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Experimental and theoretical study of the noise-induced gain degradation
in vibrational resonance
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We present the results of theoretical and experimental investigations of the effect of additive noise on
vibrational resonance in a bistable system driven by two periodic forces with very different frequencies. The
phenomenon shows up as a parametric amplification of the low-frequency signal depending on the amplitude
of high-frequency modulation. A scaling law for noise-induced decreasing of the gain factor, found theoreti-
cally, is compared with the experimental results obtained in a bistable vertical cavity surface emitting laser.

DOI: 10.1103/PhysRevE.70.062101 PACS nunmd)er05.40.Ca, 42.65.Pc

Recently, considerable attention has been devoted botkarlier for the study of SR. Due to the difference in time
theoretically and experimentally to the phenomenon of vibrascales associated with LF and HF modulations, a rapidly
tional resonancé€VR), which appears in bistable systems oscillating double-well potential can be transformed into an
being excited by two periodic signals with very different effective potential with a parametric dependence on the am-
frequencies[1-8|. A distinctive feature of VR is that the plitude and frequency of the HF modulation. Making use of
response at the low frequen¢iF) signal passes through a such an approach, we find analytically a scaling law which
maximum depending on the amplitude of an additional high+elates the gain factor for the LF signal due to VR with the
frequency(HF) modulation. Such a method of the excitation strength of the added noise, which is in a good agreement
has been proposed in the context of studying stochastic resevth the numerical and experimental results for weak LF
nance(SR) in bistable systems where the added noise is resignals.
placed by the HF modulatiofil]. An evidence of VR was Theoretically, the dynamics of the polarization switchings
demonstrated in analog electric circuits utilized to modelinduced by noise and a deterministic modulation in the
noise-induced structurei8], excitable system$4] and an VCSEL can be described in the framework of a Langevin
overdamped bistable oscillatff]. A theoretical explanation €duation with a two-well potentia]9-11. Therefore, we
of the phenomenon VR was presented5,7] where it has con3|der the phenomenon of VR in Fhe presence of noise
been shown that VR takes place in the vicinity of the bifur-Using the model of an overdamped bistable oscillator. First,
cation corresponding to transition from bistability to mono-We consider the problem without noise. For sake of clarity,
stability induced by the HF modulation. Recently, the experi-We reproduce here some of the results presentgsi i The
mental evidence of VR has been given in a vertical cavitySyStem is being excited by the LF sigrfét) with a charac-
surface emitting lasefVCSEL) operating in the regime of teristic time 7, and the amplituded, wheref(t) can be a
polarization bistability for both quasisymmetric and strongly periodic or aperiodic function, and by a HF modulation with
asymmetric quasipotential]. Besides, the possibility to an amplitudeA, and a frequencyly, such that)yn >1. In
make use of VR for low-level signal detection has been alsdhis case, the dynamics is governed by the equation
demonstrated. It has been shown that the gain factor can axlat=—V'(x) + AF(t) + Ay sinQut, (1)
reach very high valuegabout 300 for weak LF signals
which significantly exceed&y about 10 timesthe gain fac- WhereV’(x) is the derivative with respect to of a bistable
tor due to SR obtained in the same conditions. From thigotential functionV(x)=-ax?/2+p8x*/4, with local minima
point of view, the question of how noise affects the gainx.=+\a/B and barrier height\V,=a?/443, wherea and 8
factor for very weak LF signals, is important from both the- are positive numbers. The dynamics is ruled by two time
oretical and practical standpoints. Though, the effect of noisscales which are determined by LF and HF signals, respec-
on VR was investigated numericall$] and analytically{8],  tively. Therefore we look for the solution as followthe
but no scaling law was found which relates the gain factoprocedure is the same of Ref2]). We definex(t)=y(t)
for a weak signal and the noise strength. +[Aq/(QZ+ 7P Y?]cosQut, wherey(t) denotes the slow part

Here we present the results of theoretical and experimerof the solution andy is a parameter. Substituting it intd)
tal investigations of the effect of additive noise on VR in and averaging over the perioH,=2x/(),, we obtain the
VCSEL operating in the regime of the polarization bistabil- following equation which governs a slow dynamics of the
ity. Our theoretical consideration is based on the applicatioystem:
of the effective potential to the theoretical results developed

dY/dt= a(1 - &)Y - BY3 + A F(), (2)
where  Y=(y(t))r,, FO=(fMt)r, where (z()r,
*Electronic address: vnc@dragon.bas-net.by :(1/TH)ngz(T)dT. We introduce here a normalized param-
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eter £&=Ay/n, whereu is a switching threshold which de- 400 - ; ; —
pends on both the amplitude and the frequency
w=\2a0%/3B + 4a%278. 3 3007
In this case, the effective potentid);{(x) takes the form < 200 2
O]
Veif(X, &) = — a(1 - E)x/2 + Bx14. (4) 3

. . . 4
The sign near the quadratic term determines the character of 100 & 5
Veii(X, €). For é=1 we have a bifurcation point where the
transition from bistability to monostability occurs as the am- 0 ___./ J g
plitude of the HF modulation increas€s,?7] from which in 0 0.2 0.4 0.6 0.8 1
the limit O, — 0 the expression fop (3) can be obtained. 1<
Obviously after averaging, the parameters of the potential ) _ _
such as the minima Iocatioxﬁ] and the barrier heighaV FIG. 1. (Color onling Analytics. Gain factoiGyr versusé for
depend or¢ different values of the noise strendih=0.003(1), 0.009(2), 0.025

I (3), 0.05(4), 0.08(5), and 0.12(6) (2, /27=0.0003.
t=ta(1-DIB, AV=A(L-2U4B.  (5)

Now, we can study the effect of noise on the system response Figure 1 shows5,r as a functic_)n .OE f_or different V"?"“es
to the LF signalF(t)=sin(Q1). In this case the equation of D. One can see the strong diminution of the gain factor
reads Gyr the broadening of the response curve and the shift of the

maxima to the lower values &f asD increases. Obviously,
dY/dt= a(1 - )Y - Y3+ A_ sin(Qt) + £(1), (6)  the expressiol9) can be used for the evaluation G{ only
. . . . . , for £€<1 since foré=1 the bistable operation is lost. From
\ivhere g(t,) is a white, Gf\ussmn noise WD) e expression foGyg (9), in the limit 2, — 0 one can find
=2D5(t—-t") and_mear(g(t))—o. We explicitly assume here that the maximunGT2* approximately obeys the law
that the averaging does not change the character of noise _
when we add the noise term into the averaged equation. Gl = 21228 Y2|In(Q ?D)D 2. (10
Equation(6) is the standard statement of the problem use . max .
for studying the phenomenon of SR. We can use therefor _F'g' Aa) we qompareGVR asmg funcpon oiD plo_tted
the analytical results obtained earlier, taking into account th&'SiNg_Ed. (10) with values of Gyg” obtained numerically
dependence of the potential parameterséoin particular, rom Eg. (9). One can hote a good agreement between nu-
we consider here the well known result of the spectral amMerical and analytical results. _ _
plification in SR. We define the gain fact@ here asG In order to check our predictions, we numerically inte-
=R, /R,, WhereR, is the response of the system at the fre_grated the folloyvmg eqqatlon with the same meaning of all
quency Q, to an additional stochastic or HF modulation, Parameters as in analytical study:
whereasR, is the response in the linear approximation with- dx/dt=4(x—x3) + A_ sinQ,t+ Ay sinQut+ {(1). (11)
out any additional force. In this cagg=A, /Q, +4a? or for
), <2a the respons®, reduces tdRy=A, /2a. As shownin  In what follows, we use the normalized amplitudeand &
the limit x,,A_ <D, the respons®,_ can be evaluated from defined ag=A/u_ andé=Ay/ uy wherew, anduy are the

the following expressiolisee Eq(3.79 from [12]]: switching thresholds at the frequenci@s and Qy, respec-
) tively. For a quantitative characterization of VR we used the

R = AXy 2rg , (7)  9ain factor Gy defined asGyg=R (1)/Ry(€), where
D (4ri+ Q32 R.(Q) andRy(Q),) are the responses at the low frequency in

the presence and the absence of the HF modulation, respec-

where tively, which were evaluated from the spectra of the Fourier

()

Mk

_a1-8) p(_ a’(1 —52)2>

V2w 4D

is the Kramers rate. As,, (5) andr (8) explicitly depend on

&, we can analyze the effect of the additional HF modulation.
Substitutingx,, andr, into Eq. (7), we obtain finally an ex-
pression forGyg:

22031 - 52)2exp<_ (1 ‘52)2> 4 3 -2 4 %% 4 o 1
_ 45D (@) log,, D (b) log, , @, /21
Gvr= A(1- )72 '
BD \/2(12(1 —éz)ZeX[<— —) +QE772 FIG. 2. (Color onling (a) GJ§* vs D for different values of
25D 0,=103 (1), 10 (2), and 105 (3); (b) 1 vs QO (see text Solid
9) lines: analytics. Asterisks: numerics.
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400 ¥ - there, GJg* tends to a limiting value aB decreases. These
) limiting values can be evaluated from the simple relation-
300! 5 ship:
p Go=6e7L, (12)
OE 2001 3 which can be obtained analytically in the limit of weak

from Eg. (1) in the adiabatic regime of the two-frequency

100l 4 excitation in the absence of noise. In Fig. 4, the different

6 5 Gy's are represented by horizontal lines. For a strong enough
D level of noise, the decreasing @& 3" in the log-log scale

0 linearly depends o (shown by inclined lines A fitting of
0 05 £ ! the numerical data relat&3j3* andD as Gg*~D~?, where
v depends ore. The fit gives y=0.46, 0.45, 0.38 fore
FIG. 3. (Color onling Numerics. The gain facto®yg versusé ~ =0-0162, 0.0325, 0.065, respectively. One can note that the

for different values of the noise intensify=0.0001(1), 0.0026(2), ~ value of y=~0.46 for a weak LF signal is in a good agree-

0.011 (3), 0.048 (4), 0.15 (5), and 0.25(6). € /27=0.0001; Mment with the analytical predictiofshown in Fig. 4 by a

Oy/27=0.1:£=0.0162. dashed line using Eq@1l)]. The critical valueD, from which
noise affects VR leading to its degradation, can be evaluated

transformed time series. A forward Euler algorithm with afrom the expression

fixed step of 0.00K 27/()y was used in the simulation. _ 5 5

First, ﬁw the absence of noise, we compare analytical ap- D, = (2/3*4(a"p)e*, (13)
proximation for u (3) as a function of),; with numerical  shown in Fig. 4 by triangles. This expression was obtained
results depicted in Fig.(B), showing a good agreement. Fig- from the conditionx,,A, =D in the same assumptions as Eq.
ure 3 shows the effect of noise on the gain facgk for a  (12). One can note thdd. approximately corresponds to the
weak LF signale=0.0163. A strong degradation dByras  crossing points of horizontal and inclined lines in Fig. 4.

a noise strengt increases fronb=0.0001(curve 1) up to The experimental investigations performed in VCSEL
D=0.25(curve § is observed. In particulaGyg* decreases have confirmed our main theoretical findings. The experi-
by about 7 times in this case. The increase of the noise levehental setup was the same ag[@ij. We studied VR in the
leads to the broadening of the response curve and to the shifiser intensity after polarization selection when two sinu-
of the optimal value ot corresponding t@y5* This pic-  soidal signals at the frequencie® =1 kHz and Q

ture is a good qualitative agreement with Fig. 1. For a certain=100 kHz with amplitudesA, and A, respectively, were
value of D, which depends og, the effect of the excitation applied to the injection current. Both frequencies are much
of VR completely disappears. This valuedfcorresponds to lower than the cutoff frequency of the laser polarization
the optimal noise intensitip* for the given amplitudes ina  switching bandwidth. In what follows we use the normalized
conventionalSR phenomenorj12]. This means that for all amplitudes of the LF and HF signals defined sasA /

D <D* the gain factor for a weak LF signal due to VR will and é=A,/ uy, where . and uy are the switching thresh-

be larger than in conventional SR. Hor>D* the additional  olds at the frequencie®, andQy, respectively. The normal-
HF modulation worsen&,r for a weak LF signal. ized amplitude of the HF signdl is the control parameter.

In Fig. 4, Gy§* as a function oD is shown for different Along with two periodic signals, noise with the different
values ofe. One can distinguish two regions in the figure. amplitudesoy was added to the injection current of the laser.
First, in a certain range dd, the valueGJg* practically does  In what follows we define the noise strengii=oZ. The
not depend orD. This range decreases when loweriag injection current was chosen in order that the laser operates

in the regime of polarization bistability, where switching be-

1 0 -0.016 tween two states could be induced by applying the determin-
280 o4& * 20032 || istic modulation and noise. The laser responses were de-
o4 ¢ e=0.065 || tected with a fast photodetector and recorded by a digital

oscilloscope coupled with a computer to store and process
the data. Every time series contained 50* sampling points
with 20 periods of the LF signal. Each point &g was
obtained by averaging over 10 independent time series. As
we already discussed, we expect that additive noise has a

18 strong effect on VR leading to its degradation, when it added
16 . . . \ to the input signal, while{;2* obeys a simple scaling law.
-4 -3 -2 - 0 We present the results of an experimental evidence of this
log,, D scaling law. The experimentally measured gain fack

for a weak LF signale=0.028 versus¢ is shown in Fig. 5
FIG. 4. (Color onling Numerics.G{jg* versusD shown for dif-  for different values of the added noise intensity. One can see
ferent values ofs. A dashed line is plotted using Eq10). that an addition of noise results in a diminution of the gain,
(Q,./27=0.0001;Q,/27=0.01) the shift of its maximum and broadening the response curve
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FIG. 5. (Color onling Experiment. The gain factd® versus the . . max .
normalized amplitude for different values of the noise levety FIG. 6. (Color onhrye) E_xperlment.G_VR versusl_:) for different
=7 (1), 14 (2), 30 (3), 65 (4), 110 (5), and 250(6) (MV,m- (¢ values ofe. A dashed line is plotted using E(L0) with rescaledD.

=0.028) tal results confirm theoretical predictions concerning the be-

havior of Gj3* depending on the LF amplitude and the noise
as a noise intensit increases. These experimentally ob- strength.
served features are in a good qualitative agreement with the To conclude, we have shown that the introduction of the
numerical and analytical results shown in Fig. 3 and Fig. 1effective potential into the theoretical results developed for
respectively. The experimentally measu@ff*versusD for ~ the description of SR allows to study the effect of the addi-
three different values of the amplitude of the LF signal istive noise on VR. We found analytically the scaling law re-
shown in Fig. 6. In agreement with the results of the numerilating the gain factor and the noise strength which is in an
cal simulation presented in Fig. 4, one can note that ther@greement with the numerical and experimental results. Our
exists a range of the noise intensity wh&@®2 practically results are very general and one can expect that they can be
does not depend dd (Fig. 6, curve 3. These values B applicable to bistable systems from different fields. On the

are also in good agreement with the theoretical predictioﬁ)';)her ha(;'d_' onebcandexlpect aflso thattthls scaling Ia¥v candk_Je
(12) shown by horizontal lines. In the region & where ODSErved In a broad class of nonautonomous systems dis-

GUR" quickly decreases &3 increases, the fitting of the ex- glaggt]i%rfegggéﬂg?nbl'n?hg'f%rgsagr?t?;l’ Sénﬁzrmssn%rr:n a; f?g\?v_
perimental data yields the scalinGya~D~?, where y q g y

~0.47, 0.34, 0.27 foe=0.028, 0.056. 0.168, respectively. dimensional manifold coincides with the equation for an

. " ) overdamped oscillator with parametrically dependent poten-
All values of y agree with the results of the numerical simu- 4 [13]. P P y dep P

lation. Moreover, the first value of is in a good agreement
with the value predicted analytically and shown by a dashed This work has been partially funded by the MIUR project
line in Fig. 6. We can therefore conclude that the experimenFIRB No. RBNEO1CW3MOO01.

[1] P. S. Landa and P. V. E. McClintock, J. Phys. 38, L433 [8] J. Casado-Pascual and J. P. Baltanas, Phys. R69, B46108

(2000. (2004).

[2] M. Gittermann, J. Phys. A4, L355 (2001). [9] G. Giacomelli and F. Marin, Quantum Semiclassic. Opf,
[3] A. A. Zaikin et al, Phys. Rev. E66, 011106(2002. 469 (1998.

[4] E. Ulineret al, Phys. Lett. A312, 348(2003. [10] M. B. Willemsenet al, Phys. Rev. Lett82, 4815(1999.
[5] J. P. Baltanagt al, Phys. Rev. E67, 066119(2003. [11] G. Giacomelli, F. Marin, and |. Rabbiosi, Phys. Rev. L&®,

[6] V. N. Chizhevsky, E. Smeu, and G. Giacomelli, Phys. Rev. 675(1999.

Lett. 91, 220602(2003. [12] L. Gammaitoniet al, Rev. Mod. Phys.70, 223 (1998.

[7] 112'1 (Bz'gggma” and P. S. Landa, Int. J. Non-Linear Me88, |13 p Bryant and K. Wiesenfeld, Phys. Rev.38, 2525(1986.

062101-4



