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Work extraction in the spin-boson model
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We show that work can be extracted from a two-level sydgnm) coupled to a bosonic thermal bath. This
is possible due to different initial temperatures of the spin and the bath, both pdsitivepin population
inversion, and is realized by means of a suitable sequence of sharp pulses applied to the spin. The extracted
work can be of the order of the response energy of the bath, therefore much larger than the energy of the spin.
Moreover, the efficiency of extraction can be very close to its maximum, given by the Carnot bound, at the
same time the overall amount of the extracted work is maximal. Therefore, we get a finite power at efficiency
close to the Carnot bound. The effect comes from the backreaction of the spin on the bath, and it survives for
a strongly disorderedinhomogeneously broadenednsemble of spins. It is connected with generation of
coherences during the work-extraction process, and we deduced it in an exactly solvable model. All the
necessary general thermodynamical relations are deduced from the first principles of quantum mechanics and
connections are made with processes of lasing without inversion and with quantum heat engines.
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I. INTRODUCTION rium, and work extraction from cycles is not forbidden, at
A known feature of technological progress is the increasd®@St in principle. This was shown explicitly [#,16,3.
of human ability to control and design the microscopic This general restriction determined how standard quantum

world. Recent efforts in manipulating simple quantum sys-Vork-extraction (also known as amplification or lasing/
P d ple d 4 asing processes are design¢ti8]. The most traditional

tems, e.g., in the context of quantum computing or quantun” .
chemistry, is one aspect of this general trend. Another aspetdSers and masers operate by extracting work from an en-
is the field of quantum thermodynamics, whose main objec:semble of two-level systems having a negative temperaiure,
tive is in designing and studying new thermodynamic pro-" Other words, population inversion, which is a strongly
cesses in the domain where quantum features of matter aﬁ?ﬁgﬁéﬂbgmﬁt;/atﬁbwgc;ﬁurigﬁiﬁ sgg?;eso;)ftlharzgguv;mhout
gﬂ?gﬁﬂgi:‘% %?r;g:}'g;’réht'ﬁe?f;g/étgn??{;;% g?/p;g:j/?eg:irn;n multi) level systems without population inversion of energy

it s f the first princil f A hani levels, but with initially sizable nondiagonal terms of the
ItS concepts ifrom the Nrst principles of guantum MechaniCs,q,esponding density matrix in the energy representation,
[4-6]. The current activity in quantum thermodynamics in-

; usually called coherencd29,30. These schemes attracted
cludes quantum engin¢g-12, general aspects of work ex- ttention due to both their conceptual novelty and the fact
traction from quantum systenf$3], thermodynamic aspects that nonzero nondiagonal elements represent a weaker form
of quantum-information theorji4,15,64, and limits of ther-  of nonequilibrium than population inversion, and thus their
modynamic concepts such as the second[l&w6,5 and the preparation can be an easier t48R,30.

temperaturd¢17]. There were also much earlier applications The mechanism of work extraction proposed in the
concerning, in particular, thermodynamic aspects of lasergresent paper differs from the standard ones in several as-
and maser$18]. pects.

Our present purpose is to study work extraction from a (i) Work extraction(amplification, lasingcan be achieved
two-temperature system on the basis of the known spinin two-level systems without population difference and with-
boson model[19-22: a two-level system coupled to a out using an initially coherent state. A setup consisting of a
bosonic thermal bath. The motivation to use a two-level syspositive temperature spin interacting with a thermal bath at
tem is obvious: it is almost everywhere, and it is the minimalsome higher or lower temperature suffices to extract work
model having nontrivial quantum features. The necessity ond thereby amplify pulsed fields acting on the spin. More-
the bath has to be stressed separately since, in the usualer, the extracted work can be of the order of the bath’s
practice of quantum systems manipulation, the bath is a seesponse energy, which is larger than the energy of the spin.
rious hindrance. As follows, the process of work extractionThus, when viewed as lasing without inversion, the pre-
really needs external thermal baths: The second law in Thsented mechanism offers definite advantages over the exist-
omson’s formulation—which is derived as a theorem ining schemes.
guantum mechanic23-28—forbids work extraction from (i) The effect survives for a disordered ensemble of spins,
an equilibrium system by means of cyclic processes genewhere the spins have a random energy with a large disper-
ated by external fields. The easiest way to employ an equision. The reason for the survival is the possibility of combin-
librium system in work extraction is to attach it to a thermal ing the work-extraction process with the spin-echo phenom-
bath having a different temperature, thus forming a local-ena[31,32. As a consequence, we have a phenomenon even
equilibrium state. The overall system is then out of equilib-more amazing than the original spin-echo: a high-

1539-3755/2005/7%)/04610622)/$23.00 046106-1 ©2005 The American Physical Society



ALLAHVERDYAN, SERRAL GRACIA, AND NIEUWENHUIZEN PHYSICAL REVIEW E 71, 046106(2005

temperature, completely disordered ensemble of spins can ~ &
serve as a medium of work extraction. Hs=3502 &= hQ), (2
(iii) The efficiency of work extraction can approach its
maximally possible value given by Carnot bound. Moreover,,nere &, 0, and &, are Pauli's matrices, and where the
the efficiency is maximized simultaneously with the overallenergy Ievefs are s 2.
amount of the extracted work. In addition, the power of work e spin interacts with a thermal bath which is a set of

(i-e., the work divided over the total duration of the work- haymonic oscillators. In some cases, this may be taken in the
extraction processis finite. Thus, in marked contrast to the jiiera| sense, when harmonic oscillators represent phonons or
original Carnot cycle{1,3] and some of its realizations in photons. It is also known that rather general classes of ther-
quantum enginefl2], the three basic objectives of a good mga paths can be effectively represented via harmonic oscil-

work-extraction process are met together: a large amount Q§os[35,36. Thus for the Hamiltonian of the bath we take
extracted work, high efficiency, and finite power.

The origin of the presented mechanism is that, besides ~ ~fa P
well-known effects of dissipation and decoherence induced Hg = % ho@de (&=, 3
by a thermal bath on a spin interacting with it, there is an-

other effect, the presence of which is frequently not acknowlyherea! anda, are creation and annihilation operators of the
edged. This is the backreaction of the spin to the bath, whiclyath oscillator with the indek. The thermodynamic limit for
in combination with external fields influences the spin’s dy-ihe path will be taken later on.
namics. The effect exists even for relatively small—but Tne next important point is to specify the interaction be-
generic—bath-spin coupling constants, but is typically neéyyeen the spin and the bath. Recall that any reasonable
glected from standard weak-coupling theorigg8]. Our  mogel of a thermal bath is expected to drive a nonstationary
present treatment of the bath-spin interaction is exact angate of the spin toward a stationary state. In this respect, for
allows us to study the full influence of backreaction andyyo-level systems, one distinguishes two types of relaxation
memory effects. _ processes and the corresponding times s¢a8ld8,37-3%.

Thls paper is o'rganlzed as follows. In Sec.'ll, we recall a (i) T,-time scale related to the relaxation of the average
version of the spin-boson model we work with. It has be-tansversal component$,) and (&, of the spin(decoher-

come one of the most popular models in the theory of opery,.4 Note that the very notion of the transversal compo-
guantum systemfgl9-21,34. First in this section, we recall nents is defined by the fori2) of the spin Hamiltonian.

hPV.V to jolvﬁ this rr:rc])defl, f?llqwn;g.s!tmlllar St%pf to R@ﬂ'th (ii) 7;-time scale related to the relaxation @F,). It is
giving details on the factorized initial conditions an ecustomary 10 have situations where

Ohmic spectrum of the bath. Further, we describe a charac-
teristic of this model, which to our knowledge was never
commented on, namely the fact that correlated initial condi-
tions are equivalentat least for one time quantitie$o fac-
torized initial conditions for sufficiently long times. In Sec.

lll_lh WS 'H:Iri%dﬂceftcve ;’:ll(c?or: of ﬁx;ernlal f'iildtﬁion outri sffﬁ:“ Our basic assumption on the relaxation time§4is[40].
e de on of work IS recailed aiso S Section. eMoreover, to facilitate the solution of the model, we will

F:]exgrs.gcgosf‘t parte.’osﬁgtg’f ?Xgigme?r:asltg;)?!L]thtrlggtsn()f O.ltjr: ;’etu&sregardi’l time as being very large, thereby restricting the
n various stiuatl WO-IEVel Sy : ng wi times of our interest to those much shorter ti¥ganThe in-

therma_l bath. In Sec. V, we obtain general limits on Workteraction Hamiltonian is thus chosen such that it induces only
extraction from a two-temperature system. The next two S€Gransversal relaxation

tions describe our basic results on the work extraction, effi-

ciency, and the power of work. The last section offers our R

main conclusions and compares our results with the ones H==Xo, X= gdal+3a), (5)

existing in the literature. Several technical questions are con- k

sidered in the Appendixes. We have tried to make this paper

reasonably self-contained. This especially concerns the coffthereg, are the coupling constants to be specified later, and

cepts and relations of standard thermodynamics, which arehereX is the collective coordinate operator of the bath.

not accepted uncritically, but, in many situations, are derived The last ingredient of our model is external fields which

from the first principles of quantum mechanics. are acting on the spin. However, before discussing them in
the next section, we shall recall how the model with Hamil-
tonian Eq.(1) is solved without external field1].

T,<T;, (4)

the main physical reason being that the transversal compo-
nents are not directly related to the energy of the spin.

Il. THE MODEL

As is common when dealing with open systems, the A. Heisenberg equations and their exact solution

HamiltonianH is composed by three parts, Heisenberg equations for operatargt) and a(t) read

0= |:|S+ |:|B + |:||- (1) from Egs.(2), (3), (5), and(1)

I:|S stands for the Hamiltonian of a two-level systéspin %), 0,=0, 0,t)=0,0), (6)
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s . U
ak:%[Hrak]:_|wkak_§gk0'z- (7)
Equations(6) and(7) are solved as
By (D) = &3, (0) + 2z (eron_ 7, ®)
Zwk
and then
X(®) = 7(t) - 5,6(0), (9
where
g2
G(t) = >, (1 - coswyt) (10)

k Wk

quantifies the reaction of the spin on the collective operator

of the bath, and where we denoted

(1) = > gal(0)e + 4 (0)e ] (12)
k

for the quantum noise operatptl]. Recalling the standard

relations

.= Oy kb, [6,6.)= 26, G,0.= 6., (12)

PHYSICAL REVIEW H1, 046106(2009

-BHg

p(0) = ps(0) ® pg(0) = ps(0) ® , (17

tr e AHe

where pg(0) is the initial density matrix of the spin, and
where the bath is initially at equilibrium with temperature
T=1/B.

Factorized initial conditions are adequate when the spin is
prepared independently from the equilibrium bath and then is
brought in contact to it at the initial timet2], for example,
injection of an electronic spin into a quantum dot, or creation
of an exciton by external radiation. Yet another situation
where factorized initial conditions can be adopted is a
(strong selective measurement 61 by an external appara-
tus. In this caseps(0) is an eigenstate oF, upon which the
selection was done. Nonfactorized initial states are com-
mented upon below, in Sec. Il D.

The equilibrium relations

(8](0)) =(&(0)) =0, (18

Bﬁwk) (19)

(8(0)4,(0) + 3,(0)a(0)) = cotr( >

derived from Eq.(17) imply that the quantum noise is a
stationary Gaussian operator with

, o , (V) =0, (20)
and using Eq(9) and[X(t), o, (t)]=0—since they belong to
different Hilbert spaces—one derives and having the time-ordered correlation function,
P I . SO . . Kyt =t") =(Z[ () n(t")]);,
0.=~[H,0.]= 2i(Q+X)o, =i[£Q £ (1) - G(t)]0..
" > g{cotf‘(ﬁﬁwk>cos t-t")
= —_— w -
(13 K 2 ¥
These equations are solved as _isgrtt —t’)sinwk(t—t’)] 21)
(1) = exd +i Ot — if (1) ][L(0,)5.,(0), (14)
where the averagé--) is taken over the initial statel?). It
4 can be written as
I (to,t;) = Texp| i J dsy(s) |, (15) _
s p[ 0 Kal) =K () - iG(0), (22)
. 5 ot where
n
F(t) = f ds@9) = > %(t—M), (16 1
0 ko @k K Kt=t) =ReKAt-t)]= 5(%(t)?7(t’) +7(t") (1)

where 7 stands for the time-ordering operator. It is seen "
again from Eq.(14) that there are two effects generated by => ¢ COtI’(M>COka(t—t’) (23)
the bath-spin interaction: besides random influences entering k 2

with the quantum noisé(t), there is a deterministic influ-
ence generated by the backreaction tefith), somewhat
similar to damping(friction) in the problem of quantum
Brownian motion.

is the symmetrized correlation function.

Since 7(t) is a Gaussian random operator, one can use
Wick’s theorem for decomposing higher-order prodydt3).
Due to the factorized structur@.7) of the initial state, the
common averages oh and various spin operators can be

B. Factorized initial conditions taken independently. For example, averaging @d) and

Let us assume that initially, at the momemtO, the bath
and the spin are in the following factorized state:

using Wick’s theorem together with the arithmetic relation
kI2X(2k-1)!"= (2Kk)!, one gets
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(64(1)) = e IOITL(0,0)(6,(0)) = €05, (0)),

(24)
where fort,=t;
-~ B * (_ 1)k ty ty
(it t)=3 o L L ds,- - dsy
X(I(sy) "+ 7(s20])
(b
:exp{—lj f dsldszKAsl—sz)]
2 t Yty
=exd- &, —ty) +iF(t, —t)], (25)

and where

t ot t s
f(t)=% J f dsds,K(s; - sp) = f ds, f dsK(sy).
0J0 0 0

(26)

As seen from Eq(24), &t) characterizes the decay of
(o) due to the interaction with the bath.

C. Ohmic spectrum of the bath

The coupling with the bath can be parametrized via the

spectral density functiod(w),

Jw) =2 gid(w—wy). (27)
k

In the thermodynamic limit, the number of bath oscilla-

tors goes to infinity, and(w) becomes a smooth function,

whose form is determined by the underlying physics of the

system-bath interaction.
We shall be mainly working with the Ohmic spectrum,

(28)

wherevy is the dimensionless coupling constant, and whére

Jw) = ywe T,

is the maximal characteristic frequency of the bath’s re-

PHYSICAL REVIEW E 71, 046106(2005

wherel is Euler's gamma function. It is seen that the tem-
perature is controlled by the dimensionless parameter
T/ (AT).

Let us now determine the behavior of this quantity for low
and high temperatures. Using E@A7), one obtains for
Al'/T>1 (low temperatures

hB r(wt)] y -
t)=vyIn| — — ||+ In[1+T4t7]. 32
&(t) yn{ﬂsm 7B 2n[ 1. (32
This implies two regimes of decay: power-law and exponen-
tial,

t<#p 0= (1+T%) 772, (33

T (39

t=hp: e ¢ = e‘t/TZ, T,=

For AI'/T< 1 (high temperaturgsone uses EqA12) to
get

_ 2T 21 22
&t) = T I't arctaniI't) > In(1+T4t )]. (35)

This time the possible regimes of decay can be approximated
as Gaussian and exponential,

hZ
t<1T: ¢80 = g% =\ — (36)
yIT'
. At — o tUT __h
t> 1 efV=e"2, T,=——. (37
29T

In this latter case, as seen from E412), K(t) behaves as an
approximates function: K(t) =2yTI'/[A(1+t2'?)] with the

sponse. This spectrum and its relevance for describing quaftréngth 3T/# determined by parametegsandT. Note that

tum open systems were widely discussed in the literatur

see, e.g.[20].

1. Quantum noise correlation function and decay times

dn all the above cases, the characteristic times of decay be-
¢

ome shorter upon increasing the temperafue coupling
constanty, as is expected. The Gaussian regime of decay
was also numerously observed in NMR experimefsise
[44] and references therginThis regime is the basis of the

The correlation function of the quantum noise in thequantum Zeno effedtl9] and was recently predicted to gov-

Ohmic case, using Eq$23), (27), and(28), is given by

* ho
K(t) = fo de(w)COth{E}COSwt (29)

:yf
0

Recall that the decay factqj(t) is related toK(t) via Eq.

fi
dow coth{ —w} e T coswt. (30)
2T

(26): é(t):K(t). Properties of these functions are worked out

in Appendix A. In particular, foré(t) one gets from Egs.
(A13) and(A14) the following exact expression:

ern the reduction process in quantum measurenjdbis

2. The G factor

Finally, we will indicate the form of the backreaction
functionsG(t) andF(t) in the Ohmic casgsee Eq(10)]. As
will be seen below, these functions are rather important for
our purposes,

1
G(t) = yF(l “ i1 +F2t2) , (39

F(t) = f{I't — arctariI't)]. (39
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SinceG(t) becomes equal to a constant on the character- [ll. PULSED DYNAMICS

i_stic time 17, it is justified to call the latter the response  The external fields acting on the spin are described by a
time of the bath. time-dependent Hamiltonian

D. Correlated initial conditions I:|F(t) = 1 > h(t)oy, (43

22
Most papers on the system bath models assume factorized Kxyz

initial conditions. However, in many situations the use ofyith magnitudesh(t), which is to be added tbl defined in

such a condition is difficult to justify priori, since it im-  gq (1) such that the overall Hamiltonian is time-dependent,
plies a possibility of switching the system-bath interaction.

Nonfactorized initial conditions can be Gibbsians that are H(t) = H + Hg(t). (44
modified at the initial time, as considered 6] for the
Caldeira-Leggett model and [®] for the spin-boson model.
For our present purposes it is sensible to use the followin
correlated initial conditions for the spin and the bath:

Equation(43) represents the most general external field
cting on the spin. We shall concentrate onpghésedregime
f external fields which is well known in NMR and ESR
physics[18,31,32,37-39,47 For example, it was used to
1 R A describe spin-echo phenomefnal,32 or processes that
p(0) = —exd - BsHs— B(H, + Hg)], switch off undesired interactions, such as those causing de-
4 coherencg?22,34,37,38
A pulse of durations is defined by a sudden switching on
Z=tr e—ﬁsﬁs—g(ﬁ,m,g), (40) of the external fields at some tinte>0, and then suddenly
switching them off at time+ 6. It is well known that during
where is the inverse temperature of the bath ghgds that @ sudden switching, the density matrix does not chdige
of the spin. while the Hamiltonian gets a finite change. Let us for the
The initial condition(40) with Bs# 8 can be generated Moment keep arbitrary the concrete form of external fields in
from the equilibrium equal-temperature state of the overalfhe interval(t,t+4). The Schrodinger evolution operator of
system via cooling or heating the bath by means of soméhe spin+bath from time zero until some tinte 7, 7>6
superbath. During this process is conserved, and the bath reads

relaxes to its new temperature under an “external fiel%if(i T A
exp| - — dsH(s)

generated by the interaction Hamiltonid;n with g,=+1.
More details of this procedure are given in Appendix B.

0

. . . . +5
In the thermodynamic limit for the bath, the correlated it =Sl b ! - iti/h
initial condition (40) is equivalent to the factorized condition =€ Texp . dsH(s) |e (45)
(17) with
1 i :e—iﬁ-llhop(t)e—itH/h_ (46)
ps(0) = —e P, (41) : . .
tr e BsHs The left-hand sidéLHS) of Eq. (45) contains the full time-

dependent Schrddinger-representation Hamiltonia(s),
that is, when starting from the factorized initial condition while on the right-hand sidéRHS) of this equation we took
(17) and(41), the dynamics of the overall system builds up ainto account that the actual time dependence is present only
correlated state which at timésmuch longer than the re- \otveert andt+6. The termse ™/ and e =t-9H% stand
sponse time of the batit>1/I" (ergodic limiy [46], is for the free(unpulsed evolution in time intervalg0,t) and

equivalent to Eq(40). By saying “equivalent,” we mean that ., o+, ivelv. In Ea(4
the initial conditions(17), (41), and (40) produce the same (t+,t+7), respectively. In Eq(46), we denoted

values for spin’s observables and for collective observables ~ o i (" .
of the bath(i.e., the ones involving summation over all bath Ue(t) = e“SH/hTeXp{_ gft dSH(S)} (47)
oscillatorg. This equivalence is further discussed in Appen-
dix C. . At+S R R
As for the initial state of the spin, it can be deduced from =Texp{— '_f dsé(s—t>H/ﬁ|C|F(S)ei(t—s)H/ﬁ}
Eq. (40) or from Eq.(41), )

)
1 NN 2
. Bse . . - _ _f H/% -isH/fi
(o) = —tan?‘{%]. (o) =(0y)=0. (42) Texp{ hl, dse™H(s + e (48)
In the following, we will use the factorized initial condi- for the pulse evolution operator. The transition from E4y)
tion (17) since it is technically simpler. The time limit to Eq.(48) can be made by recalling thei(t)=H +H(t) and
t—oo will be taken before any perturbation acts on the systhen by noting that the expressions in these equations satisfy

tem to ensure the equivalence with the correlated initial conthe same first-order differential equation drwith the same
dition (40). boundary condition as=0 [48].
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We focus on pulses so short that the influence of the spin W(O,t) = tr[p(t)ﬂ(t)] _ tr[p(O)I:|(O)]. (55)

Hamiltonian/Qo,/2 and the interaction Hamiltoniad, can i )
be neglected during the interval This means that one can Due to the conservation of energy of the entire system

take the first term in the Taylor expansith<s< J), (spin+bath+work sourgework is equal to the energy given
by the corresponding work sour¢source of external fields

Since the external fields are acting only on the spin, there
is a differential formula for the work which uses only quan-
tities referring to the local state of the spin and which thus

TN - ~ iS ~ ~
&Hfig(s+ e = (s + 1) + DA, Als+ ] + -+

=He(s+1) + i_s{@Aﬁ I:|,,I:|F(s+t)} illustrates that the work sources exchange energy only
h through the spin,
+ o~ (s +1). 49 dw JHe(t
e 9 === tr(Ps(t) o )), (56)
Thus, for the pulse evolution operator one gets dt ot
~ i (o . whereH(t) as defined by Eq43) is the contribution of the
Up(t) =7 exp| - nl, dsH(s+1) |. (50)  external fields into the spin’'s Hamiltonian, and wheeé) is

the density matrix of the spin. Equatio(&5) and(56) relate
The generalization of the evolution operatdf) to an arbi-  with each other by the von Neumann equations of motion
trary number of short pulses is straightforward. . .

Note that in obtaining E(50), we do not require that the p= I—[I:I(t),p(t)] = '—[|3| +He(1), p(1)] (57)
bath HamiltoniarHg during the pulse is neglected. Since the h B
external fields are acting on the spin only, the influence of théor the common density matrix(t) of the spin and the bath,

bath Hamiltonian disappears by itself frore*""H(s  whereH is the Hamiltonian without external fieldg9].
+t)e"s"% and is perfectly kept in the general evolution op-  More specifically, we are interested in the work due to a
pulse. For the above example of a single pulse at tintieis

4 4 he | ion Hamiltonia#, h
erator(45) and(46), once the interaction Hamiltoniat, has quantity reads from Eq¢46). (54), and (55

been neglected.

Recalling the orders of magnitud&) and #yI" of the W(O,t + &) = W(t,t + 6)
spin energy and the interaction energy, respectively—in par- .
ticular, recall Eq(9), #G=%[3dwl(w)/ », and Eq(28—one =tr{{p(t + ) — p(t) ]H}
gets the following qualitative criterion for the validity of the ~ o on
short pulsing regime: =tr{p()[PeH - H]}. (58)
S<min(Q L[] Y. (51) This expression is directly generalized to several succes-

sive pulses: assume that the pulgeat timet was followed
As it should be, for very smaly and a fixedI’, the second by another pulsé,, ., at timet+ 7 with 7>0. The work done
restriction on¢ is weaker than the first one. More quantita- during the first pulse is given by E@58), while the work
tive conditions for the validity of the pulsed regime were done during the second pulse reads
studied recently in the context of decoherence suppression

by external pulse§34]. W(t+ 7,t+ 7+ &) = tr{(p(t + 7+ ) — p(t + 7)H]
To deal with the pulsed dynamics in the Heisenberg rep- B A A
resentation, one introduces the following superoperators: =trip(t+ D[ Py.H - H]}
£,A = MU Agrift (52) =t{p(0)EPE[PuH - HT.  (59)
o Summing this up withM(0,t+ ), one gets for the com-
PA= ULHAUR(®). (53)  plete work for the two-pulse situation
Then the Heisenberg evolution of an operaiotorrespond- W(O,t+ 7+ 6) = t{p(O)[EP E, P, H = H]},  (60)
ing to Eqgs.(46) and(50)A reads A A A as should be.
Alt+7) = EPEA= eth/hU;(t)eiHT/hAe_iHT/hUP(t)e_th/h' B. Parametrization of pulses
(54) As seen from Eqs43) and(53), and taking into account
the condition(51) which, to all effects, can be taken as
A. Definition of work 6— 0, any pulse corresponds to the most general unitary op-

The action of external fields on the system is connecte§ration in the Hilbert space of the spithis would corre-
with flow of work. The work done in the time intervad t) spond to a rotation in the classical languadgis convenient

is standardly defined as the increase of the average overdfl parametrize pulses by coefficieri, as
energy of thg spin and bath defined by the time-dependent P, = O,T;(t)&aﬁp(t) =3 Candh A= %,z (61)
HamiltonianH(t) [1-3], b=tz

046106-6



WORK EXTRACTION IN THE SPIN-BOSON MODEL PHYSICAL REVIEW H1, 046106(2009

For more detailed applications, we will need the explicit(nucleug to external dc magnetic field is best characterized

form of UE(t) [see Eq(50)] as a 2< 2 unitary matrix whose by the frequency/field ratid18], which is, for example,

determinant can be taken to be unity without loss of generédual to 42 MHz/T for a proton. For an electron, this ratio is
ality, 10° times larger due to the difference between atomic and

nuclear Bohr magnetons, and folN it is 10 times smaller.

Ot = e'?cosd —e’sind 62 Thus at temperaturé=1 K and magnetic field=1 T, the
p(0) = d¥sind  d¢cosd )’ (62) equilibrium polarization of a proton is only|(d,)]
=tanHAuB/2kgT)=103, while for an electron it is~1.
where
0O<d, y=<2m 0=0d< f_ 63) Exact solution versus various approximations
2 The model as stated above—that is, with the Hamiltonian

Parametrizations similar to E¢62) are frequently applied (1) and(44)—is exactly solvable for all temperatures and all

in NMR and ESR experimentl8,31,32,37-39,47where bath-spin coupling constants. It is useful at this point to re-
the spin is rotated certain degrees over a well-defined axis b ind the reader what are the specific reasons to insist on this

tuning the parameters of the lagericrowave pulse applied. eature. The model vv_ith Hamiltoniafi) is a particu_lar case
of a more general spin-boson model, where the influence of

7, time is retained either via an additional temd, in the
Hamiltonian of the spin, or via an additional coupling in the
Once the model with all its ingredients has been definedinteraction Hamiltonian. This model is in general not solv-
we discuss some of its realizations and provide some nunble, and what is worse there are no reliable approximate
bers. A two-level system coupled to a thermal bath is a stanmethods which apply for a fixetmaybe weak coupling to
dard model for practically all fields where quantum systemghe bath and for all temperatures including the very low ones.
are studied: NMR, ESR, quantum optics, supertonics, Josephne standard weak-coupling theories—both Markovian,
junctions, etc. Two particular conditions are, however, necleading to well-known Bloch equations, and non-Markovian
essary to apply the model we study: the conditige- 7, on ~ ones—are satisfactory only for sufficiently high tempera-
the characteristic relaxation times and the availability of suftures, while at low temperatures weak-coupling series are
ficiently strong pulses. On the other hand, we can allow fosingular, and different methods of their resummation produce
rather short timeq, since as we will see this time scale can different results. In this context, compare, e.g., convolution-

IV. REALIZATIONS OF THE MODEL

be overcome with the spin-echo technique. less master equations extensively discussefll8} with a
There are experimentally realized examples of two-levefonvolutional one worked out if55]. .
systems which have sufficiently lorif, times, satisfy in7; This situation becomes even more problematic under

>’]‘2, e_g_,’]]_ exceedg‘2 by several orders of magnitude, and driVing by external fields. The ObjeCtS studied by us—such as
admit strong pulses of external fields. For atoms in opticalvork and energy of the spin—can be rather fragile to various
traps, wherel,~1's, 1I'~1078 s, there are efficient meth- not very well-controlled approximations, since there are gen-
ods for creating nonequilibrium initial states and for manipu-€ral limitations governing their behavior: Thomson’s formu-
lating atoms by external laser pulgé®]. For an electronic  lation of the second law and restrictions on work extraction
spin injected or optically excited in a semiconduct@y, ~ from a two-temperature systerttiscussed below These
~1 us [51], and for an exciton created in a quantum dotlimitations are derived from the first principles of quantum
T,~109 s [52]; in both situations 17 ~10°-10"13s, and mechanic$23—-28 and have to be respected in any particular
femtosecond1071° s) laser pulses are available. In the casemodel.
of NMR physics,7,~106-10° s, 1/T'~1 us, and the du-
ration of pulses can vary between 1 ps andsl[37,38,53. V. GENERAL RESTRICTIONS ON WORK EXTRACTION

In all the above examples, the response tim€ df the
bath is much shorter than the internal time6f the spin. The setup of two systems having initially different tem-
Sometimes it is argued that such a separation is related to ti@ratures and interacting with a source of work allows us to
large size of the bath and is something generic by itself. Thiglraw a number of general relations on work extraction. We
is clearly incorrect, since as seen from the derivation in Secstart from the following general assumptions.
I, the dimensionless paramet@rT" has to do with the form (i) Out of equilibrium initial conditionsThe initial con-
of the bath-spin interaction, rather than with the size of theditions at the momertt=0 are given by Eq(40), where the
bath. Moreover, several examples of bath-spin interaction aréath and the spin have initially different temperatufeand
known and were analyzed both experimentally and theoretiTs. respectively. Recall from the discussion in Sec. II D that
cally, whereQ/T ~1. For example, Ref[54] focuses on after a small lapse, this initial condition is equivalent to the
relaxation of nuclear spins with hyperfine frequencies factorized ong17) and(41). We use the former one since it
=700 MHz, 1/7,<90 MHz, and the ratic)/T" may vary is more convenient when dealing with the general restric-
between 10 and 0.1. tions on the work extraction.

Another important parameter that characterizes our setup (i) Cyclic external fieldsFor the following derivation,
is the initial polarization|(c)| of the spin. It is known in the HamiltonianHg(t) of external fields acting on the spin is
NMR and ESR physics that the response of magnetic atomsompletely arbitrary. In particular, it need not be composed
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by pulses, where it would vanish outside of the pulses. Thentinitial temperatures of the spin and the bath, the notion of
0n|y genera' assumption made é\.h]:(t) is that its action is efﬁciency Should be Studied for |t anew, Since |t doeS not

cyclic at some final time, automatically fall into the class of heat-engine models, as
studied in textbooks of thermodynamics and statistical phys-
HF(O) = HF(tf) =0. (64) ICS [1—3]

] ) ) ) S (i) There is no working body which operates cyclically

Appendix D defined with respect to the work source.
T (ii) The interaction between the systems having different
W= (1——>AHS, (65) temperatures—in the case discussed here, the spin and the
Ts bath—need not be weak.

(iii) We do not require that our systems always stay very
close to equilibrium. In contrast, both during and immedi-
(66) : S
ately after the work-extraction process, the spin is in a non-
equilibrium state, which in general cannot be described in
terms of a time-dependent temperature.
o _ However, in spite of all these differences, we can define
AH = tr{H[p(t) - p(0)]}, k=SI,B 67 the notion of efficiency, and this will be an equally useful
are the changes of the corresponding average energies of thearacterization of the work-extraction procg¢ss3].

T
w= (1 —?S)(AH| +AHp),

where

spin, bath, and interaction, wii(t;) being the complete den- Recall that external fields are acting exclusively on the

sity matrix of the spin and bath at tintg and where the total spin variables and not on those of the bath. This implies that
work reads when during work extraction the source of work receives
energy|W|, this energy consists of a contribution coming

W=AHg+ AH, + AHg. (68)  directly from the spin and of a part which comes to the work

Here are the implications of Eqé55) and (66). source from the bath but through the spin. In this context,
(i) If Ts>T and work is extractedV< 0, Eq.(65) implies one can write the change of energy of the spin as

AHs<0. AMy+AHg = 0. (69 Etr(ps(t)ﬁs,<t)) = tr[(gtps(t)>|:|s(t)] + tr[Ps(t)<§|:|s(t))]

The system loses energy, while the bath gains it and thdlt

amount of the extracted worRf\| is then bounded from d d

above by|AH. = d_tQ+ d_tW’ (72
(ii) If T=Tg, both Egs.(65 and (66) produce W=0,

which is, in fact, the statement of the second law in ThOMy,here in our case the Hamiltonian of the spin reads from

son’s formulation: no work can be extracted from an equilib-EqS_(Z) and (43) [note the analogy with Eq44)]
rium system by means of cyclic perturbations.

(ii) If Tg<T, inequalities in Eq(69) are reversed: now R e 1
work extraction implies that Ho() = Z6,+ = > h(t)6y. (72)

2 k=x,y,z
AHg>0, AH,;+AHz<O, (70
The partial time derivative in Eq71) stresses that we are in

and|W is then bounded from above hgH,+AHg|. o . =
These conclusions are close to what one could have eﬁ Schroquer reprgsentatmn. When deriving E2f), we

pected from the standar@phenomenological thermody- have usediHs(t)=dHg(t) and Eq.(56). The last equality in
namical reasoningl1]. However, it should be emphasized EQ. (71) serves as a definition of he@Q) [56].

that in contrast to typical textbook derivations, E(5) and Integrating this from O td; and using Eqs(64) and(68),
(66) were derived starting from first principlésee Appendix We obtain

D), and, moreover, their derivation is by no means restricted

to a weak bath-spin coupling, a condition which need not be AQ=-(AH, + AHpg). (73)

satisfied in practice. Note that in the above definition of heat, the average in-

teraction energy is attributed to the heat received from the
bath, although by itself it depends also on the variables of the
Another useful notion is the efficiency of the work ex-  spin; see Eq(5). The reason for this asymmetry is clearly
traction, which shows how economically nonequilibrium, contained in the very initial statement of the problem, where
two-temperature resource is employed in work extractionwe—aquite in accordance with the usual practice of statistical
[1-3]. The special importance of efficiency is related to thephysics—restricted the work source to act only on the spin.
fact that in standard thermodynamics, it is bounded from All this being said, one can now proceed <0 (work
above by Carnot's value, which is a system-independengxtraction with the usual definition of efficiency as the ratio
quantity. of the useful energyW| to the maximal energy involved in
Though our system starts out of equilibrium due to differ-the work extraction,

Efficiency and heat
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W
max(|AHg|,|AH, + AHg|)’

For Ts>T, Egs. (68) and (690 and W<0 imply |W|
=|AHg -|AH, +AHg|, and then Eq(74) results in

n= (74)

W
n= : (75)
|AH|
Analogously, forTs<T we have
N W 76

~|AH, +AHg| W+ [AH

from |W|=|AH,+AHg|—|AHg/.
It is now seen from Eq<65), (66), (69), and(70) that the
efficiency is always bounded by the Carnot value,
min(T,T
— M (77)
maxT,Tg)

VI. WORK EXTRACTION VIA TWO PULSES
A. Setup of pulsing

PHYSICAL REVIEW H1, 046106(2009

> > (82

Wy =(1 —c&?b[ﬁe— E<az>].
whereG=+I" is the limit of G(t) for I'ggl, and where:(zlz) is
the corresponding parametrization coefficient of the first
pulse as defined by E¢61).

As follows from Ts>0 and(c,) <0 [see Eq.(42)], the
work W; is always positive. This is in agreement with the
thermodynamic wisdom of local equilibrium: the second
term on the RHS of E(81) is the contribution from the spin
energy and it is positive, since the spin was in equilibrium
before the application of the first pulse. Another positive
term 3(1-c,.)4G on the RHS of Eq(81) comes from the
interaction Hamiltoniarithe bath operators, and thus the bath
Hamiltonian, are not influenced by this first puls&gain, it
is intuitively expected that the interaction Hamiltonian
should make the average energy costs higher.

The work done for the second pulse reads analogously to
Eq. (79,

e, . . h 5 AV
W, = 5(7320'1 — 0wt 5«7920'2 = 0)X)tar (82)

where the averages--),,, refer to the time just before the

Let us now show in detail the setup of work extraction. @Pplication of the second pulse.

The spin and the bath are prepared in the std@® with

Equation(82) is worked out in Appendix G with the result

different temperature3s and T for the spin and the bath, fOr the total workW=W,+W, being
respectively. Thus, the initial average population difference
() is given by Eq.(42). W= - 2(1-c2c®)(5,) + e840 Re(cUcP e ez )}
Alternatively, we can prepare the spin+bath in the state 2 T T
(17) and (41). In this case, one waits for a tinte>1/I" for
ensuring the robustness of the results. Then the setup does
not depend on details of the initial preparation, because the
initial conditions(17), (41), and (40) have become equiva-
lent.
The final ingredient of the setup are pulses

(83

-+ 21 -6 + g (8

+ 7 Re[CHCASM it E(7)(EN2775,) + figy(7)(€127) ]}
(85)

The detailed explanation of various terms in this expres-
sion and of their physical meaning comes as follows.

The first term on the RHS of E@83) is the contribution
from the initial spin energy. The second term comes from the
transversal degrees of freedom excited by the first pulse. The
factor e¢” accounts for the reduction of these terms in the

Pt = Plv 7)'[4.7- = Pg, (78)

applied at timeg andt+ 7, respectively.

B. Formulas for work

The work done for the first pulse reads defined in Egs.
(58)]

_€ 0~ A h PPN time interval 7 between pulses. Recall that the parametriza-
Wa =5 Pade = Gt S{(Pag = 39X 9 fion coefficientsc!:? and c(%? for the first and the second
A pulse are defined in Eq61).
where for any operatoA the average The terms in Eqs(84) and(85) are the joint contribution
from the bath Hamiltonian(3) and from the interaction
(A, =t Ap(t)] (80)  Hamiltonian(5). The last of them couples to the transversal

degrees of the spin, as reflected by the presence &7.
refers to the time just before the application of the pulse. Recall that the averagds-) in Eqgs.(83) and (85) refer to
The value ofw, is worked out by recalling the parametriza- the initial state Eqs(17) and (41). Finally, the factors

tion (62), the evolution of the collective bath coordinates
given by Eq.(9), and finally the initial condition(17) and 0(7) =G -G(7) = il
(41). The final result reads 2 1+71%

(86)
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x2(7) == yarctari7l) (87) 1.5
(the lower index 2 refers to the two-pulse situaji@mome !
from the backreaction of the spin to the bath. 0.5
Next we note that the behavior &W=W,;+W, is con- Y,

trolled by five dimensionless parametésee Appendix G N_"
which for the Ohmic case reads -0.5
Ayl ( T & . ) -1

W=W; +W,=—w| —,v,——=, . 88 0 0.2 0.4 0.6 0.8 1
L+ W= =Wl ooy (6 T (89) ~

Note that the spin temperatuis enters only through the FIG. 1. Dimensionless total worw [see Eq.(88) in the text,
initial (att=0) (o) as given by Eq(42). W=7%yI'w/2] vs dimensionless timel" (the waiting time between
There are two situations within the present setup, wheréhe two pulsesin the regimeT>Ts. We compare the extracted
work extraction is not prohibited > Tg andT<Ts. We deal  work for different values of the initial polarizatioior, equivalently,
with them separately, since for these cases the workof the initial temperatuneof the spin. T/AI'=10; y=1; e/l

extraction effect exists in different ranges of the parameters:0.01;(g»=-0.8,-0.5,-0.4,-0.3from bottom to top. The two
pulses are given by Eq$39), (93), and(97). Work extraction dis-

appears for large¢o,), that is, for closer(initial) temperatures of
the spin and the bath.

It was seen above that the first pulse always costs work,
since it is applied on the spin whose state(irgtially) in 1
local equilibrium at temperaturés. However, the first pulse Cﬂ%’z: 1, c(zzl = o c(le) =0, c(zzz) =0. (97)
can do more than simply wasting work. Consider, for ex-
ample, am2/ pulse in they direction[57],

C. Work extraction for T>Tg

It appears that not only is some work extracted by the second
p=p T (89) pulse, but the overall work by the two pulses can be negative
17"\ 92 Y for properly chosen time,

where W=W,; +W, <0, (98

Plo;y) o, = €¢9Y25,67¢%2 = &, cosp - oy sin @,
(90) as seen in Figs. 1 and 2. This is one of the central results of
this paper.
The time 7 needed for work extraction should be neither
too short(otherwise the two pulses will effectively sum into
(91 one, and we know that no work extraction is achieved by a
single pulsg nor too long(otherwise the transversal degree
Ple;y)oy = &y (92) of freedom excited by the first pulse will decay, and we will
have two isolated single pulse§his is seen in Figs. 1 and
This pulse excites the transversal componé&np which 2. Note that the choice of pulses is obviously important for
starts to decay under action of the bath, and thus correlations
between the spin and the bath are established. The proper 3
second pulse is then applied at timefor instance +r/2 in
the x direction,

Pl;y) oy = €925, 67972 = & sin @ + &, COSp,

772:77<7—27;x>, (93)

where

Pl@;X)o, = 9925671972 = 5, cosg + &, sin g,

(94 FIG. 2. The ratioW/AI'=wy/2 [see Eq(88) in the texi vs the
dimensionless timerl” for two pulses in the regim@>Tgs. We
Ple;x)oy = ei<p?rx/25-ye-iw”rx/2 =-0,sing+ &, cose, compare the extracted work for different values of the dimension-
less bath-spin coupling constant T/#I'=10; e/A'=0.01; (o
(95) =-0.8; andy=4 (upper solid curvg y=2 (lower solid curve, y
=0.5 (bold curve, and y=0.1 (dotted curvé The two pulses are
P(@;X) 0y = 0. (96) given by Egs.(89), (93), and (97). It is seen that the maximal
extracted work is a nonmonotonous function of the dimensionless
Note that our choice of pulses corresponds to coupling constanty.
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having work extraction. Equation@9) and (93) represent
only one particular example leading to work extraction in the
regimeT>Ts.

As for the magnitude of the extracted work, one notes
from Eq.(88) and Fig. 1 that it is of order ofI'/2, which is
basically the response energy of the bath. This is not occa-
sional, since as seen from EJO0), the work in this regime
T>Tg is coming from the bath.

Noting the ratioe/(#I')=0.01 in Fig. 1—this and even
smaller ratios are usual for the realizations of the model as
we discussed in Sec. IV—we conclude that the extracted
work can be several orders of magnitude larger than the en- FIG. 3. Dimensionless worlv [see Eq(88)] vs dimensionless
ergy of the spin. On the other hand, the extracted work igime 7I" for two pulses in the regim& <Ts in the case ofy=0.1,
limited by ~T, which is the characteristic thermal energy (72=-0.01. The choice of pulses is given by E¢9) and(100.
available in the bath. Indeed, as seen in Fig. 1, the extractdg!! line: T/AI'=0.1, e/A1'=3; dashed lineT/AT'=0.1, e/Al'=2;
work can be of orde#iI'/2, while the bath temperature is Pold line:T/AI'=1, e/Al'=3.
nearly 20 times largerT=1041". Not unexpectedly, work
extraction disappears when the temperatufesnd Tg are E. Efficiency of work extraction
close to each other; see Fig. 1.

Let us return once again to the optimal time intervahs
Figs. 1 and 2 show, the value afat which the extracted
work is maximal is roughly of the same order of magnitude

as 11'. However, the optimal can be much largefe.g., . Lo
~10°/T) for smaller coupling constantg, that is, one can g}eEzv%g?e energy of the spin t, which is given by the RHS

increase the waiting time between the pulses at the expense The efficiency as a function off is presented by Figs. 4

of reducing the magnitude#.yI" of the extracted work. and 5 forT>Tg and T<Tg, respectively. There are several
important things to note.
D. Work extraction for T<Tg (i) For T>Tg, the efficiency can be very close to unity, if
. o the temperature§ and Tg are sufficiently separated from
Let us now turn to scenarios of work extraction in the g, gther, which is the case in Fig. 4. It is, however, always
regime Ts>T. As seen from Eq(69), if there is work ex-  |inited by Carnot's value, as given by Ef7). For T<Ts,

traction at all in thi_s regime, the Worklshould come from the e efficiency is sizable, but is rather below the correspond-
average energy difference of the spin, whiiél,+AHg is ing Carnot value.

then necessarily positive. Since the latter quantity is of order (i) The work and efficiency are maximized oveF si-
of yI" (response energy of the battand the spin’s energy multaneously

difference is obviously of ordes, there are two ways 0 ry i) Recall in this context that in standard thermodynam-
to achieve work extraction, that is, to g&=|AH,+AHg| ¢ efficiencies close to the optimal value are connected to
~|AHg <0: One should either take/(AI)~1 or take the ery small work per unit of timézero power of work since
dimensionless coupling constaptvery small. The second they are achievable for very slow processes. This is not the
way did not lead to work extraction, since the required coUu+gse with the presented setup. As seen from Figs. 1, 2, and 3,

pling constants are so small that the spin effectively dehe work is extracted on times which are of order of'1/
couples from the bath. In contrast, the first case with

el (hI") ~ 1 led to a sizable work extraction, as seen in Fig. 3.
Recall in this context that systems wilh(Z1")=Q/T" ~ 1 are
well known; see Sec. IV for details. 1.01
As compared to the previous regime, here the choice of
pulses has to be different for the work extraction to be pos-

We shall now discuss the efficiency of work extraction as
defined by Egs(74), (75), and (76). To calculate it, one
needs to know the total work given by Ed81), (83), and
(85), and the contributiolHg to the workW coming from

1.02

1

sible. For example, ! 0.99
Plzp(—g;x), PZ:P(—g;y>, (99) 0o
, , 0 0.1 0.2 0.3 0.4
for the first and the second pulses, respectively; see(Egs. r

and (96) for the definitions of pulses. We see from E§2)

that this choice amounts to substituting FIG. 4. Efficiencyn vs dimensionless timel” for two pulses in

the regimeT>Tg. T/AI'=10, y=1, e/AI'=0.01,(0,)=-0.8. The

1 two pulses are given by EqE9), (93), and(97). The efficiency is
(1) — (2 - = (1) - (2) -
Ciz=l Cpi= 2’ C,=0, ¢;=0, (100 slightly below the corresponding Carnot’s value and is maximized
over 71" almost simultaneously with the dimensionless warksee
into Egs.(82), (84), and(85). Fig. 1.
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However, we can extract work even in the strongly disor-
dered situation with7,, being short, if we combine our work-
extraction setup with the spin-echo phenomef&h32. For
our present purposes, this amounts to applyinrgmulse, for
instance in thex direction,

Pn0,==0, P,0y=-0,, P,0.=0y, (103

]
o
W O N O N

-1 right in the middle of two pulse®; andP, (to be tuned later

5 3 I e on) applied at time$ andt+ 27, respectively. The work done

' R ) ) by the first pulse reads from E¢B1) after averaging over
P(Q) given by Eq.(101),

FIG. 5. Efficiencyn (upper curve and dimensionless worlw 5
(lower curve vs dimensionless timel” for two pulses in the regime (1 Ay s
T<Ts T/#'=0.1, y=0.1, e/Al'=3, (0)=-0.01. The two pulses Wi =(1-c;;) 2G Bl (104
are given by Eqgs(99) and (100. The efficiency is below the cor-
responding Carnot's value 0.99 and is maximized odéralmost ~ Where
simultaneously with the dimensionless wark 2 BHQ
E=-7 f dOP(Q)Q tanhST <0 (105)
(response time of the bathwhich is typically much smaller
than the internal characteristic time( fof the spin. Thus, in is the average initial energy of the ensemble of spins. The
Fig. 4 we have nearly optimal efficiencies together with thework done by ther pulse at timet+ 7 is found from Eq.(82)

maximal work and a finite power of work. by substituting there the paramet@g =-1 andcg:O of
this pulse,
VII. WORK EXTRACTION VIA SPIN-ECHO PULSES W, = G(7) + hga(Dct - 2ECY (106)
T Z,Z val

So far we assumed that we deal either with a single Spi'ﬂvheregz(r) is defined in Eqs(86). It is seen thatW, >0,

coupled to the bath, or, equivalently, with an ensemble Of,o.5 56 ther pulse does not couple properly with the trans-
identical noninteracting spins each coupled with its own bath, o4 degrees of freedom excited by the first pulse. Thus
[58]. However, many experiments—especially in NMR po., pulsesP; and P, waste work. '
physics—are done on ensembles of noninteracting spins Ultimately, the to?al workW=\W, +W..+W, done by the
which are not in identical environments. The difference liesy, o0 pulses together is derived in Apgendix H to be

in the different energies. This can be caused by inhomoge-

neous fields contributing into energy or by action of envi- _hG @ 1) @, hG(27)
ronment, e.g., chemical shifts for nuclear spi83-39 or W= 2 (1+C;,C,0) +AG(7)(2 ~ ¢, — C) 2
effectiveg factors for electronic spins in a quantum dot. It is @) D)

customary to regard these energies as random quantities, so (1+c;,C;; = Cop — Cr) (107

that the collective outcomes from such ensembles are ob- ) )
tained by averaging oves=%() the corresponding expres- + g 404420 Re(c e[ 21 £(r) - hé(27)]
sions for a single spin. We shall assume that the distribution

of O is Gaussian with averag®, and dispersior [59], X[sin x5 +im cosxs] - figg[cosyz — im sin x3]})

) (108
P(Q) = ——e (@~ 0@ (101)
V2rd - E(1 +cAcly) + e %20 Re(cDc?) (2E cosys
It is now clear that by averaging ov&((}), the oscillat- -7 Qg sin x3)}, (109
ing termse®” will produce ~e 9772, that is, a strong decay where
on characteristic times
q -G-G@en=—1__ 110
T, 1Id. (102 gs(7) = (27) = 1+ 4712 (110

For 7/7,>1, all the terms containing®” will be zero
after averaging, and the corresponding averaged work for Xa(7) = 2F(7) = F(27) = y{arctari271) - 2 arctairl) ],
two pulses will always be positive, as seen from E&4), (111
(83), (84), and(85). Indeed, all possible negative values of . .
the full work W were related to transversal degrees of free-2€ the backreaction factors for the considered setup of
dom excited by the first pulse. These terms come with th&U!Ses, and where

factor €7, which is connected to the free evolution in the BshQ)

time interval 7 between the two pulses. Due to the decay of m= -f dQP(Q)tanhT <0 (112
these terms after/7,> 1, it is impossible to extract work

from this ensemble via two pulses. is the average magnetization of the ensemble.
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As compared to Eq¥83)—(85), which present the work
for two pulses, Eqs(107)—(109 are different in several as-
pects.
(i) There are no oscillating factoe®” which after aver-
aging over the distributio®({)) would produce damping on w
timesfz. This is due to ther pulse(103) in the middle of
two pulses(spin-echo setup A simple explanation on why

the termsx€®™ are absent is as follows. Assume that the _2 Y‘—_’/

interaction with the bath is absent and the spin moves under o 3 3 ¢ 5 1o
dynamics generated by the free Hamiltontdg=(%Q/2)0,. 23

Denote bngiO) the corresponding Heisenberg evolution op- ¢ 6. pimensionless work for three spin-echo pulsBs:T
erator:é‘E°>A:exp[(it/h)HS]Aexr[—(it/h)Hs]. Itis now seen =10,5,1,0.5(from top to bottony Tg/AI'=10% d/I'?=1C; y
with help of Eq.(103) that the factoe’” drops out(as if the ~ =0.1; Qo/T'=8. Work extraction is poor or disappears for smaller
time had been reversgd d/T"2 or Qy/ T, because there is too much random thermal energy in

) ) ) ) the ensemble.
0PV, =¥e0P,5, =V E05 = VeV =5
(113

(i) The decay(decoherendefactor e %(7+27 in Egs.
(108) and(109) is different frome 27, The last decay factor
is the one generated by the frampulsed evolution during
the time 2. Only in the exponential regimé(t) =t/7, will
we havee (727 = g=¢27_(Recall that the exponential re-
gime is present for the Ohmic spectrum at long times, se
Sec. Il C) For Gaussian decail(t) =t?/75, € €27 predicts
sizable decay in contrast ®%(7*627 =~ 1. This partial inhi-
bition of decay due tar pulsds) is known in NMR physics
[37] and has been recently reinterpreted as a quantum err
correction schemg22,34.

(i) Now there are two independent parameters which

P o = N W oD

It is seen from Fig. 6 that the initial high-temperature

ensemble of spins is strongly disorderddl'>=10?> 1. This
ratio cannot be much larger, since there will be too much
random energy in the ensemble, that is, the positive tdem —
in Eqg. (109 will be too large and cannot be compensated by

otential negative terms. Simultaneously, the average mag-
netization|m| will be too small. For the same reasons, there
are no interesting scenarios of work extraction for a strongly
disordered ensemble in the regimg<T: the average mag-
Jpetization|m| is too small.

characterize the initial state of the ensemble of sgihand VIil. CONCLUSION
m. The workW in Egs.(107)—109 can be expressed in the
dimensionless form similar to E¢88), This paper describes several related scenarios of work ex-
il (T Q Ts d traction based on the spin-boson model: sbi'mteracting
W= TW<EV?ﬁFTF> (114)  with external sources of work and coupled to a thermal bath

of bosons. The work sources act only on the spin, since the
It is now more convenient to account for the temperature obath is viewed as something out of any direct access. The
the spin viaTg/Al', and there is a new dimensionless param-model has two basic characteristic features. First, the trans-
eterd/I™? which quantifies the ratio of the response timé’1/ versal relaxation timd, is assumed to be much shorter than
to 7’2=1/\s“d. The average magnetization is expressed via the longitudinal relaxation tim@&;. This condition allows the

Ts/AT andd/T>. notion of local equilibrium, because once transversal compo-
Figure 6 describes a scenario of work extraction in thenents decay at timé&,, the spin can be described via a tem-
regimeTs>T and for pulses perature different from that of the bath. Second, the external
- - fields are acting in the regime of short and strong pulses.
7)1=73<§;X>, 7’2=7’(— E;y)' (119  This feature makes the analytical treatment feasible. Both
these idealizations are well known in NMR/ESR physics and
This choice of pulses amounts to substituting related fields, and were applied and discussed extensively in
1 the literaturg22,34,37-39,6D It may be of interest to see in
=i, A==, c@=0, cY=0 (116 the future how precisely finitd; times and finite pulsing
2 times influence the work-extraction effect.
in Egs.(107)—(109. The work is extracted from an initial local-equilibrium

Recall that in the regimd@s>T, there is a positive con- state of the spin at temperatufg which is not equal to the
tribution to the total work coming from the bath, and sizabletemperaturd of the equilibrium bath. As we recalled several
average frequencieQ,/I"=5 are needed to overcome this times, Thomson’s formulation of the second law prohibits
contribution, as seen from Fig. 6. This restriction on the-  work extraction via cyclic processes from an equilibrium
erage frequency is similar to the one present in the two-state of the entire systeri=Tg [23-28. In this spirit, one
pulse work-extraction scenario for the nondisordered enwould expect that work extraction is also absent when exter-
semble of spins in the regimi>T. nal fields are acting only on the spin in a local equilibrium
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state[37,39. We have shown, however, that this is not thebath on times shorter than tffg time. Alternatively, one can

case. It is possible to extract work in this latter setup due taool or heat up the spin with the same restriction on the

the common action of the following factor§) backreaction times. The latter preparation of an initially nonequilibrium

of the spin to the thermal batkij) generation of coherences state is similar to the analogous one in the standard lasing

(i.e., transversal components of the gpéturing the work  mechanism, except that no population inversion has to be

extraction process. created(i.e., no overcooling of the spinand the spin’s tem-
With help of the spin-echo phenomenon, it is possible toperature can be increased or decreased.

extract work from a disordered ensemble of spins having

random frequencies. This ensemble can even be strongly dis-

ordered in the sense that the relaxation tifjenduced by B. Comparing with quantum heat engines
the disorder is much smaller than both thgetime and the _ o
response time of the bath. The standard thermodynamic model of a heat engine is a

As to provide further perspectives on the obtained resultsSyStem (working body operating cyclically between two
let us discuss them in two related contexts, those of Iasin&"ermm baths at different temperature and delivering work to

without inversion and quantum heat engines. an external sourcfl,3]. The work produced during a cycle,
as well as the efficiency of the production, depend on the

details of the operation. The upper bound on the efficiency is
given by the Carnot expression, which is system-independent
(universal. This efficiency is reached for the Carnot cycle

_ _ ) ) during the very slowslower than all the characteristic relax-
As we discussed in the Introduction, besides the standargtion times and therefore reversible mode of operatiarg].
lasing effect, where work is extracted from a spin havingry,,gh Camot's cycle illustrates the best efficiency ever at-
population inversion(i.e., having a negative temperature tainable, it is rather poor as a model for a real engine. This is

there are schemes of lasing which operate with a weakgg, ity caused by the very long duration of its cycle: the
form of nonequilibrium, since they employ three- or h'gher'work produced in a unit of time is very smaltero powey.

level atoms which are initially in a state with nonzero coher-rpis hroplem initiated the field of finite-time thermodynam-
encesli.e., nonzero off-diagonal elements of the density Ma;cg \yhich studies, in particular, how precisely the efficiency
trix in the energy representatiprThere are numerous works is to be sacrificed so as to reach a finite power of WétX.
both theoretical and experimental, partially reviewed in 5 gimilar spirit, a number of researchers transferred
[29,30, showing that in such systems one can have varioUgese ideas into quantum domain designing models for en-
scenarios of lasing without inversions in populations Ofgines where the basic setup of the classic heat engine is
atomic energy levels. In quantum optics, lasers without iNyetained, while the working body operating between the
version are expected to have several advantages over thoggths is quanturid—10,12,13
with inversion. Our setup for work extraction can also be viewed as a

The effects described by us also qualify as lasing withoumodel for a quantum engine. It is, however, of a nonstandard
inversion(or more precisely gain or work extraction without type since there is no working body operating between two
inversion. There are, however, several important differencedifferent-temperature system@n our case these are the
as compared to the known mechanisms. bosonic thermal bath and the ensemble of gpifibe two

(i) We do not require coherences present in the initialsystems couple directly and the work source is acting on
state. Our mechanism operates starting from an initial locapnly one of them. In spite of this difference, the notion of
equilibrium state of the spin, which by itself is stable with efficiency can be defined along the standard lines, and it is
respect to decoherenéee., to both7, andT; time scalek It equally useful as the standard one; in particular, it is always
does employ coherences, however, but they are generated #und from above by the Carnot value. We have shown that
the course of the work-extraction process, which, in particuthe efficiency can approach this value at the same time as the
lar, means that all the energy costs needed for their creatiopXtracted work approaches its maximum. This is a necessary

A. Comparing with lasing without inversion

are included in the extracted work. condition for a large efficiency to be useful in practice.
(i) We do not need to have three-level systems: the effed¥loreover, the whole process of work extraction takes a finite
is seen already for two-level ones. time of order of the response time of the bosonic bath, which

(i) In one of our scenarios, the extracted work comeds actually much smaller th_an .relaxation times_ of the_spin.
from the bath if its temperature is higher than the initial Thus, the three desired objectives can be achieved simulta-
temperature of the spin. Due to this fact, the extracted worki€ously: maximal work, maximal efficiency, and a large
can be much larger than the energy change of the spin. Thigower of work.
the work extracted per cycle of operation can be much larger
than for the standard lasing mechanism, where it is of order
of the spin’s energy. ACKNOWLEDGMENT

(iv) The work is extracted due to an initial difference be-
tween the temperature of the spin and that of the bath. This We would like to thank L. G. Suttorp for fruitful discus-
difference can be created, e.g., by cooling or heating up thsions.
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APPENDIX A: QUANTUM NOISE GENERATED
BY AN OHMIC BATH

Here we discuss properties of the function,

K(t) = yf dww cothhwpl2)e™ coswt. (A1)

0
In the given integration domain, one can use

=1+ 22 g hopn

1
cothhwpl2)=1+2—— B ] 2 (A2)

and get from Eq(Al),
2t2

(1+T22)2

(T2 +1ipn)? = £
pt [T+ 22 + 212
(A3)

K(t) = 912 +2y

With the help of a standard relation,

ST )
n=1t2+y2(n+'<)2_2ty¢ Tl A Lrx v
(A4)

where (2)=1""(2)/T'(z) with T" being the Euler Gamma
function,

(k+n)?-t?
n=1 [(x+ n)z + t2]2

—[w AL+x—-it)+ /(L +r+it)].

(A5)

Combining Eq.(A5) with Eq. (A3) and k=1/(28I'), one
ends up with the following formula:

K= 2t TC vTZ{W(“i_iL)
(L+T%t%)?  #? wrB  hpB
+¢'(1+i+ii>} (A6)
VR T

Let us now consider separately the cases of low and high

temperatures. Foil'3>1, one uses the known relation

F(l - i) <1+'i> SCLUN SN
g \Y ) T hasinat e’
and obtains from Eq(A6),
_ o 1Ty g7 1
KO=A 22 " ™ 02 st iB)]’
(A8)

For smallt (t<1/I'), K(t) is positive, as it should be,

K(t) =y + (A9)

3h2 '

In contrast, fort~#AB>1/I" it becomes negative, namely,

the noise is anticorrelated,

PHYSICAL REVIEW H1, 046106(2009

1 T 1
2% a2 sintat/(hB)]

K(t) = 3y (A10)

At the end it is again correlated in the limit of very large
timest>#B where the first term on the RHS of EGA\10)
dominategthis domain is shrunk for low temperatuyes

In the high-temperature limfi8I' <1, one can use in Eqg.
(A6) the Stirling formula,

w(z)—;+§2+ , z=1 (A11)

and then the quasiclassical limit for the quantum noise reads
(after some more simplificatioins

29T 1
o 1+tr%

o, 1-T%?
K(t) = yI' 141707 + (A12)
In the purely classical limit, the first term on the RHS can be
neglected and we returtfor tI'>1) to the classical white
noise with the strength2yT.
Finally, in the context of Eq(A6) we notice the following
useful relations:

t
&(t) =f dt'K(t")
0

. Li{ (1+ 1 _L>
=M e T ar |\ i s
- ( L4t } (AL13)
N1*rs s
t t/
f(t):J dt’f dt’K(t")
o Jo
F2<1+i)\,1+t2r2
A8
=vin 1t t) |
F<l+m—lﬁ)r(l+ﬂ I{B)
(A14)

which are used in the main text.

APPENDIX B

Here we shortly outline how the two-temperature state
(40) can be prepared starting from the overall equilibrium
state,

1 . ..
p(0) = zexd‘ BsHs— Bs(H, + Hp)],

Z = tr g PHsPeHi+Hg) (B1)

which has equal temperatures of the spin and the bath.
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Assume that the bath was subjected to another much . ja o~ A
larger thermal batHsuperbath at temperaturel different hd; = §X+ Hg + Hsup (2 (B9)
from Tg, so that the total Hamiltonian of the spin, bath, and
superbath reads with the initial condition

Huoa= H + Hsyp (B2) 0;(0) = peudO) @ p;(0). (B10)

where the latter operatcb:tsupcharacterizes theveakinterac- Thus, O moves according to the Hamiltonia(rj/Z)f(
2]

tion of the bath with the superbath and contains also the -~

self-Hamiltonian of the superbath. Thus +Hg+Hgy, Itis now clear that in the weak-coupling limit of
the bath-superbath interaction, the marginal conditional state
[ﬁs,ﬁsup] =0. (B3)  trsus2;;(t) will—for sufficiently long timest—relax to Gibbs

Now the stat  of thi dix is that under th distribution at temperatur€ (equal to that of the superbath
ow the statement of this appendix is that under the ac- . N L
tion of the superbath at temperatufethe common state of and with Hamiltonian(j/2)X+Hs. Thus the(unconditiona)

the spin and the bath will relax to the state Eg11) or Eq marginal state of the spin and the bath will indeed relax to

(40) with different temperatures for the spin and the bath. . N

The reason is that due to E@®3), o, is conserved during the p < exd~ BsHs = B(H, + Hg)]. (B11)

whole evolution generated by the superbath, so éhatoes

not relax and keeps its value given by EH&1) [63]. In

contrast, the variables of the bath—includg-do not have APPENDIX C

such a protection, so they relax under the influence of the

superbath. Let us now substantiate this statement.
Becausd Hg,H]=0, the initial equilibrium state(0) of

the spin and the bath can be represented as

Here we explain in detail why the initial conditiori$7),
(41), and(40) are equivalent.

One can write the full HamiltoniaHl defined in Eq(1) as

_ . . ~ ~ ~ h 2
p(O)—le,-,-p,-,-(O)IJXlI, (B4) H:Eﬁwk<al+gk_o-z>(ék+gk_oz)+fa.z_2&,
- K Wy 2(1)k 2 Kk 4wk
where (C1
g e d di lize it vi it t
= j= %1 B5 and diagonalize it via a unitary operator,
Pii=3 costiBss/2) ) (B5)
. . . R oy e
a_lre. probab.|I|t|es for thf: spin to Abe u_p or_down, re_spectlvely, 0= exp[z gk—z(al _ ak)] ,
j) is the eigenstate dfis=(s/2)0, with eigenvaluej=+1, k2w
and where
0=t Igei 080" =8,- 3% 05,01=3 (2
ij( ) = Zjex - Bs 5 Bl | alu =& Zwk’ oJ =0z
P Let us define the operators
Z =trg Pl He) = 41 (B6)
i=Us , R
are conditional states of the bath. by = & + gkaz, [bi.b/1= 8. (C3)
The total initial state of the spin, bath, and superbath thus 2wy
reads

As follows from Egs.(C1) and (40), various operator func-
Protal(0) = E pjjpsup(o) ® P”(o)|]><l , (B7) tions

j=*1

wherepg,0) is the initial equilibrium state of the superbath. f(bebf,...)8 §=1,6,06.0-, (CH

Note that due to weak coupling between the bath and super- ) ) ) ) o

bath, their initial states can be assumed to be factorized. wheref is an arbitrary function of arbitrary combinations of
As follows from Egs.(B3) and (B4), the time-dependent by's and bf“’s, has on the correlated stafé0) exactly the

state of the total system consisting of spin, bath, and supesame statisticée.g., the same averagas the corresponding

bath can be presented as operator functionf(a,,4/,...)s on the factorized statél7)
o and (41). One should notice here that E(C4) represents
prowal®) = 2 Py O], (B8)  every function of the spin and the bath operators since the
j=*1

Pauli matrix always forms linear functions due to the fact

where (;(t)—the conditional joint state of the bath and that 0?=1. Indeed, if$ is equal to lor to o, one has using
superbath—satisfies the von Neumann equation Egs.(C1) and(C2)
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tr[f(LAJkA)kLAJT,I:JBmT, ___)OQOTe—,BUHUT]

t[f(b by, ...)3e A = t[Uf (b b!, ...)5e A0 =

tr A" tre~AH tre A1
~Ata ~
trf(a.8], ... )3 Padde hedm) .
B L Y ()
tre BEkﬁwkakaktre B(el2)a,
where the averaggs:--) are taken over the factorized stdfiey) and (41).
Likewise, fors=oy,
[ (Db, ...)i, e = ——uf(UB T, Ub 0T, ...) 06, OteBURuT (C6)
tr A tr e A1
[
(B 3 m)eﬁk(gk/zwk)(aﬁ—ak) &+e-ﬁzkﬁwka;ake-g(a/z);,Z] APPENDIX D: DERIVATION OF EQS. (65) AND (66)
= tr e_ﬁzkhwkalaktr o Bel2)5, Assume that the initial state of the spin and bath is
1 - PN
(©7 p(0) = Zexii- BeHs— B(H + )],
A A . o) (AT A -
=(f(A, 4], ...)e 020Gy (5 ) (C8) Z=trg Pl BHitHe) (DY)
with different temperatures for the spin and the bath.
=0, (C9 An external fieldV(t) is acting on the system,
where when going from EqC6) to Eq. (C7) we used Eq. I:I(t) =H +\7(t) (D2)

(C2), and where Eq(C9) follows from (7.)=0.

Now note that for the initial conditiof40), o,(0) and the
guantum noise operatay(t) are in general not independent V(1) =V(0)=0. (D3)
variables, in contrast to the case of the factorized initial con-

dition (17) and (41). However, fort>1/I" they do become This condition definegyclic processThe total work which
independent, was done on this system reads

W= AHg+ AH, + AHjg, (D4)

such that it is zero both initially and at the moméntr,

(1) = (1) + o[ G(t) - G, where

AH = t{Hp() - p(0)]}, k=SI,B (D5)

are the changes of the corresponding energies, and where
p(7) is the overall density matrix at time

(1) = > glbl(0)e + b(0)e ],  (C10)
k

where Recall that the relative entrofdgee, e.9.[19])
, Gpllol=tr(plnp-plno)=0 (D6)
G= E Sk (C1y is non-negative for any density matricesand o. One now
k Ok uses

. - . o 0)]=t I - In p(0

is the limit of G(t) for t>1/I". Taking the latter limit in Eq. el p(O)] =t p(m)in p(7) = p(7)IN p(0)]

(C10), one gets thafy(t) is equal toy,(t) and is thus inde- =tr{p(0)In p(0) — p(7)In p(0)]

pendent o_f&_z. ReAcaIIing thatz,(t) has on the s'FaFéAO) the = BAHs+ B(AH, + AHg) =0, (D7)

same statistics ag(t) on the factorized state 7) finishes the )

argument: the equivalence holds for times larger than thavhere we used EqD1) and tp(7)in p(7)=trp(0)in p(0) is

bath response timéel/I" for the Ohmic situation due to the unitarity of the overall dynamics generated by the
Note that the thermodynamic limit for the bath is essentiatime-dependent HamiltoniaH (t).

for this conclusion. Otherwisés(t) would be a finite sum of Combining Eqg.(D7) with Eq. (D4), one gets Eqs(65)
cosines, and would not converge & and(66),
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W= (1 - l)AHS, W= (1 - T—S>(AH| +AHp). =t [ilf(ts_ ty) - ilf(ts —t) +G(t3— ty)
Ts T - Glty — 1) Je H WHF ), (E3)

(D8)

Finally, note that if we used the initial conditions where for deriving the last line we used the definition of

A A K(0),
p(0) = ps(0) ® pg(0) = efls e e
tr e Ats tr e Ate - S

(D9) KAt =K(t) —iG(t) = &t) —iF(1). (E4)

we would not be able to conclude from the above derivation NOte that forts=tp, we can derive Eq(E3) in a simpler
that the efficiency is limited by the Carnot value. Indeed,Way by employing Eq(25) and
instead of Eqs(D8) one has, respectively,

T (Nt)ILu(ty, 1) = i, (ILu(ty, b)) (ES)
BsAHs"'BAHB;O, W? AH|+<1__)AH5. R

Ts (b) A correlation functior(II,(t;,t,) %(t3)) under the same

(D10)  condition(EY) is studied similarly to Eq(E3), the only dif-
The latter inequality is not informative with respect to Car-ference being that the time-ordered correlation function
not’s bound, since it cannot and should not in general b&{t;—s) in Eq. (E2) is substituted by the analogous time-
excluded thatAH, is sizeable. antiordered oné¢time-antiordering comes due to EdE1)],
However, for the model studied in the present paper, the

initial conditions(D1) and (D9) are equivalent for sufficient

long times as shown in Appendix C. Kalts =) =Kx{ts - 9). (E6)
Let us emphasize the main points by which the present
derivation differs from the standard textbook one. These two functions are related by complex conjugation, as

(i) No postulates were used: the whole derivation is basedeen from Eq(21). Thus,
on the quantum-mechanical equations of motion and certain
assumptions on the initial conditions.
(ii) It was not assumed that the interaction between the <H (t,t) B(ty)) = +[|§(t3—t1) |§(t3—t2) -Gtz —ty)
system and the bath is small, a restrictive assumption which _ tomty)HiF (to—t
need not be satisfied in reality. +G(tg ~ ) Jer Sz W, (E7)
(iii ) The fact of using the initial conditions in E¢D1) is
important in the present derivation, though presumably CarAs compared to Eq(E3), the sign ofG factors is seen to
not’s bound is valid in certain more general cases, such as, ighange.

our case, factorized initial conditions from E@9). (c) A correlation function between twH factors for

APPENDIX E: SOME CORRELATION FUNCTIONS LEt=th=t (ES)

In this appendix and in the following ones, we study vari-
ous dynamical aspects of the model defined by Efjs«(3)  is worked out as follows. First one notes
and (5). The initial conditions are given by Eq$l7) and
(41). Hereafter(- - -y means averaging over this initial condi- t4
tion. Let us define some correlation functions. s T - +i “
(8 For (I (ts, ty) H (ty, 1)) <T exp[_l Jt 1 dse(s) n(S)D,
3=15=1, (ED (E9)
and recalling definitiong11) and (15), one derives using
Wick’s theorem in the same way as when deriving %),  where

T 1k
(n(ta) 1ty 1)) = t2 (I2(k+ )1)lf j ds; -+ dSper ds)=-1, ty<s<t,,

X(I[n(tx) n(sy) - ASad) )

t 1 (2 (2
= iiJ dsK{(t3 — s)ex ——f f
t 2)y Jy

1

=0, th=s=tjs,

=1, tzss<t,. (E10
X ds;ds,KA(s; — sz)} (E2) One gets
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~ “ 1 (2 (& 1t (ta t, [ty
(M (ts, ty) I (ty,tp)) = exv{— > f f ds,ds,K4(s; — ) - > f J dsyds;K4(sy— sp) + J f ds,ds,K(s; - 32)}
ty Jtg ty Jtg ty Jtg
=exd- &t —t) — &ty —ty) — &ty —tp) + &ty —ty) + E(tz — ) — E(tz - ty)]

X eXd'F(tZ_tl) + |F(t4_t3) + |F(t4_t2) - |F(t4_tl) - |F(t3_t2) + |F(t3_t1)]

APPENDIX F: EVOLUTION OF THE QUANTUM NOISE

AND Il FACTORS UNDER HEISENBERG
DYNAMICS

Note from Eqgs.(8) and(11) how the quantum noise and
II factors evolve under Heisenberg dynamics,
£ = &M HnE ™ = i+ 1) + 5 [G(n) - Bt + 7)),
(F1)

£ (t,tp) = MV (1, ty)e MY
t . )
=T exp[ii f ds, g (t)e e+ al(t)e]
ok

=TI, (t+ ty,t + t)expl+iaf F(ty) - F(ty)
+F(t+t) - F(t+ )]} (F2)

When deriving these equations, we ugédr+t),o,]=0. Re-
call that o, is conserved under evolution generated Hby
g’[(}Z: 6’2.
APPENDIX G: DERIVATIONS FOR TWO PULSES
The work done by the second pulse is defined as

1 1 ~ ~ “ R
W, = %(Pz(Hs"' H) — (Hs+H))s,

f

Q, . . 1 " aNg
= (Par= st (P )X (G

Q R 1 ~ 3 -
=5 (02 = D(our+ 5(65 = V(G X+ O REACU T}

+ Re[C(5: X0 (G2)

where the averages are taken at the timie immediately

before the second pulse, and where we used the definition
(61) of the parametrization coefficients. For clarity, we recall

that definition here,

Pka'a = E

b=+,z

k) ~

Moy a=+,z k=1,2. (G3

In order to calculataV,, we thus have to determirfé(t
+7), 0,(t+7), ando,(t+ 7). Recall from Eq.(54) that, e.g.,
X(t+17) = EPLEX, (G4

whereé;, is the free evolutionsupejoperator defined in Eg.
(53). One infers from Eqs(8) and (9) that

(E12)

|
EX=3(n) - 5,6(r), (G5)
ED =t+ 0 -5[G(D-G(t+n],  (G6)

and then
X(t+7) = EPLEX
=(t+ 1) +[G(7) - G(t+ 7)]o, — G(1)& P10,

(G7)

The formula foro(t+7) is more straightforward,
o(t+ 1) =EP,0,, (G8)
(@t + ) = (@), (G9)

where we noted that in
(EP100 = 2 ONEGD =00y, k= #,7,
n=+,z

(G10

only one term contributes, sin¢&.)=(ex%25.)=0 due to the
initial conditions(17) and (41).
In the same way, one calculates

(5 X00,=[G() - G(t+ D) -G(),  (G1D)

G (t+ 1) = EPLE, 5, = e F07e D T (0,75,
= @ FOHOTXGT (L t+ DEPG,,  (G12)

where we used EqF2), [&Z,ﬁi]:o, and where by definition
[from Eq.(F2)]

x(n,t) = JTdS[G(S) -G(t+9]=F(@t)+F(7n) - F(t+17).
0

(G13
Now let us recall Eq(25),
(ML(ty,t)) = expf— &t~ ty) +iF (L~ t)],  (G19)
because it is used in averaging the RHS of &gl2),
(G,(t+7)= Csrlv)zeiflr—&r)(eix&za_)’ (G15

where we additionally employed the reasoning which led us

to Eq. (G10),
The last term we have to calculate (i&,X).,. Directly
multiplying Egs.(G7) and(G12), one gets
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(6 X)es, = € F O (1,0 + 7)EP1G il + 7)
(G16)

+[G(7) - G(t + D] FIHO NG (t,t + D EL(P15,) 6}
(G17)

- G(De TG (1.t + NELP,5,6,).  (G19

Following Eq.(G3), we now expandP; o, in Eqs.(G17) and

(G18. With the same reasoning as for EG10), we need to
keep in these expansions only terms proportionalcii‘,c}

(since(o,)=0 according to the initial conditionél7) and

(41)]. After further simplifications with help of EqE7) we

obtain

(6 X0 = g i &(7)(eX25)
+[G(7) - G(t+ D)X},

The final formula for the work reads

(G19

1 1 1
o= (1)1 -eR)G(n) + (L - el

X[ - G(t+ 7]+ Q Re[CAT s}
+ R, Xy} (G20

Note that in the limitt— o (which meang>1/T"), one
has G(t+7) — G, where G is defined in Eq.(C11), and y
— x»(7) defined in Eq.(87).

Equation (G20 can be put into dimensionless form as

announced by EJ88). To _this end note from Eq$A13) and

(A14) that &(7) and (1/T")&(7) can be expressed via dimen-
sionless quantitiesI’, v, andT/(AI'). In the same way we
note from Eqgs.(38) and (39) that (1/I")G(7) and F(7) are
expressed vigy and 71"

APPENDIX H: DERIVATIONS FOR THREE PULSES
(SPIN-ECHO SETUP)

Now we consider three pulsesPr P.., and P,—which
are applied, respectively, at timést+7, and t+27. The
pulsesP; and P, are kept arbitrary, whilé> . is the 7 pulse
defined by Eq(103).

The work done for the puls@, is defined by the same

PHYSICAL REVIEW E 71, 046106(2005

calculations in the following will be relatively brief, since in
essence they follow the pattern of calculations in the previ-
ous appendix.

For o,(t+27), we get

G (t+27) = EPLEP,E,5, = e FDHogp e 11,(0,06-
= g 4F(+F@Ie p T, (7, 2011_(0,7)5-
= e FHF@IE ] (7,29T1-(0, 7} P15}

= e FHFRI (t+ 7t + 29T (Lt + 7)
Xe NP5}, (H1)
where we we used EqF2) and defined
x3(7t) =2F(7) - F(27) = 2F(t+ 7) + F(t) + F(t + 27).
(H2)
Taking in this equation the limit>1/I" and using Eq(39),
we return to the quantity;(7) as defined by Eq111).

With help of Eq.(E11) and the reasoning of EqG10),
one has

(Gt +27) = e 4@ a5 ) (HI)
In the same way as for EgH1), we have
o(t+27) = EP1EPLE,0,= =~ EP103, (H4)
while applying Eqs(G5) and (G6) one derives
X(t+27) = EP1E,PEX
=yt + 27) +[2G(7) — G(27)|E(P1 0,

+[G(27) - G(t + 27)] 0. (H5)

The only nontrivial relation in calculating}+5(>t+27 is
(L (t+ 7t + 201 (t,t + 1)yt + 27))

=[2i&(7) —i&(27) - 2G(7) + G(27) g 4(7+E2n),
(H6)

which is obtained in the same way as E¢87) and (E11).
The easiest way to check this relation is to follow to the
derivation of Eq.([E5), that is, to differentiate EQE11) over
ts, to putt,=t+27, tz=t,=t+7, t;=t, and then to change the
sign of all G factors in the final expression.

If the reader has followed us so long, he/she can continue

formula (G2), where now all the averages are taken at thealone, since the remaining calculations are fairly straightfor-

time t+27 immediately before the application @,. Our

ward.
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