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Free-energy model for fluid helium at high density

Christophe Winisdoerffé?* and Gilles Chabriér’
Theoretical Astrophysics Group, University of Leicester, Leicester, LE1 7RH, United Kingdom
2Ecole Normale Supérieure de Lyon, CRAL (UMR CNRS No. 5574), 69364 Lyon Cedex 07, France
(Received 15 October 2004; published 7 February 2005

We present a semianalytical free-energy model aimed at characterizing the thermodynamic properties of
dense fluid helium, from the low-density atomic phase to the high-density fully ionized regime. The model is
based on a free-energy minimization method and includes various different contributions representative of the
correlations between atomic and ionic species and electrons. This model allows the computation of the ther-
modynamic properties of dense helium over an extended range of density and temperature and leads to the
computation of the phase diagram of dense fluid helium, with its various temperature and pressure ionization
contours. One of the predictions of the model is that pressure ionization occurs abryptiyl@tg cnt, i.e.,

P=20 Mbar, from atomic helium He to fully ionized helium He or at least to a strongly ionized state,
without a H& stage, except at high enough temperature for temperature ionization to become dominant. These
predictions and this phase diagram provide a guide for future dynamical experiments or numerical first-
principle calculations aimed at studying the properties of helium at very high density, in particular its metal-
lization. Indeed, the characterization of the helium phase diagram bears important consequences for the ther-
modynamic, magnetic, and transport properties of cool and dense astrophysical objects, among which are the
solar and the numerous recently discovered extrasolar giant planets.
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[. INTRODUCTION description of the properties of matter at high density.
o Interestingly enough, these EOS’s of dense matter under
Within the past decade, over a hundred brown dwarfsastrophysical conditions can now be probed on Earth by
astrophysical bodies not dense enough to sustain hydrog&mock-wave experiments. Future large laser experiments,
fusion in their core, and extrasolar giant planets, i.e., jovianike, e.g., the NIF project at Livermore or the LMJ project in
planets orbiting stars outside the solar system, have bedfrance, will reach conditions characteristic of the deep inte-
discovered. These objects are composed essentially of hydrder of the aforementioned astrophysical bodies. So not only
gen and helium. Given their large gravity and relatively lowis the calculation of dense matter EOS of interest for astro-
temperature, within astrophysical standards, the hydrogephysical applications, but it is necessary for the confrontation
and heluim fluid is in an atomic or molecular form in the of theory with existing and future high-pressure experiments,
outermost part of the body and in the form of a fully ionized yielding eventually a correct knowledge of the properties of
electron-ion plasma in the innermost regions. Such an interhatter under extreme conditions. Hydrogen, the most com-
nal structure is common to many so-called compact objectdNon element in the universe, has been studied extensively,
from our own jovian planets to the external layers of whiteOn both the experimental and theoretical fronts, and the EOS
dwarfs or neutron stars. The characterization of the structur@f dense hydrogen becomes more and more constrained, al-
and cooling properties of these compact objects thus requird@0ugh the very regime of pressure ionization still remains ill
the knowledge of the thermodynamic properties of dense h determined. The same cannot be said for helium. Although

drogen and helium fluids, and more importantly a realistic’OMe experiments exist in the regime of neutral helium at

description of the partial, pressure ionization regime. GiverﬁIgh density, as detailed below, the regime of helium pres-

the large variations of thermodynamic conditions character: - lonization, from He to Heand Hé" remains for now
9 y unexplored, and no attempt has been made to give a detailed

istic of the structure and evolution of such astrophysical body, o retical description of these domains. It is the very pur-
ies, these thermodynamic properties, characterized by t ose of the present paper to derive an EOS for dense, par-
equation of s;atéEOS), must be calculated over seve_ral Or 4 lly ionized helium, covering the gap between the previous
ders of magnitudes in density and temperature. As discuss udy of dense neutral heliufil] and the fully ionized re-
below, the necessity to calculate the thermodynamic Propelsime [2,3]. As mentioned above, not only is the calculation
ties over such a large range of conditions precludes the Usg ;e 5 dense helium EOS necessary for a description of
of heavy computer simulations and thus necessitates the defle ermodynamic properties of astrophysical compact ob-
vation of EOS models which allow extensive CaICUIat'Ons'ects, in particular the recently discovered gaseous exoplan-
within a reasonable amount of computer time, unfortunatel); ts, but it provides a useful guide for future high-pressure
at the price of a more approximate, or say phenomenologic hc;ck-wave or laser experiments.
The paper is organized as follows. In Sec. Il, we briefly
comment on the general formalism underlying the present
*Electronic address: cwinisdo@ens-lyon.fr calculations. The various contributions entering our general
"Electronic address: chabrier@ens-lyon. fr model free energy are presented in detail in Sec. Ill. The
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results and the limitations of the model are presented in Sedore, despite its shortcomings, the chemical approach should
IV. Special attention is devoted to the impact of various ap-be seen as a useful alternative to the “exact” physical ap-
proximations in the free-energy calculation on the final re-proach.

sults. Section V is devoted to the conclusion.

B. General free-energy model
1. GENERAL CONSIDERATIONS . . L
The chemical approach is based on the minimization of

A. Chemical picture of a dense plasma the free energf¥({N;},T,V) corresponding to a system con-

Equation-of-state calculations can be divided into two getaining {N;} different species inside a voluméat tempera-
neric categories. The “physical approach” is formally exactture T. This minimization 6F =X;(dF/dN;)éN;=0 must sat-
as it involves only fundamental particles, electrons and nuisfy the electroneutrality condition and the stoichiometric
clei, interacting through the Coulomb potential. The partitionconditions corresponding in our case to the following set of
function is calculated using the eigenvalues corresponding tohemical equations:
this N-body system. In practice, however, the exact solution
cannot be calculated, in particular when bound states form,
and either perturbative expansions or approximate numerical . .
schemes must be used. The validity of the expansions is He' = He*" +e. 1)

limited to high temperatures and/or low densities, i.., appl¥rhe canonical partition function of the systefnis assumed

to weakly or moderately coupled plasmas. The regime ofq, pe factorizable into different contributions, so that the free
pressure ionization thus cannot be described by such expagnergyF=—kTIn Z can be split into the sum of translational,
sion schemes. Numerical techniques, such as density funggnfigurational, and internal contributiofig, 7]. Adding up

tional theory, molecular dynamics, or path-integral Monteihe correction arising from the quantum behavior of the
Carlo simulations, do extend to the strongly correlated ®heavy particles, one gets

gime but the description of the pressure ionization regime

then becomes a formidable task, and involves also physical FUN}, T,V) = Fg({Ni}, T, V) + Fonl{N;}, T, V)
approximations in the calculations of either the electron

fupnpctional or the nodal functions, not mentioning the finite *Fin NG T V) + Fon(iNiET.V). - (2)

size effects due to the limited number of particles in theThe conditions of validity of such a separability are as fol-
simulation. In practice, these simulations do not allow thelows.

calculation of thermodynamic quantities over a large range (1) The discretization of the eigenvalues corresponding to
of temperatures and densities, as needed for practical appltire translational degrees of freedom and to the center-of-
cations, as mentioned earlier. For this reason, a more phenass positions is negligible. This is the quasiclassical ap-
nomenological approach has been developed which conproximation.

bines a simplified description of the properties of dense (2) There is no coupling between the translation degrees
matter and a semianalytical derivation, allowing the calcula-of freedom and the center-of-mass positions.

tions of extended thermodynamic tables with moderate com- (3) The internal energy levels remain essentially unper-
puter time investment. This is the so-called “chemical pic-turbed by the interactions with surrounding particles.

ture.” In this approach, the basic particles are no longer only If the two first conditions are satisfied in the present con-
electrons and nuclei but also bound spedie®ms, mol- text, the last one certainly becomes invalid in the pressure
ecules, iong which are characterized by their interparticle ionization regime. We expect this regime, however, to cover
potentials. That means that the particles remain distinguisha limited range of density, as pressure ionization generally
able(in a classical sengén the plasma, with their own iden- occurs rather abruptly. Eventually, only comparison with ex-
tities and interaction properties. The problem thus reduces tperimental data can give a quantitative estimate of the dis-
the free-energy minimization of a multicomponent systemcrepancy due to this underlying factorization condition. The
taking into account chemical and ionization equilibrium be-various contributions té& are described in the next section.
tween the various species. Although certainly of doubtful

validity in the regime of pressure ionization, where the con-

cepts of pair potential and bound states become meaningless, IIl. FREE-ENERGY MODEL

this approach has been shown to yield reasonably accurate \ye first present the models used to calculate the contri-
descriptions of hydrogen at high densi#,5]. Moreover, @, tions to the total free energy arising from each different
mentioned above, this approach presents the advantage Qgecies He, He and H&*. Then. we describe the modeliza-

being semianalytical gnd thus has a valuable practical '”,teﬁTon of the coupling between these various species.
est for EOS calculations. Last but not least, the chemical

approach offers the noticeable advantage of clearly identify-

ing the terms and the approximations aimed at describing A. Model for atomic helium He
various physical effects. Such terms can be added or re-
moved with limited effort, allowing a rapid identification of
the dominant contributions responsible for the thermody- The ideal part of the free energy, corresponding to the
namic properties of matter under complex conditions. Therekinetic part of the Hamiltonian, is given K]

He= He'+ ¢,

1. The kinetic free energy fg
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3/2 30 P L ev— T T T T
Fig(N,T,V) =~ NkBT{ 1+ In{ %(M) }}, (3)

h2

whereN is the number of helium atoms of maskinside the
volumeV at temperaturd. 20

25} 4

2. The configurational free energy ¢ 15

owca A (107%cm)

The configurational free enerdy,,., arising from the in-
teractions between helium atoms, is calculated within the ¢
Weeks-Chandler-Andersen(WCA) perturbation theory
[9,10]. The interaction potentiab(r) is split into a reference 0s
potential @ (r) and a perturbative parb,{r). Truncating
the perturbative expansion of the free energy after the first oo - - . ¢ L t
order, the so-called high-temperature approximatidiA) 10810 Ip (g/om®]
yields

FIG. 1. Hard-sphere radirnyca for atomic helium(solid line),
for T=10°C 10°5, and 10-°K from top to bottom, and break point
\ (dotted ling as a function of the density.

N2
Feont= Fred(T,V,N) + 2_\/ f drq)perl(r)gref(ruvu N). (4)

The problem is thus reduced to the potential separation a
to the calculation of(T,V,N) andg,«(r,V,N). Concern-
ing the first point, we use a modification of the procedure o
Kanget al.[11], namely,

nt%e Ceperley and Partrid6] one forr <1.8 A. Following
praricio and Chabrief1], this two-body potential is modi-
fied by a density-dependent function to mimic the softening
due toN-body effects at high density:

dd
d)(r)—(cl)()\)+ — (r—k)) if r <X,
Dref(r) = dr |-\
0 ifrZ)\, (I>(r): (1_C)+1+Dp (I)p*)()(r). (8)
5
dd .
O (1) = D) + ar (r=N) ifr<a, The two parameter€ andD are optimized to reproduce the
per1) = r=x . experimental measures of adiabatic sound velddi}. A x°
d(r) if r=N\, minimization yields(C,D)=(0.44,0.8 cri/g). This poten-

Where)\:(af—3+r*—3)—1/3. a :[\E/(N/V)]l/s andr’ corre- tialisillustrated in Fig. 2 whereas Fig. 3 compares the mea-
sponds to thcec minimurr,] ofctche potentfhl(r). This choice for s_ured_sound velocity and the one c_alculated with our poten-
the density-dependent break pothas the advantage to tial. Figure 4 compares the Hugoniot curves obtained with

the present atomic helium free-energy model and interatomic

give a continuously differentiable. Concerning the second tential with { ilable shock . ¢
point, we approximate the repulsive reference potential by otential with presently avarable shock-wave experiments
18]. These comparisons assess the validity of the present

Ri:g_tsﬁg eBr:rngﬁgﬁg;ggnhgrri?ji%?fre radiis calculated model at least up to the limit of the data, i.B.5=1 Mbar.

45

o] U'BH
Oy = f dr(1 — e #%ref) = J dr(1 -eB%eh),  (6)
0 0

40 |

with the Verlet and Weiss correctig2] to include a density T

dependence 80

O':O'BH<1+20-715>, (7)
0

Vv (10%K)
n
o
L

where § is a function of the temperature ant/20y is a

function of T and o This nonlinear equation is solved by [ r(107%em |
direct iteration, usingogy as an initial guess foro o5 1
=¢(T,n). An example of the evolution af with density and oo}

temperature is presented in Fig. 1. The free energy and the . . . . . . .

radial distribution functions for the hard-sphere reference e m:ﬁcm) e
system F=Fps, Oef=0ns are obtained analytically

[13,14. FIG. 2. Interaction potential between two helium atoms, without

To describe the interaction between two helium atoms, wen-body correction(solid line) and with theN-body softening cor-
choose the Aziz and Slam#h5] potential forr=1.8 A, and  rection atp=10 g/cn? (dotted lin.
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oms, F.n and the internal free-energy contributiof.

The OPF has been extensively presented in various papers

ol (see, e.g.[20]), and is only briefly outlined for complete-
ness. We consider a system of interacting particles, of free

energyF=F;4—kgT In Z;,;+f, wheref is the nonideal term.

Within the OPF, the total free energy can be rewritten under

g the form
&
- of
F=Fy-ksTINnZ+f- > N,—, (9)
o N,
with
00 c;.z <;.4 ol.s ol.a 1 %: E 0,9 e_'BELY and w,=ex —,Bﬁ_f (10)
p (grom’) P “ A\

FIG. 3. Comparison between the experimental measures of t - .
adiabatic sound velocitj17] (solid line) and the present calcula- h‘f’he terma, can be seen as the probability that the eigenstate

tions with (C,D)=(0.44,0.8 cri/g) (crosses and (C,D) a of_ the atom still exists in the midst of the_ surrounding

=(0,0 cn?/g) (dotted fing. part|cles_. The_se factor®, are calculated consistently from

the configurational ternfi, and the tern® N_df/JN, ensures

the statistical-mechanical consisten@ee[19]). The OPF

has several noticeable advantages, among which are the fol-
The divergence of the internal partition function lowing.

2,0, exp(—E;/kgT) of an isolated atom is a well-known prob- (1) w, decreases monotonically and continuously with in-

lem in statistical phySiCS. It emphasizes the necessity to tak@'easing density’ ensuring the Convergencémf and the

into account the interactions between atoms in the calculaderivability of Fyy.

tion of the internal partition functio;,, = exp(-SFix). For a (2) No ill-controlled energy shifts of the levels are intro-

densityn, each atom has a typical available volunié”® so  duced, as required from the condition of factorizability of the

that, as density increases, the levels associated with the higBartition function[Eq. (2)]. Experiments at low density21]

est eigenvalues will move into the continuum. When the denand Ca|cu|ation$22’23| do not show such energy shifts.

sity is high enough to disturb even the ground state, the (3) The probabilistic interpretation ob, enables us to

electrons can no longer remain bound to the nuclei: this igombine several occupation probabilities arising from statis-

the pressure ionization phenomenon. We have included thgcally independent interactions. We will come back to this

effect of the interactions of surrounding particles on the inpoint in Sec. Il D.

ternal partition function of helium within the so-called occu-  The exact solution, in principle, requires the knowledge of

pation probability formalism(OPF [19]. The OPF ensures gl the interaction potentials between an atom in statnd

the statistical-mechanical consistency between the configuramother one in state’. In the absence of such information,

tional free energy characterizing the interactions between atye have adopted the simplest approach which consists of

characterizing excited state interactions by hard-sphere ex-

cluded volumes in the phase space. The hard-sphere radii are

calculated with the scaling law derived by Aparicio and

Chabrier[1] [Eqgs. (148 and(14b)]. Within the first order in

the expansion of the nonideal pdrof the free energyEq.

(4)], the ! for the excited states are thus given by

wSS - ex%_ BafHS({l;\ll\la}lVrT) ) . (11)

4 23

3. The internal free energy f;

20

logyg [P (GPa)]

05|

This nonlinear equation is solved iteratively by using results
_ obtained within the low excitation approximatiofi.EA)
and low-density approximation (LDA), !/StEATLDA
=exd—mN(o,+0,)%/6V], as initial guess.

0.0 |

05 1 L L L 1 1 !
0 2 a4 ] 8 10 12 14

Molar volume (cm® 4. The quantum correction of the free energyf

FIG. 4. Comparison between the experimental single- and We have taken into account the correction to the free en-
double-shock Hugoniot curveld8] and the present calculations €rgy arising from quantum effects due to the finite size of the
with  (C,D)=(0.44,0.8 crd/g) (solid line and (C,D) atoms by keeping the first order of the Wigner-Kirkwaobtl
=(0,0 cn?/g) (dotted ling. expansion of Te#"] [24,25,9:
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K2 5 ) multicomponent interacting systefid3]. It can be shown
Fam=5 0 o N fdf Ved(r)g(r). (12)  easily that the contribution arising from tlog2+=0 compo-
24kgTVMye : . . . .
nent is equivalent to renormalizing the iddalnetic) term
d(r) corresponds to the potential shown in Sec. Ill A 2, andfor this species with a volumeV'=(1-%)V, wherey

g(r)=y(r)e #*" is approximated byyg(r)e#*"). =g o /6 corresponds to the total packing fraction
[4]. This term thus takes into account the He-He; Hée*,
B. Model for the partially ionized plasma {He* e} He-He', He-He&*, and Hé-He?* interactions. Note that, in

c?ntrast to previous approaches, we do not consider excluded
Because of the presence of bound states, the treatment 0 . : .
volume interactions between bound species and free elec-

. S
?aemgrfosr?:;ﬁst;e r?:rrr?eel dlmzu{;\l/%sAaSefgLr';;'i(:/r\]leegdgr?;gﬁrons. Indeed, such an approach does not seem to be justified,
' Y P P for the quantum exclusion principle applies only to electrons

to calculate the He configurational free energywith the . : :
in the same state. The entire volume of the system is thus
hard-sphere model as the reference systend the OPF to . . X
available to the majority of the free electrons, even in the

treat the internal partition function. For the long-range inter- 4 .
action potential between Hdons. we take a Yukawa poten- Presence of bound species, as long as the free electrons are in
P ' P quantum state different from those corresponding to the

i kgl itv- -
gilreeenin/r,wvz\f\]/grSe::rlgr ?:n?\lgn E;g] temperature depender‘gound states. In any event, we have checked that the intro-
9 9 duction of an excluded volume for the electrons does not

1 modify significantly the final results.
ks(n, T) = —=kee M _y (ks T) M2, (13 _ _ .
V2 2. Induced interactions between atoms and ions
where k= (4mee?/ wh?)Y3(37°ny) /¢ is the Thomas-Fermi The presence of charges in the neighborhood of species

screening wave vecton, is the total free electron density, With bound states has two consequences. The first one is the
6=T/Tg is the electronic degeneracy paramef€¢ is the induced polarization due to the electronic cloud, which trans-

electron Fermi temperaturer,, is the Fermi integral of order 1ates into a related contribution to the free energy. The sec-
n, and u/kgT is the electron chemical potential defined by ond one is the induced Stark effect on the bound states, due

Fuo(ulksgT)=26732/3. to the ambient electric field which modifies the one associ-
For the treatment of the internal free energy, we need &t€d with the atom nucleus. These two effects have been

scaling law to associate a hard-sphere radius with the excitd@ken into account in our model as described below.

states of H& Since Hé is hydrogenlike, and the energy & Polarization effectsThe polarization contribution to

levels are degenerate toward the orbital quantum nurhber the free energy arising from the interactions between the

we write this scaling law as charges and the neutral atoms He has been handled as in
previousN-body approacheg27,4]:
o, = N0y, (14)
2ksT
whereo is the WCA hard-sphere radius associated with the Fpol= TNHe > NBu. (15
ground state, and is the main quantum number. i=He" He?* ™

The calculations then proceed exactly as in Sec. lll A.  The second virial coefficient8,,.; are given by

C. Model for the fully ionized plasma {He?*,e’} Bre; = zwf drr?(1 - e_ﬂ(bipol), (16)

The free energy of a fully ionized electron-ion plasma THe-
(FIP) has been calculated by Chabrier and PotekBirand  \yhere
Potekhin and Chabridi3]. These authors provide analytical )
parametrizations for the various thermodynamic quantities. | (r)=- Zi&ai| 1+ks exp(— 2kyr) 17)
We refer the reader to these papers for a description of the pol 2 | r?+ob;

fully ionized plasma model. is the polarization potential between He and the spekies
The two free parameters,.; andq; are the hard-core radius
and the polarizability. For the He-Reand Hee™ interac-
Besides all the afore-described contributions to the fregions, the hard-core radius is chosen to be the He atom
energy, arising from interactions between species of samground-state radiueHS_He and the polarizabilitywhich has
nature, we must also include contributions arising from thethe dimension of a volumeis equal to(a}s,, )% For the
interactions between speciesdifferentnature. He-He interaction, the hard core radius d S_He;(UEg_He
+0—n§+-He*)/2 and the polarizability is equal t(arﬂf_He+)3.

b. Electric microfield effectsThe Stark effect on the
The first-order interaction between the atomic and ionichound states, arising from the electric microfigldiue to the
species He, He and Hé" is the hard-sphere excluded vol- surrounding charges, is also treated within the framework of
ume interaction, Fys({Npeq»Nuet o» Ne2tt  {0he : Ohetos the OPF. The occupation probability associated with the
ohe+t,V, T), with a radiusoye2+=0 for the H&* ions, cal-  Stark interaction on the internal states of He and idejiven

culated consistently from the hard-sphere free energy of ay [19]

D. Interactions between different species

1. Hard-sphere interactions between atoms and ions

026402-5
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£ crit static contribution to the free energy. In this very simplified
Wy =f dgP(B), (18 model, the interaction between Hand H&* gives a contri-

0 bution equal toZ,Z,e?/a per pair, withZ;=1 and Z,=2,
where B=(4meya2/ Ze)E is the dimensionless electric field Whereas the contribution due to the interaction between the
[Ze is the ion charge and=(4mn/3)"13 is the mean inter- Central ion Hé and the uniformly charged spherée gives
particle distanck P(8) is the probability that the central & contribution -3/22:¢)/a per He. The Hé™-e” ande”
ionic center experiences a field betwe@rand g+dg, and  -€ contributions are already included in the FIP model men-
™ is a critical field associated with each bound state tioned in Sec. Ill C. The contribution thus reads

a

Potekhinet al. [28] have calculated the microfield distribu- NueNper @ 3 (2402

tion of an atom(neutral ionic centgror an ion(charged ionic F(Nper,Npe2t) = —————2Z1Zp— = —Nygr-———.
centej immersed in a surrounding ionized plasma. These 2 a 2 a
calculations take into account the interactions in the plasma (19

[['=(Ze)?/akT+0], and recover the Holtzmark limit in the
case of a noninteracting, perfect gd5=0). These authors
provide analytical formulas fo@(3,T)=[4dt P(t,T) in the

The very crude treatment of this interaction between
He*,He?" and electrons is certainly a major shortcoming of
0~ the present model and E(L9) gives at best the order of
case of a neutral or a charg_e_d c/:gntral lonic center. Note th"i’1t1agrr)1itude of the contribut(iI(l)n (?f this interaction to the free
Q(B,I') and thus.the probabilityy, F"ePe”d not only on the energy. As mentioned above, there is no satisfactory descrip-
temperature, as in the Holtzmark limit, but also on the deny;on o ions with bound states, Fidn the present context,
sity, through the parametét. The critical fields are given by - joymersed in a surrounding dense plasma. Indeed, it is diffi-
Hummer and Mlhal_as{lg] In the case of a hydrogenllke cult to capture the drastically different nature of the short-
system. We have directly applied their prescription t0"He o4 |ong-range interactions of such species with surrounding
and used the similarity between a He atom and a hydrogens,argeq’ particles. This is undoubtedly a limitation of the
like system, with a central charge equal to 7/4 for the grounq.,amical picture, and of the related distinction between dif-
state and 1 for theshktype levels[1], to calculate the criti-  forent entities. In reality, the concept of identifying Her
cal fields corresponding to atomic helium He. He?* particles, based on the concept of a potential or pseudo-
potential, becomes meaningless at high density. Only at high
temperature, when kinetic contributions dominate, is the ap-

The remaining coupling contribution between the variousproach conceptually correct. Therefore, although® lded
species stems from the long-range Coulomb interaction be-je?* are distinguishable in our model free energy, we do not
tween helium ions HgHe?* and electrons. Short-distance pretend to give an accurate description of the second stage of
interactions due to the internal levels of Heave been con- helium pressure ionization, from Héo He?*. As detailed in
sidered in the previous sections. The treatment of the longthe next section, however, we have checked that the present,
range Coulomb interaction between the two ionic speciegrude description of the HeHe?* interactions does not alter
will certainly have some impact in the pressure ionizationthe final phase diagram. The reason is that, at least in the
regime where Heand Hé* coexist, but will not modify the  present model, helium pressure ionization proceeds directly
rest of the phase diagram. This contribution, however, is diffrom atomic helium He to fully ionized helium H& or at
ficult to evaluate accurately. Considering the'Hde?* inter-  |east to a strongly ionized stage. It will certainly be interest-
action as a pure Coulomb contribution, thus representing thiyg to compare these results with experiments and with re-
He'-He?* fluid as an interacting two-compone#{=1, Z,  sults obtained with first-principles calculations, although
=2 point-charge plasma, is not satisfactory, for it precludes ghese latter will certainly have to face their own difficulties
correct treatment of the internal levels of Havhich has in this complex regime.
been included in our formalisiisee previous sectignin this
context, and in the absence of an accurate formulation, we
estimate the contribution to the total free energy arising from Summarizing the various contributions described in the
the He ,HE**, € long-range interaction in the framework of previous sections, and following Eqét) and (9), the full
the ion-sphere mod¢R9], thus considering only the electro- model free energy reads

3. Long-range interaction between Heand He?*

4. Summary

3/2
Byrp=- 3 Ni{mn[X(M) ”— S S g efSufethe

NtOt i:He,He+ NtOt Ni h2 i:He,He+ NIOt a
. BFus{NHe,as Nher as N2+ {0 e a0 Tt a0 THez+ = OF, V, T)
NtOI
_ 2 ﬁﬁaFHS({Ni}v{UHe,m O-He*',a}vVvT) n IBFPOI(He’ He+! He2+1Ne_1V1T)
Ntot aNi Ntot

i={He,a},{He", a}
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+ Pl D NN Dl (1) e Pyl (1)
2V i,j:He,He+ NtOI NtOt
2 . . i .. N +N + N v+ 2
po M N NN gy ryersring (p) + Sretie, & 3Nuer (Zie)®
24gT) Mie Ve e NeotNiog 2Nior a 2Ny a

. BFFP(V,T,Npez+,Ne-)

: (20
NtOt

whereN=Nye+ Nper+ N2+ Note thato!Sw#E include the  (see Fig. 4 We have also checked that we recover the results

occupation probabilities calculated from interactions withof the Saha equations in the low-density limit and, by con-
neutral surrounding particleghard-sphere interaction, Eq. struction, the fully ionized plasma model at high density. An
(11)] and with charged surrounding particlesicrofield in-  example is shown in Fig. 5 fof=10*’ K. The vanishing

teraction, Eq(18)]. fraction of bound species populations for 10 g cn 2 illus-
The equilibrium populations are derived from the minimi- trates the onset of pressure ionization.
zation of the free energ¥#(V,T,{N;}) with respect to two We have also checked that we recover the results of

independent variables, given the conditions of mass conseAparicio and Chabrief1] for pure atomic helium in the low-
vation Nyez+=Nii—~Nger—Npe and electroneutrality N~  density, low-temperature regime until pressure ionization

=Nyt + 2Ny 2+ sets in(see Fig. 6 folT=10>° K).
J(BF/Nyop) o= A(BF/Niop) (21) A. Limitations of the model
Nye TVNye INpe+ TV As mentioned earlier, our free-energy minimization

method is rooted in the chemical approach. It is based on a
Convergence of this two-dimensional minimization is heuristic treatment of the dominant physical effects respon-
achieved when the change in the populations from one iterasible for the thermodynamic properties of dense atomic or
tion to the next one is less than one part ik 807’. The ionized helium. Although it certainly retains some degree of
various thermodynamic quantities are then calculated frommeality, this model cannot pretend to give an exact description
appropriate derivations of the free energy. of these properties, and the results should depend to some
extent on the main approximations used in the model. We

examine this issue in the present section.
IV. RESULTS

1. Lower boundary foro;
As mentioned previously, our free-energy model, with the . . .
He-He potential calibrated on sound velocity measurement;e rf;t ;:rghzi,%g icrj1e|2isny1’ t‘?ﬁis\/\g\g rrsa?rllletzr;da(ra]\éegtuaCIiIé/sto
[17], reproduces the available Hugoniot experimefit8] ’ 9- L Be
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N
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0.2

-2 -15 -1 -05 © 0.5 1 15 2 -2 -1 0 1 2 8
091 lp (giom™} logyg Ip (g/om™)]
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FIG. 6. Comparison between the present mddelid lineg and
FIG. 5. Comparison between the populations obtained with outhe results of Aparicio and Chabrigt] (dotted lines with symbojs
model (lines) and those corresponding to the Saha equatisyim-  which do not include pressure ionization, for the pressure, the mas-
bols). The solid(dotted line corresponds to the Hgle) fraction. sic entropy, the massic internal energy, and the specific heat at
The temperature i§=10*" K. =10°5K.
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FIG. 7. Effect of the lower boundary far; on the populations, FIG. 8. Effect of the description of the FleHe?* and Hé-e
the pressure, the massic entropy, and the specific heat as a functioauplings on the population@v.c.=with coupling, n.c=no cou-
of the density. The solid lines correspond to the aase 0.8 A, the  pling), the pressure, the massic entropy, and the specific heat as a
dotted lines to the case; =0.5 A; the temperature i$=10"" K. function of the density. If not specified, the solid line corresponds to
the case with coupling and the dotted line to the case without any

. . . . . i . — 5
and thus prevent pressure ionization to occur, a well identi€ouPling; the temperature &= 10°°K.

fied artifact of the chemical picturgt,30]. In order to pre-

vent such an unphysical behavior, we define arbitrarily a 4. Influence of the Hé-He?** coupling
lower limit for oy and oy, Figure 7 (for the 107K iso- As mentioned in Sec. Ill D 3, the long-range interaction
=0.8 A ando;=0.5 A, the present model. We have tested the influence of this ap-

Not surprisingly, the choice of a lower limit far; affects  proximation by submitting a few tests without this term. The
appreciably the populations in the very regime of pressurgesyits are illustrated in Fig. 8 fof=10*5K. We have
ionization. However, the effect is almost inconsequential orthecked other isotherms, and the conclusion is that the EOS
the thermodynamic quantities, the very purpose of theynq its derivatives are nearly independent of this coupling
species do not contribute to the free energy when they argystrated in the next section, but also on Figs. 5, 7, and 8,
associated with a very small radius. The final model calculathe reason is that pressure ionization occurs directly from He

tions were made witlr;=0.8 A. to He?*, with no regions where Heand Hé* coexist in
comparable number, except at high temperatiire 10° K)
2. Polarizability of He-He* where temperature ionization dominates. Although we cer-

, o tainly cannot rule out the fact that this is an artifact of our
We have also tested the influence of the polarizabiity model, a possible physical explanation might be the large
which appears in the He-Iilgpotennal, and which has been iterences between the ground-state energies of the different
taken equal to the volumey, . Calculations conducted gpecies, much larger than for hydrogen. The contribution of
with a value ofe; reduced or increased by a factor of 10 left the ground-state energy of He to the total free energy thus
the results nearly unaffected. This can be easily understoogrevents partial ionization from occurring, favoring the
as in the domain where nonideal effects play a role, He andtomic phase. As mentioned previously, it will be interesting
He" do not coexist in comparable fractions most of the time.tg compare this prediction with experimental results and
Moreover, the contribution oF to the total free energy first-principles calculations, once they become available, to

remains always marginal. verify whether this behavior is a flaw of the present model or
whether it reflects the behavior of helium pressure ionization,
3. Validity of the quantum correction G, an extremely interesting issue.

As mentioned in Sec. Il A 4, we have used the first-order
term of the Wigner-Kirkwood expansion to take into account
the quantum effects between atomic centers. This expansion A subset of our final EOS calculations, based on the
becomes invalid at high density and low temperature. As anodel free energy20) is presented in Tables I-lIl, corre-
rule of thumb, the domain of reliability of the expansion is sponding to Fig. 9for the pressure Fig. 10(for the massic
given by logd T (K)]-log;dp (g/cnmP)]=2. Such a limita- entropy, and Fig. 11(for the specific heat For these calcu-
tion has no consequence in an astrophysical context, as Hations, ten internal levels have been considered, for both He
astrophysical object with a helium composition exists be-and H&. These ten levels are enough to represent the internal
yond this limit. partition function as the highest levels are always destroyed

B. Thermodynamical quantities
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TABLE |. Equation of state for the isotherif= 10*8 K. For each value of the density are given the abundances of He,ard Hé*,

the pressure, the massic entropy, the massic internal erfefitly a zero of energy corresponding to the fully ionized plasma at zero
temperaturg and the specific heat.

logidp (g/cnP)] XHe XHe* XHe2+ P (dyn/cn?)  S(erg/g/K) U (erg/g C,(Nkg)
-2.00 1.000<1°  0.0000<10°  0.0000x 1° 0.1330<10° 0.3246x10° -0.1886x10"* 0.1504x 10
-1.60 1.000<1°  0.0000<10°  0.0000x 10°  0.3409< 10'°© 0.3052<10° -0.1886x 10" 0.1510x 10*
-1.20 1.0000<10°  0.0000<10°  0.0000x 1° 0.9003< 10'© 0.2854x10° -0.1886x 10* 0.1527x 10"
-0.80 1.000<10°  0.0000<10°  0.0000x 1° 0.2554x 10''  0.2646x10° -0.1885<10“* 0.1565x 10
-0.40 1.000<10°  0.0000<10°  0.0000x 1(° 0.8538< 10! 0.2415<10° -0.1883x10"“* 0.1670x 10
0.00 1.0000<10°  0.0000< 10°  0.0000x 10°  0.4092x 102  0.2141x10° -0.1873x10“ 0.1929x 10
0.40 1.000<1¢°  0.0000<10°  0.0000x 10° 0.3037x 10'3 0.1816x10° -0.1828<10* 0.2301x 10
0.60 1.000 10°  0.0000<10°  0.0000x 10° 0.8729< 10  0.1646x10° -0.1762<10* 0.2513x 10!
0.80 0.715&10°  0.1688x10* 0.2842x10° 0.1082< 10 0.1484x10° -0.1632<10" 0.2693x 10!
1.00 0.4316<10°  0.2531x10* 0.5684x10° 0.2210x10* 0.1324x10° -0.1502< 10 0.2822x 10"
1.20 0.314410° 0.2531x10* 0.6856<10° 0.7143x10* 0.1161x10° -0.1307x 10 0.2878x 10!
1.40 0.198%10°  0.2531x10* 0.8017x10° 0.2314x10'® 0.9875x10° -0.8728<10'° 0.2841x 10"
1.60 0.106x10° 0.1688x10°% 0.8938<10° 0.6832x10% 0.7975x10° -0.5620x 10 0.2689x 10
2.00 0.4980x 101  0.1688x10* 0.9502x10° 0.4249x10'® 0.4101x10°  0.2846x 10"  0.2098x 10t
2.40 0.1980x 101 0.1688x10% 0.9802<10° 0.2338x10Y 0.1681x1C®  0.9215< 10"  0.1360x 10
2.80 0.7880<102 0.1125x10% 0.9921x10° 0.1197x10%® 0.4317x10° 0.2210<10®  0.6508x 1(°

even for the lowest density we are considering. No He doulikely that these states survive in the midst of interacting
bly excited states have been considered in our calculatiomeighbor particles. The zero of energy corresponds to the
This is a reasonable approximation for the two following fully ionized plasma at zero temperature. The rising behavior
reasons. First of all, the high energy cost of these states of Cy, for log,dp (g/cm?)]=-1 stems from correlations be-
first doubly excited state lies-60 eV above the He ground tween helium atomsgconfigurational free energysince all
statg disfavors their formatioriin a way similar to the direct excited levels are destroyed at this density, at least for the
ionization of He to H&" without any Hé state; see the fol- coolest temperature. The drop at larger density reflects pres-
lowing discussioh The second reason is their rapid decay bysure ionization, from He to Hé. We also present in Fig. 12
autoionizationtypically in 101*~1014s). It is therefore un-  the phase diagram of helium. The lines separate the different

TABLE Il. Equation of state for the isotherifi=10*2 K. For each value of the density are given the abundances of He add Hé*,
the pressure, the massic entropy, the massic internal erneitly a zero of energy corresponding to the fully ionized plasma at zero
temperaturg and the specific heat.

logidp (g/cmP)] XHe XHet XHe2+ P (dyn/cn?)  S(erg/g/K) U (erg/g C,(Nkg)
-2.00 0.999510°  0.4950<10°° 0.0000x10° 0.3327x10° 0.3536x10° -0.1856x10“ 0.1505x 10
-1.60 0.999%10°  0.3000< 1072 0.0000x10°  0.8474x 100 0.3342<10° -0.1856x10“ 0.1508x 10!
-1.20 0.999&10°  0.1800< 1072 0.0000x10° 0.2203x< 10! 0.3146x10° -0.1856x10“ 0.1519x 10!
-0.80 0.999% 10°  0.1100<10°° 0.0000<x10°  0.6004x 101  0.2944x 10° -0.1854x10“ 0.1549x 10!
-0.40 0.999%10°  0.6750<10°% 0.0000x10° 0.1817x10%2 0.2730x10° -0.1850<10“ 0.1618x< 10!
0.00 0.999% 10°  0.6000x10% 0.0000<10° 0.6898< 102 0.2493x10° -0.1837x 10" 0.1765x 10!
0.40 1.0000<10°  0.0000< 10°  0.0000x 10°  0.3814x 103 0.2228<10° -0.1785<10“ 0.1996x 10
0.60 1.000< 16°  0.0000x< 1°  0.0000< 1° 0.9964x 10'3 0.2091x10° -0.1717x10“ 0.2142x 10
0.80 0.7325%10°  0.1688x10* 0.2675x10° 0.1295<10% 0.2043x10° -0.1593< 10" 0.2336x 10!
1.00 0.465 10°  0.2531x10% 0.5350x10° 0.2660< 10 0.1923x10° -0.1469< 10  0.2442x 10!
1.20 0.2405¢10°  0.2531x10* 0.7595x10° 0.7335x10% 0.1751x10° -0.1257<10% 0.2489x 10t
1.40 0.198%10°  0.2531x10* 0.8017x10° 0.2305<10% 0.1551x10° -0.8125<10% 0.2507x 10!
1.60 0.106%10° 0.1688x10* 0.8938x10° 0.7012x10'® 0.1345<10° 0.1229x10%2  0.2526x 10t
2.00 0.4980x 101  0.1688x10* 0.9502x10° 0.4294x10'® 0.9833x10°  0.2923x 10"  0.2573x 10"
2.40 0.1980x 101  0.1688x10* 0.9802x10° 0.2346x10Y7 0.5425x10°  0.9255x 10  0.2456x 10t
2.80 0.7880<102 0.1125x10% 0.9921x10° 0.1199x10'® 0.2836x10°  0.2213<10'®  0.1865x 10
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TABLE lll. Equation of state for the isotheri= 10*° K. For each value of the density are given the abundances of He ad He*,
the pressure, the massic entropy, the massic internal erfefitly a zero of energy corresponding to the fully ionized plasma at zero
temperaturg and the specific heat.

logidp (g/cn)] XHe Xher XHe2+ P (dyn/cn?)  S(erg/g/K) U (erg/g C,(Nkg)
-2.00 0.928%10° 0.7128<10°! 0.0000x10° 0.7083x 100 0.3936x10° -0.1758<10“ 0.1862x 10!
-1.60 0.953x10° 0.4680<10' 0.0000x10° 0.1757x 10 0.3676x10° -0.1775<10* 0.1689x 10t
-1.20 0.969x 10°  0.3102x 10! 0.0000x 10°  0.4441x 10''  0.3439x10° -0.1786<10* 0.1590x 10t
-0.80 0.978&10°  0.2124<10°! 0.0000x10° 0.1169x 102 0.3216x10° -0.1790<10“ 0.1582x 10
-0.40 0.984&10°  0.1524<10°! 0.0000x10° 0.3322x 102 0.2995<10° -0.1789<10“ 0.1619x 10
0.00 0.986x10° 0.1376x10°! 0.0000<10° 0.1098< 10 0.2769x10° -0.1773x10* 0.1715x10!
0.40 0.927x10°  0.7296x 1071  0.0000x 10° 0.4567x10*3  0.2590x 10° -0.1699< 10**  0.1947x 10t
0.60 0.806%10° 0.7988x10°1 0.1139x10° 0.9005<10%  0.2492x10° -0.1651x 10" 0.2031x 10
0.80 0.645% 10°  0.5800x 1071 0.2964x10° 0.1788x10* 0.2366x10° -0.1527x10% 0.2073x 10"
1.00 0.4726<10°  0.2536x10°1 0.5020x10° 0.3791x 10 0.2218<10° -0.1403< 10"  0.2099x 10!
1.20 0.314410°  0.2531x10* 0.6856x10° 0.9098< 10 0.2050x10° -0.1189< 10" 0.2132x 10!
1.40 0.198%10° 0.2531x10* 0.8017x10° 0.2619x10'® 0.1867x10° -0.7390< 10'® 0.2198x 10"
1.60 0.106x10° 0.1688<107% 0.8938<10° 0.7280x10'® 0.1700<x10°  0.9305< 102  0.2387x 10!
2.00 0.4980x 101  0.1688<10% 0.9502<x10° 0.4359x10'® 0.1356x10°  0.3008< 104  0.2563x 10
2.40 0.1980x 101  0.1688x107% 0.9802<10° 0.2364x 10 0.1049x10°  0.9382< 10"  0.2619x 10
2.80 0.7880<102 0.1125x10% 0.9921x10° 0.1203x10*® 0.7731x10®  0.2226<10'®  0.2386x 10!

domains where either He, Heor HE" is the dominant spe- =10° K) occurs at lower densitigs=1 g cnT®. This phase
cies, i.e., represents a fraction larger than 50%. As mentionediagram can be compared with the one for hydrof@t.
previously, an interesting prediction of this diagrésee also  For deuterium, the EOS is essentially the same as for hydro-
the tablegis that forT<10° K, pressure ionization, defined gen providing the nucleus mass is rescdleld However, for
as xpe2+=0.5, proceeds directly from He to Heat p  helium, because of thE=2 nucleus and the induced elec-
=10 gcm?®, ie.,, P=20 Mbar. As mentioned in Sec. tronic structures, the phase diagram is different, and pressure
IV A 4, the sharp transition due to pressure ionization, fromionization occurs at larger pressures than for H or D.
X4e=0.5 tox,2+=0.5 atp~ 10 g cm* (see tables and the
persistence of atomic helium at high density, might reflect
the large energy cost of the ground-state energies of ionized
species(24.587 and 79.003 eVto the total free energy. In this paper, we have computed a free-energy model
Eventually, abrupt ionization occurs from He to#eunless aimed at deriving the thermodynamic quantities of dense
temperature is high enough to unbound one of the two eledfluid helium, from the low-density atomic domain to the
trons from the helium atom. This is corroborated by the facthigh-density fully ionized regime, covering the regime of
that the pressure ionization of Hewhich happens ifT  partial ionization. The model is based on the so-called
chemical picture for the description of the interactions be-

V. CONCLUSION
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FIG. 9. Pressure as a function of the density for three isotherms
Solid line, T=10>8 K; dotted line, T=10*2K; dot-dashed lineT
=10*5K.

logs [p (g/em)]

FIG. 10. Same as Fig. 9 for the massic entropy.
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FIG. 11. Same as Fig. 9 for the specific heat. FIG. 1_2. Phase diag_ram of helium. The lines separate the differ-
ent domains of predominance of the different species Hé, &ted

tween the different species in the fluid. The abundances dfie*".
the various atomic and ionic components are obtained
through minimization of the free energy. Despite the shortwf the phase diagram. In some limited regions, however,
comings inherent to the chemical approach, we believe theparacteristic of the pressure ionization regime, maximum
present model to give a reasonable description of the equiriations of the entropy and the pressure can readhb
tion of state of dense helium, including the regime of presnq ~200s, respectively, in the worst case. Although still
sure ionization. Although the basis of the model becomes of,qdest in most cases, the uncertainties become larger for

doubtful validity in this latter domain, this affects only lim- gacond derivatives, in particular the ones directly related to
ited regions of the temperature-density diagram. Comparige gifferent degrees of freedom and thus to the relative

sons with available sound speed measurements and shogks,jations, like the specific heat. As mentioned above, how-
wave experiments for atomic helium assess the validity ofer only limited regions of the phase diagram are con-
the model up to the megabar range, whereas at very higlerned by the regime where various species coexist in com-
density the model recovers the_ fully ionized plasma mOd_ebarabIe numbers. As a whole, the present model remains
and thus Monte Carlo simulations of the thermodynamicgimple enough to allow the calculation of the EOS of dense
properties of the so-called one-component plasi®&P  hejium over an extended domain of pressure and density, a
model. Although the present model cannot pretend giving &ecessary condition for applications to the computation of

precise determination of the various atomic and ionic conyie|iar and giant planet internal structure and high-pressure
centrations in the fluid, at least in the pressure ionizationsyperiment diagnostics.

regimes, it yields a reasonably accurate determination of the ‘gesjdes its astrophysical interest, the calculation of the
phase+d|ag£qm of dense, fluid helium with its variousphase diagram of dense helium is of intrinsic theoretical in-
!—|e_/HejH¢2 lonization contours. Folf <10° K, pressure ierest. Indeed, comparison betwen these calculations and
ionization is found to occur directly from atomic helium He neqr future high-pressure shock-wave or laser experiments
to fully ionized helium Hé", or at least to a strongly ionized \yi|| allow a better determination of the domains of validity
state, without the Hestage(xe+<a few percent It would o the present model and of the possible improvements. By
be interesting to test such a prediction with high-pressurgycn, these comparisons will yield a better understanding of

dynamical experiments. Indeed, such a behavior of the phasge properties of matter under extreme conditions, and more
diagram bears important consequences for the thermodypecifically of the complex regime of matter pressure ioniza-
namic, magnetic, and transport properties of the interior ofjo, and metallization.

cool and dense astrophysical objects, including giant planets.
In all casespressureionization is found to occur aroung
~10 g cm?, i.e., P~20x 10° bar. Detailed explorations of
the sensitivity of the results to various approximations enter- We are very grateful to Alexander Potekhin and Gérard
ing the free-energy model show that they remain inconseMassacrier for very useful discussions and insightful re-
guential for the first derivatives of the free energy over mostmarks.
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