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Suppression of scroll wave turbulence by noise
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Rotating scroll waves are dynamical spatiotemporal structures characteristic of three-dimensional active
media. It is well known that, under low excitability conditions, scroll waves develop an intrinsically unstable
dynamical regime that leads to a highly disorganized pattern of wave propagation. Such a “turbulent” state
bears some resemblance to fibrillation states in cardiac tissue. We show here that this unstable regime can be
controlled by using a spatially distributed random forcing superimposed on a control parameter of the system.
Our results are obtained from numerical simulations but an explicit analytical argument that rationalizes our
observations is also presented.
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Excitable media may propagate a rich variety of wavetween the forcing modulation and the intrinsic rotation mode
structures, a scroll wave being a particular form characterisef the scroll waveg4]. Here, however, the rationale to inter-
tic of three-dimensional systeni$]. This structure has spe- pret our results will be a change in the filament tension as a
cial interest in the dynamics of the cardiac tissue. Actuallygenuine effect of the external spatiotemporal noise.
scroll waves have often been related to cardiac arrhythmias Examples of excitation waves are ubiquitous in nature or
and their eventual degeneration into a turbulent regime hai& laboratory-tailored experiments. Waves of chemical con-
been sometimes invoked as a possible mechanism to undétentrations for bulk autocatalytic or surface reacti¢6l
stand the fibrillating state of the heart, preceding cardia®ulses of the so-called action potential in the previously re-
death[2]. Therefore, studies of how to control this instability ferred cardiological contex], or accumulated passing pro-
phenomenon are worth performing. files of signaling agents, triggering aggregation in popula-

In its traverse cross section a scroll wave looks like allons of Dyctiostelium discoideurfs], are among the most
spiral. Such spirals are stacked one upon another, with th§/€ll-documented realizations. To encompass as many as pos-
free edge of the scroll wave rotating around an unexcitabl§'P1€ Of the above-mentioned scenarios and to prove the ge-

filament. This filament may be straight or curved; it may alsgeric nature of the proposed mechanism of taming scroll
wave turbulence by noise, the results here reported refer to

form_ closed rngs that, depending on the conditions of thethe simplest scheme of an excitable system, as represented
medium, may either contract or expand, or even form mor%y the so-called Barkley mod¢®]
complicgted_ er_ltangled Iooqg]. The stability of _this fila- As a direct antecedent of our étudy here, experimental and
ment will principally determine the dynamic regimes of the \,nerical studies abound reporting different manifestations
whole wave structure. In particular, under low excitability of what could be opportunely qualified as an ordering role of
conditions, the straight filament is known to be unstable, i.e.external noise when acting on extended dynamic systems
it is endowed with a negative tensi¢see belowy, leadingto  [10]. There is no mystery in these counterintuitive phenom-
a highly disorganized wave propagation regime. Actually.ena, but rather these findings reveal disparate signatures of
such a scenario constitutes a particular route to what we havgie delicate coupling between noise and the nonlinearities of
recently referred to as Winfree turbulenf€,5]. Our aim  mgst of these systems. We leave apart the context of summed
here is to study the stability of scroll waves when they propayp additive noise-triggered resonant or coherent effects in
gate under external fluctuations of the medium excitability.connected lattices, to concentrate on more genuine features
We W|" eVentUa”y demonstrate, I‘ather Counterintuitively, of parametric (mumphca'“ve) noise acting on pattern_
that episodes of chaotic wave propagation can indeed be sugypporting systems. Focusing purely on wave phenomena, it
pressed by using a spatially distributed random external forchgs been proved analytically and found numerically and ex-
Ing. perimentally, mainly using the photosensitive Belousov-
Previous numerical research dealing with nonresonant pezhapotinsky reactiofil1-13, that external fluctuations may
riodic global modulation of such turbulent states, demon-jiow the propagation of one-dimensiondD) waves in
strated that it is possible to suppress these chaotic episodgfsnexcitable medifl3], sustain the propagation of pieces of
resetting the forced weak excitable system into its normalyayes, favor the growth of spiral waves in subexcitable me-
conducting condition$4]. Here, although the outcome will dia[11,13-17, and even generate target patterns, mimicking
be similar, the mechanism is completely different, and this isyscillatory conditions, in strictly excitable medja3]. Sev-
a key point of this Brief Report. In the case of time periodiCeral of these effects can be interpreted by assuming an in-
uniform forcing it amounts to a near resonant coupling becrease of the effective excitability of the media due to the
spatiotemporal stochastic forcing. However, it is fair to say
that this conclusion may largely depend on the specific way
*Corresponding author. Email address: s.alonso@qf.ub.es the external noise enters into the intrinsic considered dynam-
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ics. As a matter of fact the reverse situation of a decrease( =57 t=15T £=25T
excitability has been also very recently demonstraiie].

All these studies, however, refer to two-dimensional sys-
tems, the only exception, to our knowledge, being a few
preliminary reports of noise effects on three-dimensional
systems[19,20, devoted, respectively to the role of noise
either in nucleating waves or in extending the lifetime of
scroll rings.

As a minimum scheme for an excitable system, the equa-
tions of the Barkley mode9] under parametric noise forc-
ing read

t=40T t=60T t=80T

1 +h+ &xt
du=D,Vu+-u(l —u)(u— vff(x))
€

do=u-v. 1) £=100T £=150T £=200T
We have chosen to introduce the noise through the param

eterb— b+ £&(x, 1), since this parameter is singularly relevant

in determining the excitability of the medium. The stochastic

processé(x,t) is assumed to be a Gaussian white noise with

zero mean and correlation,

(£, DEX 1) = 2078t~ ') S(x — X). ) FIG. 1. Evolution of an initially unstable straight filament. At

Notice that the noise is spatiotemporally distributed, un-time t=40T, a random forcing is added to the medium. Further
correlated, and coupled to the dynamics of the system norgvolution of the system goes in the direction of filament stabiliza-
linearly. For the numerical simulation of these equations Wéion. Points pertaining to the filament are calculated using the pre-

have discretized Eqd) in a 3D grid and numerically inte- scriptionug=1/2 andd,u;=0 during a \_/vhole period of rotation of
grated the corresponding set of ordinary stochastic diﬁerentéhins(;:?” (;Akl)i\éfvg'{izl:]ngnfzﬁsvgl’zfv)\jnﬂ:in;(aai[h:;15;. sThTJEt ijl)ggél a
tial equations, using finite spatial differences with a 19-point P g pshot. P

s " . rameter values ara=1.1,b=0.16, €=0.02, andD=1. Simulation
prescription for the Laplacian, and the explicit first orderwas run in a box of 158 150% 150 pixels withAx=0.4 andAt
Euler method for the time variabld.0]. No flux boundaries _ 4, using nondimensional distance and time units.
conditions were used throughout the whole numerical study. ’

Our objective is to study this model under conditions of L
weak excitability, actually near the subexcitable limit beyondP€ randomly generated through all the system, giving rise to

which waves are no longer supported by the media and dét N0iSy disorganized pattern of wave propagation.
cay. It is worth emphasizing at this point that under these In Flg. 21t IS shown that such astab_lhzatlon mechanism is
conditions, spiral waves in two dimensions are completelyd€eric and independent of the particular topology of the
stable but filaments of the 3D scroll waves are unstable. Thidlament. There, we reproduce several snapshots correspond-
means that a nonperfectly straight filament, no matter hoy?d t0 the dynamical evolution of a scroll ring. For zero or

much distorted it may be, starts to snake and bend aroun&,m‘?‘” noise intensity the scroll ring develops the turbulent

giving rise to an endlessly growing entangled coil. Neverthef€9ime and breaks out when it hits the boundaries. On in-

less, the filament remains intact until it reaches the boundS'€@sing the intensity of the fluctuations, the scroll ring is
aries, where it breakgs,21]. This regime is represented in marginally stabilized or more generally forced to eventually

the first four spots of Fig. 1 for an initially straight untwisted Shfink and disappear. ,
filament with the two ends located at the upper and lower Let us introduce now the theoretical framework to analyze

plane boundaries of a cubic slab. For larger times, the systefi€Se results. To describe the dynamics of the filament one

would display a complicated and incoherent pattern of wavd@y endow it with a linear tensiom in such a way that, as a

propagation which evokes the fibrillation regime of a cardiadi'St approximation, the radius of any of its curved portions

evolves with a rate proportional to its curvatyg®],

tissue.

Indeed, in the same Fig. 1 we can see the effects of the
stochastic forcingthe last six spobs It appears clearly that d_R: _a (3)
after the introduction of the external noise the instability is dt R’

eliminated and the remaining pieces of the filament stretch

out to adopt straight conformations with small random mo-This tension is usually considered positive, but it has been
tions. This effect will be possible, however, only for a lim- found that there is a wide region in the parameter space of
ited range of noise intensities. For high enough intensitiegeneric excitable media, corresponding precisely to weak ex-
the noise would perturb the full 3D system and waves woulctitability, where it is negativgs,21].
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FIG. 4. The filament tension as a function of the noise inten-
sity. Values are estimated by fitting the numerical simulation results
with the analytical solution of Eq:3), R?~ 2at, during the first 15
periods of rotation. Full circle$®) stand for values obtained by
averaging over ten realizations of the randomly forced activator-
inhibitor system as given by E@l). Open circledO) correspond
to values obtained from simulations of the deterministic effective
model with parameters renormalized according to &g. Dashed
line corresponds to a linear fislope 12 500 of the effective fila-
ment tension. Model parameters as in Fig. 1. Simulation conducted

© in a box of 160< 160X 160 with Ax=0.4 andAt=0.01.

FIG. 2. An initially ringlike filament(expanding in absence of
noise evolving for three different noise intensities?=0.000 02  filament of a scroll wave is governed by the tension param-
(@), 0.0005(b), and 0.0013c). Snapshots correspond to 5, 20, and eter defined in Eq.3). Thus it is natural to expect a profound
60 periods of rotation. Model parameters as in Fig. 1. Simulationchange in the parameter under the effect of noise and in
performed in a box of 218 210X 210 with Ax=0.3 andAt=0.01.  this way we hope to rationalize the results above. One can

even predict that such a parameter may change its sign, turn-

A quantitative description of the evolution of the filament ing an expanding, and eventually turbulent dynamics of a
under random forcing is presented in Fig. 3. There, and takscroll wave into a stretching one. In fact a set of systematic
ing the averaged radius as indicator, we show a situation gfimulations, conducted for an expanding scroll ring when
an initially expanding scroll ring, later on prevented to de-varying the intensity of the fluctuations, enables us to con-
stabilize under the externally imposed random forcing.struct Fig. 4, reproducing the results efversuss?. Notice
Within our theoretical scheme, the whole dynamics of thehow « does change sign for an intermediate value of the

noise intensity. Actually we had somewhat anticipated this
t=2T t=20T t=100T result in the sense that the main influence of the noise in our
system is to enhance the excitability of the medium.

Let see now how this interpretation is related to the origi-
nal stochastic model. The noise effect can be explained theo-
retically by analyzing the statistical properties of the random
term in the equations of motiofl). Since we are assuming
that the noise has an external origin, thus necessarily with
finite time and length correlations but approximated here as a
white noise, we are led to interpret these stochastic deferen-
tial equations in the Stratonovich sense. Within this latter
formulation, an standard calculation, restricted to the lowest
order in the noise intensity, enables us to extract a nonzero
o term from the averaged equation for the activator concentra-

tion. Such a systematic contribution is implicitly evaluated as

/ 7 o t=200T

VSN

0 50 100 750 200 250 300
YT)

FIG. 3. Evolution of the mean radius of an initially unstable o2
scroll ring. Att=22T a white noise ¢2=0.0002 is imposed on the (UL -wéx,1) = ﬁw(l —u)(1-2u). (4)
system. Panels of the snapshots of the filament are also shown.
Model parameters as in Fig. 1. Simulation conducted in a box of The remaining task is to obtain a&ffectiveequation that
160x 160x 250 with Ax=0.4 andAt=0.01. can absorb such a term while retaining a new noise term with
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zero mean valugl10]. In particular, given the polynomial that the stochastic mod¢l) behaves qualitatively as pre-
form of the reactive terms of the Barkley model, this proce-dicted by the deterministic renormalized model, confirming
dure is straightforward and amounts simply to a renormalizaeur interpretation of the way the noise affects the system.

tion of the parameters of the systda]: Quantitative differences are attributed to an increase of the
2C(0) c(0) filament roughness which renders the practical calculation of
a'= a(l -— ) b'=b- , a more difficult (see caption of Fig. 4
€ €a

Summarizing the results of this Brief Report, we have
shown that the instability of scroll waves which appears in
e = € (5) three-dimensional excitable systems in the low excitability

(1-2C(0)/ea®)’ regime can be tamed by feeding spatiotemporal stochastic
_ 3 o L fluctuations into one of the parameters which controls the
whereC(0)=0?/Ax" is the local noise intensity in each lat- gy citapility of the system. This is an alternative suppression
tice cell. This property of the model makes easier the analyprocedure to the nonresonant periodic forcing method intro-
sis and prediction of the noise effects. In fact, the noise nowyyced in Ref[4]. Although our results are mostly numerical,
modifies the medium which, with the new parameters, is; theoretical analysis has been presented to reveal the origin
effectively located |n_t0 zones of hlg_her excitability pf the of such a random forcing-based control. This method could
parameter space. It is worth remarking here that, &itf  payve potential interest in studies of cardiac fibrillation, al-
order 1 butb one order of magnitude smaller, the noise COr-though we admit in this context the need to adapt our ap-

rection to the parametds, controlling the medium excitabil- - roach to realistic electrophysiological models of the cardiac
ity, is the largest one in Eq5). tissue.

This analysis is supported also by the following comple-
mentary numerical test. For some values of the noise inten- This research was supported by the Ministerio de Ciencia
sity we evaluate the effective parameters using(Bp.With y Tecnologia (Spain and FEDER under Projects No.
these new parameters we simulate Eds.for scroll rings BFM2003-07850, No. BQU2003-05042-C02-01, and No.
without noise, and evaluate the corresponding parameter 2001SGR00045. S.A. was financially supported by a grant
The results obtained are also reproduced in Fig. 4. It is cleairom MCyT.
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