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The electric-field-induced birefringence has been investigated by using a photoelastic modulator, with a view
to obtaining a molecular model for the subphases produced by the frustration between ferroelectricity and
antiferroelectricity in the chiral smectic liquid crystals. It has been found that even in the bulk, there exist two
subphases in the smectic-Ca

* sSm-Ca
* d temperature range. By extending the Emelyanenko-Osipov modelfPhys.

Rev. E 68, 051703s2003dg to include the temperature dependence of the tilt angle, we have alluded to a
possible lifting of the degeneracy at the frustration pointPa, where Sm-CA

* , Sm-C* , and Sm-A have the same
free energy. This leads to the appearance of uniaxial Sm-Ca

* characterized by short-pitch helical structures and
consequently with a pitch much lower than the optical wavelenth. The numerical calculations indicate that the
short pitch may generally increase or decrease monotonically with temperature. Depending on the parameter
value that represents the relative strength of ferroelectricity and antiferroelectricity, the short-pitch temperature
variation may abruptly change from increase to decrease at a temperature; this can be assigned to the observed
phase transition between the two Sm-Ca

* subphases.

DOI: 10.1103/PhysRevE.71.021711 PACS numberssd: 61.30.Eb, 64.70.Md

I. INTRODUCTION

The name of smectic-Ca
* sSm-Ca

* d was given to a
phase in the prototype antiferroelectric liquid crystal,
4s1–methylheptyloxycarbonyld phenyl-48-octyloxybiphenyl-
4–carboxylatesMHPOBCd, when Chandaniet al. tentatively
designated the three sequential phases in the apparently Sm-
C* region as Sm-Ca

* , Sm-Cb
* , and Sm-Cg

* in the order of
decreasing temperaturef1g. The existence of these phases
was also noticed by Fukuiet al. while performing careful
differential scanning calorimetrysDSCd measurementsf2g.
Subsequently, Sm-Cb

* was identified as ordinary Sm-C* . At
first, these Sm-Ca

* and Sm-Cg
* phases were considered as

very special phases characteristically observed in MHPOBC.
This was not to be the case, however. In many compounds
and mixtures which are closely related with antiferroelectric
liquid crystals, varieties of similar interesting polar phases
sequentially emerge in a narrow temperature range around
Sm-CA

* , Sm-C* , and Sm-A f3–7g. Because of the small free
energy difference between Sm-CA

* and Sm-C* together with
the low barrier between them due to the azimuthal angle
freedom, the system is frustrated between the ferroelectric
synclinic and antiferroelectric anticlinic orderings. The frus-
tration causes the temperature-induced sequence of phase
transitions. The polar smectic phases thus produced, often
called “subphases” in contrast to the fundamental phases,
Sm-CA

* , Sm-C* , and Sm-A, are characterized by periods of
more than two smectic layers. All of the possible phases
observed so far are illustrated in Fig. 1. Some of the phases
may not actually emerge in a particular compound or a mix-

ture but, when they exist, they follow this order exactly
f3–5g.

All of the phases between Sm-CA
* and Sm-C* are biaxial,

while Sm-Ca
* is so uniaxial that it is not easy to detect the

*Author to whom correspondence should be addressed. Electronic
address: jvij@tcd.ie

FIG. 1. sColor onlined Possible subphase sequence. Fundamen-
tal phases are Sm-CA

* , Sm-C* , and Sm-A. Several biaxial subphases
between Sm-CA

* and Sm-C* have nonplanar antisymmetric struc-
tures with respect to the middle of the period, which have the hand-
edness determined by the molecular chirality producing spontane-
ous polarization and the discrete flexoelectric coefficientscscfd, but
are still close to the Ising structure characterized by a fraction of the
ferroelectric ordering within a unit cell,qT=fFg / sfAg+fFgd. In ad-
dition, the uniaxial Sm-Ca

* subphase emerges just below Sm-A,
which has the short-pitch helical structure. It will become clear in
this paper that there exist two kinds of the Sm-Ca

* subphases,
Sm-Cai

* and Sm-Cad
* ; the suffixes “i” and “d” refer to increasing and

decreasing short helical pitches with rising temperature,
respectively.
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phase transition between Sm-Ca
* and Sm-A optically. Isozaki

et al. emphasized that the biaxial subphases may constitute a
devil’s staircase and tried to describe the sequence by the
one-dimensional Ising model with the long-range repulsive
interactionf3–5,8,9g. The spin-down and spin-up states rep-
resent the antiferroelectric and ferroelectric orderings of the
neighboring smectic layerssdesignated asA andFd, respec-
tively. The model is too simple to analyze the frustrated sys-
tem under consideration and whether it is really the devil’s
staircase has been a matter of discussion. Nevertheless,
Isozakiet al. have specified the biaxial subphases by a frac-
tion of the F ordering,qT=fFg / sfAg+fFgd, rather appropri-
ately, since the system is frustrated between synclinic and
anticlinic orderings and almost all intermolecular interac-
tions favor a planar structure. In fact, recent sophisticated
experimental techniques have revealed the nonplanar struc-
tures of the biaxial subphases, but the distortions from the
planar structures of their Ising prototypes are not large
f10–15g. TheqT numbers thus defined are also given in Fig.
1. Since all of these biaxial subphases are closely related
with Sm-CA

* , we will specify them as Sm-CA
* sqTd’s as origi-

nally proposed by Isozakiet al. f3g; thus the traditional two
subphases are designated as Sm-CA

* s1/3d and Sm-CA
* s1/2d,

respectivelyf16g. Note that Sm-CA
* s1/3d is a rare but typical

example of the ferrielectric phase observed not only in liquid
crystals but also in condensed materials in general.

When it does appear, on the high-temperature side Sm-Ca
*

always borders Sm-A, whereas on the low-temperature side,
it adjoins with one of the several phases Sm-CA

* ,
Sm-CA

* s1/3d, Sm-CA
* s1/2d, and Sm-C* . The temperature

variation of the smectic layer thickness studied by x-ray dif-
fraction confirmed that Sm-Ca

* is a tilted phase. How can we
understand the uniaxiality in the tilted Sm-Ca

* phase? This
was a fundamental question that arose from the beginning.
Two possibilities were considered:sid randomness in the tilt-
ing direction and sense arises from the reduced intralayer and
interlayer tilting correlations due to the small director tilt
angle f4g and sii d the helical structure with a pitch much
shorter than the optical wavelength is produced by the com-
peting orientational interactions between the nearest- and the
next-nearest-neighbor smectic layersf17–23g. In the early
stages of investigations, Takanishiet al. and Hiraokaet al.
noticed that Sm-Ca

* is not a simple single phase but it may
constitute a devil’s staircasef24–26g. This staircase character
of Sm-Ca

* motivated the consideration of the aforementioned
possibility sid. Actually, however, the possibilitysii d of a
short-pitch helical structure has recently been proven using
sophisticated experimental techniquesf27–38g. The apparent
sdevil’sd staircase character observed by Takanishiet al. and
Hiraokaet al.may result from complexities in the unwinding
process of the short-pitch helical structure. However, it is
worth noting that there exists an abrupt change indicating the
phase transition observed in the Sm-Ca

* temperature range
f39g. A real question that arises now is how can the short-
pitch helical structure and the phase transition be reconciled;
in other words, how can we understand the emergence of two
kinds of the uniaxial Sm-Ca

* subphases in terms of the short-
pitch helical structure?

The aim of this paper is to provide further experimental
evidence for the phase transition in the Sm-Ca

* temperature

range and to foster theoretical understanding of the short-
pitch helical structure by using a model recently proposed by
Emelyanenko and Osipov based on the novel discrete flexo-
electric polarizationf40–42g. Following the Introduction,
Sec. II gives detailed explanation of the method used for
constructing theE-T selectric-field-temperatured phase dia-
gram in terms of the field-induced birefringence. The data
were obtained using PEMsphotoelastic modulatord. This
method of PEM is much easier for determining theE-T
phase diagram as compared to the previously used cono-
scopic method, so that we can clearly prove the emergence
of two kinds of the uniaxial Sm-Ca

* subphases. Section III
summarizes experimental results; in particular, the relative
stability of the two uniaxial Sm-Ca

* subphases is studied by
changing the enantiomeric excesssoptical purityd of a com-
pound, MHPOCBC. In Sec. IV, we first discuss theoretically
the questions as to why the uniaxial Sm-Ca

* subphase
emerges in addition to the biaxial subphases that constitute a
staircase and why there exist two kinds of Sm-Ca

* subphases.
Then we try to review the previous investigations of Sm-Ca

* ,
which in turn raise further issues that need to be resolved in
the future. These issues particularly concern the helical pitch,
relatively long but still too short to be observed by ordinary
optical methods, and a possible existence of Sm-Ca

* in a mix-
ture with zero spontaneous polarization.

II. EXPERIMENT

The samples used weresRd- and sSd-4-s1-methyl-
heptyl-oxycarbonyld phenyl 48-octylcarbonyloxy-biphenyl-
4-carboxylatesMHPOCBCd, whose molecular structure is
given in Fig. 2. Isozakiet al. studied this compound and
reported that Sm-Ca

* has a very wide temperature rangef43g.
We prepared several partially racemized compounds by mix-
ing thesesRd and sSd enantiomers. Homogeneously aligned
cells of 25mm thickness were prepared in order to confirm
the temperature range of Sm-Ca

* by measuring the dielectric
permittivity at a frequency of 1 kHz, with the applied signal
of 0.03 Vpp mm−1 using an impedance analyzer HP-4192A.
Homeotropically aligned cells illustrated in Fig. 3, used for
the measurements of the field-induced birefringence, consist

FIG. 2. Chemical structure of MHPOCBC.sRd and sSd enanti-
omers and their partially racemized mixtures were used.

FIG. 3. sColor onlined Cell configuration with in-plane elec-
trodes for measuring field-induced birefringence.

SHTYKOV et al. PHYSICAL REVIEW E 71, 021711s2005d

021711-2



of two glass plates separated by the Mylar thin-film spacers
of 25 mm thickness. The bottom plate has two ITOsindium
tin oxided stripes as electrodes. The gap between the elec-
trodes is about 180mm. The top glass plate has no ITO layer.
For the homeotropic alignment of liquid crystalline samples,
both inside surfaces of the glass plates were coated with
carboxylato chromium complexschromolaned films, cured
for a duration of 0.5 h at a temperature of 150 °C. The cell
was heated and filled with the sample compound in the iso-
tropic phase and cooled slowly to the Sm-A phase. The
sample was in a hot stage where a temperature control of
about 0.01 °C was achieved. Microscope observations of the
sample were used to check the quality of the homeotropic
alignment. The temperature was changed with a step of
0.1 °C and the waiting time for the structure stabilization at
every temperature point was 5 min, so the mean rate was
0.02 °C/min. Measurements were carried out during the
cooling cycle of the sample. It may be mentioned that prac-
tically the sameE-T phase diagrams were observed during
the heating cycle, but that the application of electric field up
to 3.35 Vmm−1 always degrade the sample quality and
causes a decease in the phase transition temperature by
0.5 °C.

Figure 4 shows a schematic diagram of the setup used for
the field-induced birefringence measurements. A He-Ne laser
with a wavelength of 632.8 nm and a continuous wavescwd
output power of about 2 mW was used as the light source.
Lock-in amplifiers measured the rms voltages of the first and
second harmonics of the signal,V1V and V2V. The right-
handed reference framesx, y, andzd, was so chosen that the
z axis is perpendicular to the smectic layer and the electric
field was applied along they axis as illustrated in Fig. 4. The
axes of the polarizer, PEM, and the analyzer make angles

fP=45°, fM =0°, and fA =−45° with respect to thex axis,
respectively. This setup is sensitive not only to the retarda-
tion due to the linear birefringence of a sample,DnL
=nx−ny,

g = 2psd/ldDnL , s1d

but also to the optical rotatory power due to the circular
birefringence,DnC=nr−nl,

u = psd/ldDnC, s2d

whered is the sample thickness. The sensitivity of the bire-
fringence measurements was better thanDn,10−6. We trace
the states of polarization by using the Jones matrix in order
to determine the field-induced birefringence measured in this
setup.

After the monochromatic light passes through the polar-
izer, the state of polarization is written as

E1 = SE1x

E1y
D =

1
Î2

S1

1
D . s3d

The PEM produces a phase differenced between the com-
ponents of the light wave along thex andy axes,Ex andEy,
which can hence be written as

E2 = SE2x

E2y
D =

1
Î2

Sexpsidd
1

D . s4d

The sample adds a further phase differenceg, and the signal
on its exit becomes

E3 = SE3x

E3y
D =

1
Î2

Sexphisd + gdj
1

D . s5d

Since the analyzer is placed with its axis perpendicular to
that of the polarizer, only the light waves corresponding to
the second term of the equation,

E4 = SE4x

E4y
D =

1

2
f1 + exphisd + gdjg

1
Î2

S1

1
D

+
1

2
f1 − exphisd + gdjg

1
Î2

S− 1

1
D , s6d

enters into the photodiode. Consequently, the laser light in-
tensity detected with the photodiode is given by

I

I0
=

1

4
u1 − exphisd + gdju2. s7d

Since the phase difference produced by the PEM is propor-
tional to the applied voltage,

d = d0 sinsVtd, s8d

whered0 is a constant, Eq.s7d is expanded in terms of the
Bessel functions,

FIG. 4. sColor onlined PEM-based setup for measuring field-
induced birefringence in homeotropic cells with in-plane electrodes.
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I

I0
=

1

2
h1 + J0sd0dcosg − 2J1sd0dsing sinsVtd

+ 2J2sd0dcosg sins2Vtd + ¯j. s9d

The voltage applied to the PEM was so chosen thatJ0sd0d
=0, and hence the second term in Eq.s9d is neglected. The
third and fourth terms are proportional to the lock-in ampli-
fier output voltagesV1V andV2V. In this way, by using Eq.
s1d, we obtain

DnL =
l

2pd
tan−1HJ2sd0dV1V

J1sd0dV2V
J . s10d

III. EXPERIMENTAL RESULTS

We have confirmed the existence or disappearance of Sm-
Ca

* by measuring the real part of permittivity in homoge-
neous cells of 25mm thickness. The technique is rather simi-
lar to that already successfully used by Shtykovet al. f44g.
As illustrated in Fig. 5,sRd-MHPOCBC has a wide tempera-
ture range of Sm-Ca

* from 100.1 to 105.8 °C. The sudden
decrease ofe8 at 100.1 °C indicates the phase transition to
antiferroelectric Sm-CA

* . The peak ofe8 at 105.8 °C repre-
sents the Sm-Ca

* –Sm-A phase transition. On cooling the
sample in Sm-A, the ferroelectric soft mode fluctuations
gradually grow and attain the maximum at the temperature
where the director tilt starts to occur due to the phase tran-
sition to Sm-Ca

* . These results are in accordance with those
reported previouslyf4,5g. The suppression of Sm-Ca

* phase
on racemization is clearly seen in Fig. 5.

Figure 6 shows the corresponding electric-field-induced
birefringence observed in a 25-mm-thick homeotropic cell of
sSd-MHPOCBC at low electric field by using PEM. Birefrin-
gence contours are drawn by solid lines at steps ofDn=0.1
310−4 in the electric field versus temperature space diagram.
In order to obtain information about the structure of Sm-Ca

*

at zero field, we have also drawn some auxiliary contours at
steps of 0.05310−4 in the smallDn regions. We find from
Fig. 6 that Sm-Ca

* is quite uniaxial at zero field and, more
importantly, it consists of at least two parts. Three phase

transitions seem to occur even at zero field. Two of these
transitions are well known. When an electric field is applied,
Sm-A changes into Sm-C* because of the field-induced elec-
troclinic effect and Sm-Ca

* experiences some field-induced
deformations. We can see the boundary between those as the
minima in the birefringence contours, the extrapolation to
zero field of which appears to show the Sm-Ca

* –Sm-A tran-
sition at a temperature of 104.7 °C in the nominally puresSd
enantiomer. Similarly, the minima of birefringence contours
at 99.3 °C corresponds to the Sm-CA

* –Sm-Ca
* transition at

zero field. The third phase transition is observed within the
Sm-Ca

* phase itself at a temperature of 102.3 °C. It should be
noted that slight differences in phase transition temperatures
shown in Figs. 5–7 in pure and racemized compounds arise
from the different cell geometries used in dielectric and bi-
refringence measurements.

To investigate the relative stability of the low- and high-
temperature parts in Sm-Ca

* , we have measured the electric-
field-induced birefringence in the same compound with dif-
ferent optical purities; these are prepared by mixingsSd- and
sRd-MHPOCBC’s. Figure 7 summarizes the experimental re-
sults. The maximum field applied is 3.35 V/mm and bire-
fringence contours are drawn by solid lines at steps ofDn
=1310−4 in theE-T space. Some auxiliary contours are also
shown by dotted lines in the small-Dn regions. The tempera-
ture scale for the abscissa is chosen to be the same for all the
drawings, except for Fig. 7sfd where the temperature scale is
expanded by a factor of 2.7. We have used the same oven
and the same temperature control system throughout the en-
tire set of measurements, results of which are given in Figs.
7sad–7sfd. Hence we can easily and reliably compare the
phase transition temperatures and the other properties in
samples of different optical purity. It should be noted, how-
ever, that there are still some ambiguities in measuring the

FIG. 5. sColor onlined Real part of dielectric permittivity mea-
sured in 25-mm-thick homogeneous cells of nominally pure
sRd-MHPOCBC and partially racemized ones withR/S=90/10,
85/15, 80/20, and 60/40 in weight.

FIG. 6. sColor onlined Electric-field-induced birefringence ob-
served during the cooling cycle in nominally puresSd-MHPOCBC
by using PEM. In order to confirm the phase transition within the
Sm-Ca

* temperature regionat zero field, the maximum field applied
is as low as 0.5 Vmm−1 andDn= ±0.05310−4 contours drawn by
dotted lines are shown without subtracting the noise signal due to
the residual birefringence of the substrate plate and glass windows
used. Solid lines are at steps ofDn=0.1310−4. Abrupt changes in
the temperature dependence of birefringence are reflected in the two
subphases from electric field steps as low as 2.0 mVmm−1 with Dn
as low as 1.0310−6 snot shown in the figure due to overcrowdingd,
provided the corrections due to windows are subtracted.
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precise absolute value of the sample temperature of the order
of 60.3 °C, which is due possibly to the inadequate contact
of the cell with the oven. The results given in Figs. 7sad and
7sbd are obtained for the nominally puresSd- and
sRd-MHPOCBC’s. The diameter of the laser beam was sig-
nificantly larger than the gap distance between the electrodes
when measuring the electric-field-induced birefringence of
sSd-MHPOCBC reported in Fig. 7sad; hence birefringence
levels shown in Fig. 7sad are much lower than those pre-
sented in Figs. 7sbd–7sfd and 6. All of the latter measure-
ments were performed with a focused laser beam so that the
diameter was less than half of the gap distance between the
electrodes. Since the electric field within the laser beam spot
is also not uniform, the absolute value of the birefringence
may therefore slightly differ from the true value. In spite of
these ambiguities, we can conclude from Figs. 7sad and 7sbd
that both enantiomers have practically the same properties.

As the optical purity decreases, theE-T phase diagram
changes from Fig. 7sbd to Fig. 7sfd. In most compounds stud-
ied so far, it has been shown that racemization stabilizes
Sm-C* sSm-Cd. But in this particular compound, MH-
POCBC, racemization does not cause any emergence of Sm-
C* sSm-Cd, although it results in the disappearance of Sm-Ca

*

as usual. The entire temperature range of Sm-Ca
* , which is as

wide as 5.7 °C or more in the nominally pure enantiomer,
becomes considerably narrower with decreasing the enantio-
meric excess as seen in Figs. 7sbd–7sdd. Regarding the rela-
tive stability of the two parts in Sm-Ca

* , the temperature
range of the high-temperature part diminishes faster than that
of the low-temperature part; atR/S=80/20 shown in Fig.
7sed, the high-temperature part disappears but the low-
temperature part still remains; the existence of Sm-Ca

* is also
confirmed by the dielectric measurement given in Fig. 5.
Both of them—i.e., Sm-Ca

* itself—could not be observed at
R/S=60/40 as shown in Fig. 7sfd. This difference in the
disappearance processes also supports the aforementioned
view that the two parts are the subphases of Sm-Ca

* , though
the previous detailed calorimetric studies could not detect the
phase transition between these two parts. The calorimetric
investigations clearly showed that the Sm-Ca

* –Sm-CA
* and

Sm-A–Sm-Ca
* phase transitions are of first order. The large

negative birefringence observed in Sm-CA
* results from the

helical unwinding process and means that the tilting direc-
tion of the in-layer directors tends to be parallel to the ap-
plied electric field.

FIG. 7. sColor onlined
Electric-field-induced birefrin-
gence observed during the cooling
cycle in several MHPOCBC’s
with different optical purity: sad
nominally puresSd, sbd nominally
pure sRd, scd R/S=90/10 in
weight, sdd 85/15,sed 80/20, and
sfd 60/40 in weight. The heating
cycle gave practically the same
data with some shifted transition
temperature by ca. 0.5 °C. As the
optical purity decreases, both
high- and low-temperature parts
become smaller, the high-
temperature part first disappears in
sed, and finally both could not be
observed insfd. Since the tempera-
tures were changed with a step of
0.1 °C, birefringence contour lines
show some factitious uneven
variation. This is particularly con-
spicuous insfd, where the abscissa
temperature scale is 2.7 times
larger in sfd. See text for the rea-
son why the birefringence levels
in sad is much smaller than the
others. The birefringence contours
drawn in solid lines are at steps of
Dn=1.0310−4.
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IV. THEORY AND DISCUSSION

A. Emelyanenko-Osipov model: Discrete flexoelectric effect
and effective long-range interactions

The emergence of two kinds of Sm-Ca
* is firmly estab-

lished in the bulk as shown in Figs. 6 and 7. Let us now try
to reconcile the short-pitch helical structure with the phase
transition in the Sm-Ca

* temperature range. Since the trial
should naturally make it possible to understand the emer-
gence of a series of biaxial subphases that show the staircase
character, we start to generalize the simplest model for ex-
plaining the staircase character. It is the one-dimensional
Ising model with long-range repulsive interactionf3–5,8,9g,
which was used by Isozakiet al. in the early stages of the
investigation. The direction of the tilt in a smectic layer can
be specified by an Ising-like variable, which represents the
collective property of a smectic layer as a whole but not the
individual spin sthe tilt direction of each moleculed; hence
the long-range interaction can be interpreted as a coupling
between the director orientations in distant smectic layers.
The long-range interaction should be chiral in nature because
all of the subphases disappear in achiral smectic liquid crys-
tals. Now the problem is to find an appropriate long-range
coupling between the director orientations in distant smectic
layers that are determined by the molecular chirality. In ad-
dition, the initial Ising model should be replaced by a more
realistic planar rotator model in order to account for a con-
tinuous rotation of the director about the smectic layer nor-
mal. Quite recently, Emelyanenko and Osipov proposed a
model that can describe a sequence of polar biaxial smectic
subphases with a realistic nonplanar structure without taking
into account strong direct chiral interactions between the dif-
ferent smectic layers or direct orientational interactions be-
tween the distant smectic layersf40g. Their model is based
on the novel discrete flexoelectric effect, which produces the
flexoelectric polarization that is not parallel to the ordinary
spontaneous polarization determined by the molecular chiral-
ity f41,42g.

The total free energy is written as

F = o
i=1

N

sFi + DFid, s11d

whereN is the total number of smectic layers and the free
energy Fi does not depend on the polarization. All the
polarization-dependent terms are included inDFi which is
written as

DFi =
1

2x
hPi

2 + gsPi ·Pi+1 + Pi ·Pi−1dj + cssPi · jid

+ cf cosusPi · Dni±1d. s12d

The first term describes the dielectric energy of the smectic
layer and the coupling between the polarization vectors in
neighboring layers,Pi and Pi±1, where x is the dielectric
susceptibility andg is the dimensionless parameter charac-
terizing the relative strength of the coupling. The second
term describes the coupling between the polarization and the
tilt ji =sni ·k0dfni 3k0g, where cs is a pseudoscalar deter-

mined by the molecular chirality,k0 is the smectic layer
normal, and the director is specified asni
=ssinu cosfi ,sinu sinfi ,cosud in terms of the tilt angleu
and the azimuthal anglefi. In the absence of any other ef-
fects this term gives rise to the spontaneous polarization of
the layer, Ps,i =−xcsji, which is perpendicular to the tilt
plane. In the general case, however, the direction of the total
polarization of a smectic layer is not parallel toji because of
the flexoelectric polarization described by the last term,
where cf is the discrete flexoelectric constant andDni±1
=ni+1−ni−1.

By assuming that the tilt angle does not depend on tem-
perature, the free energyFi can be expressed in terms of the
angles between the tilt planes in the neighboring layers,
fi,i+1;fi+1−fi andfi−1,i ;fi −fi−1. Emelyanenko and Osi-
pov assumed that the tilt angleu is constant; neglecting its
temperature dependence, they wrote the free energyFi as

Fi = F0sud − a
DT

T* scosfi−1,i + cosfi,i+1d

− bscos2 fi−1,i + cos2 fi,i+1d. s13d

The first termF0sud is the same for all the layers and depends
on the homogeneous tilt angleu, and the second and third
terms depend not only onu but also on the relative orienta-
tion of the directorni specified by the azimuthal anglefi,
whereDT;T−T* , and T* is the transition temperature be-
tween synclinic Sm-C* and anticlinic Sm-CA

* in the absence
of any subphases. Various subphase structures with different
periods should correspond to the minima of the total energy
given by Eqs.s11d, s12d, ands13d. The minimization should
be made with respect to polarizationPi and the azimuthal
anglesfi, since the tilt angleu is assumed to be constant.
Any direct long-range coupling is not taken into consider-
ation in this model. After minimizing the total free energy
with respect toPi, however, an effective long-range coupling
emerges from the polarization-dependent terms given by Eq.
s12d. There are only four independent dimensionless param-
etersaDT/ sbT*d, xcscf /b, cs/cf, andg. Only the first param-
eter is temperature dependent. The second parameter shows
the relative strength of the polarization contribution and the
third describes the relation between the discrete flexoelectric
and spontaneous polarizations. The last coefficientg depends
on the positional correlations between the molecules in
neighboring layers and is expected to be lower than 1.

They further assumed that the anglefi,i+1 may be split
into two parts,

fi,i+1 = fi,i+1
0 + Dfi,i+1, s14d

where the anglefi,i+1
0 is equal to 0 orp only and hence

specifies the synclinic or anticlinic ordering, while the angle
Dfi,i+1 is small. This assumption is based on evidence pro-
vided by some experimental results that all of the biaxial
subphases may be nonplanar but the actual structure of these
subphases does not deviate largely from the corresponding
planar prototype. Emelyanenko and Osipov first found a
unique structure of the subphase with fixed period oft layers
and then selected the one that corresponds to a global mini-
mum at a given temperature by performing numerical calcu-
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lations for all values of the number of layers up tot=9. They
obtained the structures of the subphases with the period of
four, three, eight, five, seven, and nine layers in the order of
decreasing temperature between Sm-C* and Sm-CA

* . When
these structures are specified by using the aforementionedqT
number, their calculated results faithfully reproduce the most
general subphase sequence experimentally determined and
illustrated in Fig. 1. It should also be noted that the structures
with three- and four-layer periodicity exactly correspond to
the experimental findings including the order of layers with
different director orientations within the period. At the same
time, however, they could not explain the emergence of
uniaxial Sm-Ca

* , since they assumed that the tilt angle is
constant and independent of temperature.

B. Extended model with temperature-dependentu: Two types
of frustration points and lifting of their degeneracy

The temperature dependence of the tilt angleu and its
influence on the free energyFi has been considered in detail
in the molecular theory of the anticlinic Sm-CA

* f41,45g. In
Eq. s13d F0sud was considered as a constant, but can now be
written as

F0sud ⇒ asT̃ − 1dsin2 u + B sin4 u, s15d

whereT̃=T/TA
* is the dimensionless temperature normalized

by TA
* sthe phase transition temperature between SmA and

SmC* or SmCA
* d, and a.0 and B,0 are the ordinary

temperature-independent dimensionless constants. Further-
more, in the second and third terms of Eq.s13d, −aDT/T*

and −b should be replaced by

− a
DT

T* ⇒ sin2 2uS−
1

2
Veff +

d4

2T̃ cos6 u
D s16d

and

− b ⇒ sin4 uS3V1 −
d4

2T̃ cos6 u
D , s17d

respectively. Hered is the dimensionless transverse dipole
moment,Veff=−s3V1+V3d, andV1 andV3 are the dimension-
less coefficients in the expansion of the interlayer interaction
potential in terms of the spherical bases. For the sake of
simplicity, we can considersid the tilting of the director re-
sults from the short-range interactions within a layer as given
in Eq. s15d and sii d which of the fundamental phases, syn-
clinic Sm-C* or anticlinic Sm-CA

* , does emerge at a particular
temperature is determined by the short-range interactions be-
tween the neighboring layers. As discussed in detail by Osi-
pov and Fukudaf45g, it is considered to beV1,0 andVeff
.0.

By using Eqs.s15d, s16d, ands17d, the free energyFi that
does not depend on the polarization can now be written as

Fi = asT̃ − 1dsin2 u + B sin4 u + sin2 2uS−
1

2
Veff +

d4

2T̃ cos6 u
D

3scosfi−1,i + cosfi,i+1d + sin4 uS3V1 −
d4

2T̃ cos6 u
D

3scos2 fi−1,i + cos2 fi,i+1d. s18d

In this way, the total free energy in Eq.s11d is rewritten by
using Eqs.s12d ands18d in order that the temperature depen-
dence of the tilt angleu has been taken into account. Without
considering the polarization-dependent terms given by Eq.
s12d, which effectively produce the long-range intermolecu-
lar interactions between the distant smectic layers, the total
free energy favors the planar structures only—i.e.,fi,i+1=0
or p andfi−1,i =0 or p—and always stabilizes the synclinic
Sm-C* or anticlinic Sm-CA

* . This is easily seen from Eq.s18d
since the last term is always negative. Moreover, the free
energy difference between Sm-C* and Sm-CA

* together with
the corresponding phase diagram was obtained from Eq.s18d
as given in the previous paperf39g. Only two parameters are
needed to characterize the figure;a /B mainly describes the
temperature variation ofu andd4/Veff can be regarded as the
ratio of the relative strength of antiferroelectricity versus fer-
roelectricity. The synclinic ferroelectric and anticlinic anti-
ferroelectric phases thus stabilized, Sm-C* and Sm-CA

* , are
frustrated because of the low-energy barrier between them
due to the azimuthal angle freedom. Whend4/Veff,1, in
particular, two frustration points exist: one is the phase tran-
sition point between Sm-CA

* and Sm-C* , PA, where the domi-
nant ordering forces happen to change sign, and the other is
a slightly peculiar pointPa where three phases Sm-CA

* ,
Sm-C* , and Sm-A have the same free energyf39g.

When we take into account the polarization-dependent
terms given by Eq.s12d, the degeneracy in the free energy at
PA andPa may be lifted with a consequence that a variety of
polar subphases may emerge. The independent dimensionless
parameters that we need to draw the phase diagram area /B,
Veff /B, d4/Veff, andV1/Veff in addition to the aforementioned
parameters characterizing the effective long-range interac-
tions, xcscf /B, cs/cf, andg. Actually, whend4/Veff!1 and
the phase transition between Sm-CA

* and Sm-C* occurs in the
temperature range where the tilt angleu can be considered
temperature independent, Emelyanenko and Osipov showed
that the degeneracy lifting atPA results in the emergence of
polar biaxial subphases with nonplanar structures that do not
deviate largely from the corresponding planar prototypes.
These biaxial subphases are naturally well specified byqT
numbers as illustrated in Fig. 1. According to our numerical
analysis of the total free energy given by Eqs.s11d, s12d, and
s18d, on the other hand, the lifting of degeneracy atPa where
the temperature dependence of the tilt angleu must play an
essential role produces optically uniaxial but symmetrically
deformed nonplanar structuresapsl specified by the short he-
lical pitch psl as illustrated in Fig. 8. Because of their highly
symmetric uniaxial structures, the spontaneous polarizations
are canceled out within the unit cell; hence all of them are
antiferroelectriclike.
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C. Some calculated phase diagrams

The phase diagram is obtained by considering only the
subphase structures with periodicities of up to nine smectic
layers because of a limitation in the computation time. Let us
now trace the evolution of several uniaxial and biaxial sub-
phases from a conventional system which does not exhibit

any subphases. We draw somed4/Veff-T̃ phase diagrams by
changing the ratiocf /cs as shown in Fig. 9, sinced4/Veff and
cf /cs are considered to be the two important parameters
f40–42,45g. If the discrete flexoelectric effect is absent—i.e.,
cf /cs=0—only three fundamental phases Sm-CA

* , Sm-C* ,
and Sm-A emerge and they are separated by the three bound-
ary lines, which meets at the pointPa where the three phases
have the same free energy as illustrated in Fig. 9sad. When
d4/Veff,1.1, the system undergoes a direct Sm-CA

* –Sm-C*

transition at a pointPA on the boundary line between them,
which hereafter we call the synclinic-anticlinic boundary. If,
however,d4/Veff.1.1, only Sm-CA

* is stable and Sm-C* does
not emerge. In Fig. 9sbd the discrete flexoelectric effect is
very small. We can see that two Sm-Ca

* areas with different
short helical pitches,a9/4 and a9, arise close to the frustra-
tion point Pa on both sides of the synclinic-anticlinic bound-
ary. The areaa9, which is located on the right side of the
boundary, has a periodicity of nine smectic layers which de-
scribes one complete turn through nine equal small steps.
This area resembles the synclinic Sm-C* phase very much.
The areaa9/4, which is located on the left side of the bound-
ary, also has the same periodicity of nine smectic layers, but
it describes four complete turns within a unit cell of nine
layers. The rotation between the neighboring layers is
2p / s9/4d, which is almost equal top; hence this area re-
sembles the anticlinic Sm-CA

* phase.
By increasing the coefficient of discrete flexoelectric ef-

fect, Sm-Ca
* regions with different short helical pitches arise

one after the other on the right and the left sides of the
synclinic-anticlinic boundary. Figures 9scd and 9sdd indicate
that they differ more and more from the synclinic and anti-
clinic prototype structures as they approach the pointPa. As
already stated only the subphase structures with periodicities
of up to nine smectic layers were taken into account in our
numerical analysis due to a limitation in the computation

time. This apparently causes a discontinuous change in the
short helical pitch. In realitysand this is checked analyti-
callyd, the short helical pitch becomescontinuouslylonger
with rising temperature on the left side of the boundary,
while it becomescontinuouslyshorter on the right side. In
other words,apsl itself is not a subphase but it just specifies
one of the short-pitch helical structures of the Sm-Ca

* sub-
phase. It should be noted, however, that the short helical
pitch changes abruptly when the temperature crosses the
synclinic-anticlinic boundary. This means that two different
kinds of the Sm-Ca

* subphases exist, which are separated by
the synclinic-anticlinic boundary. We would like to designate
these as Sm-Cai

* and Sm-Cad
* ; the suffixes “i” and “d” refer to

increasing and decreasing short helical pitches with rising
temperature, respectively. In a range of 0.4,d4/Veff,0.55
shown in Fig. 9sdd, for example, the abrupt change occurs
approximately betweena3 anda8-a9. By further increasing
the coefficient of discrete flexoelectric effect, we obtain Figs.
9sed and 9sfd. The synclinic-anticlinic boundary disappears in
the Sm-Ca

* region where thed4/Veff is relatively large, and a
corridor appears where the anticlinic Sm-CA

* phase trans-
forms gradually to Sm-Ca

* , and then gradually to the syn-
clinic Sm-C* phase without any break point.

Figure 9sdd also indicates that the synclinic-anticlinic
boundary breaks into two lines, and a sequence of biaxial
subphases arises in the area between these two lines. We can
distinguish the prototype biaxial subphases Sm-CA

* s1/3d and
Sm-CA

* s1/2d. On the lower-temperature side, the system may
exhibit several additional biaxial subphases with smallerqT
values. Contrary to the Sm-Ca

* areas designated asapsl, all of
the biaxial subphases Sm-CA

* sqTd have their own stable areas
specified byqT and the transitions between them are inher-
ently discontinuous f40g. In other words, the biaxial
Sm-CA

* sqTd subphases have the staircase character. At the
same time we can consider that Sm-CA

* sqTd has the short-
pitch helical structure, though largely deformed because of
the biaxiality, with its handedness determined by the sign of
cscf. As qT monotonically increases from 0sSm-CA

* d to 1
sSm-C*d with rising temperature, the short helical pitch be-
comes longer from two smectic layerssSm-CA

* d to infinity
sSm-C*d. It should be noted that the first-order phase transi-
tion appears to occur between the biaxial subphase and Sm-
CA

* or Sm-C* . On the other hand, no phase transition occurs
between the uniaxial Sm-Ca

* subphase and Sm-CA
* or Sm-C*

and that the change is always continuous. This is an open
question, because experimentally the first-order phase transi-
tion is commonly observed between Sm-Ca

* and Sm-CA
* or

Sm-C* . We note that something important is still missing in
the extended model that has been developed in this subsec-
tion.

D. Understanding of the experimental observations
on the basis of the extended model

In our previous paperf39g, we tentatively assigned the
low-temperature part toa4 and the high-temperature part to
a3, respectively. However, the numerical analysis based on
the extended model indicates that we should assign the low-
temperature part to Sm-Cai

* and the high-temperature part to

FIG. 8. sColor onlined Short-pitch helicalsor nonplanard and
consequently optically uniaxial structuresapsl specified by the short
helical pitchpsl measured as the number of smectic layers in one
turn or single pitch. Ina5, for example, we haveufi,i+1u=2p /5,
while ufi,i+1u=4p /5 in a5/2. There are right-handed and left-handed
short-pitch helical structures as shown at the top and bottom, re-
spectively; the sign ofcscf determines the handedness.
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Sm-Cad
* . Whether the short pitch becomes shorter or longer

with increasing temperature depends on the parameters, par-
ticularly d4/Veff. When it is small and Sm-Ca

* directly adjoins
Sm-C* on the low-temperature side, the short pitch becomes
shorter with rising temperature. On the other hand, when it is
large and Sm-Ca

* directly adjoins Sm-CA
* on the low-

temperature side, the short pitch becomes longer as actually
observed in MHPOCBC by Cadyet al. f36g They used much
thinner free-standing films with 50–100 smectic layers and
concluded that the pitch continuously becomes longer from
2.6 to 3.0 smectic layers with rising temperature. Their re-
sults indicate that the short-pitch increasing region corre-
sponds to the low-temperature part, and that the short pitch
may decrease in the high-temperature part, which they could
not observe probably because of the strong influence of the

interface effects characteristic to the thin free-standing films
they used. In this way, the only possible way to reconcile the
emergence of the two kinds of Sm-Ca

* subphases and the
short-pitch helical structure is to correlate the boundary be-
tween the high- and low-temperature parts to a changeover
region where the short-pitch temperature variation abruptly
changes from increase to decrease. The numerical calcula-
tions based on the extended model indicate that such a
changeover region really exists in the phase diagram and is
closely related to the appearance of the biaxial subphases.

Let us consider the phase sequence where Sm-C* adjoins
on to the low-temperature side of Sm-Ca

* . Since both phases
have the same symmetry, the helical pitch may exhibit a
continuous evolution and the change does not occur as a
phase transition. The situation is similar to the well-known

FIG. 9. sColor onlined Evolution of the system with the strength of flexoelectric effect increasing: Thick lines detach Sm-A* , Sm-C* ,
biaxial subphases, and Sm-CA

* . Hereapsl
denotes the Sm-Ca

* structure with the number of smectic layers in the short helical pitch. In the
region of biaxial subphases the ratios, 1/2, 1/3, 1/4, etc., denote the relative number of synclinic pairs within the unit cellqT. The

parameters are chosen as follows:B=B0+B1sT̃−1d; a /B1=−2; B0/B1=−0.1; Vef f/a=2.25·10−3; uV1/Veffu=4/3, gÎVef f/d
4=0.38; cs=cf

=0 in sad; x cscf /d
4=0.48 in sbd-sfd, andcf /cs=1/8 sbd; 1 /4 scd; and 1/2sdd; 1 sed; 2 sfd.
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liquid-gas transition. The order parameter—i.e., the
density—continuously changes above the critical tempera-
ture and no phase transition is observed. Below the critical
temperature, the first-order transition occurs between the liq-
uid and gasf35,46g. In fact, some materials show the first-
order transition Sm-C*–Sm-Ca

* . Emaet al. f47g and Asahina
et al. f48g performed detailed calorimetric investigations in
MHPOBC and confirmed the first-order transition. Note that
the presence of Sm-Ca

* was clarified by DSC during the early
stage of investigationsf1,2g. The sordinaryd helical pitch of
Sm-C* sharply becomes shorter with increasing temperature
but the Bragg reflection due to thesordinaryd helical struc-
ture suddenly disappears at the phase transition from Sm-C*

to Sm-Ca
* . The first indirect evidence for the short-pitch he-

lical structure of Sm-Ca
* was given by Lauxet al. f27–29g in

a thiobenzoate series,nOTBBB1M7 sn=10, 11, and 12d.
Their method depends on the optical microscope observation
of Friedel fringes at the free surface of very flat drops put
onto a glass slide. Although the observed Friedel fringes do
indicate the presence of a periodic structure on the nanom-
eter scale but these do not have one-to-one correspondence
with the helical pitch. More direct evidence was supplied by
Mach et al. and Johnsonet al. in 10OTBBB1M7 f30–32g.
They confirmed the existence of the short-pitch helical struc-
ture and that the short helical pitch decreases from eight to
five layers on cooling by using resonant x-ray scattering and
the optical reflectometry and ellipsometry techniques.

On the contrary, Schlauf and Bahr obtained different re-
sults and suggested a continuous evolution from Sm-Ca

* to
Sm-C* in 11HFBBM7f33g. They used ellipsometry and con-
cluded that the short-pitch helical pitch of Sm-Ca

* decreases
from ,40 to ,20 smectic layers with rising temperature. A
similar continuous evolution, together with some counter-
examples indicating the first-order transition between Sm-C*

and Sm-Ca
* mentioned above, was later confirmed by Cruzet

al. f49g in the tolane series and by Cadyet al. f35g in
11OTBBB1M7. Cruzet al. emphasized that DSC signal in-
dicating the phase transition between Sm-C* and Sm-Ca

* was
not observed in the case where a continuous evolution of the
helical pitch takes place. The results on optical rotary power
sORPd measurements in 11OTBBB1M7f50g also confirm
this pitch temperature dependence. It should be noted that by
simply observing the full pitch band in oblique incidence of
light on the sample, we can measure the helical pitch as short
as ,30 smectic layersf28,39,49g. Now two real questions
arise:sid How can we understand the occurrence of the first
order transition between Sm-C* and Sm-Ca

* experimentally
confirmed in the framework of the extended Emelyanenko-
Osipov model outlined in Sec. IV B?sii d Is there any com-
pound or mixture in which the continuous change between
Sm-CA

* and Sm-Ca
* really occurs? We are in the process of

performing detailed theoretical and experimental investiga-
tions.

Before closing this discussion section, we make two ad-
ditional comments. One is the apparent divergence of the
Sm-Ca

* helical pitch observed by Lauxet al. in the Friedel
fringes of a very flat drop of a thiobenzoate series
snOTBBB1M7d sn=9 and 10d on a glass slide. The relation
between the pitch and observed optical period does not seem
to be simple as already pointed out above. In fact, a pro-

nounced dependence of the observed optical period on the
thermal history of the sample was found. Note that such a
thermal history dependence has not been observed in the
resonant x-ray and optical measurements using freely sus-
pended films and heating and cooling runs yield well-
reproducible results. The Sm-Ca

* helical structure is very
fragile or soft, probably because of the small tilt angle asso-
ciated with large values of the azimuthal angle between the
adjacent layers. This is particularly so when the phase tran-
sition occurs within Sm-Ca

* , between the high- and low-
temperature parts as illustrated in Figs. 6 and 7. Even a small
applied electric field induces large birefringence in the tem-
perature region of the phase transition. Consequently, several
kinds of defects are easily formed and this disturbs the Frie-
del fringe patterns. The resulting patterns may have been
interpreted as the divergence of Sm-Ca

* helical pitch. The
easily deformable character at the phase transition was also
observed by Isozakiet al. in the electric field dependence of
conoscopic figuresf4,51g. The second comment is related
with the LCICD sliquid-crystal-induced circular dichroismd
observed by Yamadaet al. in a binary mixture systemf52g.
They detected LCICD even in Sm-Ca

* and Sm-A. The ob-
served LCICD does not result from the Sm-Ca

* short helical
structure but from the dynamical helical structure related
with the soft mode fluctuations recently discussed in detail
by Oriharaet al. and Fajaret al. f37,38g. Yamadaet al. also
showed that Sm-Ca

* emerges when the spontaneous polariza-
tion becomes zero at a particular concentration of the binary
mixture f52g. This fact apparently contradicts the basis of the
Emelyanenko-Osipov model, becausePs=0 appears to mean
cs=0 and no subphases, biaxial and uniaxial, would exist. We
have to solve this discrepancy in the future. Two helical
pitches, one increasing and the other decreasing with rising
temperature, have recently been observed in the Sm-Ca

*

phase of different compoundsf53g but the existence of both
in the same compound has not yet been observed.

V. CONCLUSIONS

We have studied the electric-field-induced birefringence
in the uniaxial Sm-Ca

* subphase of MHPOCBC and have
found the phase transition within the Sm-Ca

* temperature
range. This means that Sm-Ca

* consists of two subphases
Sm-Cai

* and Sm-Cad
* . By extending the Emelyanenko-Osipov

model to take into account the temperature dependence of
the tilt angle, we have alluded to a possible lifting of the
degeneracy at the frustration pointPa, where the fundamen-
tal phases Sm-CA

* , Sm-C* , and Sm-A have the same free
energy. This leads to the appearance of uniaxial subphases
characterized by short-pitch helical structures with a pitch
much lower than the optical wavelength and which are
clearly nonplanar. The numerical calculations indicate that
the short pitch may generally increase or decrease monotoni-
cally with temperature. Depending on the parameter value
that represents the relative strength of ferroelectricity and
antiferroelectricity, however, the short-pitch temperature
variation may abruptly change from increase to decrease
when the temperature crosses the synclinic-anticlinic border;
this can be assigned to the observed phase transition between
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the two uniaxial subphases Sm-Cai
* and Sm-Cad

* . Here the
suffixes “i” and “d” refer to the increasing and decreasing of
the short helical pitch with rising temperature, respectively.
By performing detailed numerical analysis along this line,
we will be able to understand the varieties of uniaxial and
biaxial subphase sequences and to clarify the resulting com-
plicated properties of uniaxial Sm-Ca

* as well as of the biax-
ial subphases so far observed. It should be noted that the
extended Emelyanenko-Osipov model does not require any
strong chiral interactions among the smectic layers or direct
long-range interactions between the distant layers; frustration
between ferroelectricity and antiferroelectricity comes from
the nearest-neighbor interactions—i.e., the short-range inter-
actions in the adjacent layers.
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