
Propagation in a two-dimensional weighted local small-world network

Nouredine Zekri,1,2,* Bernard Porterie,1,† Jean-Pierre Clerc,1 and Jean-Claude Loraud1

1IUSTI/CNRS UMR 6595, Technopôle Château Gombert, Université de Provence, 5 rue Enrico Fermi, Marseille, France
2USTO, Département de Physique, LEPM, Boîte Postale 1505 El M’Naouar, Oran, Algeria

sReceived 30 July 2004; revised manuscript received 26 January 2005; published 18 April 2005d

Propagation properties in a two-dimensional network with local small-world effects corresponding to the
influence zone of each active site are studied. Two different weights based on characteristic times are intro-
duced. The propagation of the frontshere a forest fire frontd in such a network exhibits two thresholds: the first
one is geometrical corresponding to the percolation threshold and the second one is dynamical and results from
the weighting procedure. The geometrical threshold is found to be a second-order phase transition as for
regular networks. Further results are provided on the fractal dimension of the area covered during the propa-
gation below the percolation threshold.
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I. INTRODUCTION

At the end of the last decade, Watts and Strogatzf1g pro-
posed a network model called the small-world network
sSWNd having the main properties of a social network, i.e.,
the clustering and possible connections between any two
sites in the network within a finite number of steps. This
model seems to fit very well many social behaviors like dis-
ease propagation. It is built from a regular network, but in
addition to the numberk of nearest neighbors,f long-range
connections are randomly introduced. If we allow only a
certain proportionp of the network sites to participate in the
propagation process, there is a percolation thresholdpc cor-
responding to the appearance of a large cluster whose size
behaves as a power law withp f2g. This threshold was ex-
tensively investigated for one-dimensional systems and its
dependence onk andf satisfies the following equationf3,4g:

f =
s1 − pcdk/2

pc
. s1d

The exponentk/2 refers to the number of neighbors in the
propagation direction. In the case of epidemics, this thresh-
old corresponds to the smallest concentration of susceptible
individuals leading to a disease outbreakf3g. Similar systems
like scale-free networks were used to model problems with
hot nodes like computer virusesf5g. In such networks, the
distribution of connections is power-law decaying. Further-
more, systems like airport networks require both long-range
connections and the introduction of weights in either their
nodes or linksf6g. Long-range connections and weights are
also necessary to correctly model fire propagation through a
network of vegetation elementssforest fire frontd which is an
ever-topical problemf7g. Fire simulations on regular net-
works seem to not fit the experimental data because they are
limited to nearest neighbors while radiation and firebrand
impacts are dominant propagation mechanisms.

Fire spread is mainly dependent on characteristic lengths,
namely, the mean free path of radiation from the flame and
the spotting distance due to firebrands. This leads to a defi-
nition of impact parameters beyond the nearest neighbors.
Furthermore, weights are given at each heated or burning site
as a result of thermal degradation and combustion processes.
It is then necessary to build a model including such features
to improve physical insight. On the other hand, it is impor-
tant to investigate the propagation behavior and thresholds in
a fire network.

This is the aim of the present paper where a local small-
world network sLSWNd is proposed. In real systems, the
impact parameter depends on fire and fuel conditionsswind,
terrain slope, fuel moisture content, fuel type and loading,
etc.d. It was found that the LSWN is in excellent agreement
with known experimental dataf8g. It is then used to study the
geometrical and dynamical propagation thresholds and their
dependence on impact parameter. For the geometrical thresh-
old, a fractal investigation is included.

II. MODEL DESCRIPTION

The present model is based on the usual SWN initially
proposed by Watts and Strogatzf1g. This network is de-
scribed from the number of nearest neighborsk and averaged
number of long-range connectionsf sshortcutsd randomly
generated throughout the whole network. The concept of
connectionssk+fd in the SWN is, in the present model,
replaced by that of impact parameters defining an influence
zone. This means that for a given node, its influence zone is
characterized by onesisotropic propagationd or two impact
parameters in such a way that all active sites present in this
zone are connected to this node. In the present work, the
action of firebrands is neglected. As a consequence, the im-
pact parameters can be either identical to the characteristic
lengthslx and ly directly related to the radiative impactsde-
terministic cased or generated following a Poisson-like dis-
tribution based on these lengthssrandom cased. As the
present SWN is restricted to the influence zone, it is called a
local small world network. It can then be considered as a
regular network for the whole system, while it is regarded as
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a SWN at the local scale. It is worthy of note that the SWN
effect will be strengthened by accounting for firebrand im-
pact.

This LSWN model uses a double weighting procedure on
sites based on the knowledge of two characteristic times,
namely, the time for a site to achieve a complete combustion
stcd and that of thermal degradation before ignitionstTDd. In

other words, a given site needsnc time steps to burn after
ignition, while a fire-exposed site located at the limit of the
influence zone needsnTD time steps to reach ignition. More-
over, the ignition time of any exposed site exponentially de-
cays with its distance to the burning site. Fuel type and mois-
ture content do not affect the weighting procedure while the
influence zone should be modified.

Let us now consider the dynamic aspect of the LSWN.
For each time step, a burning site will increase by one unit
the thermal degradation level of the sites connected to it
before they reach ignition. Once ignited, duringtc, each
burning site contributes to the thermal degradation and igni-
tion of the sites located in its influence zone. The present
model predicts the fire area, whose thickness is defined as the
distance covered by fire during the combustion timetc.

Defining tNN as the time required for the nearest neighbor
to reach ignition, directly related totTD, a dynamic threshold
propagation for a single burning site can be defined by the
ratio

R=
tc

tNN
. s2d

In the case of a single burning site, fire spread occurs for
Rù1; the unit value ofR corresponds to the propagation
threshold. IfR,1, the burning site will be completely con-
sumed before the nearest neighborssand consequently the
whole influence zoned reach ignition. In the case of multiple
burning sitesscharacteristic of real fire frontsd, this threshold
is obviously smaller than 1. This behavior will be illustrated
in the present paper.

Like regular networks and the SWN, the LSWN is char-
acterized by a geometric propagation thresholdspercolationd
corresponding to the minimum concentration of occupied
sactived sitesspcd allowing propagation through a large part
of the system. In the case of regular networks, this propaga-
tion reaches the opposite end of the network and the largest
cluster size diverges, while for the SWN, the largest clusterj
starts increasing withp as a power lawfj=sp−pcdx, x being
real positiveg above this thresholdf2g. In the present model,
the largest cluster should diverge since the whole system can
be viewed as a regular network while the SWN effect ap-
pears only locally. Therefore, we should obtain the same
critical properties as for the regular networkswith connec-
tions beyond the nearest neighbord while the fire pattern ex-
hibits a SWN behavior. Indeed, it was foundssee Fig. 5 of
f8gd that the SWN effect seems to increase asp decreases.

III. RESULTS AND DISCUSSION

The statistical averaging process is carried out by gener-
ating a network of 90 000s3003300d sites. The propagation
process is initiated by igniting the first line of sitess300
sitesd instead of a single site. This process provides the av-
erage time and rate of spread as well as the average “mass”
m sproportiond of burned sites during fire propagation. We
are not interested here in the propagation probability distri-
bution and limit ourselves to an isotropic propagation pro-
cesssi.e., lx= ly= ld.

FIG. 1. sad Fire propagation duration andsbd rate of spread vsR
for a system size of 300 and different impact parameters.scd Rate of
spread vsR for different system sizes andl =2.
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A. Dynamical threshold

Let us consider now the fire propagation through a homo-
geneous systemsall sites are actived as an illustrative ex-
ample. Unlike point-ignition conditions where the change in
propagation regime is known to be abrupt forR=1 as previ-
ously discussed, the line-ignition threshold is smaller than
unity. For the latter conditions, a site can be a nearest neigh-
bor of more than one burning site, which in turn leads to an
increase in its rate of thermal degradation. This is clearly
seen in Fig. 1, where the rate of spread and propagation
duration are plotted versusR. The dynamic transition occurs
for a threshold valueR<0.5, whatever the impact parameter.

A randomly generated parameter yields a smoother varia-
tion of the propagation duration and rate of spread versusR.
This effect increases with the impact parameter. For a given
impact parameter, increase inR leads to an increase intc
which allows more burning sites to contribute to the propa-
gation process. However, beyond a certain value ofR or tc,

the whole of the influence zone contributes to this process.
The maximum rate of spread, given byl / tc, is then reached.
For any homogeneous system larger than the influence zone,
the rate of spread remains nearly constant as shown in Fig.
1scd.

In the remaining part of the paper, it is assumed that the
dynamical criterionR.1 is satisfied to ensure propagation.

B. Percolation threshold

Propagation process through heterogeneous media is now
studied by introducing a proportionp of active sites. Thep
dependence of the average burned mass and fire propagation
duration are shown in Fig. 2 forl =2. This figure shows the
usual second-order phase transition observed in regular net-
works, namely, the cluster divergence atpc sin terms of
propagation durationd and the sharp change of mass behav-
ior. The massm corresponds to the probability of belonging

FIG. 2. sad Fire propagation duration andsbd burned mass pro-
portion vs concentrationp for a system size of 300.l =2 and tc
=30 time steps.

FIG. 3. Finite size effect:sad fire propagation duration andsbd
burned mass proportion vs concentrationp for different system
sizes.l =2 andtc=30 time steps.

FIG. 4. Percolation thresholdpc vs impact parameterl for a
system size of 300. The solid line is a power-law fit of LSWN
values.tc=30 time steps.

FIG. 5. Fractal dimension of the area covered by the fire vs
concentrationp. l =2 andtc=30 time steps. The dotted line corre-
sponds to the percolation thresholdpc. The solid line is a fit of
LSWN values.
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to the largest cluster. This second-order phase transition is
observed for any impact parameter value, which reveals the
regular network properties of the system.

In order to investigate finite size effects on the percolation
threshold, thep dependence of the burned mass and fire
propagation duration for different system sizes andl =2 are
plotted in Fig. 3. The peak of fire propagation duration be-
comes more pronounced and the mass variation sharper for
larger systems. However, the transition thresholdpc seems to
be not affected by the system size. For sizes smaller than
100, fluctuations appear. Although more statistics are needed
to accurately determinepc, there is evidence that the corre-
lation length is smaller than 100 in this case.

Now let us examine the impact parameter dependence on
this threshold to evaluate the SWN effect. This is shown in
Fig. 4 wherepc appears power-law decreasing with the im-

pact parameterl. The power-law fit exponents−1d is that
predicted for the SWN by Eq.s1d in the propagation direc-
tion where the number of nearest neighborsk/2=1 andf
= l −1 is the impact parameter excluding the nearest neigh-
bor.

For the limit l =1, corresponding to the nearest neighbors,
the known bond percolation threshold for a square regular
network spc=1/2d is reproduced by the power-law fitting
function.

C. Fractal dimension

When the propagation starts with a single site belonging
to the largest cluster, it covers a complex zone whose dimen-
sion is less than 2si.e., the fractal dimensiond. The probabil-
ity that this initial site belongs to the largest cluster depends

FIG. 6. Propagation patterns forp5sad 0.08, sbd 0.2, andscd 0.6. l =6 andtc=30 time steps.
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on the proportionp of active sites. As previously done, the
propagation is initiated along the first line of sites to ensure
the largest propagation process. In this case, at least one of
the initial sites belongs to the largest cluster. Moreover, other
sites that belong to other clusters may participate in the
propagation.

Above the percolation threshold, the propagation area
covers the whole system, i.e., its fractal dimension is 2.

Below this threshold, the propagation covers only a part
of the system characterized by a fractal dimension defined by
its scaling power-law exponent. Using the massm, m
~LD−2 whereD is the fractal dimension andL the system
size. Figure 5 shows thep dependence of the fractal dimen-
sionD. This behavior can be used to determine the numerical
value of pc. For an impact parameterl =2, pc<0.26. It is
worthy of note that in the limit ofp=0, the value ofD tends
to 1 which corresponds to the fractal dimension of the first
line of sites. The transition shown in Fig. 5 between thep
dependence of the fractal dimension belowpc and its nonde-
pendence abovepc has been previously observedf9g for
agregatessdiffusion-limited aggregation DLAd.

At about pc, the mass does not behave as a power-law
function of the size. This means that the dimension becomes
multifractal at the percolation threshold resulting from ran-
dom generation of the impact parameter. A self-similar be-
havior has been obtained by Albinetet al. f10g considering
only deterministic cases of fire front propagation. For such
cases, we found an overestimation of the rate of spreadf8g.

For very small concentrations of active sitesfFig. 6sadg,
most of the clusters are of finite size and the SWN effect
during propagation becomes dominant as the cluster sizes are
close to the impact parameter. The fragmented front structure
appears as a ballistic propagationfe.g., the circled zone in
Fig. 6sadg. For high values ofp, the propagation becomes
mainly diffusivefFig. 6scdg with a predominance of the regu-

lar network effect. The crossover between ballistic and dif-
fusive regimes, as observed by Sapovalet al. f9g, appears in
Fig. 6sbd.

IV. CONCLUSION

The propagation of a front through a local SWN including
a weighting procedure based on two characteristic times is
presented. This model exhibits a geometrical and a dynami-
cal propagation threshold. The former is a second-order
phase transitionsas for regular networksd whatever the im-
pact parameter while thel dependence ofpc shows the SWN
effect in the propagation direction.

The dynamical threshold results from the weighting pro-
cedure. Applied to fire propagation, this threshold occurs at
R=1 for point-ignition conditions while it appears atR
<0.5 for line-ignition conditions. Beyond a certain value of
R or tc, a maximum rate of spread is reached as the whole
influence zone contributes to the propagation process.

The sharp variation of the fractal dimension as a function
of p at the percolation threshold can be used to determine the
numerical value ofpc.

Finally, the concentrationp appears to be a good measure
of the SWN effect. The crossover between the ballistic re-
gime where the SWN effect is dominant and the diffusive
regime where the regular network effect is clearly identified.

An extensive study of statistical and scaling properties of
clusters and thresholds is planned.
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