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The properties of waves guided by a plane-parallel finite slab of material having an ideal, homogeneous, and
causal permittivity«sfd, and permeabilitymsfd, are investigated analytically and numerically through simula-
tions done via a finite difference time domain(FDTD) code. Lorentzian functional forms are chosen for«sfd and
msfd. Wave guidance is examined for frequency ranges where the material in the slab is in the left-handed
material(LHM ) regime, i.e., the real parts of«sfd andmsfd are negative. It is shown that for reasonably thin
slabs, and unlike ordinary materials, there is a unique power recirculation or feedback mechanism wherein the
fields in the vicinity of the slab exchange power across the free-space/LHM slab interface. Within the LHM
slab, the power travels backwards towards the source. This results in significant but bounded energy accumu-
lation near the edge of the slab closest to the source. The energy exchange across the slab interface is necessary
in order to sustain the resulting backward wave in the slab. Slabs thicker than a wavelength are also analyzed,
leading to a reversal of the power loop description. The agreement between analytical and numerical results is
excellent. They confirm the guided wave physics of a LHM slab.

DOI: 10.1103/PhysRevE.70.066606 PACS number(s): 41.20.Jb, 42.15.Dp, 42.25.Fx, 42.25.Bs

I. INTRODUCTION

It is a well-established fact that for simple geometries,
electromagnetic power travels away from the source. In the
course of numerical simulations, we became aware that there
are some conditions under which power recirculation back-
wards towards the source exists in a grounded left-handed
material(LHM1) slab.

Guided waves in penetrable layers have been studied ex-
tensively for “ordinary” materials where Ref«sfdg.0 and
Refmsfdg.0. Two major types of guided waves can be dis-
tinguished: the forward waves and the backward waves[1,2].
An example of the former is the familiar end-fire radiation of
finite radiating structures. Backward waves are more com-
plex. They radiate in the direction of the source and thus can
contribute significantly to backscattering. Backward waves
are very difficult to produce using homogeneous material
layers. To the authors’ knowledge, the existence of backward
waves in ahomogeneouslayer requires the intrinsic proper-
ties of a material layer to be anisotropic and nonreciprocal,
such as a biased ferrite or a moving medium. No homoge-
neous isotropic medium is known to be capable of sustaining
backward wave operation in the grounded slab configuration.
However, as shown here, a grounded homogeneous LHM
slab, where the conducting surface is an integral part of the
structure, does produce a power recirculation at the slab in-
terface that depends on a dominant backward wave within
the slab itself.

Veselago introduced the concept of a LHM as aGedanken
experiment 35 years ago[3]. As noted above, such a material

is characterized by simultaneous negative Ref«sfdg and
Refmsfdg. These materials have the rather unusual property
that the phase velocity and the energy flow are in opposite
directions[4–11].

Materials used to date for experimental replication of
LHM properties have been composed of discrete elements
smaller than the wavelength of illumination[8–12]. The ma-
terials typically consist of periodic arrays of wires and split
ring resonators(SRR). The latter were first proposed by Pen-
dry [13]. Left-handed behavior is then observed in selected
frequency regimes. Previously we have demonstrated that
the periodicity in these LHM syntheses produces multiple
reflection and transmission bands analogous to those ob-
served with photonic band-gap materials and frequency se-
lective surfaces(FSS) [12].

Shadrivovet al. in a recent paper dealt with guided modes
(eigenmodes) in an infinite LHM slab[14]. Unlike the finite
grounded LHM slab considered here, the infinite slab in[14]
is in free space(ungrounded) and lossless, i.e., the material is
noncausal. The polarization is orthogonal to the present one.

II. ANALYSIS

Our investigation was carried out both numerically and
analytically. The numerical simulations were done via an
FDTD code [15,16], requiring causal material parameters. A
parallel theoretical analysis for a grounded infinite homoge-
neous LHM slab was used to provide additional insights into
the physics of the problem. These results supported the prin-
cipal conclusions from the FDTD simulations.

A. FDTD simulations

For physically meaningful electromagnetic propagation in
any medium, it is important that the constitutive parameters
be causal. Previously Lorentzian, Debye, and Drude models

1Here “left-handed” is not associated with handedness but with
negative refraction. We follow the terminology introduced by Vese-
lago that is widely accepted at the present time. Alternately, such
materials are also designated in the literature as negative index ma-
terials (NIM ).
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have been employed in connection with LHM media. It is
known that to obtain negative(real) index of refraction prop-
erties over a limited frequency range, both the intrinsic per-
meability msfd and the permittivity«sfd must be strongly
dispersive. In the present study, we have adopted a Lorentz-
ian frequency-dependent medium for both«sfd andmsfd. It is
of the form

Fsfd = 1 +
K − 1

1 + jS fG

fo
2 D − S f

fo
D2 . s1d

We focused on materials whereFsfd=«sfd=msfd. This
choice minimizes impedance mismatches avoiding multiple
reflections that can obscure the wave propagation features
within the slab. The resulting medium has a complex index
of refractionnsfd with Refnsfdg acquiring positive, negative,
or zero values as the frequency is varied. This allowed us to
investigate the physics of propagation over a broad spectrum.
In the simulationsFsfd=msfd or «sfd andK=mDC or «DC. To
reduce the effect of losses, in Eq.(1) we selectedG
=0.04 GHz,«DC=mDC=4.0, andfo=6.3 GHz. The calcula-
tions were carried out aroundf =10 GHz, where the Lorent-
zian index takes on a value ofn=−1.001−j0.013.

The specifics of the three-dimensional(3D) geometry
used in the simulations is given in Fig. 1. The LHM sample
is 30 cm long by 10 cm wide and 1 cm thick(i.e., a slab is
one-third of a wavelength). It rests on a 70-cm-long metal
block. Open-ended waveguides embedded in the metal block
are used as transmit and receive antennas, terminated with
50 V coax lines. The whole fixture rests on a ground plane.
In the simulations, we initially excited the transmit antenna
with a 10 GHz CW pulse att=0 with a duration 3.2 ns.2

The FDTD code for the simulations has been validated
extensively by laboratory experiments[15,16]. The code

uses PML(perfect matching layer) absorbing boundaries in
the dimensions of finite extent. A perfect magnetic conductor
is used to realize a symmetry plane through the center of the
sample[17]. A time step interval of 1.9 ps(Courant condi-
tion) was used in all computer runs.

Figure 2 depictsFDTD “snapshots” of the electric fields(a)
during the CW pulse and(b) after the CW pulse. There are
four components of these fields. They are(1) P1 is the inci-
dent wave propagating on the ground plane from the source,
(2) P2 is the wave that has penetrated into the slab,(3) P3 is
the surface wave along the free-space/LHM slab interface,
and(4) P4 is the backward wave within the slab itself. Note
there is no phase reversal along the top of the slab. Hence the
phase fronts of the transmitted field in the slab must travel
away from the source. On the other hand, according to Ve-
selago[3], we know that phase and power travel in opposite
directions in a LHM medium. Specifically, the powerP4 in
the LHM slab travels backwards towards the source, result-
ing in a finite but significant energy accumulation at the slab
edge closest to the source. This is the reverse of the effect
encountered for a LHM slab for normal incidence[3]. In that
case, the power in the slab travels away from the source
while the phase travels towards the source.

Figure 2 also shows that a high-field concentration in the
leading-edge region exists. Any discontinuity that interrupts
the backward power flow in the slab leads to a region of high
energy density. AdditionalFDTD simulations, not shown here,
reveal that the field oscillations persistt.9 ns due to the
high Q of the material(low loss), and that the radiation oc-
curs principally at the edges of the slab. Note, the curvature
discontinuities(kinks) in the phase fronts at the free-space/
LHM interface on top of the slab are clear evidence of power
recirculation between the free-space region and the LHM
slab, i.e.,P3 andP4 are in the positive and negativex direc-
tion, respectively.

In the following simulations, we excited the transmit an-
tenna with a 10 GHz CW pulse att=0 with a duration suf-
ficiently large to verify that the time-harmonic state was
reached. Figure 3 presents a snapshot of the electric fields at
t=50 ns after the start of the CW pulse(i.e., after about 500
periods), together with the Poynting vector calculations

2While the fields at the receive antenna were also calculated, their
discussion is omitted since they play no role in the power recircu-
lation mechanism.

FIG. 1. Geometry of theFDTD

model involving a grounded
1-em-thick LHM slab.
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along a plane bisecting the slab. The two lower figures in
Fig. 3 depict thex-directed Poynting vectorPx in the vicinity
outside and inside of the leading edge of the slab. Inside the
slabPx,0, i.e., directed in the negativex direction, confirm-
ing that the fields in the LHM slab are principally backward
waves. The small positive ripples forPx occurring for
t.3 ns are consistent with the presence of reflected rays.
This is due to the fact that the initial pulse from the source
reaches the leading edge of the slab att,1 ns, and it takes
the pulse,2 ns to make a complete traversal back to the
leading edge. Outside the slabPx is predominantly positive,
except for the contributions of the fields reflected from the
leading edge beginning att,1 ns.

Further examination of theFDTD results reveals that for
early times, when the wave packet first hits the leading edge,
the phase fronts in the slab are reversed, indicating negative
refraction. In other words, during the early times the energy
transmission into the slab takes place initially through the
edge and not through the top surface of the slab. Thus the

power in the LHM slab travels initially away from the lead-
ing edge, while the phase front travels towards the leading
edge. This was previously demonstrated for a slab at normal
incidence[16]. As the incident wave progresses along the
free-space/LHM interface, evanescent fields become pre-
dominant. This was confirmed from the theoretical analysis.
The dominant mode inside the slab must carry power to-
wards the leading edge, but initially it is minimum. As time
passes, power begins to leak into the slab, and the power
flow to source occurs through the backward wave mode over
the entire length inside the slab.

TheFDTD computations of the time-varying Poynting vec-
tor field distribution for the finite slab were carried out for
time t sufficiently large so as to ensure that the time-
harmonic(steady-state) regime was reached. It was found,
however, that the time-harmonic field snapshots(after sev-
eral hundred periods) are essentially identical to those ob-
tained after 30 periods. For brevity, in the presentation no
similar snapshot will be presented in this context. The results

FIG. 2. (Color) FDTD “snapshots” of the
electric fields during(a) and after(b) the CW
pulse. The figure illustrates that remarkably,
power recirculation exists at the top surface of the
slab, due to the fact that power within the LHM
slab travels backwards towards the source. The
power circulation between air and slab is evident
from the phase front discontinuities(kinks). The
figure also illustrates the high field concentrations
near the leading edge. Cases(a) and (b) corre-
spond tot=2.86 ns andt=4.25 ns, respectively.
At 10 GHz the slab is one-third of a wavelength
thick.

FIG. 3. (Color) Poynting vec-
tor along the slab(central plane
cut). The top figure is a snapshot
at 50 ns after the start of the CW
pulse. The lower figures depict the
x-directed Poynting vector outside
(left) and inside (right) of the
leading edge of the slab. The con-
vergence of the Poynting vector
magnitude is a clear indication
that the time-harmonic regime has
been reached.
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are presented in Fig. 4 in the form of Poynting vector fields,
corresponding to 50 ns(500 periods) for a slab with thick-
nessh=1 cm atf =10 GHz, where«=m=−1.001−j0.013. In
Fig. 4, thez component of the Poynting vector field is mag-
nified fivefold to show the power flow in more detail. The
figure shows that power is drawn from the incident field
along the whole length outside the top of the slab to feed the
layer-bound backward wave inside the slab.

Other calculations not shown here confirm that as the
losses increase, the power feedback becomes more pro-
nounced, with the Poynting vector field tilting even more,
demonstrating that more energy couples from the evanescent

fields in the free-space region into the backward wave within
the slab. Also, other calculations not shown corresponding to
earlier times(about 30 periods) do contain a very small up-
ward pointing component for the Poynting vector inside of
the slab. These are the effect of transient fields due to higher-
order modes in the slab, and they do die out for larger times.

We have carried out further studies of the phase front
behavior at later times not shown here. They confirm that
once the incident wave packet has subsided, remnants of a
reflected wave packet as well as interference between back-
ward waves inside the slab are operative. The internal fields
do persist over a long period of time, indicating that the
LHM slab is a highQ structure. This is consistent with the
choice of parameters in Eq.(1), picked earlier to ensure low
loss.

We have also studied the effect of the thickness param-
eter, and found that as the thickness increases and exceeds
the free-space wavelength, a combination of higher-order
modes resembling Veselago’s lens fields(i.e., power normal
to the slab front edge is continuous) will become dominant
inside the slab, inverting the state of affairs, i.e., the power
inside the slab will be directed away from the source, while
the power right above the slab will flow towards the source.
We observe that well above the slab boundary, power is di-
rected away from the source(this is as expected, so that the
net power flow is away from the source). Figure 5 helps
illustrate this by comparing the fields in the 1 cm case with
those in a 5 cmslab configuration. Figure 5(b) shows explic-
itly polaritons and higher-order modes which peak at the
metal interface and appear to be related to direct transmis-
sion at the vertical interface.

FDTD animations indicate that for the case of 5 cm, the
power circulation between air and slab is reversed with re-
spect to the 1 cm case, i.e., power in the slab travels away
from the source, and part of this power leaks to the free-
space region, from where it travels backward towards the
source. The remaining power in the 5 cm slab gets either
transmitted at the second vertical interface(there is a larger
field with respect to the 1 cm case on the receive waveguide),
attenuated, or weakly contributes to the excitation of polari-
tons at the trailing edge.

We have also investigated the case of a 1-cm-thick slab
with different separations between source and slab, with very

FIG. 4. FDTD time-harmonicf =10 GHz Poynting vector field in
the neighborhood of a LHM slab, calculated after 500 periods. The
vector field is mapped for 356 mmøxø408 mm. The LHM slab is
the region 20 mmøzø30 mm. The magnitude and direction of the
arrows correspond to the local Poynting vector. Although the power
in the slab flows eminently towards the source(left), the power
above the slab points away from the slab(right), and can be signifi-
cantly larger, resulting in a net power flowing away from the
source. TheFDTD simulation consisted of 1000 periods.

FIG. 5. (Color) FDTD “snapshots” of the electric fields in the time-harmonic regime(after about 50 CW periods). The figure illustrates the
effect of LHM slab thickness on the guided wave properties. Cases(a) and (b) correspond toh=1 cm andh=5 cm, respectively. The
correspondingFDTD animations indicate that for case(b), the power circulation between air and slab has been reversed with respect to(a),
i.e., power in the slab travels away from the source, and part of this power leaks to the free-space region, from where it travels backward
towards the source.
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similar results. The main difference we were able to notice
was a very slight enhancement in the power circulation be-
tween air and slab, and this occurs only for the case of plane-
wave incidence(source of infinite strength at infinity), where
the incoming plane wave is grazing at the slab top surface.
Because of the similarity, and also for the sake of brevity in
the presentation, the corresponding data are not presented
here.

B. Theoretical justification: Infinite grounded slab case

In this section, we show that the salient features observed
in the FDTD simulations can also be deduced from a time-
harmonic analysis of the dominant guided mode within an
infinite LHM slab. Specifically, we show that the continuous
energy exchange between the slab and free-space region, re-
sponsible for sustaining a backward wave within the slab,
can be demonstrated in terms of the dominant guided mode.
The analysis is carried out in 2D as it includes all the main
geometrical features and the salient physics involved. We
adopt a field description in terms of guided modes, which is
strictly valid only in the neighborhood of the slab. Consider-
ing the TM mode with the magnetic field polarized along the
y axis (see Fig. 6 for the 2D geometry), a solution to the
Maxwell equations yields

H = ejvte−jkxx 3 He−zsz−hd, z. h

cosskzzd/cosskzhd, z, h,
J s2d

where h represents the thickness of the LHM slab, while
kx, kz, andz are spectral coefficients that satisfy

k0
2 = kx

2 − z2,

k2 = kx
2 + kz

2. s3d

The coefficients are solutions of transcendental equations
given in [18], formed by Eq.(3) and

«z = «0kztanskzhd. s4d

By splitting the spectral coefficients into real and imaginary
parts as follows:

kx = a − jb,

kz = g − jt,

z = n − jr, s5d

it is possible to represent the time-domain fields in the free-
space region as

H̄std = ŷ cossvt − k̄P · x̄de−k̄A·x̄, z. h; s6d

Ēstd = fŷ 3 k̄Pcossvt − k̄P · x̄d + ŷ 3 k̄Asinsvt

− k̄P · x̄dge−k̄A·x̄/v«0, z. h, s7d

wherek̄P and k̄A are real vectors given by

k̄A = nẑ+ bx̂ = uk̄AufcosswAdx̂ + sinswAdẑg,

k̄P = − rẑ+ ax̂ = uk̄PufcosswPdx̂ + sinswPdẑg. s8d

Equation(8) defines the real angleswA andwP, which denote
the direction of amplitude decay and phase progression, re-
spectively. It is known that in lossless media the direction of
propagation is perpendicular to the direction of decay[19].
Figure 6 depicts the directions of propagation and decay, i.e.,

kWP andkWA, respectively. We expectwP andwA to be 90° apart.
Following the analysis of[18], we solve the transcenden-

tal Eqs.(3) and(4) for a LHM slab, 1 cm thick, characterized
by «=m=−1−j tan d, and we examine the resulting propa-
gation anglewP at f =10 GHz as a function of the loss tand.
The dominant backward wave modes as a function of loss
are given in Fig. 7. For completeness, we also show the
propagation angle associated with the next mode, given by
the dashed line. Note that sincewP,0, the direction of
propagation is towards the slab(at almost grazing angles),
indicating that energy is pumped into the slab from the out-
side. This is in agreement with the earlierFDTD results.

FIG. 6. Definition of propagation anglewP and decay angle
wA. FIG. 7. Propagation angles of leading backward wave modes as

a function of loss. The solid and dashed lines denotewP for the
dominant and next modes, respectively. The LHM slab is 1 cm thick
and f =10 GHz,«=m=−1−j tand. The calculation was done using
the analysis of[18] adapted to LHM.
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We now look at the power flow along the free-space/LHM
interface. By means of Eqs.(6) and (7), the time-varying
Poynting vector in free space can be written as follows:

P̄ = Ē 3 H̄ = Fk̄Pcos2svt − k̄P · x̄d +
k̄A

2
sinf2svt − k̄P · x̄dgG

3e−k̄A·x̄/v«0, z. h. s9d

To illustrate the Poynting vector field from Eq.(9), we fix the
time and the anglewP. As an example fort=0, h=1 cm, f
=10 GHz, and«=m=−1−j0.03, the dominant mode is char-
acterized bywP=−6.789°. The corresponding Poynting vec-
tor field is presented in Fig. 8, where for convenience thex
component of the vector field is again magnified by a factor
of 5.3 The figure is clear evidence that the power within the
slab travels towards the source.

Equation(9) indicates that thek̄A and k̄P components of
the Poynting vector field result in a field map consisting of a
succession of “hills and valleys.” At the location of the hills,
the power travels in the directions dictated by geometrical
optics. At the valleys, the situation is more complex, with
crossways power components going up on one side of the

valley and down on the other side, akin to two antiparallel
“fluids.” The magnitude of the effect is measured by the

relative magnitudes ofuk̄Au and uk̄Pu. For the dominant mode,

uk̄Pu / uk̄Au<229, i.e., the effect of the double time-harmonic

term (i.e., sinf2svt− k̄P·x̄dg) is negligible. This explains why
we do not observe significant power traveling crossways
along the valleys in Fig. 8. Importantly, time-harmonic Poyn-
ting vector fields obtained from theFDTD simulations for the
finite grounded slab in Fig. 4 look very similar to the Poyn-
ting vector fields for the infinite one shown in Fig. 8.

To emphasize the overall structure(flow) of these vector
fields, we have sketched the general form of the result(9) in

Fig. 9, a sketch that considers a scenario whereuk̄Au and uk̄Pu
are of the same order of magnitude.

C. Theoretical interpretation

The phenomenon of negative refraction indicates, upon
vector decomposition, that the normal components of the
Poynting vector are continuous across an air-LHM interface,
and that the tangential components of the Poynting vector
change sign as we cross the interface. The conducting sur-
face has a strong influence on the guided wave properties of
the structure; hence, negative refraction alone does not give
an explanation as to why the power in the slab flows towards
the source.

Some insight can be gained by considering the case of an
electrically thin layer. This is equivalent to a perturbation
from the perfectly conducting case, and we can makekx
=k0+j for j!k0. Using this in Eqs.(3) and (4) results inj
<sk0

3h2/2«4ds«m−1d2 and 2k0j=z2, from which after using
«=m=−1−j tand, we obtain

kx < k0b1 − 2fk0htansddg2c,

z < − 2jh k0
2tansdd. s10d

Since ukxu, uk0u, it follows that propagation in the neighbor-
hood of a thin slab is well represented by a wave impinging
on the slab from the free-space region at an angle
tan−1sz /kxd<−2hk0tansdd, and traveling away from the

3For brevity, we have not detailed explicitly the algebraically
more complex field expressions for the slab interior, but these have
been included in the calculations.

FIG. 8. Map of the Poynting vector fields of the dominant
guided mode in the neighborhood of a LHM slab derived from Eq.
(9). The fields are mapped for 0øxø4 cm, 0øzø3 cm, where
the LHM slab is the region 0øzø1 cm. The results are fort
=0, «=m=−1−j0.013,h=1 cm, f =10 GHz, which result inwP

=−3.081° anduk̄Pu / uk̄Au<229. For clarity, the vector component
normal to the plane of the slab has been scaled by a factor of 5 so
as to be able to observe the power transfer across the interface. The
backward wave in the slab is evident from the figure.

FIG. 9. Sketch of power flow along the free-space/LHM inter-
face provided by Eq.(9). To emphasize the vector fields, we con-

sider hereuk̄Au and uk̄Pu of the same order of magnitude.
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source. In other words, the angle is proportional to the loss
tangent of the material(for the case considered in Fig. 8, the
approximate angle is −3.12°, which agrees well with the nu-
merical value −3.081° shown in the figure). On the other
hand, the time-average power in thex direction inside the
slab is given by1

2Rehx̂·sĒ3 H̄*dj, which can be shown to

simplify to skx/2vduH̄u2Res1/«d. Since « is negative, it is
clear that the power inside the slab flows backwards towards
the source. Note that this effect could have been explained
via negative refraction, provided we had used the knowledge
that the wave is essentially grazing the surface. Aside from
dissipative losses, such backwards power is provided by the
effective wave impinging from the free-space side. It is also
clear that in view of Eq.(2), for electrically thin layers, the
fields are not concentrated at the air-LHM interface, hence
we are not dealing with true polaritons.

As the thickness increases and becomes significant with
respect to a wavelength, the solution will incorporate other
guided-mode solutions of Eqs.(3) and (4), and eventually,
for larger thickness, a combination of higher-order modes
resembling Pendry’s lens fields will become dominant inside
the slab, inverting the state of affairs, i.e., the power inside
the slab will be directed away from the source, while the
power right above the slab will flow towards the source, as
was observed in Fig. 5(b) for the case of a 5 cm slab con-
figuration.

III. CONCLUSIONS

We have demonstrated throughFDTD simulations for a
grounded LHM plane-parallel finite slab that power recircu-

lation or a feedback loop exists, wherein the fields in the
vicinity of the free-space/LHM slab interface exchange
power across the interface. For the case of a reasonably thin
slab, this sustains a backward wave within the slab; for slabs
that exceed a wavelength in thickness, the power loop is
inverted, and the scenario is reminiscent of Pendry’s ideal
lens, with power in the slab traveling away from the source.
The transition from thin to thick slab behavior is not abrupt,
and is due to the gradual appearance of higher-order modes
in the slab. Comparing these results with analytical expres-
sions for an infinite grounded reasonably thin LHM slab con-
firms that(a) the power in the LHM slab travels towards the
source,(b) the dominant mode of operation is an almost
grazing backward wave,(c) power in the free-space region
provides the energy for the power traveling towards the
source in the slab,(d) the fields above and in the neighbor-
hood of the slab are eminently plane wave in nature, imping-
ing towards the slab at an angle proportional to the electrical
thickness and the loss tangent of the slab, and(e) the energy
accumulates finitely towards the leading edge of the slab.
These are all novel effects, not possible with ordinary mate-
rials having the potential to be used to generate backward
waves in certain devices.
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