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Power law distribution of wealth in population based on a modified Equiluz-Zimmermann model

Yan-Bo Xie, Bing-Hong Wand, Bo Hu, and Tao Zhou
Department of Modern Physics and The Nonlinear Science Center, University of Science and Technology of China,
Hefei 230026, China
(Received 16 May 2004; revised manuscript received 3 January 2005; published 22 Apjil 2005

We propose a money-based model for the power law distribuffirD) of wealth in an economically
interacting population. It is introduced as a modification of the Equiluz and Zimmerifizf)nmodel for
crowding and information transmission in financial markets. Still, it must be stressed that in the EZ model a
PLD without exponential correction is obtained only for a particular parameter, while our pattern will give the
exact PLD within a wide range. The PLD exponent depends on the model parameters in a nontrivial way and
is exactly calculated in this paper. The numerical results are in excellent agreement with the analytic prediction,
and also comparable with empirical data of wealth distribution.
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I. INTRODUCTION economic entity here. However, the analytical results will

e ) . .. show that our model is quite different from EZ27]. The

- Many real !lfe distributions, including wealth gllocatlon iN £7 model gives a power law distributioPLD) with an
individuals, sizes of human settlements, website popularityexponential cutoff that vanishes only for a particular param-
and words ranked by frequency in a random corpus of exleter, Here, a PLD of wealth is obtained within a wide range

observe the Zipf law. Empirical evidence of the Zipf distri- 5nq without exponential correction. The PLD exponent can
bution of wealth[1-9] has recently attracted a lot of interest |, analytically calculated and is found to have a nontrivial
of economists and physicists. To understand the microdependence on our model parameters.

mechanism of this challenging problem, various models have | may be beneficial to notice that only two types of

been proposed. One type is based on a so-called multiplicgnoney movements among economic entities are discussed in
tive random proces§l0-21. In this approach, individual he ahove paragraph, i.e., money aggregation due to the com-
wealth is updated multiplicatively by a random and indepenyination of two entities and money dispersion due to the
dent factor. A very nice power law is given; however, this gissociation of an entity. These two types of money move-
approach essentially does not contain interactions among ifpent have not been considered in the previous literature
dividuals, which are also responsible for the economic Struc[lO—ZS. On the other hand, there are other important money
ture and aggregate behavior. Another pattern takes into agovements in real economic activities. For instance, Refs.
count an interaction between two individuals that results in 31416 discussed the money fluctuations of an individual as
redistribution of their assetf22-25. Unfortunately, some 3 yesyit of the interaction between the individual and the
attempts only give a Boltzmann-Gibbs distribution of assets,nvironment. Also Refd.22-25 discussed the money ex-
[24,29, while some other$23], though exhibiting power change between two individuals. These two types of money
law distributions, fail to provide a stationary state. ~  mpyement are of course important too. However, we do not
In this paper, we shall mtroduceadn‘ferent perspective toattempt to include all types of money movement in the
understand this problem. Our model is based on the followpesent model. Instead, we shall only concentrate on the
ing observations(i) In order to minimize costs and maxi- money aggregation and dispersion mentioned in the last
mize profits, two corporations or economic entities Mayparagraph. We are most interested in what type of distribu-
combine into one. This phenor_n(_anon occurs frequentlyln theion of wealth could emerge if these two opposite move-
real economic world. Simply fixing our attention on money ments of money are considered together.
movements, we can equally say that two amounts of capital This paper is organized as follows. Section Il describes
combine into one(ii) The dissociation of an economic entity he money-based model in detail. In Sec. Ill, we shall pro-
into many small fra_ct|ons is commonplace, too. The bankyjige the master equation of, and present our analytical
ruptcy of a corporation, for instance, can be effectively clascaicylation of the PLD exponent. Next, we give numerical
sified into this category. Allocating a fraction of assets for theg;,gies for the master equation, which are in excellent agree-
employee’s salary also serves as a good example. Und@ant with the analytic prediction. In Sec. V, the relevance of

some appropriate assumptions, we shall establish a simpi§,r model to the real world is mainly discussed.
money-based model which is essentially a modification of

the Eguiluz and Zimmerman(tZ) model for crowding and
information transmission in financial markei86,27. The Il. THE MODEL
size of a cluster there is now identified as the wealth of an | 4 money-based model contaidé units of money,

whereN is conserved. Then the total wealth is allocatetito
economic entitiegor corporationg whereM is variable. For
*Electronic address: bhwang@ustc.edu.cn simplicity, we may choose the initial state containing jdst
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corporations, each with one unit of money. The state of this *

system is mainly described by, which denotes the number —*=-2(1-a)n,+a>, sznsz =-2(1-a)n; +ay(N-ny)
of cooperations owning units of money. At each time step, 2 S

we randomly select a unit of money from the wealth pool. 2)

Since it must belong to a certain corporation, we in this way

select an economic entity too. Corporations with morewhere the identity

wealth are of course chosen with a larger possibility; and this ®

could be interpreted as the fact that larger companies have s sn=N (3)
more chances for economic activities. The evolution of the =

system is under the following rules.

(1) With probability 1-a, another unit of money is ran- has been used. It may be helpful to explain the physical
domly selected. If the two selected units are occupied byneaning of the three terms at the right hand side of(&g.
different corporations, then the two corporations with all The first term represents the net gainngffrom a combina-
their money combine into one entity; otherwise, no combi-tion of economic entities with sizesands-r. The second
nation. Thus, 1a in our model is a factor reflecting the term represents the net lossmfdue to the combination of
incorporation possibility of economic entities at a macro-an entity of sizes with another entity. The third term repre-
scopic level. sents the net loss of; due to the dissociation of an entity of

(2) With probability ay/s, the economic entity that owns sizes. Equation(2) has a similar physical explanation. The
the selected money is dissociated; heris the amount of first term represents the net lossmafdue to the combination
capital owned by this corporation, amg reflects the disso- of an entity of size 1 with another entity. The second term
ciative (bankruptcy possibility of any economic entity. After represents the net gain of coming from dissociation of the
disassociation, theseunits of money are simply assumed to entities with sizes> 1. Notice that the validity of this master
be redistributed t® new companies, each with just one unit. equation is based on the mean field approximation which can

(3) With probability a(1-7y/s), nothing is changed. This be justified as in Ref.30] for the EZ model. In Appendix A,
can control the frequency of economic occurrences. we explicitly show the validity of Eq91) and(2) by assum-

This model is like an investing game, where the totaling that the mean field approximation is correct. We must
wealth involved in this game is supposed to be conservedgoint out that Eq(1) is almost the same as the master equa-
Each entity should have a minimal requirement of wealthtion derived in Ref[27] for the EZ model. The only differ-
(s=1) to play the game. Hence, the game participants magnce is the third term on the right hand side of EL.and
increase or decline. They can combine to maximize theithe second term in E¢2). The third term of the EZ model is
profits, and all entities confront the risk of bankruptcy. Thus,—asn, while the third term of our model isasnyy/s. The
it is a money-exchange model. Analysis of some extremdactor y/s in our model greatly reduces the frequency of
cases may be helpful to understand it. One may find that as disintegration for large entities. Without this reduction, the
is close to 1 andy is not small(i.e., bankruptcy is prevail- frequency of disintegration for largeentities would be too
ing), wealth is hard to aggregate and a financial oligarchhigh, which is unreasonable in the real economic wéskek
could hardly emerge in the model evolution. Whanis  Sec. V}. It must be stressed that the mathematical structure of
slightly above zerdi.e., combination is prevailing all the  our model is completely different from that of the EZ model.
capital is inclined to converge. Therefore, our model can For facility of the analytical discussion, we introduae
generate a broad range of economic cases, by concentratirgy/2(1—a) andhs=sn/N, which indicates the ratio of the
on two typical kinds of money movement. wealth owned by economic entities in raskto the total

One may relate our model to other types of stochastiavealth. Then, one can give the equations for the stationary
process models. For instance in the zero range process modgte in a terse form:

[28], the diffusion mechanism, which describes the combina- o1
tion of k; particles on site with k; particles on sitgj, is h S S hh (4)
S rt's-r

similar to the combination of two corporations in our model. S 2Asta) S,

However, the dissociation process in our model has no cor-

respondence in the zero range process model. Indeed, apd

power law distribution of particle number is observed only at a

a critical number density in the zero range process model. In hy = 1+a 5
contrast, a PLD of wealth can be obtained for a wide range @

of parameters in our model. According to the definition ohg, it should satisfy the nor-

malization condition Eq(3):

I1l. ANALYTIC RESULTS

Following Refs.[27,29,3( in the case ofN> 1, we give She=1. (6)
the master equation farg =0

ang 1 aly y When « is less than a critical value,=4 which will be

e T;lmr(s_ N —2(1 —a)sns—asrgg (D determined numerically in Sec. IV, one can show that Egs.
- (4) and (5) does not satisfy the normalization condition Eq.

for s>1 and (3). This inconsistency implies that whem< « the state
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with one agent who has aN units of money becomes im- TABLE I. The results ofH for various values ofx. When «
portant[29,30. In this case, the finite-size effect and the >4.2,H=1.
fluctuation effect become nontrivial and the master equations

(1)<3) are no longer applicable to describe the system a H
Eiiggslzct[hls paper, we shall restrict our discussion to the 30 0.9940886
When a> a,, one can show thasee Appendix B 3.5 0.9997818
3.6 0.9999214
hy— A/S” (7) 3.7 0.9999743
for sufficiently larges with 3.8 0.9999922
3.9 0.9999977
n=—— (8) 4.0 0.9999995
> h 4.1 0.9999999

Notice that this equation is consistent only whep-2 be-
cause otherwise the sulZ;rh, would be divergent, and self-consistent, provided E¢6) is satisfied. In summary, we

thushs— A/s” would become an inconsistent formula. find from the master equation thiag obeys a PLD whes is
~ Z;oyrh, can be further evaluated. Introducing the generatsyfficiently large andv> 4. It may be important to point out
ing function that whens is small, hg also approximately obeys the PLD,
w and the restrictiore>4, introduced for the sake of discuss-
G = Xh, 9) ing the master equation, can bg actually relax'ed.'This argu-
r=1 ment has been tested by a simulator investigation, which
) supplies the gap in analytical tools and verifies the analytical
one can rewrite Eq4) as outcome.
X(G' = hy) + a(G-h;x) =xG' + a(G - x) =xG'G
or IV. NUMERICAL RESULTS
G'X(G-1)=a(G-Xx) (10 We have numerically calculated the number

with the initial condition -
H= E h,
G(0)=0. (12) =t

Sincehs— A/s7 ass—, G is defined only in the interval based on the recursion formula E¢) with the initial con-
x| <1. From Eq/(6), we also havé&(1)=1. What we need to  dition Eq.(5). Table I lists the results dfl for various value

calculate is just of a. From Table I, one immediately finds that the normal-
w ization condition is satisfied fow> «;=4, which, again, in-
G'W=rh,. dicapes the consistency of the reIateq equati.ons.
= Figures 1 and 2 showis as a function ofs in a log-log

_ _ . scale fora=10 and 4.5, respectively. From Fig. 1, one can
Since the left and the right hand sides of Ef0) are both

zero atx=1, we differentiate both sides byand obtain T ‘ ‘ ‘ ‘
0
G'x(1-G)+G'(1-G)-xG?=a(1-G'). ] n
Let x—1 and one finds thaB”(1—-G) vanishes in this limit -10_| a=10 |
provided »>2; thus
G'%(1) - aG'(1) + a=0. (12 . 20 _
P~
One immediately obtains that £ y .
-30_| —
* !’ 2
— -4
O T L 13 ] ]
r=1 2 -40_| |
and the exponent T 7
-50
2 1 I 1 I T I T I 1 I 1 I 1 I 1 I
n=——— (14) 4 0 1 2 3 4 5 8 7
1-V1-4la Ins
which is a positive real number far=4. Notice that when FIG. 1. The dependence &t on s in a log-log scale fora

a=4, the exponeny=2. This implies that our calculation is =10.
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L AL L RN AL L L L FIG. 4. hg for =8 from both numerical calculation and com-

puter simulation. Black stars represent the outcome of a computer
simulation forN=2.5x 10°, y=2, anda=0.888 89. A total % 10°

FIG. 2. The dependence & on s in a log-log scale fora time steps were run and the finak8.0° time steps were used to
=45. count ng statistically. The circles represent the theoretical results
derived from Eqs(4) and (5).

see thahg conforms to a PLD fos> 1 with the exponent

given by Eq.(15). Figure 2 indicates thats observes the V. DISCUSSIONS

PLD for nearly alls with 7=3.0. . In this paper, we have introduced a money-based model to
_ The fitted exponents for various valuescefre plotted in - mimjc and study the wealth allocation process. We find for a
Fig. 3. They are given by wide range of model parameters the wealth distributign

~A/s™ with 5 given by Eq.(14) for sufficiently larges.

In(hogy 1009 The major difference between our model and the EZ model
—— 900 1000" is that the dissociative probabilify; of an economic entity,
In(1000/900 after being chosen, is proportional toslih our model. How-
ever, the corresponding probability in the EZ model is sim-
ply proportional to 1. This difference gives rise to distinct
Rehaviors ofng. In the EZ model,ns~A/s*°exp(-Bs) for
large s [27]. Specifically, the corresponding E@) can be

Figure 3 also exhibits the analytic results from Etp). The
analytic outcome fits the exponents calculated from recursio
quite well for a«>4.2. However, wherw— 4.0, a discrep-

ancy is obvious, since the convergencehgtto the correct ~ Written as

power law is then very slow. We have also performed a com- s-1

puter simulation, w_hich gives excellent agreement with the- hs=D>, hhg, (15)
oretical results derived from Eq¢4) and (5) for =8 and r=1

$<10, (see Fig. 4 in the EZ model. In fact, Eq(15) is much easier to solve

than Eq.(4). Whenns is interpreted as the number of corpo-

50 T T T T T ' 1 rations that owns units of money, the choice ol’y
1 1 ~0O(1/s) is reasonable and sound. Actually, because at the
45 ] first step we randomly choose one unit of money, the entity
8 . with s units is picked out with a probability proportional $o
4.0 — According to observation in real economic life, large compa-
. . nies or rich men are not more fragile than small or poor ones
=35 — when they confront the same economic impact and fierce
i § competition. If I';~0O(1), the overall disassociation fre-
3.0 | quency would be proportional & implying that larger com-
4 4 panies or richer men would be much weaker.
25_| _ It may be interesting to compare our theoretical results
1 . ] with empirical data. For instance, Dragulescu and Yak-
20 ovenko discussed the wealth distribution in the United King-

U I A dom[5]. They found that for the top 10% of the population
4.0 4.5 50 55 6.0 the wealth distribution observes a power léhe PLD ex-
ponent is 1.9 but for the bottom 90% the distribution is

FIG. 3. The calculated exponent for different values ofa. exponential. Meanwhile the exponent predicted in our model
Black squares represent the numerical results;fobtained fronhs IS greater than 231]. The agreement for the top 10% would
using the extrapolation methddee text The solid line represents be good if one chose the parameter 4. Nevertheless, our
the analytic result Eq(14). model does not explain the wealth distribution for the bottom
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' ' ' driven by the motivation to maximize profits and efficiency.
., This mechanism updates the system every time, and gives
" rise to clusters and herd behaviors. Furthermore, in an agent-
based model, it is usually indispensable to consider the indi-
® vidual diversity that is all too often impossible to deal with.
o When it comes to the money-based model, this microcom-
o " plexity may be considerably simplified. Finally, the concep-
o, m tual movement and interaction among capitals is not as re-
X%% stricted by space and time as between agents. Therefore,
3 when econophysics is much more interested in the behaviors
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Cumulative probability of people

. . of money than that of agents, it is recommended to adopt
10 100 1000 such a money-based perspective. The methodology to fix our
Total net capital, kpounds attention on capital movement, instead of interactions among
individuals, will bring a lot of facility for analysis; moreover,
using such random variables gsand a to represent the
squares are the empirical data for 1996 The open circles are the macroscopic level of the mlcromechanlsm also help us find a
numerical results foe=4. We have assumed thst 1 corresponds possible br'dge. bet""eef‘ the. evolution of the system. and t.he
to the net capital 1006 protean behaviors of individuals. Whether the .br|(_jge is
steady or not can only be tested by further investigation.

FIG. 5. The cumulative probability distribution of people as
function of total net capitallwealth in United Kingdom. The

90%. This indicates that our model is only applicable to eco-
nomic entities with wealth above a certain threshold, which ACKNOWLEDGMENTS

can be juss=1 in our model. For those under the threshold,  Thjs work has been partially supported by the State Key
their economic activities cannot be described by the presefeyelopment Program of Basic Reseaf®@73 Project of
model. Some other ingredients must be integrated into CoNching, the National Natural Science Foundation of China
sideration then. In Fig. 5, the empirical data taken from Ref(nder Grants No. 70271070 and No. 10472116nd the
[5] are compared with the numerical results obtained fromgpecialized Research Fund for the Doctoral Program of

our model fora=4 with the cutoffs=1 corresponding t0  Higher EducatiofSRFDP Grant No. 20020358009
100 kE. From the figure, one may find that the agreement

between the empirical data and our model is not very bad \ppeNDIX A: DERIVATION OF EQS. (1) and (2) FROM

when _the net capital is_ gr.eat(.er than 100 still, the agree- MEAN FIELD APPROXIMATION

ment is not excellent, indicating the relevance of other pos-

sible mechanism§14-16,22-2% in the explanation of the Following Ref.[29], we describe the dynamics of our
empirical data. It is still interesting to discuss the wealthmodel by considering the partition dfl units of money
distribution of the bottom 90% of people, though our model[ls,l,, ... Iy]. Herelg is the number of entities that ows
is no longer applicable in this regime. This distribution can-units of money. It follows that

not follow an exact power law because otherwise the cumu- N

lative percent of people would not be convergent to 100% Sl =N (A1)

when the wealth approaches zero. The explanation of the
exponential law found for the bottom 90% of people in the _
empirical datg5] requires different money exchange mecha-Since any state of our model can be characterized by a par-

i=1

nisms. tition [I4, ... Iy], the system can be described by the prob-
In a real economic environment, capitals and corporationgbility function P[l;, ... ,Iy]. The time evolution of
behave similarly at some point. For instance, they both conP[l, ... I\] is governed by the dynamics for entity combi-

stantly display integration and disintegration phenomenanation and dissociation as follows:

dp[ll,lz,...,lN]__ 1-a N_ o o
dt =T N(N- 1)(§ll|il(|i 1)+§2I|i]|j>|3[|1,|2, N

N
l-a . )
+—N(N_1)(21%+2)I(Ii+1)P[...,|i+2, cda=1, ]

+22i(|i+1)j(lj+1)P[...,Ii+1, SO PR TN R ])

i<j

N N
- %72 Pl . I ]+ aﬁyz U+ DP[ =i i+ 1, 1] (A2)
i=2 i=2
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The first four terms on the right hand side of the above equaswnsi units of money, while the factaay/i represents the
tion describe the combination of entities. The first term de-probability that the entity dissolves. The last term describes

scribes the reduction iR[l, ... ,Iy] due to the change from the change from the partition[l,—i,... l;,...] to
the partition [....lis... g, ...] to the partition [....li [, ...l ...].
.. lx+1,...] when two different entities that own the Smce d/dtSy .y Pl ... In]=0, & normalization con-

same amount of mone)are combined to form a Iarger entity dition can be mtroduced as

that owns the moneyi2The factoril;i(l;—1)/N(N-1) is the

probability of selecting two units of money belonging to two > Py, .. l=1. (A3)
different entities that own the same amount of morey

Similarly, the second term describes the change from the

partition [...l;,....lj,... lij,...] to the partition[... In the stationary state,
-1,... ,Ij—l, ,Ii+j+1 ..] when an entity that owrlsumts q
of money combines with an entity that owrnsunits of —P[l,, In]=0.

money to form an entity that owris-j units of money. The
factor 21;jl;/N(N-1) is the probability of selecting a unit of

K A Now, introducing
money from an entity that owrisunits of money and another

unit of money from an entity that owrjsunits of money. The (MM = > Py, ]I M
third term describes the increase Rifl4, ... ,l\] due to the
change from the partition[...l;+2,...l5-1,...] to (Ad)
[...li, ... Iy, ...]. Similarly, the fourth term describes the
change from the partition [+ d, o+, iy From Eg.(Al), one obtains that
[ (o PN PR ,+J,. .]. The Iasttwoterms de- N
scrlbe the change |FP[I1, ...,In] due to dissociations of en- A
tities. The fifth term describes the change from the partition 21 KnW) = NW) (A5)
[l1,....l;,...] to [I4+i,... l;=1,...] when an entity that
owns i units of money dissolves. The factdr/Nxay/i ~ where W=n["---n{N. Multiplying Eq. (A2) by 17|
comes from two facts in our model: the factby/N is the  and summing over all possible partitiofig, ... ,Iy], one ob-
probability of selecting a unit of money from an entity that tains the following exact equations:
|
l-a N
m(—2i2<---ni<ni—1>nrt- nge - >+2 2oy = (= 2™ (g + 1))
- i=1
_22|J<.nlnlmlnjn;n . ml-t-J >+22|]< _1)m|nj(nj_l)m] X ...(ni+j+1)mi+j...>>
i<j i<j
- a)’E <n1ml. .. nimi+l... )+ 872 ((ng+i)™ - nm(n—1™---)=0 (AB)
i=2 i=2

for the stationary state. Now let us consider the liMit 1. Wheni is finite, (n,) ~ N> 1. Assuming the mean field approxi-
mation is correct, one has

<nrln1... nimi"'>:<n1>m1"'<ni>mi"' ~ NZim (A7)

whenm, is nonzero only for finitd. From the above equation, one obtain&ijfn/ > =;m;,
<...nimi'...>><...nimi...> (A8)
wherem’ andm are nonzero only for finité. Expanding Eq(A6) and keeping the leading term and usiNg 1~ N, one

obtains
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( ZZI m(- m,+1 mg. >+2| My (- m.+2 ngilzi—l...>_22 ij[mi<"'nimi"'n;“i+l-‘ nIT_I]'*'J -)

N i<j
+mJ< m|+1 ..n] nlnjj-*—] >]+22 |]m|+J< m|+1 nrj+lnmj+]_l>)
i<j
N
+ay<—2mi<n2‘l- )+ E|m1<n S -->> =0. (A9)
i=2

Using the identity Eq(A5), one can rewrite the above equa- tion is based on the slow variancelefwhensis large. This
tion as assumption will be justified when the asympotic behavior of
hg is obtained. Then

N N
(2(1—a)2 im;+ay>, mi><~--n;“i--->
i=1 i=2

s—rhy) +By. (B4)
-a
"N 2_: msz_: rs=r) From Eq.(6), we have
0 o]
S oMt Mertl o amstl L S
(onf g ngs ) Sh=1- > h=1-b, (BS5)
N r=1 r=s’+1
+ayY, mi(nfte Mty (A10)
i=2 R " w
Now, takingm,=0 andm,=é, for s>1 and using the mean > rthy=2rth,= X rh,=C-b;, (B6)
field approximation(n,ng_;)=¢n,){ns_,), one obtains the mas- r= = r=s+1
ter equation(1) for the stationary state. Takingy=1 and ;b
m,=0 for i>1, one obtains the master equati@) for the
stationary state. ”
C=>rh,. (B7)
APPENDIX B: MORE DETAILS ABOUT EQ. (7) r=1
We shall first assume that Itis easy to find that
2A 1 1
~ 7 e e
hs= Af(s)/s (B1) b, < =157 < o
whereA is a constant. Whes> 1, we first assume thdts)
is a smooth function o$ andf(s)<1, and»>2. Choosing A 1
3 < =) <1.
n+2 n=2s""
1>6>—
2y Therefore,

for sufficiently larges one can rewrite Eq4) as

hs= (1 —by) —hg(C—by)] +By. (B8)
hs= 2s+ a)( E hihs ¢ ) (B2) From the asympotic behavior &;, b,, andbs, one knows

that their contributions can be neglected wheis large.

where Accordingly, we have
s-s%-1 S
1 h hs= ——(hs— Ch) (B9)
2_— .S s S
B s ) 2 e = A e g B9 Sta

and
Using Tayl iesh,_ b ded 1sch.
sing Taylor seriesh_, can be expanded arouischs hl = - ahyC (B10)

Mo =hs=rhg + - and Egs.(7) and (8) are obtained. Notice that the solution
We shall assumé;<h<hs and neglect the higher order Eq. (7) indicatesf(s)=1 and all assumptions used in this
terms in the above expansion. The validness of this assumyppendix are justified provideg> 2.
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