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Negative index lens aberrations
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We examine the Seidel aberrations of thin spherical lenses composed of media with refractive index not
restricted to be positive. We find that consideration of this expanded parameter space allows for the reduction
or elimination of more aberrations than is possible with only positive index media. In particular, we find that
spherical lenses possessing real aplanatic focal points are possible only with a negative index. We perform ray
tracing, using a custom code that relies only on Maxwell’s equations and conservation of energy, that confirms
the results of the aberration calculations.
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In 1968, Veselago proposed the idea that a material could We note that negative index media are necessarily fre-
have a negative index of refraction, and described how thiguency dispersive, which implies increased chromatic aber-
would impact many basic electromagnetic phenonjéhadn  ration and reduced bandwidth. However, diffractive optics,
recent years, there has been great interest in this subject dughich possess a similar limitation, have found utility in nar-
to experimental demonstrations of negative index artificiakow band application§7].
materials[2], and the introduction of the perfect lens concept  To confirm the analytical aberration results, we developed
[3]. A perfect lens is dlat slab of index minus one, which a custom ray tracing code that does not rely on the sign of
can focus radiation from nearby objects with the resolutionthe index to determine the path of the ray, but relies only on

exceeding the diffraction limit. the permittivity,e, the permeabilityw, Maxwell’s equations,
However, the perfect lens, which can be correctly de-and conservation of energy.
scribed as antivacuurf@], has little in common with tradi- Between interfaces, in homogenous media, the ray propa-

tional optical elements. While it does offer a working dis- gates in a straight line following the direction of the Poyn-
tance equal to its thickness, it does not possess a focal lengtiing vector. Refraction across an interface, from a region la-
Radiation from distant sources is not focused by a perfedbeled 1 into a region labeled 2, is handled as follows. Wave
lens; plane waves remain plane waves after traversal. Mangolutions are sought that satisfy the dispersion relagodn
applications(cameras, telescopes, antennas,) eggjuire the  tained from Maxwell’s equationsn region 2,

ability to focus radiation from distant objects. As with tradi- 5, 2 B

tional positive index lenses, this can be achieved with nega- (cw ks Ko = eapt, (1)

tive index media by using curved surfacgsg. While it is  wherek, is the wave vector in region 2. The solutions must

impossible to achieve subdiffraction image resolution of dis-also satisfy a boundary match to the incident wave, requiring
tant sources, spherical profile lenses composed of negative
n X (kp=ky) =0, (2

index media have several advantages over their positive in-
dex counterparts: they are more compact, they can be pefgheren is the unit normal to the interface. The outgoing,

fectly matched to free space, and here we demonstrate thasfracted wave must carry energy away from the surface if
they can also have superior focusing performance. the incident wave carried energy in,

The monochromatic imaging quality of a lens can be char-
acterized by the five Seidel aberrations: spherical, coma, (Pz-n)(Py-n) >0, (3

astigmatism, field curvature, and distortion. These We"'vvherePz%Re(ExH*) is the time-averaged Poynting vector.
known corrections to the simple Gaussian optical formulaq:ina"y' the wave must not be exponentially growing or de-

are calculated from a fourth-order expansion of the deviatioQaying Imk,)=0, since the media are assumed passive and
of a wave front from sphericalA spherical wave front con- |,qqjesq. If a solution exists that satisfies all the above crite-
Verges to an 'F’ea' pom; focus in ray optbc'ﬁhg coeﬁ|0|en_ts ia, the ray is continued with the newfound wave vector and

in this expansion quantify the nonideal focusing properties 0y nting vector. Furthermore, since we consider only isotro-
an optical element for a given object and image posifgjn ic media, the solution will be unique

We find that there is an asymmetry of several of the SeldeP We find that the form of the expressions for the Seidel

aberrations with respect to index about zero. Consideringperations of thin spherical lenses found in the optics litera-
that an interface with a relative index of +1 is inert and oney, .« are unchanged by the consideration of negative index
of relative index —1 is strongly refractive, this asymmetry iS o 4ia e reached this conclusion by rederiving these ex-
not surprising. H.owever, our COI’]C|LIS.IOI’1 that the asymmetr ressions, from first principles, using only the definition of
can yield superior focusing properties for negative index,niical path length and Fermat's Principle. We interpret the
lenses is not obvious. optical path lengthlop=fcn(s)ds, to be the phase change
(in units of free-space wavelengtthat a wave would un-
dergo along the pat@, if C is oriented parallel to the Poyn-
*Present address: Department of Electrical and Computer Engting vector. The optical path may have contributions that are
neering, Duke University, Box 90291, Durham, NC 27708, USA. negative where the Poynting vector and the wave vector are
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FIG. 1. Construction used for aberration calculation. The aper-
ture stop, labeled AS, is at the plane of the thin Iéthough the
lens shown is thick The Gaussian image plane is labeled IP. The
aperture stop coordinate vector,and the image plane coordinate
vector, h, are not necessarily parallel as shown.

antiparallel, i.e., where the index is negative. These aberra-
tion formulas are further corroborated by agreement with the
results of our ray tracing.

The wave aberrationALqp, is the difference in optical
path length of a general ray and a reference ray, where the
reference ray passes through the optic axis in the aperture
stop and the general ray is parametrized by its coordinate in
the aperture stop,, and its coordinate in the image plate,
(Fig. 1). To be in the Gaussian optic limit, where spherical
interfaces yield perfect imagingandh must be near zero. A
series expansion of the wave aberration in these parameters,

ALop= 2 Cr -0)'(r -h)™h -h)", (4)
I,m,n=0
yields corrections to Gaussian optics of any desired order.
The lowest-order corrections for a thin spherical lens with
aperture stop in the plane of the lens are given by

RAPID COMMUNICATIONS

PHYSICAL REVIEW E70Q, 065601R) (2004

0.6 1 2
Q 1
2 0.3
)
5 0 — 0o
g )
s
-0.3 -1
g /£
E 1
-0.6 y. 2
2 -1 0 1 2
n
h q F'rms zoom
1-¢

Co0= — {1/[32f*n(n = 1)*]}[n®+ (n - 1)*(3n + 2)p

+4(n+1)pg+ (n+2)¢7], (5a)

Cuso™ - g |21+ Dn-Dp+ (n+1al, (5D)
Coz20=—[(1-p)7/8f"3], (50)

Cio1=—[(1 -p)?/16f3n](n+ 1), (5d)

Cop1=0. (56)

These coefficients are the Seidel aberrations: spherica‘,
coma, astigmatism, field curvature, and distortion, respec-

tively. Also appearing in these expressions aréhe position

factor, andq, the shape factor, where we follow the defini-

tions of Mahajan6]. The position factor is given by

p=1-(2f'1S), (6)

wheref’ is the focal length referred to the image side &d

FIG. 2. (Color) The top plot shows spherical aberratidotack),
astigmatism(green), field curvature(blue), and shape factafight
gray) as a function of index for a lens focusing an object at infinity
and bent for zero coma. The thin gray vertical lines indicate prop-
erties for lenses shown in ray tracing diagraimsttorm), meridional
profile (left), and image spot(right). The incident angle is
0.2 radians and lenses dr. Index, shape factor, relative rms spot
size, and spot diagram zoom are shown tabularly. In the meridional
profile, the lens principle planes are shown as thin black vertical
lines, and the optic axis and Gaussian image plane are shown as
blue lines. In the spot diagram, the Gaussian focus is at the center of
the blue cross hairs.

M=(S79=[(p+D/(p-1)]. (8
he shape factor is given by
4= (R +R)/(R,—Ry). 9

A lens with a shape factor of 0 is symmetric, and %1 is a
plano-curved lens. Using the shape and position factor, all
thin spherical lens configurations are described.

We will first examine the very important case of a source
object at infinite distance. This is a position factor of —1. We

is the image position. Through the thin spherical lens imagz e |eft with two parameters that can be used to reduce ab-

ing equation,

(1S) -9 =1/f")=(n-D[(1/R) - (1/IRY)], (7)

whereSis the object position an; andR, are the lens radii

errationsn andg. We will set the value ofj to eliminate one

of the aberrations and compare the remaining aberrations as
a function of index. We will restrict our attention to moderate
values of index. At large absolute values of index, the aber-

of curvature, the position factor is directly related to therations approach the same value independent of sign, but

magnification,

dielectric lenses with a high index have significant reflection
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FIG. 3. (Color) All as in Fig. 2, except the following: the lens is
bent for zero spherical aberration. The coma is shown in red. The
solid and dashed lines indicate different solutions. Spot sjzg, is
relative to the bottom lens spot in Fig. 2. All spot diagrams are at
the same scale.

FIG. 4. (Color) All as in Fig. 2, except the following: lens con-

coefficients due to the impedance mismatch to free space. figuration with object and image at finite positions and bent for zero
The usual ordering of the aberrations is from highest tospherical a_berration_and cqma. The position factor is s_h_own in da_rk
lowest in the order of, the aperture coordinate. This is the gray. Real image opject pairs only occur When the position factor is
ordering of greatest to least image degradation, at least if orff the shaded regiorip| <1. The lens pairs aré/1.23, /1.08,
is forming images with a significant lens aperture, but with a /0.90, and have magnifications -1, =2, ~3. In the second to last
. . T spot diagram, the horizont@l0X ) and vertical(100X ) zooms are
small to moderate image size, which is a common occur=
. L . S .not equal.
rence in applications. Thus, spherical aberration is an obvi-
ous target for elimination. However, there are no roots of ) )
Ca00 for values of index greater than one, which is why thisd=1, which represent a pl_ano-concave/convex lens. Setting
aberration is referred to as spherical aberration, since it ag10 equal to one, we obtain
pears to be inherent to spherical lenses. The usual practice is n“-n-1=0, (11)
to eliminate com&the next in ling, and it so happens that the roots of which are the ubiquitous golden ratios; ¢
the resulting lens has a value for the spherical aberration that 1.62 andn=1-¢=-0.62[8]. We also note that there is a
is very near the minimum obtainable. Adjusting the shapewindow of index values near=-0.7 where both the spheri-
factor,q, is often called lens bending. If we bend the lens forcal aberration and field curvature are small. There is no
zero coma, that is, find the roots G, with respect tay, we  equivalent window in positive index.
obtain Several ray tracing diagrams with both meridional rays
and ray spot diagrams are shown for specific values of index
g=[(2n+1)(n-1))/(n+ 1). (10 in Fig. 2. The reference lens has an indgxwhich is close
to the typical values used in visible optical lenses and near
We plug this value forg and p=-1 into (5) and plot the enough ton=1 for reasonably low reflection. The lenses of
remaining three nonzero aberration coefficients as wedl.as negative index shown are, in fact, closerns—1, which is
in Fig. 2. We note that there are two values of index wherahe other index that permits perfect transmission, so this is a
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fair comparison. The negative index lenses both show sigalso have spherical aberration near the minimum possible for

nificantly tighter foci than the positive index lens. the configuration. Again, the negative index lenses produce
If we attempt to bend a lens with=—1 to obtain zero superior foci.
spherical aberration, we obtain the two solutions The lens of index —1 and magnification -1 is particularly
interesting. At this index value, the field curvature is also
gs=[2(n>-1) £ ny1—-4n]/(n+2). (12 zero. This remarkable lens configuration has only one of the

. five Seidel aberrations, astigmatism. This is confirmed by ray
These expressions have real values onlyrfer1/4, so an  racing, which shows a one-dimensional “spot” at the image

implementation of such a len@mbedded in free spac&s  plane. This is perfect focusing in the sagittal plane. Perfect
not possible with normal materials. It is a surprising andfocusing also occurs in the meridional plane, in front of sag-
significant result that negative index permits an entire familyittal focus.

of spherical aberration-free spherical lenses that can focus a One may ask why this asymmetric lemg; -1, performs
distant object to a real focu§ig. 3). The solution with the  so well in a symmetric configuratiop=0. This lens can be
negative sign in the expression fgg (solid curve$ has less  equivalently viewed as a biconcave doublet with one com-
coma for moderate negative values of index, so ray tracingonent having index -1 and the other having index 1, i.e.,
diagrams are shown for that solution. We note thatat1, free space. Driven by this observation, we found that all
the field curvature is also zero, thus this lens has only two obiconcave doublets with arbitrary indices af have identi-
the five Seidel aberrations, coma and astigmatism. For gal focusing properties. The only observable difference is in
positive index reference we use the zero comag lens the internal rays, which are always symmetric about the
from above. Here again, negative index lenses achieve planer interface, but make more extreme angles at higher
tighter focus than a comparable positive index lens. index magnitude.

Now we examine the case {if| <1, that is, a real object Fabrication of any of these negative index lenses is quite
and real image both at finite position. Sinc@andq are both  feasible using periodically structured artificial materials.
free parameters, we can conceivably eliminate two aberracurrent artificial material designs can operate at frequencies
tions. If we eliminate spherical aberration and coma, the refrom megahertz through teraher@], where there are nu-
sulting lens is callechplanatic It is a well-known, though merous communication and imaging applications. For ex-
incorrect, result that a spherical lens can only haireual ample, lens antennas could benefit both by a reduction in
aplanatic focal pairs. The correct statement is that only negaaberrations, which translates directly into increased gain, and
tive index spherical lenses can haweal aplanatic focal by a reduction of mass, afforded by low-density artificial
pairs. materials.(Antenna applications of artificial materials have

If we setC,0andC;;oto zero and solve fop andg, we  both historical and recerjtl(] interest) Furthermore, these
obtain four solutions, the two nontrivial ones are given by lenses are even easier to implement than a perfect lens, since

they lack its severe structure period per wavelength require-

Psc= * [(N+1)/(n-1)], (138 ments and are more tolerant to los§es]. Negative index
lenses at visible light frequencies may also be possible, by
Osc= £ (2n+1). (13b) using photonic crystals, which have shown potential for
) . ) ) ) negative refractiori12,13.
We will focus on the solution with a minus sign fprand the Using the current optical system design paradigm, aberra-

plus sign forg. This solution has smaller aberrations for lens;inns are minimized by combining elements with coefficients
configurations that magnify an image. The other solution is; opposite sigri14]. However, more elements mean greater
better for image reduction. Inserting expressi@ into (5)  complexity and cost. Taking advantage of an expanded pa-
we have plotted the two remaining nonzero coefficients, agymeter space that includes negative index can reduce the

well as the values opsc andgs. (Fig. 4). Ray diagrams are ,mper of required elements—possibly even to one.
shown for lenses with magnifications of -1, -2, and —3. Also

shown is a reference positive index lens for each. The refer- This research was supported by DARPBontract No.
ence lensegwhich cannot be aplanaji@re of moderate in- MDA972-01-2-0016 and a Multiple University Research
dex, ¢, with the same magnification arid# as the lenses to Initiative (MURI), sponsored by ONR(Contract No.
which they are compared. They are bent for zero coma buti00014-01-1-0803
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