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Three-phase threshold capillary pressures in noncircular capillary tubes with different
wettabilities including contact angle hysteresis
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We use the Helmholtz free energy balance and the Mayer-Stowe-Princen method to derive general expres-
sions governing multiphase pistonlike displacements in noncircular capillary elements with arbitrary wettabil-
ity. We take into account hysteresis in oil/water, gas/water, and gas/oil contact angles. We study both two- and
three-phase systems. We find threshold capillary pressures for gas invasion into oil, oil invasion into gas, and
water invasion into oil for capillaries with an irregular triangular cross section. Finally we study the effects of
shape factor, oil/water capillary pressure, and oil/water and gas/oil contact angles on the threshold capillary
pressure for gas invasion into oil for spreading and nonspreading systems. In many cases the threshold
pressures of the three-phase displacements are not the same as those of the equivalent pseudo-two-phase
displacements. It is possible that gas invasion can occur resulting in a configuration without oil layers, even if
oil layers are geometrically possible. This emphasizes the distinction between geometric and thermodynamic
stability—it is the latter that controls threshold pressures.
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I. INTRODUCTION The MSP method has been applied by several authors to

) ) ) L compute threshold capillary pressures for pistonlike dis-
Understanding multiphase flow in porous media is impor-pjacement in elements with circular and different angular

tant in many areas of science and techno_logy _including PEcross section$s,15,22—24 Grenet al. [6] and PatzeK7]
troleum reservoir and environmental engineering. One appaye studied two-phase displacements in irregular triangles
pealing approach to calculate macroscopic multiphase flowiip, arbitrary contact angles. Lago and Arayjeh,2§ ex-
properties, such as relative permeability and capillary presganged this work to consider two-phase flow in capillaries
sure, is physically based pore-scale network modeling whergii, nolygonal cross sections and curved sides. Van Dijke
the pore space is described as a network of pores connectggly| [27-29 found three-phase threshold capillary pressures
by throats with some idealized geometry. Then a series of, elements with noncircular cross sections and different wet-
displacement steps in each pore or thi@ement are com-  ahijity but ignored wettability alteration and contact angle
bined to simulate multiphase flow. Recent advances in POr&iysteresis.
scale modeling have been reviewed by Celial. [1], Blunt In this paper we compute threshold capillary pressures for
[2], and Bluntet al. [3]. _ three-phase pistonlike displacements in polygonal cross-
Individual pores and throats are often considered to havgectional elements. The difference between this and other
angular cross sections; see, for instaride./]. This makes it \york is that we study three-phase flow with altered wettabil-

possible to have more than one phase residing in one elgy syrfaces taking into account hysteresis in oilwater, gas/
ment; the wetting phase occupies the corners when the nozater and gas/oil contact angles.

wetting phase fills the center. As well as triangular cross- e first give an introduction to pistonlike displacement,
sectional elementgt—7], authors have used geometries with ettapility alteration, and contact angle hysteresis. Then a
circular [8], square{9-11], star-shaped12,13, and lenticu-  yjef description of the MSP method is presented which is
lar [14] cross sections to represent pores and throats.  fo|jowed by developing a Helmholtz free energy balance in
_Displacements of one phase by another in capillaries with|gseq systems where phases are separated by spherical in-
different cross-sectional shapes, wettability, and inscribed ragfaces. The free energy balance equation is used to derive
dius are distinguished from each other by their thresholqne general threshold capillary pressure equations for three-
capillary pressures. There are different types of displacepnase pistonlike drainage and imbibition in noncircular
ment: pistonlike, pore-body filling, snap-off, and layer for- ¢r5ss-section capillaries with corners of arbitrary wettabil-

mation and collapsg6,15-17. Here we consider only pis- A special case where capillaries are irregular triangles in
tonlike displacement, which refers to the displacement of ong;oss section is considered to find threshold capillary pres-

phase by another in the center of a throat by a fluid residing,res for gas invasion into oil, oil invasion into gas, and

in the center of a neighboring pore. The threshold capillaryyater invasion into oil in strongly oil-wet systems taking into

pressures are found using the Mayer-Stowe-Prir®¢8P)  4ccount contact angle hysteresis. The sensitivity of threshold

method[18-21; see Sec. IV for details. capillary pressures to shape factor and other capillary pres-
sures is also studied.

*Present address: Department of Civil and Environmental Engi- Il. PRESSURE DIFFERENCE ACROSS AN INTERFACE

neering, Engineering Quad E-228, Princeton University, Princeton, To find the pressure difference across an interface, we use
NJ 08544, USA. Electronic address: mpiri@princeton.edu the Young-Laplace equatidi30,31]
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—> Section A-A A €«

Main Terminal

Meniscus (MTM) FIG. 1. Different types of in-

terface(a) main terminal meniscus
(MTM), and (b) arc menisci
(AMs) in the corners of a capillary
element of triangular cross sec-
tion. « is the corner half anglgs].

Arc Menisci (AM)

(@) (b)

1 1 the denser phase, andis the corner half angl¢see Fig.
Pi—-P= ‘Tij<r_ + r_) D 1(b)]. If the effects of gravity are ignored then the curvature
ro2 of the AMs will be exactly the same as that of the invading
wherer, andr, are the principal radii of curvature, ari MTM [5].
and P; are pressures of the phases on either sides of the Every displacement is either drainage or imbibition.
interface. Drainagein a capillary element refers to an event where a
There are two types of interface, Fig. 1. The first is thewetting phase is displaced by a nonwetting phase. An event
main terminal meniscuéMTM) [5], which is the invading in which a nonwetting phase is displaced by a wetting phase
meniscus at the pore/throat junction separating wetting ang calledimbibition. Pistonlike displacement can take place
nonwetting fluids in the center of the pore and throat. Thein both cases. The prevailing contact angles during pistonlike
shape of such a meniscus is usually assumed to be sphericdtainage and imbibition events are receding and advancing
meaning that the two radii of curvature are the safme values, respectivelysee Sec. Il A. If there is no contact
=r,=r). The second type are tlec menisci(AMs), which  angle hysteresis then the threshold capillary pressure of pis-
are the interfaces at corners of a noncircular element usuallnlike imbibition is the same as that of drainage; otherwise
left by a pistonlike displacemeiisee Sec. I\ It is assumed during imbibition the relevant capillary pressure is reduced
that the curvature of the interface is negligible in the planeand each interface starts hinging from its furthest value to-
perpendicular to that of the paper meaning that the principalvard the advancing contact angle. It stays pinned as long as
radii of curvature would be;=r andr,=« [5,30. The pres- the hinging value is smaller than the advancing contact

sure difference across such an interface is given by angle. The wetting phase will enter the element when the
advancing contact angle is reached. The threshold capillary
P - P = ﬂl_ ) pressures are found using the Mayer-Stowe-Princen method
oy described in Sec. IV.
The capillary pressur®; is simply the pressure differ-
ence across the interface: A. Wettability alteration and contact angle hysteresis
Pgj=Pi— P;. (3 While most clean rock surfaces in contact with refined

oils are water wet, few, if any, oil reservoirs are completely

water wet. This is because of direct contact of crude oil with
[ll. PISTONLIKE DISPLACEMENT the solid surface which changes its wettability by adsorption
of polar components of the crude oil or the presence of natu-

Pistonlike displacement refers to the displacement of On(:F‘ally oil-wet minerals within the rock. This makes any values

phase by another m_the center of a throat by a fluid reS|d|n%f oil/water and consequently gas/water and gas/oil contact
in the center of a neighboring pore. In other words, once the .
threshold capillary pressure is reached the MTM that hagngles possiblg32-3§. Kovsceket al. [34] developed a

prifary p . . Iodel where the wettability of the rock surface is assumed to
access to the entrance of the element moves into the capilla

with a fixed curvature filling the center of the element by theB/e altered by the direct contact of oil. Before a porous me-

invading phase. While the MTM displaces the defendin dium is invaded by qll itis assumed to be full_of water and
. . ater wet. Once it is invaded by oil a thin film of water
phasek from the center of the element—inoncircular

elements—the residual of the disolaced phase may remain revents oil touching the solid surface directly. But at a
. Pie P Y Hreshold capillary pressure this film can rupture and allows
the corners, creating new AMs. This happens only if

oil to contact the solid surface and change its wettability.
. T Regions of the pore space not contacted by oil remain water
=7 -a 4 wet.
. The contact angle also depends on the direction of dis-
where 6, is the angle that the new AMs make with the solid placement. This difference betweadvancingi.e., a wetting
surface toward the apex of the corner which may or may nophase displacing the nonwetting one, arededing i.e., a
be the contact angle that is traditionally measured througimonwetting phase displacing the wetting one, contact angles
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m—— Altered wettability surface

0O = 0il
W = FIG. 2. One-, two-, and three-
G = phase configurations for a single

corner. The bold solid line indi-
cates regions of the surface with
altered wettability. All the multi-
phase contact points may be
pinned which means that, as the
capillary pressure changes, the
curvature of the interface changes
but that the location of the
interface/solid contact is fixed. It
can move only when the hinging
contact angle becomes equal to
the pertinent contact angle. A
phase may be present in the center
of the pore space or as a spreading
or wetting layer, sandwiched be-
tween other phases. Water is al-
ways present in the corner.

Water
Gas
w w
(A1) (A2)

may be as large as 50°-9[8B0,37,38 depending on surface If the radius of the surface of tension is much larger than

roughness, surface heterogeneity, swelling, rearrangement, thrickness of the interface then interfacial tension can be con-

alteration of the surface by solvef80]. sidered independent of the radius of the dividing sur{8&
Different oil/water, gas/water, and gas/oil contact anglesand is uniform in all directions. Knowing that, the pressure

and interfacial tensions make it theoretically possible to acdifference across the interface is related to the interfacial

commodate fluids in the corners of the pore space with diftension by

ferent configurations. Figure 2 illustrates possible generic

configurations of one, two, or three fluids in a single corner P._p = 20y

of an angular pore or thro@t7]. Altered wettability surfaces b r

are shown by thicker lines.

(6)

which is the famous Laplace-Kelvin equation for a spherical
interface.
IV. MAYER-STOWE-PRINCEN METHOD The change in the area of the interface changes the inter-
The MSP method is based on equating the pressure difidl €nergy of the systendU, which is related taW using
ference across the AMs left at the corners of the capillaryn® first law of thermodynamics:
tube by pistonlike displacement, which is given by E2).
for elements with straight walls, to that of the MTM which is
found by writing an energy balance for MTM invasiesee  \heredQ is the heat given to the system. If the system is in
Sec. IV A). thermodynamic equilibrium then using the second law of
thermodynamics Eq.7) can be rewritten as

A. Helmholtz free energy balance

Imagine a closed system where two strictly homogeneous
phases andj are precisely separated by a flexible sphericawhereT is the temperature of the system a8ds the en-
dividing surface with zero thickness, radius and areaA  tropy. Then the change in Helmholtz free energ¥, is
[39,4Q. Since the interface is not plane the uniform pressuregiven by
of bulk phasei, P;, is different from that ofj, P;. If the
volumes of the two phase¥, andV., in mechanical equilib- dF =-S8dT-PdV; - P;dV; + o;;dA;. 9
rium are changed by vqriation in state variables of the system .. should note that we consider only closed systems,
by dv=dV;=-dV;, causing a reversible changeAndA, the  oqning that the composition of the system is fixed. Also

work dW carried out by the system to do such a change ighere is no exchange of molecules between the phases—we

given by consider completely immiscible systems.
dw= PV, + P,dV, - o7, dA; (5) The total Helmholtz free energy of the system can be

considered as the summation of Helmholtz free energy of the
wheregy; is the interfacial tension for the Gibbs surface of two bulk phases andj, and the interface

tension and is the work done per unit increase in interfacial
area[39,4(. F=Fi+F;+ Finterface (10
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Equation(9) for bulk phases andj in a system with === Altered wettability surface
constant temperature becomes
Corner-1
dF, =-PdV,, (11)
A
From Egs.(9)—(12) we obtain
dFinterface™ O'ijdAij . (13

. . Phase-i .
Extension of the above analysis for amphase system AL

with the same conditions gives

j=n n!/2(n-2)! .
dF =~ PdV, + > ojdA. (14
i=1 ij=12,13,...,23,24,... E o H

A system with constant temperature and constant total T
volume is at equilibrium when the Helmholtz free enefgy D
is minimum [41] or

dF=0. (15)

Corner-2 Corner-3

B. Capillary systems with three fluid phases ) ) )
FIG. 3. Different areas and contact lengths in an equilateral

Consider a noncircular capillary element withcorners  iangle with a two-phase configuratiod; + =Asgc, Aj,«,=Aper:

filled with defending phase in the center and invading phasgj 2. 5Ach Lij«,=BC, Ljo,=EF, Lj s =HI, Ljss =2AB,
having access at one end of it where it forms a MTM. An|_.;<r3 =2DE, Lj;<1=ZGH1 L'jsztzzﬁ:leS{' N I—istzl—_i—jslt: Aj
increase in the pressure of the invading phase to the threshiﬁflAj 1, andA, t3=A—A,- v “

old value when the pressure of the defending phase is fixed

results in the MTM entering the capillary with a fixed cur- The total area of the cross sectiépand the perimetet,
vature and changing fluid configuratiof@d to new at the of the capillary are constant and given by

corners. Assuming that the system is closed, at equilibrium,

the MTM spherical, the solids) a rigid phas€dV,=0), and A= > A8, (19)
the solid walls straight, for a small movemeaik of a MTM izowg
in the capillary where three fluids, i.e., ¢d), water(w), and
gas(g), may be p_resent, the Helmholtz free energy balance L= > Lis:Ss. (20)
can be written using Eq$14) and (15): i=o,gwW
dF=- > PdV,+ > o;dA; =0, (16) From Egs.(16)<18) the comprehensive form of Helm-
i=ow,g ] =0W,0590,gS gW,WS holtz free energy balance is
where S P (A 8o T (A, 5.0,
- P; A £ 6 -[A 4+ 6
AV, = {[A 817~ [A,51°%dx ErPii=t
n n
= E[Ai,<tk5i,<tk]nc—[Ai,éﬁk(si,{k]oc dx, (17 + > (Tijz{[Lij,{kaij,{k]nc
k=1 ij=ow,0sgo,gsgw,ws k=1

=[Lij 4,84 1°1=0. (21)

n When two fluids andj come in contact on a solid surface
=13 [Li o, 807 [Lj o 8. (%, (18) S where the solid is continuous at the line of contact, then
k=1 according to Young, Laplacg1], and Gibbg40] the force

balance parallel to the surface at equilibrium becomes

dAy; ={[Ljj 161" - [Lij 8 1°%dx

where the subscriptsc and oc stand for new and old con-
figurations, respectivelyA ; is the total area occupied by 0jj COS B = 0is ~ Tjs (22)
phasei in the cross sectiorl,; ; is the total length of contact
between phasdasandj in the cross sectiom is the number
of corners in the cross section, arq is the cornerk (see
Fig. 3 for an example If phasei is present in a cross section
then &, is 1; otherwise it is zero. Also when phaseand j
have an interface together thép is 1; otherwise it is zero.
The same analogy applies in a corner &?Efk and Bij 4, Oos~ Ows= Tow COS oy, (23

where 6; is the angle measured through phasenhich is
traditionally taken to be the denser phase.

In a three-phase system E@2) can be written for each
of the three pairs of fluids, i.e., oil-water, gas-water, and
gas-oil, residing on a solid surface
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Ogs™ Tuws= Tgu COS Oy, (24) Equationg21) and(23)—(27) are used to find the pressure
difference across the MTM which is then set equal to the
pressure difference across the appropriate AM to find thresh-
old capillary pressures for any pistonlike displacement in
A constraint on the three-phase contact angles and interfaciéWo- and three-phase systems. Next we present some ex-
tensions in mutual equilibrium can be derived by manipula-amples.

tion of Egs.(23)«25) [42,43:

Ogs™ Oos= 0go COS by (25

V. EXAMPLE: IRREGULAR TRIANGLES

eq _ eq eq
Tgw COSbgw = Ogo COSbgo + Ty COS oy (26) Other authors have used the general energy balance Eq.

Equation(26) means that in three-phase systems only twd16) to derive threshold capillary pressurgzb—29. In this
of the contact angles need to be defined independently. GeMork we will apply it to study two- and three-phase displace-
eralization of this analysis to a system withfluid phases Ments for the configurations in Fig. 2 that have not been
was shown by Blunf44] where there ar@(n—1)/2 contact ~Studied before. S _
angles,(n-1)(n-2)/2 constraints, andn-1) independent Here as an example we use capillaries WI'Fh irregular tri-
contact angles. angullar cross sections to find threshold .capll!ary pressures
In this work we use Eq26) to find the dependent contact for dn‘ferent two- and three-phase p|§tonl|ke Q|spla.cemen.ts.
angle. We first decide on the values of two of the contact*PPendix A presents useful geometrical relationships for ir-
angles and then calculate the third one using @6). We  regular triangles.
used, and gy, to calculate &,. We also usef, and 6, to
find another value ob,. The smaller of the two values of _ _ _ _ _ _
fqw is considered as the receding and the larger one as the Imagine an irregular triangle with configuratid (old

A. Gas invasion into oil

advancing value. configuration, Fig. 2, in all three corners. Displacement of
In three-phase systems the three capillary pressures bgil in the center of the capillary by gas will form either
tween three pairs of fluids are related as configurationF and/orC (new configurationsat each corner
depending on whether the oil layer is stable. Using E2s.
Pegw= Pegot Peow: (27 (19), (20), (24, (25), and(27), Eq.(21) can be written as

3
g0 Pcowzkzl [(Aw,dikéw,{k ne— (AW,<):k5W,<(k)OL] + oowlow Ugoggo + Ugwggw

p—Ya0_ (29)
R [(Ag8g)"™ = (Ag39)*]
where
3
Low= E [(Low,{kﬁow,{k)nc_ (Low,{kﬁow,{k)ocL (29
k=1
3
ggo: 2 {[(Lgo,<k5go,<k)nc_ (Lgo,ik‘sgo,{k)oc] - [(Los,<tk603<tk)nc_ (Los{k‘sos{k)oc]cos%o}y (30)
k=1
3
ggw: E {[(ng,{kagw,{k)nc_ (ng,{kagw,{k)oc] - [(st<{k5ws<rk)nc_ (st<[k(i/vs<rk)oc]cos %W}, (31)
k=1
[
where for this set of configuration change$)°°=0, (Jy)" Different areas and lengths in Eq28)—(31) are given by

=1, (8,4)""=1, (50W’<kb)(00:1, (0g0,4,)°°=0, (Gos 4,)*°= 1,
(8gw4,)°=0, and(8ys +)"°9=1 for k=1,2,3.

Whether the pistonlike displacement leaves an oil layer in
a corner depends on if E4) holds fore*k: 050 and if it does,

RO
(Agd™=1 45~ kE [(Ao, 5+ Anz) B0, ]

3
then whether the layer is stable. For a giey,, an oil layer B B ne
in cornerk is stable only if the inequality given by E¢C24) E[A"V'{k(l 50~<fk)] (32
(see Appendix Cholds withij =go, jk=ow, 6,=6,,, and 6
:050. whereR is the inscribed radiusG is the shape factofsee
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Appendix A), and[AO'{k+AW,<k]“° is given by Eq(B9) (see Iteration continues until the difference between two consecu-
Appendix B), with ry=ry, and g*kzggo, If water in the corner tive values ofP.y, becomes less than a predefined small
is in contact with the gas in the centeﬁw,<k)“° is found value.. . _
using the same equation witly, and ¢, otherwise, to find If oil layers i\ge stabl(i in all corners separating Waterrwfmm
(A, +)"r,, and 6, are used instead. gas, then?(AW,t) ;(Aw,t} =0, Low=0, £u=0, and tLgsy)
(Low,+,)"? s computed from Eq(B10) (see Appendix =[(Los)"*= (Losy)*] which reduces Eq(28) to
B), with ry=r,, and 6,=6,. Using the same equation we nc
fir)1d (Lgo‘{Jkk)nc with M0 I:";mdwago an(?(LgW,<k)”° withqrgW and Pego= (rTJQ _ Tgdlgor :A:i;;fos%o]
go \

"
’ The differences between the lengths of solid in contactvhich represents the well-known expression for threshold
with oil and water inoc andnc are as follows: capillary pressure of two-phase pistonlike displacement
[6,25 which indicates that, in this case, the threshold gas/oil
capillary pressure is independent of the oil/water capillary

(35

3

nc [o]
E[(LOW‘%S%) ~ (Los )] pressure. This is similar to the work by van Dijke and
5 Sorbie[27].
B e One should note that in this work water, if E¢) holds
- Zz[(bovﬂ_ bwy<ik) 50,<k] for 6.=4,, is present in the corner as a wetting layer regard-

less of the oil/water contact angle of the altered wettability
R 3 surfaces. This is not the case, for instance, in the three-phase
NG 22 (Bu, ) » (33)  work by van Dijke and Sorbi¢27].
k=1 In the above calculations we have allowed oil layers to
form in the corners if they are stable; see Et).and Appen-
3 3 dix C. But one may arguésee, for instance, van Dijket al.
2 [(Lwg )" = (Lwg )T = 22 [(by 5 )" = (b, )] [28,29), that this may not be a sufficient criterion for allow-
k=1 k=1 ing the oil layers to form, meaning that not allowing the oll
(34 layers to form even if they are stable may give lower thresh-

) ) ) ) ) ) old gas/oil capillary pressures. In order to make sure the
where in the comers with oil layer, configurati®h b, IS threshold gas/oil capillary pressure that we present in each
given by Eq.(B3) (see Appendix B with ry=rq, and 6, case is the lowest possible, we also calculate the threshold
=y Also by, of the q|I/wtater interface is cta_lculated using gas/oil capillary pressure of gas invasion into oil without
the same equation withfl; and ¢, wherergy is the extre-  3jjowing oil layers to form, even if they are stable. Then we
mum oil/water radius of curvature reached during the procesgompare it with the one we calculated allowing oil layers.
by which this interface was moved last time. If there is anyThe one which is smaller is favored: see Sec. IV for

corner where gas in the center is in direct contact with wategyamples.
thenb,, is found usingr,, and ¢, instead.

In order to find the threshold capillary pressure of the
displacement for a giveR,,, an iterative procedure is used.  Invasion of oil into gas in a triangle with configuratio@s
First a P.y, is guessed, then, using E@) and the layer and/orF at the corners will result in the formation of con-
stability analysis given in Appendix C, we can find if the oil figurationsB and/or G depending on gas/oil and oil/water
layers are stable in the corners; then a gy is calculated  contact angles and capillary pressures. We consider this pro-
using Eq.(28). If this is not close enough to the one we cess immediately after gas invasion into oil. Similar to the
guessed then it is used for the next round of calculations byprevious section using Eqg2), (19), (20), (23), (25), and
checking the stability of the oil layers with this neR¢y,  (27). Eq.(21) can be written as

B. Qil invasion into gas

- chwzizl [(Aw,{kéw,{k)nc_ (Aw,{kam,{k)oc] ~ Tondow™ O'goggo - Ugwggw

Pego= e - 36
" rgo (Ao~ (Agy 0] (36
3
gow: kz {[(Low,{kaow,{k)nc_ (Low,{kaow,{k)oc] - [(st{k‘ims,{k)nc_ (stéiké;msik)oc]cos 6’BW}, (37)
=1
3
ggo: k§: {[(Lgo,<tk5go,<tk)nc_ (Lgo,<tkégo,<rk)oc] + [(Lgsd[kggs{k ne— (Lgs<tkégs<tk)oc]cosego}' (38)
=1
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3 water radius of curvature reached during the process by
§9W=2[(L9W1<}:k59w*<k ”C—(ng,<kégw,<k)°°], (399  which the interface was moved last time. If there is any
k=1 corner where water is in direct contact with the oil in the
where for this set of configuration changds,)"=1, center ther‘n\,Y is found using the same e_quatlon Wrm,and_
(835 2)°°=1, (8, 4)"9=1, and (8,c4)"99=1 for k 6., Calculation of the meniscus-apex distance for the differ-
=1S§k3 W ’ S %k ent interfaces in the old configurations has been discussed in
If Eq. (4) holds for¢9]:=7-r— ‘930 then after oil invasion it is the previous section. Also the difference between the lengths

: . : ¢ solid i h . S
possible to have gas layers sandwiched between water in tO solid i contact with water imc and oc is given by

o . g. (34).
corners and ol in the center but only_ if they are stak_JIe. Fora The threshold gas/oil capillary pressure is found using an
known Py, a gas layer in cornek is stable only if the

. . oW X X iterative procedure. At a giveR.y,, a gas/oil capillary pres-
!nfqual]ty_gwen*kzy *Eq(CZS?_(see Appendix g holds with sure is guessed, wherg,= oo/ Pego and a newP g, is cal-
ij=go, jk=gw, 6,=6,, and 6, =7- 65,

. . . I ing Eq(27). Then if there is an rner with con-
For this set of configuration changes, i.e., dlsplacemenCu ated using Eq27). Then if there is any corner with co

. . . tI‘iguration F, the hinging gas/oil contact angle for gas/oil
ggferent areas and lengths used in E@6)—(39) are given interface is calculated from

~ rext
020,<[k =cos 1[7“5 cog ¢, + a<k)} —ay, (43)

R? 3
(Ao = el % [(Ag s+ Az ) 4,1

wherer&'is the radius of curvature by which the interface

e moved gfast time. Since we are considering oil invasion into
A (1 =3 )™ [ (40) il after gas invasion into gas, this is the minimum radius of
curvature reached during the gas invasion.egg’<k> o

then 6, , =6, otherwise we use, . itself for the calcu-

3

(Ao't)oczz{[(A0*<k+AW'<k)6O’<k oc_(M,<k5o’<k)o?, Iatieatns. Thenbo&g is calculated using quBS) with 1y

k=1 =rgo and * = G, if 0'9‘0' 4, < 4o Otherwise withrg, and 6,
(42) One should note that when it comes to calculating the
length of a gas/oil interface in a corner with an oil layer,
where (Ag + +Ay 4 )" is calculated using EqB9) with i, configurationF, Eq. (B10) (see Appendix Bis used with
=rgoandf=m— %o (Aw,+ )" In the corners with a gas layer, ry=ry, and 6*= G if ‘9hgo,<rk> %o Otherwise with ¢,
configurationG, is found using the same equation with, :Sin_l[(bo,<k sin 01<k)/rgo]-
and GW. But if the water in the corner is in contact with the Now we find if a gas |ayer can form in any of the corners
oil in the center then the water area is calculated usijg using the procedure discussed earlier in this section. Then
and ¢, instead. Calculation of areas in the old configura-ysing Eqs(28)~(39) a newP,g, is calculated. This iterative
tions has been discussed in the previous section, configurgrocess continues until the difference between two consecu-
tionsF andC. tive values ofP.y, is less than a predefined small value.

In the new configurations, i.eB and G, (Loy,+,)"™ is Again, to make sure that the threshold gas/oil capillary
found using Eq(B10) with ry=r,, and6,=6,,. Similarly in  pressure calculated is the highest possible, a threshold gas/oil
the corners where there is a gas layer we fing ; )" with  capillary pressure is calculated without the gas layers being
Iyo @and - 630 and (ngﬁ[k)“C with rg, and 0;V. The calcula- allowed to form even if they are stable. Then it is compared
tion of lengths for different interfaces in the old configura- With the one that is calculated allowing the gas layers to
tions has been discussed in the previous section, configuréerm, if they are stable, and then the one that is greater is

tionsF andC, favored.

C. Water invasion into oil in a strongly oil-wet element
3

S (Loes & M~ (L )] Here we present a set of equations to find the threshold
o Les TS 98 %k capillary pressure for water invasion into oil in a strongly
3 oil-wet capillary element changing configurati@in each
=25 [(by s ~ by )8 s I corner to ei_therD (i_f the oil layer is_ stab_lga or_A2 (other-
el 9L W “9, % wise); see Fig. 2. It is a two-phase pistonlike displacement so
Eqg. (21) reduces to

3
R
— _ oc — [o]
2G ZE{(bO*{kao’{k) + [b""'<k(1 50~<fk)] % TABLE I. Interfacial tensions and spreading coefficiemtN/m)
" used in this worl{45,44.
(42)
where in the corners with a gas laybg,is given by Eq(B3) Set no. Fluids Tow 990 Ogw  Cs
with Mk=Tgo and 0k=77.— 030. Alsq b,, of the gas/vyater inter- | Hexane-water-air 48 19 67 0
face in the new configuration is calculated using the samg Dodecane-water-air  52.3 2535 72  -5.65

ext
gw

ext
gw

equation withr; and 0\*N, wherer g, is the extremum gas/
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o o Tow _ Toutl(on+ o™~ (Lgo)*T + [(Lug+ Lig™ ~ (L9 cos b a9
cow ™ Fow (Aw +Awe)nc_ (AWO)OC

where the superscriptse ce andco stand for layer center, threshold capillary pressure that was calculated allowing the
center, and corner, ar(di “°)"¢is the total length of the con- oil layers to form if they are stable. The one that is greater is
tact line between oil in the lay@) and water in the center favored.
and is found using EqB10) with ry=r,, and Hk =

Lew™ is the total length of contact between water in the V1. SENSITIVITY ANALYSIS
center and solid walls and is given by

Here we study the sensitivity of threshold capillary pres-

3 sures for the case discussed in Sec. Vgas invasion into
(LSyne= — - 2> (bo, 2, J0,4:,)"™ (45)  oil) to the shape factor of an irregular triangk oil/water
G & K capillary pressureP.,,, advancing oil/water contact angle
X ¢ and receding gas/oil contact anglg,
where (bM )"¢ is given by Eq.(B3) using ry=r,, and 6, An irregular triangle is considered with an inscribed ra-
=76, dius of 13.6um, which is the average inscribed radius of the
(A;)" is the area of water in the center which is found network used by Piri and Bluntl7] as representative of
from Berea sandstone. The pore is assumed to be full of water and
water-wet initially. Then oil invades into water by an in-
2 crease in oil/water capillary pressure to some threshold value
(A= 2 [(Ao s, + Als) Bo,x,]™ (46)  [6,7,17,47. The prevailing contact angle during this process,

G o primary drainages.", is considered to be zero. The oil/water

OW'
capillary pressure is then increased t& P@. Oil now is in
where[A, ;, +Ay; I is computed from Eq(B9) usingrj.  contact with the solid walls and may change the wettability.
=rqy and gk = aa Knowing the interfacial tensionsee Table), and using the
In this dlsplacement an oil layer can be left in corker procedure described in Sec. IV B, five sets of receding and
only if 6 >7T/2+a< ; see Eq.(4) with ek w65, If this advancing contact angles are assigned to the peee
condition holds then an oil layer will form only if it is stable. Table I).

Stability of a layer sandwiched between two identical fluids Then water flooding is modeled by decreasing oil/water
has been analyzed in Appendix C 1. capillary pressure during which the oil/water contact angle
Similar to the procedure used in Sec. VA,R,, is starts hinging fromé’PD toward 65,. The hinging contact

guessed then using E@21) with jk=ow, j=o0, andk=wwe  angle th{ is calculated using 50[43) with gy, Fow and
calculate the threshold capillary pressure of oil layer collapse,. The reductlon in oil/water capillary pressure is contin-
in each corner. If the threshold capillary pressure of oil layerued only to values larger than the threshold oil/water capil-
collapse is larger than the guesded,, then it will not form.  lary pressure for water invasion into oil which ranges from
Then a newP,,, is computed from Eq(44) knowing the 6200 to —6800 Pa for the different systems tabulated in
configuration of each corner. If the difference between comTable 11 [6,7,17. This is because we do not want to invade
puted and guessel.,, is smaller than a predefined small the pore by water. As will be shown later, we decrease the
value then that is the final threshold capillary pressure otheil/water capillary pressure only to enable us to study the
erwise it is used as a new guess Ry, and iteration con- effects of oil/water capillary pressure and hinging oil/water
tinues. contact angles on the threshold gas/oil capillary pressure of
Similar to two previous sections, threshold oil/water cap-tertiary gas invasion into oil.

illary pressure without letting the oil layers to form, even if  The shape factor is varied between 0.005 dBd36. For
they are stable, is also calculated and compared with theach triangle the corner half angles are found using the

TABLE Il. Contact anglegdeg used in the sensitivity analysis.

System IFT set 650 & A, o %o O Fw

A I 0 10 30 0 0 8.46 25.31
B I 0 160 180 0 0 112.93 115.65
C Il 0 10 30 40 60 9.91 36.38
D Il 0 10 30 60 80 26.95 46.35
E Il 0 160 180 60 80 120.43 131.70
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TABLE llI. Corner half anglegdeg for irregular triangles with  than the threshold gas/oil capillary pressure of the pistonlike

different shape factors displacement.
Figures 6 and 7 illustrate the behavior of the threshold
G ay, ay, ag, gas/oil capillary pressure for two scenarios, with and without
oil layers, due to variations in oil/water capillary pressure
0.005 1.215 24.643 64.141 and shape factor for systerisandD, respectively. The sce-
0.01 2.565 25.388 62.047 nario without oil layers is favored only for low oil/water
0.015 4.096 26.094 59.811 capillary pressures and large shape factors where it gives
0.02 5794 26.793 57.412 lower threshold gas/oil capillary pressures than those of the
0.025 7739 27 469 54792 scenario with oil layers. The scenario with oil layers pro-

duces threshold gas/oil capillary pressures that are relatively

0.03 10.034 28.116 51.850 insensitive toP.,, except for very low oil/water capillary

0.035 12.756 28.749 48.495 pressures in large shape factor triangles, where layers in
0.04 16.199 29.341 44.46 some or all of the corners do not form. For instance, the
0.0481 30 30 30 sharp drop in threshold gas/oil capillary pressure for a tri-

angle with G=0.04 can be seen in Fig. 7 foPgy,
=10000 Pa is due to the fact that there are no oil layers in
method described in Appendix A. Table Il tabulates the cor-any of the corners separating gas and water. The other tri-
ner half angles used in this work. angles have at least, for this particular system and oil/water
Now gas invasion into oil is carried out by increasing thecapillary pressure, one oil layer. For both systethand D
gas/oil capillary pressure. The iterative procedure describethe route for high oil/water capillary pressure presents, ap-
in Sec. V A is used to find threshold gas/oil capillary pres-proximately, the two-phase threshold capillary pressure as
sures for pistonlike displacement of oil by gas. For eachmost of the corners have oil layers separating gas in the
system given in Table Il the sensitivity of the threshold gas/center from the water in the corner.
oil capillary pressure is examined to the shape factor and Figure 8 indicates the sensitivity of threshold gas/oil cap-
oil/water capillary pressure. illary pressure to oil/water capillary pressure and shape fac-
Figures 4 and 5 show the variation of threshold gas/oiltor for systemE for both scenarios, with and without oil
capillary pressure with shape factor for systehsndB (see  layers. The scenario with oil layers is strictly favored since it
Table II), respectively. The threshold gas/oil capillary pres-gives lower threshold gas/oil capillary pressures. As it is
sures for two scenarios, with and without oil layers, aretabulated in Table Il, the gas/water contact angle for this
shown. For the range of shape factor and oil/water capillarngystem is larger than 90°, making c@g, in Eq.(31), nega-
pressure used the scenario with oil layers is strictly favoredtive in comparison to systend where it was positive.
lower threshold gas/oil capillary pressure, which is similarThreshold gas/oil capillary pressures for this system are sen-
for both systems and not sensitive to the variation in oil/sitive to both oil/water capillary pressure and shape factor.
water capillary pressure since oil layers are present in alBimilar to systenD, ¢, [see Eq(29)] is more negative for
three cornergsee Fig. 9 below This is purely a two-phase fewer corner configurations with oil layers but all the other
displacement since there is no gas/water interface in theerms in the numerator of E@28) are larger for lower oil/
cross sections. The oil layers are present since the gas/ailater capillary pressure giving larger threshold gas/oil cap-
capillary pressures required to collapse the layers are greatdélary pressures with a greater sensitivity R,,. This was

2800
e —— |
& — &
2600 A '_’_'/_"_/__'_’__’,—*/_‘/*_’-—’_‘
2400 -
5
~ 2200 )
o? FIG. 4. Threshold gas/oil cap-
illary pressures for system.
2000 -
—8— Oil/Water Capillary Pressure = 10000 - 100000 Pa - with Layers
—+— 10000 Pa - without Layers
——20000 Pa - without Layers
1800 ~ ——40000 Pa - without Layers
—— 60000 Pa - without Layers
—&- 80000 Pa - without Layers
—— 100000 Pa - without Layers
1600 T T T T T

0 0.005 001 0015 002 0025 003 0035 004 0045 0.05
G
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6400
—&— Oil/Water Capillary Pressure = 10000 - 100000 Pa - with Layers
—+— 10000 Pa - without Layers
——20000 Pa - without Layers
5600 |  —e—40000 Pa - without Layers
—— 60000 Pa - without Layers
—=— 30000 Pa - without Layers
—— 100000 Pa - without Layers
4800 A
£
~ 4000 - )
R FIG. 5. Threshold gas/oil cap-
illary pressures for syster.
3200 A
2400 A
1600 T T T T T T T T T

0 0005 001 0015 002 0025 003 0035 004 0045 0.05
G

not the case in system, for instance(Fig. 7). The lower gas/oil capillary pressure shows that the oil layer in that par-
limit of the envelope, high oil/water capillary pressures andticular corner does not exist.

low shape factors, approximately presents the two-phase

threshold capillary pressures as the oil layers are present in VII. DISCUSSION AND CONCLUSIONS

most of the corners.

As mentioned earlier, during gas invasion into oil, con- We used the Helmholtz free energy balance and the MSP
figurationF may form in all or some of the corners depend- method to derive a general expression to calculate the thresh-
ing on the pertinent capillary pressures and contact anglesld capillary pressures of two- and three-phase pistonlike
Figures 9-11 show the variation of the raig,P.qo/ 0goPcow  displacements. Each displacement was modeled as a con-
with changes in corner half angle and gas/oil and oil/watefiguration change in the corners of a capillary with angular
contact anglegsee Appendix C Rfor the equations used to cross section. Using different two- and three-phase generic
produce the figures. One can use these figures to find if theonfigurations we were able to study any piston-like dis-
oil layers are stable in different corners of a triangle in theplacement. Adopting the wettablity alteration scenario devel-
systems discussed above. For a given gas/oil contact angleped by Kovscelet al. [34] enabled us to take into account
oil/water contact angle, and corner half angle, one can fingontact angle hysteresis in threshold capillary pressure cal-
the ratiooo,Pegol 7goPcow Then knowing the interfacial ten- culations. This scenario also allowed us to leave water at the
sions and oil/water capillary pressure, a gas/oil capillarycorners regardless of the oil/water contact angle of the al-
pressure can be obtained which, if is less than the thresholgred wettability surface, which was not the case in previous

2900
2680 ’_’_*———-*’M’__‘—_’*”*/_—‘
2460 -
<
=)
g?’ FIG. 6. Threshold gas/oil cap-
2240 - illary pressures for syster@.
—8- Oil/Water Capillary Pressure = 10000 Pa - with Layers
—#—20000 Pa - with Layers
—o—30000-100000 Pa - with Layers
—+— 10000 Pa - without Layers
2020 - —=—20000 Pa - without Layers
—o—40000 Pa - without Layers
—— 60000 Pa - without Layers
—&— 80000 Pa - without Layers
—&— 100000 Pa - without Layers
1800 T T T T T T T T T

0 0005 001 0015 002 0025 003 0035 004 0045 0.05
G
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1860
1760 -
1660 -
= 1560 -
&
mg,, 460 +ig%8 ga . wiﬁ kayers FIG. 7. Threshold gas/oil cap-
T — a- Wl ayers H
60000 Pa - with Layers illary pressures for systeiD.
—e— 80000 Pa - with Layers
1360 - —&— 100000 Pa - with Layers
—— 10000 Pa - without Layers
—— 20000 Pa - without Layers
—8—40000 Pa - without Layers
1260 —— 60000 Pa - without Layers
—&— 80000 Pa - without Layers
—4— 100000 Pa - without Layers
1160 T T T T T T T T T
0 0.005 001 0015 002 0025 003 0035 004 0045 0.05
G
work, for instance, by van Dijke and Sorhi27,2§. were stable. The one with the lower pressure of the invading

The procedure of using the general expression to find thehase was favored. Scenario | was strictly favored in systems
threshold capillary pressures of three different displaceA andB where oil was spreading. But this was not necessar-
ments, i.e., gas invasion into oil, oil invasion into gas, andily the case in systems with nonspreading @landD, ex-
water invasion into oil in strongly oil-wet systems, was pre-cept in the strongly oil-wet cade.
sented. Then we studied the sensitivity of the threshold gas/ We found that the threshold gas/oil capillary pressure is
oil capillary pressure for tertiary gas invasion into oil on the sensitive to the shape factor so that the lower the shape factor
shape factor for capillaries with irregular triangular crossthe lower the threshold gas/oil capillary pressure. But this
sections for different oil/water capillary pressures. We carwas not necessarily the case for the oil/water capillary pres-
ried out the sensitivity analysis for spreading and nonspreadsure. Threshold capillary pressures for scenario Il were al-
ing oils in five systems with different wettabilities. In each ways sensitive to oil/water capillary pressure since gas and
case in order to make sure that the calculated threshold caprater were in contact in all the corners. But for scenario |, if
illary pressure of the pistonlike displacement presents theil remains in all the corners as layers to separate gas in the
lowest threshold pressure of the invading phase, we did theenter from the water in the corners, then the threshold gas/
calculations for two scenariogl) layers of the displaced oil capillary pressure is insensitive to oil/water capillary
phase were allowed to form in the corners if they werepressure, similar to the case of van Dijke and SofRig,
stable; andll) layers were not allowed to form even if they which is likely to be the case in the spreading systénasd

7000
—8-Oil/Water Capillary Pressure = 10000 Pa - with Layers
—e—20000 Pa - with Layers
—=40000 Pa - with Layers
6000 { —* 60000 Pa - with Layers
—e—80000 Pa - with Layers
—&— 100000 Pa - with Layers
—+— 10000 Pa - without Layers
5000 14 —20000 Pa - without Layers
—8—40000 Pa - without Laye
——60000 Pa - w ey
E —=—-80000 Pa - w
~ 4000 { —+— 100000 Pa )
R FIG. 8. Threshold gas/oil cap-
illary pressures for systefa.
3000 A
2000 A
1000 T T T T T T T T T

0 0005 001 0015 002 0025 003 0035 004 0045 0.05
G
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10
8 —e—Corner Half Angle = 10 deg.
=20 deg.
6 1 —e-30 deg.
—2—40 deg.
47 —o—50 deg.
—&—-60 deg.

FIG. 9. Effects of corner half
angle and oil/water contact angle
on oil layer stability fory,=0.

Gow Pego/ Ogo Peow
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B. In these circumstances the displacement is purely a twaseries of displacements in order of threshold capillary pres-
phase one. But if the gas in the center contacts the water isure, and any change in these values translates into a change
the corners then the threshold gas/oil capillary pressure bén the rank of the displacements, which in turn may affect the
comes sensitive to oil/water capillary pressure, systeéni3,  fluid arrangements in the porous medium.
andE, and is not the same as the two-phase threshold capil-
lary pressure anymore. This, for instance, may happen in
nonspreading systems where the oil layers either do not form
or are less stable. ACKNOWLEDGMENTS
We also showed how to take into account contact angle
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APPENDIX A: USEFUL GEOMETRICAL RELATIONSHIPS
FOR TRIANGLES

An irregular triangle with the corner half angles, a,,
and a3 and the convention of 8 o< apy<az<m/2 (see
Fig. 12 is consideredw; and a, are two corner half angles
associated with the base of the triangle &id the inscribed
radius which is related to the ardaand perimetet of the
element througHi5]

180

The shape factor for irregular triangles ranges from zero
corresponding to a slitike element t3/36~0.0481 be-
longing to equilateral triangles. A given value Gf corre-
sponds to a range of triangles where the limits of the range
are denoted by, nin and a; may, Which in turn correspond to
the triangles wherew, nin=a;=a and a, ma=m/4-ay/2.
The shape factor is related t@ i, and a; max by [5,6]

1 1-1
2A =—| —— +tan2a; i , A4
R=T-=2.G (A1) 4[tan o n( a2,m|n)_ (Ad)
whereG is the shape factor, which is the area divided by the ] ) 5
perimeter squaredd/L2 G= sin(2ay) N sin2ay)
Since the cross section is a composition of six triangles 2 SIN(2as may |
with equal size oR (see Fig. 12 from elementary geometry .
A is given by[53] - 5'”(2“2,ma>9009(2“2,mza>3 _ (A5)
R2 3 41+ Coizaz,mw)]
A= e =R2D, cota; (A2) In a triangle, for a giverG the value ofa, is selected
i=1 randomly(a min=< @ < a, may. Then Eq(A3) is used to find
Sinceag=m/2—a—ay,
1S ta
G==| > cota;| =>tana;tana,cotay + ay).
413 4
(A3)

FIG. 12. An element with irregular triangular cross section.

Phase-k

FIG.

13. An interface in a corner separating phdsesdj.
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the corresponding value ofy;. And finally az=m/2-ay
— .

OE =b,
0G =b,

J

APPENDIX B: AREA AND MENISCUS-APEX DISTANCE
OF AN INTERFACE IN A CORNER

Figure 13 shows a single corner of a capillary element
where the wetting fluid resides in the corner and the nonwet-
ting phase in the center. Here we derive the expressions toQ
calculate the area occupied by the fluid in the corAgry,
and also the meniscus-apex distance of the interfage,

Consider the triangl©EB:

e o D (B1)
sina  sing
e(s:3)
Q=1 K 5 «a,
n *
<P=E‘(‘9k+01)- (B2)
From Egs.(B1) and(B2),
cog 6, + a)
bk: r]-k_—k. (Bg)
SIN«

Phase-i

FIG. 14. A corner with phasek, j, andi residing in corner,
layer, and center, respectively.

It is also possible to have one or even two layers residing
in the corner(see Fig. 2 In Fig. 14 the area occupied by
fluid j in layer, A; ;, and the meniscus-apex distance of the
interface creating the layel;, are found in a similar way:

W UAT)
Sina

Now we derive an expression for the area occupied by

phasek in the cornerA, .. Consider triangl€DEB:

by .
Aoeg= EOBsm «a, (B4)

Mk OB
sina  sinw— (6 + 7/2)]’

(B5)

r' *
OB=—* cosé}, (B6)
SN
2 *
ri, coda+ 6, "
cp= dat 6) cosé,. (B7)

2 sina

Then from elementary geometry
_2 _2|T
Ager=Tike =Tk 5 (O +a) |, (B8)

A« = Aokr
= 2Aoes~ ABer

_Llcoda+d) . olw
—rjk{siTCOSHK— E—(0k+a) .
(B9)
Also the length of the contact line between phasasdk
is given by

’ﬂ *
Lik=2rjk<p=2rjk{5—(9k+a)]. (BlO)

coda+ 6) .| .
_ _.2 N
Ai,i_AEFHG_rij{ Sna cosé; {2 (6; +a)}}

-Acs (B11)

whereA, 4 is given by Eq.(B9).

APPENDIX C: LAYER COLLAPSE

Pistonlike displacements—if the pertinent contact angles,
capillary pressures, and corner half angles permit—allow the
displaced phase to remain as lagersandwiched between
fluids in the corngis) and center of the element. The layers
may spontaneously collapse by an increase in pressure of the
fluids on either side of the layer. When a layer collapse event
takes place, one of the two AMs bounding the layer will
hinge and/or move toward the other one. However, there are
cases where both AMs contribute to the layer collapse event,
e.g., oil layer collapse by water in a strongly oil-wet element
(see configuratio in Fig. 2).

Based on whether the fluids residing on the two sides of
the layer are the same, layers may be categorized into two
main groupsi(l) identical fluids;(Il) different fluids. Here,
the stability of the layers, i.e., the threshold capillary pres-
sure for layer collapse and formation events, in each category
is discussed10,45,44.

1. Identical fluids on two sides of a layer

Figure 15 illustrates this case. Since fluids residing on
both sides of the layer are identical, when the capillary pres-
sure of the fluid pair changes both bounding AMs contribute
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. I k @ (>~ FIG. 15. A layer sandwiched between identi-
A = ~® B . ST
- cal fluids residing in the corner and center.

Phase-j

to the stability of the layer. The layer stays stable until two
AMs touch each other at poir@ when the layer collapses
immediately and the corner is filled completely by phése
This is the concept that is used here to derive an expression
for threshold capillary pressure of collapse of such a layer
(note: the expression given by Hui and BIJdS] for this (a)
capillary event is incorregt

Using Eq.(B6) we obtain

cosd |
= —r.L=Tr: 1 _1 (1t g™ .
OC=0B-rj r,k[ Sna 1} . (C) Phase-i
Consider triangleAOE O
ri b
jk k (CZ)

sin(7m— a) - sing’

Phase-k F&H

sin(7— a) =sina;

Phase-j
therefore
sing= b sina, (C3)
rjk
y=n-(m-a)-B=a-p. (C4)
Also, (b)
A
A0 _ B (e
siny sing
From Egs.(C3), (C4) and(C5), @)
AO _ rjk

sinfa-p) sina’ (C6)

Phase-k

I . I . .

AO=—5 sin(a - B) = —*~(sina cospB - cosa sin B).

sina sina ”.

Phase-j

(C7)
From Eqgs.(C3) and(C7), FIG. 16. Alayer sandwigh_ed between different fluids residing in
the corner and center. Position of the AMs at the moment of col-
AO=rj cosB - by cosa, (C8) lapse when@) 6,<6;; (b) 6> 6;.
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OC=r;, - AO, C9 cosg, cos 6 cosd;
Jk ( ) rjzk(3—4,—L+_—L> +2bkrjk COSa(Z—_—L> +bi
sina  sifa sina
OC=rj —rjCcosp+ by cosa. (C10 =0, (C14)
From equating EqYC1) and(C10: A 2by cosa[2 - (cosf/sina)] £ M (19
. k6 - 8(cosdj/sina) + 2(cos 6//sir? a)]’
cosé;
Mik| 2 -—L | +b COsa =T COSp, (C1) . .
sina 5 cosf; cos 6 )
M=|4bfcod al 4 -4—L+ —1 |- 120
sina  sirfa
cosf, cog 0’-*) : 24 112
2 2 CoSs#6. cos 6
ri| 4 —4 + + b cog 2 L2 i
Jk( sina  sirfa K “« + 160 sina 4bj, S a } , (C10
cosb |\ _ _ .
+ 20y cosa 2__Lsina =ri cos B, (C12 Mk _ — 2 sirf a cosa + cosa sina cos 6, £ N
b 3sifa-4sinacosd +cog g
. C1
ri cos B=ri(1~sirf B) (€17
b2 N=[4 cof asin® a— 4 sirf a cosd, cos a
:I‘Jzk 1——2kSIn2a 3 * . . * L
i +cog asir’ a cos' 6, - 3 sirf a+ 4 cosé. sin® a
=rf —bEsir a, (C13 - cog 6, sir? a]'2, (C19
|
Mj _ ~cosasina(2sina - cosd,) + sir? of4 sin a*cosaj* - 3 +4 cod a - cog 61" (€19
by 3 sin’ = 4 sina cos 6, + cos 6 ’
P = — K, (C20
rik
Using Eq.(B3) we obtain
PEY(3 sirf o+ 4 sina cosd, + cos 6,
Pog=—— o3 SIT a+ 4 S €030, [— * (C21)
cog 6 + a)[cosa(2 sinx - cosd,) + sinay4 co$ a -3 - cos 6 +4 sina cosé;]
[
WherePﬁjﬁ and 0’; are the capillary pressure and the angle of re P
the last move of the interface between phlksde the corner == < (C22

g My 0ijPejk
and phasg in the layer.
whereoy andoy; are the interfacial tensions of the bounding
interfaces of the layer anB; and P; are pertinent capil-
2. Different fluids on two sides of a layer lary pressures. The layer is stable until three-phase contact
points meet each othésee Fig. 16a)]. This means that the

Since the layer is surrounded by two different fluids, 3Jayer collapses when the meniscus-apex distabdes two
change in the pressure of either fluids can result in layehps pecome equal. The layer is stable if

collapse. Depending on the magnitude of the angle that each X
AM makes with the wall, two main groups of collapse sce- ri codd + a)

, , S = (C23
nario are possible. rij  cog6 +a)
a. 6,<6 b. 6> 6

Figure 1&a) illustrates the case. The stability of the layer  Figure 16b) illustrates this case. The layer is stable until
depends on the ratio of the curvature of the two AMs boundiwo AMs meet at their centers. The ratio of curvature of two
ing the layer AMs at the collapsing point is found by equating the center-
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apex distance of one of the AMs to that of the other one. The One should note that if the curvature of any of the AMs is

layer is stable if negative(see Fig. 2, the threshold capillary pressures for
layer collapse are found using the same procedure as above.
Itis also possible to have a second layer sandwiched between

r sina - cosé the fluids residing in the center of the element and the first
k< —1 (C249 layer (see Fig. 2 The stability analysis for the second layer
rj ~ sina-cosé is also the same as that of the first layer.
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