG. 7. Definition of the two distances; andd,.

0<

as the deterministic “ideal” one, observed for thicker layers
close to the cracking limit.

FIG. 5. The characteristic length scale of the domains in the A simple way to interpret this behavior is as follows: the
final crack patteri=yA/N as a function of the layer thickness  “fractures” that define the border of the domain relax the
The small numbeN of domains(indicated on the rightleads to a  mechanical stress locally. They have an impact only over a
very rough discretization. We indicated the number of realizationdistance that is proportional to the layer thickness. In the
corresponding to a value by the radius of the symbol. center of a very large domain of small thickness, their influ-

o ) . ence vanishes. By contrast, in a small domain compared to
divides the rectangular domain symmetrically by the longefne |ayer thickness, they have a direct impact over the whole

sides into two almost identical domains. In that case, thgjomain area. This interpretation leads us to introduce dimen-
particular aspect ratig2 of the initial domain is preserved in sjonless quantities.

the division. We extract the first fracture using an image

processing tool and superimpose all realizations at this layer o
thickness in Fig. @). This fracture is perfectly reproducible. E. Quantifying
It is entirely determined by the free lateral bogn_danes. We |4 order to quantify the observed transition from deter-
observe furthermore that we are close to the limit of crack-

10" N tWo of lizati ; b q IIminism to disorder, we introduce two quantities—two order
mgi'lhne tﬁrgetegxr:rﬁgggoizs 2?9 r(%lﬂ?tuarr?ewc?;tginseedr\/?or:t allparameters—that are consistent with the symmetries of the

i e : . try. Let us first define the di f th
=6.3 mm. The first fracture is still straight and perpendicula geometry. Let us first define the distanagsandd, of the

. , JICUlafan g of the fracture to the center of the long side of the rect-
to the longer side of the rectangle. However, its position 'sangle measured along the domain perimésee geometri-
less controlied, the fracture does not always pass by the cefy " yefinition in Fig. 7. It can be positive or negative if the

ter. Note also that the position of the first.f_racture has anack extremity is on the right or left side of the center. We
impact on those that follow. The superposition of the ﬁrStdefine the two dimensionless order parameters as
fracture of all experiments at this layer thickness is shown in

Fig. 6(b). Only in one case did the fracture turn to join one of —

the shorter borders of the sample, probably because of a 8=[dy + dal/VA, (2)
defective preparation of the sample. As can be seen in Fig.

6(c), the loss of determinism increases when the layer thick-

. ; ; R ) 2/ A
ness is decreased. The first fracture is now not only free to A =dp +di/VA. )
choose its position, but it also starts to bend significantly in
some realizations. Their geometrical meaning is as follows. In the case of the

This behavior becomes more and more dominant as thigleal fracture that passes through the center and divides the
layer thickness is further decreadédgs. 6d) and Ge)]. The  rectangular domain into two symmetric rectangular domains,
fracture joins a short side of the rectangle at one or even bothoth § andA are equal to zero. If the fracture is still straight
ends. It is less and less controlled by the domain shape. Ongnd perpendicular to the longer sides of the rectangle but
when it arrives relatively close to the border does the fractureloes not pass by the centés0 butA>0. When the frac-
turn to join it at right angle. As can be seen in the figuresture is curved,é becomes larger than zero, too. Figure 8
even for small layer thicknesses suchess4.8 or 3.4 mm  shows the scatter plot of these quantities as a function of the
[Figs. €d) and Ge)], the first fracture sometimes is the samedimensionless layer thickness

(a) ®) ©) (d) ©

] FIG. 6. The superposition of
————— % the first crack in several realiza-
tions. e= (a) 9.1, (b) 6.3, (c) 5.5,
] % (d) 4.8, and(e) 3.4 mm.
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= as the relevant control parameter of the problem. We scale
04 the stress and strain tensor in such a way that under plane

strain conditions, the two-dimensional strain tengads re-
lated to the two-dimensional stress tengoby

oj = (1 - 2v); + veyd + v, (5)

g wherev is the Poisson ratio of the sample. The plane stress
FIG. 8. The two order parameter§=|dl+d2|/\s‘°z\ and A N a_twq—dlmensmnal C!escnptpn is simply abtained .by re-
— 22/ A - . . placing in Eq.(5) the Poisson rati@ by v/(1+v). The drying
=ydy+d3/ VA as functions of the ratio between the layer thickness: duced shrink f th ial | ken i b
and the characteristic domain sigee/ A, induced shrinkage of the material is taken into account by
the diagonal termyg; in Eq. (5). In the case of free bound-
aries, the stress field in the sample would be identically zero

£=elA. (4)  and the strain field is simply given bg;=-y8;. In the

The filled symbols correspond to the averaged values and tyesent description, we are in_terested in thE.’ spati_al distribu-
error bars to the standard deviation. These two graphs sunion of the stress and strain fields and not in their absolute

marize the discussed behavior. The cracking limit Corre_magnltudes. Therefore, we can rescale stress and strain fields

sponds toé~0.18 (11.2 mm for our experimehtso that SO thaty=1. The mechanical equilibrium in the material is
there are no data points above this value. Close to this limi@Ven by
0.13<£=<0.18,6=0 andA=0. The fracture is the ideal, de-
terministic one. Forf=<0.13, the fracture becomes statisti-

cally free to move laterallfA>0), and this freedoom in- where U is the displacement field, which is related to the
creases with decreasing The curving(d) of the fractures strain field by

(1-20)AG+V -(V-G) =0, (6)

sets in later, at straight fractuées 0.09 and increases rapidly 1lou ou
for decreasing. & = _{_' + _1] .
2] 9% %
lll. THEORY The boundary conditions at the lower surfase) are speci-

Crack nucleation in this experiment can be influenced by€d by @ssuming a perfect adhesion of the sample to the rigid
two sources of randomness. First, it may be seen as a thepuPStrate. The upper and lateral surfa@sl andx=+1/¢)

mally activated process whose energy barrier decreases wifH® tLaction fref). The boundary conditions for this problem
the stress and even vanishes at a critical stress. Second, & thus given by

stress field is itself affected by the existence of uncontrolled Uy(x,0) = u,(x,0) = 0, (7)
defects. Alternatively, we can consider the mean stress field
that sets in the material due to the drying process and assume 0% 1) = 0,4x1) =0, (8)
that the critical stress above which cracks nucleate has some
random spatial noise. For simplicity, we perform an elasto- Tt 1E2) = o (£11£2) = 0. (9)

static analysis in the framework of two-dimensional linear

elasticity. The configuration of the model problem analyzedAt this stage, the problem depends only on the Poisson ratio
is depicted in Fig. 9. A rectangular body of lengthand v and on the dimensionless paramefeExperimentally, we
heighte perfectly adheres to a rigid substrate and sustains abserve that fractures are nucleated on the upper free surface
shrinkage process induced by drying. We choose the heiglatf the material(z=1). Therefore, the quantity of interest in

of the samplee as a unit length and define the present problem is,,(x, 1), the stress distribution there.
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FIG. 11. A crack pattern in the glaze of an ceramic pléaeThe
FIG. 10. Plot ofoy(X, 1) for »=0.25 and for different values of entire plate(size 14.5<14.5 cn?). The first order cracks are em-
£ Due to the symmetry with respect i6=0, only the interval O phasized manuallytb) The detail of the pattern indicated by the
<x< &1Lis shown. The values af are from left to right such that frame in(a).
£1=1,2,3,4,5,6,7,8,9, and 10.

An analytical solution to the present problem with a finite it. The domain borders—the older cracks—relax the stress

thickness is unreachable. However, the asymptotic value fdPC@lly. Their influence is determined by the characteristic

the stress in very thin layers, far from the lateral boundariesd€n9th scale, the layer thickness Far away from the bor-

can be easily computed. In the absence of the lateral bound®rs: they do not affect the stress field and thus the crack

aries(¢—0), the stress and strain fields are uniform through-formation. The zone of crack nucleatiém a probabilistic
nse inside a given domain has thus roughly the same

out the thickness and the only nonvanishing components a ; L .
Y 9 P shape as the domain albeit shifted by several thicknesses

7w and ez Using Eq.(5), one finds We argued in the first paper that we can consider an ex-
) 1-2v tended crack pattern as resulting from successive domain di-
QLTE)UXX(X' 1= 1-p" (10) visions. The results presented in the present part indicate the
effect the shape of a mother domain has on the fracture that
For a finite rectangular plate, the numerical resolution of thelivides it. Let us consider the pattern in Fig. 11. As we go
problem is straightforward. We use a standard finite elemendown the hierarchy, the length of the cracks and the Ainé
formulation and solve it for each value of the parameters the domains decrease. As the thickness remains constant, the
andé. dimensionless parametée=e/ VA increases during the suc-
Figure 10 summarizes the numerical results of this seccessive divisions. For the first cracks, the domain size is
tion. The stress component on the upper free surface of theiuch larger than the layer thickness, and the cracks are
material,oy,(X, 1), is plotted for different values of and for ~ mostly dominated by the imperfections of the laygiobal
a given Poisson ratigr=0.25. It is shown that when the gradients, defecisThey thus have a disordered appearance.
height of the sample is comparable to its lengitof order  Moreover, when a crack nucleates on a defect, or simply
unity), the tensile stress at the center of the sample is conpasses through it, the latter disappears and has no impact on
pressive(o,,(0,1) <0), which does not allow crack nucle- the following fractures. The spatial random noise level thus
ation in that region. Wheg decreases, which corresponds to decreases with the passing of time. As cracks keep dividing
a thinner sample, the stress shows a positive maximum at tthe domains their typical size decreases until it becomes
centerx=0, which allows us to predict that there will be a comparable to the layer thickness. Here, the cracks becomes
critical value ¢ for the nucleation of a crack which is local- deterministic and are entirely controlled by the domain bor-
ized at the centex=0. However, when one decreases furtherders[Fig. 11(b)].
¢, the maximum in the medium of the plate becomes less This transition from disorder at large scales to determin-
manifest and tends to the value given by Efp). In a large ism at small scales contrasts with a scaling behavior that is
region around the center the variation of the tensile streseepeatedly found in numerical and experimental studies of
becomes weaker and thus, due to the inherent inhomogenaenhierarchical crackingl1-15 and also experimentally for
ities induced by noise, the nucleation of the fracture will notthe fracture widths in hierarchical crack pattefh6,17. The
be localized atx=0. This simple description of the drying existence of a characteristic length scale, the layer thickness
induced shrinkage shows the importance of the aspect ratig is the reason why we doot observe self-similar behavior
e/L on the stress distribution in the material and thus exfor the domain shapes and crack-crack interaction. This is

plains the phenomenon observed in experiments. consistent with the fact that there is a well-defined character-
istic domain size in the final pattern, which scales with the
IV. CONCLUSION layer thicknes$3,4]. The larger variations of the domain size

in Fig. 11(a) are due to a global thickness gradient; the do-
The experimental results presented here, together with theain size distribution is only slightly disperse. The consid-
theoretical considerations, provide a coherent image of thered successive domain divisions are therefore an illustrative
relative impact of the domain shape on the cracks that dividexample that not everything in nature is fractal.
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