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Diffraction radiation from an ultrarelativistic charge in the plasma frequency limit
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Diffraction radiation(DR) from an ultrarelativistic particle in the high frequency limit is considered. The
distribution of the emitted energy over angles and frequencies has been obtained. Both backward DR and
forward DR have been explored. The maximum of backward DR is found to augment with increasing the
oblique incidence angle.
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[. INTRODUCTION of interest to explore the DR of an ultrarelativistic charge at
frequencies larger thaam, in detail.

In the present paper we use a simple method, which al-
ows us to obtain the main characteristics of DR. This

Diffraction radiation(DR) arises when a charged particle
moves near the edge of a targ@+6]. By now the model of

the perfect conducting target has been explored in detail 4 4 ted by D d lied for th
Thus in Ref,[7] DR from a charge passing near an infinitely exeplo?ingvngséj%%??ezueniie::T] and appiied for the
o

thin perfectly cor)dl_Jcting semi-infinite P'aﬂe ha§ been_calcu- Our approach is based on the fact that media become
lated exactly. A similar problem has been investigated in Reftransparent for the radiation at frequencies of interest. Due to
[8] for a_metal Wedg? with arbitrary vertex angle. R_esults Ofthis fact one can neglect reflection and refraction of the ra-
the studieq1-§| relating to DR are restricted to optical fre- iation on the surface of the target. The virtue of this ap-

quencies. O N .
. . proach follows from its simplicity and applicability to differ-

On th_e .other hand, transition radlat.lqu) o_f an ul- ent geometries of the problem. Here we have considered a

tr.arelat|V|st|c charge extgnds to the region of high frequentase'\when an ultrarelativistic charge moves uniformly above

cles uﬂ%ﬁ]' Herey is the Lorenz factor of the charge, ¢ qjap parallel to its top plane. The oblique incidence angle,

wp=v4mZNe'/m is the plasma frequency is the number o widgth, and thickness of the slab are supposed to be arbi-
density of atomsm is the mass of the electroi is the w1 |n sec. Il and Il we derive the expression for the

number of the atomic element in the periodic table. With thal,rent density induced in the slab and give the general ex-
TR is a co?ftant at freq.uenues from, t0 yw, and de- pression for the distribution of the emitted energy over
creases as " at frequencieso> yw,. TR and DR have the  o,q165 and frequencies. In Sec. IV we consider a special case
same nature—they arise owing to dynamic polarization ofhen the charge trajectory is crossed with the plane of the
the material by the proper field of the passing charge. Thigjgy ynder right angle. The case of arbitrary oblique inci-
allows us to assume a similar behavior for DR. dence angle is discussed in Sec. V. In Sec. VI we summarize

DR in the plasma frequency limiiw> wy) has been al- o main features of DR at high frequencies and discuss the
ready investigated. DR for the nonrelativistic cgs€ 1 was scope of validity of the results.

considered in Ref[9]. However, DR is well known to be

nonzero only if the distance between the target and the

charge is not larger thgy\. Hence there is not any reason Il. CURRENT DENSITY INDUCED IN THE SLAB

to consider DR in the high frequency limit for nonrelativistic ) L

particles. Theoretical description of the x-ray generation L€t us consider DR from an ultrarelativistic charge pass-

through resonant DRthe Smith-Purcell effegtis given in NG close to a single target_. We will tak_e the slab with sizes

Ref. [10]. This approach is based on the equations given iR X * < b as a targetsee Fig. 1. In reality, the slab length

Ref. [4] (p. 382, which had been obtained for an infinitely c&n be considered as infinite, if it is more thak. .

thin perfectly conducting target. This makes the applicability ASSume that the charge travels at constant velouity

of these results for frequencies larger than optical ones rath&(Vx vy, 0). At the momentt=0 it is at the point(0,0,h).

guestionable. Moreover, the skin effect does not occur af he proper field of the charge induces a current in the slab

frequenciesw > w, and the approximation of infinitely thin s_ubs_tance. The radiation arising here is defined by_ the Fou-

target is not valid. rier image of the current densifyp, ). The connection of
The study of DR at high frequencies has a practical imthe polarization current density(r,») with the proper

portance for the development of novel methods of nonintercharge fieldg, can be written as

ceptive diagnostics of charged particle beams. Therefore it is

j(rw) = ﬁ[sm) ~ 1E(r,©). (1)
77l
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explikr}i
Y E'(r,w) = i }—L;)nxnxfd3r’
r c v

Xexpl—ivek -r'4(r', ), 7)

x wherek =(w/c)n is the wave vector of the radiation field at
the point of observatiom is the unit vector. We are integrat-
ing here over all volumé& of the slab. The result of integrat-

ing is
explikr} ew} 1 - exliag}
FIG. 1. The geometnyH is an impact parametel, is the width E'(r,w) = 2 Amoe exp{~ Hp}
of the slabsa is the thicknessg is the oblique incidence angle, i.e., X
the angle between the velocity and axisx. The charge moves exp{— ibk,} — expg{— bp} A
arallel to thexy plane X T nXxXnx{—-lie/.
p yp : p—ivek, p
8
w > wy, 2 ©
. . ) ) Here is denoted
a dielectric function has a universal forfh2]
k — — 1 w2
_ - — (1 - / [ e 1 = =R
8—1—w§/w2. (3) @-Bx(l n-vyelc), vy#0, Ve=1 22’ 9
Consider a high energetic particle with
w [
ys> 1. (4) p=— N1+ () + B~ 2VeByn,),  (10)
COxY
In this case the charge fielH, is nearly transverse with
respect tos [4] and we can ignore the parallel component of ® 332( - olvy
it. The Fourier image of the transverse proper figldof the A= \p2” Vefyny D vepn,|,0(. (11
X

ultrarelativistic charged particle is

) 102 Here H is the impact parameter, i.e., the shortest distance
ie g-Vvolv i . .
E (qw)=- Slw-q-v)expi-igh}. (5) between the particle trajectory and the edge of the slamd

27 O — w?lc? b are the thickness and the width of the slab, respectively
. _ - (see Fig. L
Thus within the range of inequalitig®) and (4) the polar- The spectral and angular distribution of the radiated en-
ization current density becomes ergy can be found by the formula
. 2 2 — Ap2 r 2
) iw w . d“E(n, w) = crdQdw|E"(r, w)|*. (12
l(r,w)=E;§fdngl(q,w)exmq-r}- (6) | |

If we substitute Eq(8) in Eq. (12), we get

IIl. RADIATION FIELD AND EMITTED ENERGY

dZE(n,w)_§< W? )2 1-n2+[A%= (A -n)?)/p?

dQd(hw) ch\ 27e? (cYlw?)p? + en2
At frequenciesw> w, the refraction coefficient differs
from unity only in the quantity of the order dfv,/w)?. On sin2<a—w(1 -n .v\";/c))
the other hand, the polarization current density is propor- X exp(— 2H Ux
. 2 . . P} — )
tional to (wp/ w)*. Consequently, taking into account refrac- (1-n-vyelc)?

tion and reflection gives terms of the order(m‘p/a))4 that (13)

can be neglected. Hence we can ignore reflection and refrac-

tion on the slab surface at frequencies of interest. Therefore —

the radiation formed inside the slab goes out without changes ~ Fp(b,w) =1 — 2 exg— bp}cogbvek,) + exp{- 2bp}.

both in amplitude and direction. In other words, we assume (14)
here rectilinear propagation of the radiation from the source

point to the surface of the slab with a real wave vectesk  The factorF, defines the dependence of the radiated energy
and rectilinear propagation to the point of observation with aon the slab width. It should be noticed that E&3) describes
wave vectork. This approach has been applied successfullyDR at distances much larger than the dimension of the emit-
by Durand[11] for analysis of TR at high frequencigsee ting source. Furthermore, formulé®—(14) are given as they
also Ref[6]). Besides, a similar method was used within theare obtained from Eq(7). In further analysis one should
frame of eikonal approximatiofl3]. The radiation field here neglect terms of the order (ﬁup/a))2 in comparison with
can be obtained as unity according to Eq(2).
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FIG. 2. Angles of observation.
g 160 200 300 460 500 ¢ (eV)
IV. NORMAL INCIDENCE FIG. 3. DR emitted in the case=0 at¢=y*, n,=0 for differ-

ent values of the slab width. The plasma frequency i®,=4.1
X10'°s7!, iwp=26.1 eV (Beryllium). The impact parameter id
=50 um; y=6X 10*. The thickness may be any provided that Eq.

Now we will consider the case when the velocity is di-
rected along the axis, i.e.,a=0, v=(v,0,0. It is easy to

obtain (23) is fulfilled. For these parameters the cutoff frequencyiis.
aw - =219 eV. The figure is pictured using E3.3) within the frequency
PEMN, o) ez( W2 >2Sin2 Z(l —Vepn,) range fromw;, to 20 w,,.
it Sk e A p
- 2 . 2 .
dQd(hw)  ch i 2me (1-Vepny ticle almost touches the slab surface. In the case of
1-n2+n2(1-nd)/(y2+nd)
XF LY Y Y= exp{- 2Hp},
b S 2e1-n2 p{- 2Hp} H>N\, (21

(15 the cutoff frequency is defined by the decreasing exponent

and equals
wherep becomes .

w.=Cy/H. (22)

p= 1+ (16)
©y The conditionH>\, is a practical case in experiments. In
and we have neglected terms of the orderof andw}/w?  what follows we will assume Eq21) holds true and the
in comparison with unity. cutoff frequency isw.=~ cy/H. In the considered case, this is
It is convenient to introduce the spherical coordinate sysmuch less tharyw,. On account of this the sine in E(L8)
tem (see Fig. 2 as oscillates rapidly with small changes i and can be re-

. . . laced by its average value 1/2 on condition
ny=cosf, n,=sinfcos¢, n,=sindsing. (17) P y g

We can see that the radiation has a sharp maximurgfor aH7* > N3y, (23
~ L. We have forg<1

where\,=2mc/ wp,. In this case Eq(18) practically does not
Sir‘z[a_“’(02+ Y2+ wé/wz)} depend orw, and one can get the same formula as for opti-
d’E(n, w) 1 9_2 wp 4 4c cal diffraction radiation by a perfectly conducting, infinitely
dde  mc\w/ (+y2+ wglw2)2(02+ ) thin half plane, multiplied by 25]:
2
b1+_272”2x exp{_ Z'*_w\ym}_ PEMw) 1 & yP+on
1+ ddo 27 ¢ (P+y D)y 2+md)
(18)
© 2
Here n,~ 6 cos¢. It follows from Eg. (18) that maximal XeXp{_ Zval * 72ny}' (24)

radiation is directed straightforward. The reason for it is the

absence of any symmetry in reference to the charge traje¢n obtaining Eq.(24) for the sake of simplicity we have
tory. assumedb=, i.e., Fy=1. Equation(24) differs from the
analogous formula of Ref5] by multiplier 2. This multiplier
corresponds to two independently emitting sides of the slab
Let us look at the distinctive features of Ed.8). First,  (at x=0 andx=a). The condition(23) is fulfilled, for in-

A. Cutoff frequency

there is a cutoff frequency,. If stance, ifw,=4X 10" s (fiw,=26.1 eV, Beryllium[14]),
H< ) (19) H=50 um, a=10 um, y<1C. We will assume that Eq.
P (23) holds true in this section.
the cutoff frequency is The cutoff frequency22) depends on the Lorenz factor of

(20) the chargey and the impact parametét and does not de-

pend on the properties of the material in contrast to the TR
This is the same cutoff frequency as for TR. The conditioncutoff frequencyyw,. The spectral density of the radiation
(19 is rather exotic. It means that the trajectory of the par-spreads fromw, up to w.=cy/H (see Fig. 3.

W = ywy.
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FIG. 4. The behavior of the factdt,(b, w). The parameters are
the same as in Fig. 3, the thicknes$s0.5 mm. For these param-
eters the quantityn,,~cy/b equals 3.4% 10 s71. The figure is
plotted using Eq(13) within the frequency range frona, to 20w,

Thereby, the total radiated energy is proportional to the Lo-
renz factory. Note that such an estimation for TR givEs
~%(e2/C)ywp which is greater than Eq28). This is con-
nected mainly with the difference between the cutoff fre-
quency for DR and TRey/H < yw,. We emphasize that this
estimation is rather rough and valid only for qualitative
The energy emitted per frequency per solid angle dependgnalysis.
on the width of the slalb by means of the factoF(b, )

B. Dependence orb

[see Eq.(14)]. For b>p™ (pl=cy/w at n,=0) we have V. OBLIQUE INCIDENCE
F,=1, i.e., any dependence of the radiation on the slab . )
width b vanishes provided thab is large enough. Fob Now we go on to the discussion of the complete form of

<p~L we haveF,~2(1-cosbk), i.e., oscillations of period expression(13). First of all we will investigate the maxima

\/n, appear, whera is the wavelength. Thereby, the depen- of radiation. DR_is a rT_1a_ximum when the index of t_he expo-
dence of the radiated energy on the width of the diais nent exp—2H p} is a minimum and the preexponential factor

defined by the ratid to the effective widthogs, is maximal. _ _
The inspection ofp at fixed H, o, and vy gives us the

1 Cy condition for which the exponent achieves its maximum,
besr~ pt= ———. (25)
V1 + Py B, sina
. S ny:—Lr: =. (29
In fact, be¢s is the characteristic distance for the decrease of Be PBie

the proper charge field. If the condition<y™ is satisfied ) ) )
we haveb~ y\. For instance, fon,=0, y~6x 10* ang  Here the anglex is defined byg,=g cosa, B,=Fsin « (see

w~107 51 we havebg~ 180 um. Fig. 1). With that, we have
Note that the maximum of the radiation falls at a fre-

quency larger tham, and besides depends on the widith A=0, p= 2. (30)
This is because behavior of the functiéi(b,w) is deter- ¢y
mined at fixedb by the ratiow to some effective frequency Taking into account Eq29) we can see from Eql13) that
of the order of the radiation is proportional to the factor

o~ ¥clb. (26 1-nZ+[AP - (A 0P 1-nf 31)
Figure 4 demonstrates the behavior of the faigb, w). All (Hlw?)p? + en’ y 2+ en?’

parameters are the same as in Fig. 3. Figure 3 shows t
dependence of the radiated energy on the frequency at dif-
ferent values of the slab width. If the width b increases n,=0. (32
further, the plot would not be changed significantly. Indeed

the dependence of the radiation on the wiitanishes at Thi_s means that the radiation is maximﬁl inhﬂGy: plane.
b>b,;. Figure 3 shows a suppression of the radiation forSiNg Egs.(32) and (29) one can see that there are two

b=<bgss and @~ w,. Such a behavior is determined by the directions of maximal radiation. They are defined by
function Fy(b, w); see Fig. 4. \/ S o Jcoa-(1-2/)
no==++/1- =+ =

is factor is maximal if

P o4 . (33

Here the sign 4" refers to the radiation maximum along the
Here we will consider the total energy radiated in the full trajectory of the particle and the sign-" refers to the ra-

solid angle at frequencies> wy,. In order to make a rough diation under the specular reflection angle. Hereafter we as-

estimation of the total radiated energy we should take theume that

maximum ofd?E(n, w)/dQdw and multiply it by the width

of the range where the radiation is maximal. As it follows

from above (dw)eri~ o~ w~Cy/H, (dQ)er~y 2 provided  The grazing incidence case, cos\1-¢82 requires a

that Eqg.(21) holds true. Assuming that E@23) is fulfilled, more detailed consideration and is not treated here. Fawr cos

one obtains large enough,

C. Total radiated energy

0 < 0;=CyH < yo,. (34)
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FIG. 6. The maximum of the backward DR emitted at angles
$=0, ¢=m—a, and frequencie®=10w,, hw,=26.1 eV. The im-
act parameter isl=50 um, y=6X 10*, b=0.5 mm. The thickness

may be any provided that Eq23) is satisfied. The figure is
plotted by Eq.(41). The anglex changes from 0 to 70

Co§a>l—sﬂzzw§/w2, (35 (FE—EPE‘EZEiM[l_eX _b_w }2
dQd(hw) ¢k 27?16 cod cy

FIG. 5. The backward DR emitted at the anfle m-a, «
=70°. The frequency of observation is=10w,. The width of the
slab isb=0.5 mm. The rest of the parameters are the same as in Fid.
3. The figure is plotted by Eq(13) provided that Eq.(23) is
satisfied.

Eq. (33) takes on the form
2Hw

2, 2 Xexpy—— (. (41
s ( E 2“"’/;’ ) (36) cy
Bve oS« In obtaining Egqs(40) and (41) and the sine square was re-
Neglecting the second term in E@6) one can see that there placed by 1/2 according to the inequali®3). Comparing
are two directions of the radiation in the plane: Egs. (40) and (41) one can see that BDR is much weaker
than FDR provided that Eq.35) holds true. However, the
$=0, 0=a, max FDR, BDR maximum increases with the angie(see Fig. 6.
The factor
¢$=0, 0=7—-a, max BDR. (37) . 5
L . . @ bo
The former condition gives us the maximum of forward dif- ( ® ) [1 - exp{— C)/H

fraction radiation(FDR). The latter condition means radia-
tion emitted at the angle of specular reflection. This is callediefines the law of BDR falling in the frequency range from
usually backward diffraction radiatioBDR). BDR is a  wj, to @ The law of decreasing i®™* if

rather convenient instrument for noninvasive diagnostics of

charged particle beamd5] because the observation angle bw>cy, (42)
can be arbitrarily large. BDR in the optical range has beemnd it is w2 if
explored in detail by one of the authors of this stiidig]. In
particular, BDR was found to be emitted in the narrow cone bw <cy. (43)
like F.DR (see Fig. 3 _ The condition(34) implies Eq.(43) if b<H. Practically, it
. Using Egs.(29) and(36) one can get for FDRsign “+ can be a very(thi)n Iyi%g sla(:qa>(>b§ or a thin wire(a~t¥).
in EQ. (36)]
I 2 VI. SUMMARY
Y& _ %
1-n-v c 202 (38) Now we go over the main points of our results. It is worth

. . considering DR aH >\, only in the frequency range
and for BDR[sign “—" in Eq. (36)]
wp < o <CcyH. (44)

—
/

1-n-v— ~2coda. (399 At w>cy/H DR decreases as exawH/cy}. In the opposite
¢ caseH <\, the trajectory of the charge almost touches the
The same expressioli38) and(39) can be obtained by using slab surface, DR becomes similar to TR, and the range where
Eq. (37). The maximum of both FDR and BDR can be ob- DR exists is
tained from Eq.(13) allowing for Egs.(30), (38), and(39).

For the FDR maximum we have @p = @O Yy (45)
> FDR 5 5 The usual experimentation &> \,, hence the cutoff fre-
Ernax _ e—i[l —exd - 2@ } _2Ho guencyw,=cy/H depends only on the Lorentz factprand
dQd(fw) ch 27 cy cy |’ the impact parametédd. The spectral and angular density of

(40) the radiation has the maximum betwespand w..
The slab widthb plays a considerable part < Dby
and for BDR we find ~ y\. In particular, decreasinlg leads to radiation suppres-
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sion at small frequencies, decreasing of the radiation maxifor the FDR and BDR maximgé37), ignoring corrections of
mum and shifting it towards high frequencigese Fig. 3. the order ofy ™.

The essential distinction between DR and TR consists in BDR is investigated. The BDR maximum is shown to
their behavior at frequencies higher than the cutoff fre-Augment with increasing angle [see Eq.(41)]. It follows
quency: TR falls asv™ but DR falls as exp-w/wg}. This from above that BDR is rather weak in comparison with
exponential falling of DR can be used to determine the LoFDR. However, even relatively weak radiation can be of ex-

renz factor of the charge. Namelv. having measusedind perimental interest since it is emitted at a large angle to the
knowing the impact pagr;ar.netda’r WZ’ can fir?dy~ Halfr)/@c direction of motion. Furthermore, the smallness of the wave-
o/ C.

length of the radiati i ibility t h -
In practice the two-sided inequalit#4) is satisfied if the Sng™ of e raciation gives a possivlity to Use SUch @ ra

) diation for submicron collider beams, where optical DR is
charge has a very high energy so that 10*. To extend the unusable due to the diffraction limit.

range downwards one should use a material with the least The gomain of validity of the main formulél3) is re-

plasma frequency. For exampf&4], the plasma frequency gyricted to the inequalitiesw>w, y>1, and coda

wp is 13.8 eV for lithium, 20.9 eV for polyethylenCH,), >w§/w2. Besides, our results become nonapplicable at those

and 24.4 eV for mylaCsH,0,). frequencies where an imaginary part of the dielectric func-
For oblique incidencex+0 (see Fig. 1, the radiation tion in Eq.(3) should be taken into account. This might be

maxima are defined by ER9) n,=p,/(*/e) as well as the  narrow bands near the frequencies of characteristic absorp-

conditionn,=0. Equation(29) turns into the usual conditions tion or frequencies higher or of the order of 1 M¢¥7).
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