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Motivated by the fact that many physical systems displaysid power-law correlations together withsii d an
asymmetry in the probability distribution, we propose a stochastic process that can model both properties. The
process depends on only two parameters, where one controls the scaling exponent of the power-law correla-
tions, and the other controls the degree of asymmetry in the distributions leaving the correlations unaffected.
We apply the process to air humidity data and find that the statistical properties of the process are in a good
agreement with those observed in the data.
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Many physical phenomena exhibit temporal or spatial cor-
relations that can be approximated by power laws. For ex-
ample, long-range power-law correlations have been found
in physical, biological, and social systemsf1–8g, and various
stochastic processesf9–12g have been developed to model
these power-law scaling properties. Recent studies have
shown that in addition to power-law correlations empirical
data often exhibit a significant skewness or asymmetry in
their distributions. Asymmetric distributions have been found
in astrophysical dataf13g, genome sequencesf14g, respira-
tory dynamicsf15g, brain dynamicsf16g, heartbeat dynamics
f17g, turbulencef18g, physical activities, and financef19g.

With the goal of constructing a stochastic process that can
generate time series with both power-law correlated and
asymmetrically distributed variablesxi, we define the process
Asr ,ld by

xi = luxi−1u + o
n=1

`

ansrdsxi−n − luxi−n−1ud + hi , s1d

whererP s0,0.5d andlP s−1,1d are free parameters,ansrd
are weights defined byansrd=Gsn−rd / fGs−rdGs1+ndg, G
denotes the Gamma function, andhi denotes independent
and identically distributed Gaussian variables with expecta-
tion value khil=0 and variancekhi

2l=1. The parameterr
controls the length of the memory, i.e., how rapidly the in-
fluence of past valuesxi−n and uxi−n−1u on xi decays in time,
and the parameterl controls the relative influence ofxi−n on
xi compared to the influence ofuxi−n−1u on xi.

Asr ,ld can be understood as a generalizationf20,21g of
the fractionally integrated process proposed in Refs.f9,10g,
to which Asr ,ld reduces forl=0. While the fractionally
integrated processAsr ,0d is known to generate power-law
correlated and symmetrically distributed time seriesf9,10g,
we will show in the following that, forlÞ0, Asr ,ld gener-
ates power-law correlations with an asymmetric distribution.
Specifically, we will show that the parameterr controls the
scaling exponent of the power-law correlations, and that the
parameterl controls the degree of asymmetry in the distri-

butions, leaving the correlations almost unaffected.
Before studying the autocorrelation function ofxi, Csnd

;kxi+nxil−kxil2, and the probability distribution,Psxd, for
different values ofr and l, we note that processAsr ,ld
exhibits two invariance properties. Under the transformations
xi →−xi, hi →−hi, l→−l, one can see thatCsnur ,ld
=Csnur ,−ld and Psxur ,ld=Ps−xur ,−ld. That is, the auto-
correlation functions calculated for opposite values ofl are
identical, and the distributions for opposite values ofl are
mirror images of each other. Hence, we focus on values of
lù0 in the following study.

To quantify the autocorrelations inxi generated by
Asr ,ld, we employ the method of detrended fluctuation
analysissDFAd f22g. In the DFA method one measures the
standard deviationFsnd of the detrended fluctuations as a
function of the scalen. If Csnd can be approximated by a
power law with exponentg, i.e., if Csnd~n−g, thenFsnd can
also be approximated by a power law with exponenta, i.e.,
Fsnd~na, with a<1+g /2 f22g. Hence, the value ofa rep-
resents the degree of autocorrelations in the time series: if
a.0.5, the time series is power-law correlated; ifa=0.5,
the time series is uncorrelated or short-range correlated; and
if a,0.5, the time series is power-law anticorrelated.

In order to study the influence of the parameterl on au-
tocorrelations and the degree of asymmetry in the distribu-
tion, we perform numerical simulationsf23g of Asr ,ld with
r=0.3 and varyingl. Figure 1sad shows that, forl=0, Fsnd
can be approximated by a power law with scaling exponent
a, i.e., Fsnd~na, wherea<0.5+r=0.8, as expected from
Refs.f9,10,24g. Figure 1sad shows that, also forlÞ0, Fsnd
can be approximated by a power law with scaling exponent
a, wherea<0.5+r=0.8, i.e., the value ofl has no visible
effect on autocorrelations ofxi for asymptotically large val-
ues ofn. We also find from Fig. 1sad that, forlÞ0, theFsnd
curves exhibit a crossover at small time scalesn, which be-
comes more pronounced and shifts to larger scales ofn with
increasingulu.

In Fig. 1sbd we see that, forl=0, Psxd is symmetric, as
expected for the process of Refs.f9,10g. For l=0.6 and
l=0.9, we find thatPsxd is asymmetric with positive skew-
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ness, where the left tail is almost identical to the left tail of
the symmetric distribution, and the right tail is broader than
the right tail of the symmetric distribution. Due to the invari-
ancePsxur ,ld=Ps−xur ,−ld, we find that the distributions
for positive and negative values ofl are mirror images of
each other for opposite values ofl.

In order to investigate how the correlation properties of
Asr ,ld depend onr, we perform numerical simulations to
obtain time series forl=0.6 andr ranging from 0 to 0.4. We
find from Fig. 2 that theFsnd curves can be approximated by
power laws with a scaling exponent ofa<0.5+r. This states
that we obtain the same scaling law for the processAsr ,ld
generating asymmetrical distributions as for the process
Asr ,0d generating symmetrical distributions. Numerically
we find that, independently ofl, the relationa<0.5+r
holds for all values ofr and l where rP s0,0.5d and
lP s−1,1d f24g.

In order to model probability distributions with a different
shape, particularly with tails broader than those generated by
processAsr ,ld, we propose the processBsr ,ld by substi-
tuting the termhi in Eq. s1d by the termsihi, where the

time-dependent standard deviationsi is defined byf25g

si = o
n=1

`

ansrd
uxi−nu

kuxi−nul
. s2d

Bsr ,ld generates not only long-range autocorrelations inxi,
but also autocorrelations in the magnitudesuxiu, and pro-
cesses with autocorrelations in the magnitudes have been in-
troduced to model broader tails in the distributionsf26g.

Figure 3sad shows that, for asymptotically largen, each
Fsnd curve can be approximated by a power law with scaling
exponent a<0.5+r. This states that the time-dependent
standard deviationsi does not affect the relation betweena
andr observed for processAsr ,ld f24g. Figure 3sbd shows
the distribution ofxi generated byBsr ,ld for r=0.3 andl
ranging from 0 to 0.3. As expected, the asymmetry vanishes
for l=0 even in the presence of the termsihi, meaning that
this term alone does not create an asymmetry in the distribu-
tion of xi but only broadens its tailsf26g. For l.0, we find
that, asl increases, the right tails of the distributions become
broader, the left tails of the distributions become thinner, and
thus the asymmetry becomes more pronounced. Comparing
Figs. 3sbd and 1sbd we find that the time-dependent standard
deviationsi broadens the tails and increases the skewness of
Psxd.

To exemplify the utility of processBsr ,ld for modeling
real-world data, we study air humidity data, which can be
considered an output of a complex geophysical system. We
analyze the relative air humidity recorded in 10-min intervals
at the Institute of Plant Genetics and Crop Plant Research in
Gaterslebenf27g. We denote the differences of successive
relative air humidity byx̃i, and we show in Fig. 4sad the time
seriesx̃i. Figures 4sbd and 4scd show that the time seriesx̃i
exhibits both power-law autocorrelations with a scaling ex-
ponent ofa<0.87 and an asymmetric distribution.

In order to investigate to which degree processBsr ,ld
can approximate the statistical properties of the empirical
time seriesx̃i, we generate time series by numerical simula-
tions of processBsr ,ld with r=0.37 andl=0.15, where we

FIG. 1. Correlations and probability distributions obtained from
numerical simulations of processAsr ,ld with r=0.3 andl=0,
±0.6, and ±0.9.sad Detrended fluctuation functionFsnd. We see that
the Fsnd curves for opposite values ofl are identical, and we find
that, for all values ofl ,Fsnd can be approximated by a power law
for asymptotically largen, and the scaling exponenta in Fsnd
~na is virtually the same for all values ofl. sbd Probability distri-
bution Psxd. We see that for opposite values ofl the distributions
are mirror images of each other, and we find thatPsxd is symmetric
for l=0, Psxd is asymmetric with positive skewness forl.0, and
the degree of asymmetry increases with increasingulu.

FIG. 2. Detrended fluctuation functionFsnd obtained from nu-
merical simulations of processAsr ,ld with l=0.6 andr=0, 0.1,
0.2, 0.3, and 0.4. For asymptotically large values ofn, each of the
Fsnd curves can be approximated by a power lawFsnd~na with the
scaling exponenta<0.5+r.
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setr by using the relationa<0.5+r, and where we findl
based on a numerical least-square minimization. In Fig. 4,
we presentsad the time seriesx̃i and xi, sbd their detrended
fluctuation functionsFsnd, and scd their distributionsPsx̃d
and Psxd. Figures 4sad–4scd show that the time series ofx̃i

and xi look similar, that the autocorrelation behavior of the
simulated time seriesxi is in good agreement with that of the
air humidity time seriesx̃i, and that the distributionsPsx̃d and
Psxd are asymmetric with positive skewness. Moreover, we
find that even the shapes of both distributions are similar,
which is surprising because the shape ofPsxd is not fitted to
the shape ofPsx̃d, but the shape ofPsxd is entirely given by
the values ofr andl.

One possible explanation for the positive skewness in the
data is that it is very easy to increase the humidity rapidly, by
rain for example, but it is hard to dry it rapidly. This simple
physical fact could be one of the origins of the asymmetry
observed in the distribution ofx̃i. The agreement of the sta-
tistical properties ofx̃i andxi observed in Fig. 4 might indi-
cate that humidity changes at timei depend not only on past
humidity changesxi−n but also on their magnitudesuxi−n−1u.
The degree of asymmetry in the distribution ofxi reproduced

by processBsr ,ld with a small value ofl<0.15 suggests
that the influence of the past magnitudesuxi−n−1u on xi is
significantly smaller than the influence of the past humidity
changesxi−n. Specifically, we might speculate that the influ-
ence of the past humidity changesxi−n on xi is approximately
seven times greater than the influence of their magnitudes
uxi−n−1u on xi. Even though both processesAsr ,ld and
Bsr ,ld can generate asymmetric distributions, we find that
the empirical distribution cannot be reproduced by process

FIG. 3. Correlations and probability distributions of process
Bsr ,ld. sad Detrended fluctuation functionFsnd obtained from nu-
merical simulations of processBsr ,ld with l=0.15 and varying
values ofr=0, 0.1, 0.2, 0.3, and 0.4. We find that, independently of
l, Fsnd can be approximated by a power lawFsnd~na with the
scaling exponenta<0.5+r. sbd Probability distributionsPsxd ob-
tained from numerical simulations withr=0.3 andl=0, 0.15, and
0.3. We see thatPsxd is symmetric forl=0, Psxd is asymmetric
with positive skewness forl.0, and the skewness increases with
increasingl.

FIG. 4. Comparison of the changes of relative air humidityx̃i

with the time seriesxi generated by processBsr ,ld with r=0.37
andl=0.15.sad Time seriesx̃i andxi. We find that both time series
show sudden bursts of large fluctuations predominantly in the posi-
tive direction.sbd Detrended fluctuation functionsFsnd. We find that
autocorrelations ofx̃i andxi are very similar, and consistent with a
power-law scaling ofFsnd~na with the scaling exponenta<0.87.
scd Probability distributionsPsx̃d andPsxd. We find that both distri-
butions are asymmetric with positive skewness. Moreover, we find
that even the shapes of both distributions are similar.
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Asr ,ld, but it can be almost perfectly reproduced by process
Bsr ,ld. This surprising observation indicates that the envi-
ronmental factorshi at time i might be amplified by a mul-
tiplicative factorsi, which does not depend on past humidity
changesxi−n but on their magnitudesuxi−n−1u.

In conclusion, we propose two stochastic processes,
Asr ,ld andBsr ,ld, that generate simultaneously power-law
autocorrelations and asymmetric probability distributions.
Both processes depend on only two parameters,r and l,
wherer controls the scaling exponent of the power-law au-
tocorrelations andl controls the degree of asymmetry. We
study air humidity time series, and we find that they display
both power-law autocorrelations and asymmetric distribu-
tions. We find that processBsr ,ld is capable of
reproducing—qualitatively and quantitatively—the autocor-
relations and the distribution of the data. The quantitative
agreement of the shape of the distribution generated by pro-
cessBsr ,ld with the shape of the distribution of the air
humidity changes is surprising, because the shape of the dis-
tribution is not fitted, but fully determined by the parameters

r and l controlling the scaling exponent of the power-law
autocorrelations and the skewness of the distribution, respec-
tively. The surprising agreement of the shapes of the distri-
butions might suggest that air humidity changes at timei are
possibly driven bysid past air humidity changes at timesi –n,
sii d their magnitudes at timesi –n, and siii d environmental
factors at timei amplified by a multiplicative factor that
itself depends on past magnitudes at timesi –n. It is clear
that processesAsr ,ld andBsr ,ld lack many important de-
tails necessary for realistic weather models, but the simplic-
ity and generality of processesAsr ,ld and Bsr ,ld might
possibly make them useful for modeling diverse physical
systems exhibiting both power-law correlations and asym-
metric distributions.

We thank Stephan Posch, Roland Schnee, and Stephan
Weise for valuable discussions and the Ministry of Science
of Croatia sGrant No. 0119623d, the NIH sGrant No.
HL071972d, and the German Federal Ministry of Education
and ResearchsGrant No. 0312706Ad for financial support.

f1g H. E. Hurst, Proc.-Inst. Civ. Eng.1, 519 s1951d.
f2g M. Casandro and G. Jona-Lasinio, Adv. Phys.27, 913s1978d.
f3g Correlations and Connectivity: Geometric Aspects of Physics,

Chemisty and Biology, edited by H. E. Stanley and N. Os-
trowsky sKluwer, Dordrecht, 1990d.

f4g T. Vicsek, Fractal Growth Phenomenon, 2nd ed.sWorld Sci-
entific, Singapore, 1993d.

f5g Fractals in Science, edited by A. Bunde and S. Havlin
sSpringer, Berlin, 1994d.

f6g J. B. Bassingthwaighte, L. S. Liebovitch, and B. J. West,Frac-
tal PhysiologysOxford University Press, New York, 1994d.

f7g J. Beran,Statistics for Long-Memory ProcessessChapman &
Hall, New York, 1994d.

f8g H. Takayasu,Fractals in the Physical SciencessManchester
University Press, Manchester, 1997d.

f9g C. W. J. Granger and R. Joyeux, J. Time Ser. Anal.1, 15
s1980d.

f10g J. Hosking, Biometrika68, 165 s1981d.
f11g C.-K. Penget al., Phys. Rev. A44, R2239s1991d.
f12g H. A. Makseet al., Phys. Rev. E53, 5445s1995d.
f13g L. Hui and E. Gaztanaga, Astrophys. J.519, 622 s1999d.
f14g International Human Genome Sequence Consortium, Nature

sLondond 409, 860 s2001d; J. C. Venteret al., Science291,
1304 s2001d.

f15g M. Samon and F. Curley, J. Appl. Physiol.83, 975 s1997d.
f16g C. L. Ehlerset al., J. Neurosci.18, 7474s1998d.
f17g C. Braun et al., Am. J. Physiol. Heart Circ. Physiol.275,

H1577 s1998d.

f18g G. Boffetta, A. Celani, and M. Vergassola, Phys. Rev. E61,
R29 s2000d.

f19g K. Ohashi, L. A. N. Amaral, B. H. Natelson, and Y. Yama-
moto, Phys. Rev. E68, 065204sRd s2003d.

f20g J. D. Hamilton,Time Series AnalysissPrinceton, New Jersey,
1994d.

f21g To eliminate trends in empirical data, one commonly takes
first-order differencesxi –xi−1, or higher-order integer differ-
ences. This differencing procedure is accomplished through
the linear operator 1−L, defined bys1−Ldxi =xi −xi−1 f20g,
whereL is the linear backward-shift operator defined byLnxi

=xi−n. Fractional processesf9,10g are obtained by allowing the
order r in s1−Ldr to take fractional values. After expanding
the fractionally differencing operators1−Ldr as an infinite bi-
nomial series in powers ofL, one can see that Eq.s1d, includ-
ing the definition ofansrd, can be expressed bys1−Ldrsxi

−luxi−1ud=hi.
f22g C.-K. Penget al., Phys. Rev. E49, 1685s1994d.
f23g We introduce a cutoff length,=30 000 in our numerical simu-

lations, and we let the sum in Eq.s1d run from 1 to,, i.e., we
setan=0 for nù,.

f24g Based on the relationa<1−g /2 f22g, and based on the fact
that the processAsr ,0d is known to generate power-law cor-
related variables with exponentg=1−2r, we obtain the rela-
tion a<0.5+r.

f25g C. W. J. Granger and Z. Ding, J. Econometr.73, 61 s1996d.
f26g R. F. Engle, Econometrica50, 987 s1982d.
f27g The data are publicly available at http://portal.bic-gh.de

PODOBNIK et al. PHYSICAL REVIEW E 71, 025104sRd s2005d

RAPID COMMUNICATIONS

025104-4


