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Fluctuations-induced switch in the gene transcriptional regulatory system
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Based on the kinetic model of genetic regulation system proposed by SetogAm. J. Physiol. 274,
€531(1998)], the effects of fluctuations in the degradation reaction rate and the synthesis reaction rate of the
transcription factor have been investigated through numerical computation and analysis theory. In the case of
uncorrelated noises, it is shown that only the fluctuation of degradation reaction rate can induce a switch
process, and the mean first passage {iRePT) from the high concentration state to the low concentration one
is decreased when the noise intensity of degradation reaction rate is increased. In the case of correlations
between noises, a switch process can also be induced by the cross-correlation intensity between noises and by
the fluctuation of the synthesis reaction rate in the genetic regulatory system. It is found that, under large
cross-correlation intensity, a successive switch progess “on”—"off” —“on,” which we call the reentrance
transition or twice switch occurs with an increase of noise intensities, and a critical noise intensity exists at
which the MFPT of the switch process is the largest. While the system is initially in the high concentration
state with an increase of the cross correlation, the stationary probability distrilgS8&i of the transcription
factor activator monomer concentration at the low concentration state is increased, yet the MFPT is increased
due to the decreasing of the SPD of the transient states between the two steady stable states.
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[. INTRODUCTION in a developing embryd12], moreover, these fluctuations
are intrinsic: they are determined by structure, reaction rates,
The effects of noise on nonlinear dynamical systems havgnd species concentrations of the underlying biochemical
been extensively studied from both theoretical and experinetworks.
mental points of view[1]. Particulary, the noise-induced  To examine the capability of genetic regulatory systems
transition[2], the nonequilibrium fluctuation-induced trans- for complex dynamic activity, Smoleat al. [8] developed
port [3], and the stochastic resonance phenonfdfdiave  simple kinetic models that incorporate known features of
been intensively investigated in a large variety of physicalthese systems. These features include autoregulation and
chemical, and biological systems. On the other hand, manytimulus-dependent phosphorylation of transcription factors
systems require considering various noise sources. MorgTFs), dimerization of TFs, crosstalk, and feedback. The sim-
over, in certain situations, noises may be correlated with eacplest kinetic model of genetic regulation proposed by
other. Recently, the effects of correlated noises on nonlineagmolenet al. [8] can be described by Fig. 1. A single tran-
dynamical systems have attracted attention in the field ocriptional activato(TF-A) is considered as part of a path-
stochastic process¢s—7]. way mediating a cellular response to a stimulus. The TF

Regulation of gene expression by signals from outsidgorms a homodimer that can bind to responsive elements
and within the cell plays important roles in many biological

processes. As the basic principles of genetic regulation have
been characterized, it has become increasingly evident that
nonlinear interactions, positive and negative feedback within
signaling pathways, time delays, protein oligomerization,
and crosstalk between different pathways need to be consid-

ered to fully understand genetic regulatii@+-10. However, ® ®
cells are intrinsically noisy biochemical reactors: low reac- @ TEA
tant numbers can lead to significant statical fluctuations in ]
molecule numbers and reaction rafég]. It has been found — TF-RE —tra

that the stability against fluctuations is essential for the case

of a gene regulatory cascade controlling cell differentiation 7'C- 1. Model of genetic regulation with a positive autoregula-
tory feedback loop. The transcription factor activat@F-A) acti-

vates transcription with a maximal rakewhen phosphorylate@)

and binds as a dimer to specific responsive-element DNA sequences
*Email address: lulu@phy.ccnu.edu.cn (TF-RES. TF-A is decomposed with ratie; and synthesized with
"Email address: jiay@phy.ccnu.edu.cn rate Ryag
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0.0 . - The simplest model of Eq1) manifests two stable steady
T states, and it was shown th&{] the brief manipulations df;
could switch the model between these states wRgpand
ky are treated as constants. Such transitions might explain
how a brief pulse of hormone or neurotransmitter could elicit
a long-lasting cellular response. However, all these simple
kinetic models proposed by Smolen al. [8] are determin-
5 istic, and the intrinsic fluctuations are not considered there.
LS T X Recently, some experiments showed tRgi; andky are af-
2 4 6 fected by the biochemical reactions, mutations, and the con-
x (M) centrations of other proteins, and are also fluctudr3.
FIG. 2. The bistable potential of E¢3). The parameter values Based on the_ simplest k_inetic modell, we will investigate thg
are k;=6 min, Ky=10, ky=1 mim?, and R,,=0.4 mirr’. The  €Mergent noise properties of genetic regulatory systems in

steady table states ase~0.6268:M and x, ~4.28343M, and  thiS paper. _ , .
the unstable steady statexig~1.48971M. Our goal is to quantify the properties of the switch be-
tween stable states when the reaction rates of synthesis and

(TE-RES. The TF-A gene incorporates a TE-RE, and Whendegradatlon_ of proteins are fluctuations. For simplicity, thg
: . . > o~ two fluctuations considered here are assumed as Gaussian
homodimers bind to this element, TF-A transcription is in-

creased. Binding to the TF-REs is independent of dimelwh'te noises, with variances independent of other model pa-

hosphorvlation. Onlv phosphorviated dimers can activat rameters. On the other hand, when fluctuations in the reac-
phosphory : y phosphory : Sion rates of synthesis and degradation of the same proteins
transcription. The fraction of dimers phosphorylated is de-

. . i.e., TF9 are simultaneously considered, the two noises
pendent on the activity of kinases and phosphatases whosé . o
L . -would be independent of each other. In some situations
activity can be regulated by external signals. Thus, thi

model incorporates both signal-activated transcription an 5—7], however, both noises may have a common origin and

positive feedback on the rate of TF synthesis. It is assumedhus not be independent, physically it would mean that the

that the transcription rate saturates with TF-A dimer conceny 2'>¢S are of the same origin. Although we have not found a

) . I . biological rationale for the correlation between the fluctua-
tration to maximal ratek;, which is proportional to TF-A . . . )
. L . . tions in the reaction rates of synthesis and degradation of
phosphorylation. At negligible dimmer concentration, the . ; .
; . SN : TF-As so far, it seems interesting to check what effects
synthesis rate iR,,s TF-A is eliminated with a rate constant

L . . ., would result from such a correlation between the two fluc-
kg, binding processes are considered comparatively rapid, sO

. ; . . Uations. Therefore, two cases have been considered in this
the concentration of dimmer is proportional to the square o

i ; T . paper: there is no correlation between the noise of the syn-
TEA monomer concentratiok Th_ese smphﬂcaﬂo_ns 9VES  ihesis rate and that of the degradation rate, and there is cor-
a model with a single ordinary differential equation for the

concentration of the TE-A: relation between the two noises. Here the mean first passage
' time is used to characterize the switch between states in the
dx ko genetic regulatory systems.
a:XZ_l_Kd_kdX"'Rbas 1)

U,(x)

_ o _ _ Il. GENE TRANSCRIPTIONAL REGULATORY SYSTEM
whereK is the dissociation concentration of the TF-A dimer WITH UNCORRELATED NOISES

from TF-REs. Under the following condition of parameters: ) . ) )
In order to simulate the stochastic effects of biochemical

Ki + Roas)®  Ka(ke+ Rpad  KqRpas |2 reaction ratesy,,sandky, it is assumed that the stochasticity
B 3ky * 6Ky B 2k is added to the reaction rates Bg,s— Rpast&(t) and ky

—kq+ (1), wherel(t) and &(t) are the Gaussian white noise.

+ {% _ (kf;—kljbas>2T <0, ) Thus, Eq.(1) becomes a Langevin equation
the potental 2. szff;d kg LOTX+ Rugst €0, (4
Ug(x) = kfv’Earcta nL_ . @XZ ~ (Ryuet k)X 3 and the statistical properties ¢ft) and &(t) are given by
WKq 2 (61) =0, (&) = 2a8(t - t'), (5)
s o et o s et (£0) =0, (GOt = 2Dt -1, ©)

+27/3) +(Rpast ki) / (3Kg), and one unstable steady staie  « andD are the intensity of noises. It is well know th&t)

—_—

=2\-p/3 cos(f+4m/3)+(Ryast k) /(3ky), where p=Ky is a multiplicative noise and(t) is an additive one. To in-

~[(Roastki)/kgl?/3, a=Kg(ki—2Rpad/ (3ky) —2[(Rpas  vestigate effects of these noises on the genetic regulatory
+k;)/(3kg) 13, and #=arccos—q/(2\-p3/27)]/3. A bistable  systems, in this section we consider that the noig&sand
potential ofUy(x) is plotted in Fig. 2. &(t) in Eq. (4) are independent of each other, that is,
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FIG. 3. Sample paths and probability distribution xaf) for ) . o L
different noise intensity. From top to bottonD=0.01, 0.02, and  action rate of the TF-Ai.e., the multiplicative noisein the
0.03. The additive noise intensity=0.005. The sold curve in right 9€enetic regulatory systems, which usually realizes by the ma-
is the SPD by using of Eq9). The other parameter values are the nipulations ofk; in the previous investigation$]. It should
same as those in Fig. 2. be pointed out that the fluctuation of the synthesis reaction
rate of the TF-AGi.e., the additive noigecannot cause switch
phenomenddata not shown heye

(E¢1)) =(LDE)) = 0. ) Now the question is how do we quantify the effects of
Then, the Fokker-Planck equation can be derived from Eqnoises on the switch between the steady stable states? When
(4) with Egs.(5)~7): the system is stochastically bistable, a quantity of interest is
the time from one state to the other state. This time is a

IP(X,t) a( kex?

-2 — kX + Ryt Dx) P(x,) random variable and is often referred to as the first passage
at IX\ X%+ Ky as ’

time. Here we consider the mean first passage (MePT).
P The MFPT 7 of the procesx(t) to reach the low concentra-
+ —Z(Dx2+ a)P(x,t). (8) tion statex_ with initial condition x(t=0)=x, (the high con-
oX centration statecan be given by the Kramers tinj&4]
The stationary probability distributio(SPD) corresponding

to Eq.(8) is given by = 27T|U(,),(X+)U(,)’(Xu)|_l/2e)(p|:M]' (11

Py(x) = ——2 exp(— ‘b(x)) ) ol —
s DX+ a D /' Note that Eq.(11) is valid only when the intensities of two
types of noise, measured Byand«, is small in comparison
whereN is the normalization constant and the modified po-with the energy barrier heighii5], that is,
tential $(x) is

D,a < ¢(xy) = d(X). (12

_ kDVKq X ke
d(x) = 2 —DK. arctan = | - ——bK. " Roas These provide a restriction on the noise intensibeand a.
d d In Fig. 4 we display the valid region in the-a parameter

D D Ky 5 plane, and following results of MFPT are restricted in the
X 4/ —arctan |/ —x +Eln(Dx +a). (100 valid region.
o (64

Figure 5 shows the MFPT as a function of noise intensity
In the region of bistable, the time course of TF-A monomerD of the degradation reaction rate for different noise inten-
concentratiorx(t) and the probability distribution are plotted sity « of synthesis reaction rate. It is shown that the MFPT is
by directly simulating the stochastic differential equatidp  decreased when the noise intengdyf degradation reaction
and by using the theoretical formu{8) for different noise rate is increased. Therefore, the transition between the high
intensities of degradation rai in Fig. 3, respectively. It is concentration state and the low concentration one for the
shown that the TF-A monomer concentratiwiconcentrates large fluctuation of the degradation reaction rate is faster
on the high concentration state when the intensity of thehan that for the small fluctuation of the degradation reaction
multiplicative noiseD is small, that is, we begin the switch rate. In fact, the effect of the stochastic degradation reaction
in the “on” position by tuning the multiplicative noise inten- rate on the MFPT of the switch process can be easily under-
sity to a very low value. However, increasing of the multi- stood through the SPD of the genetic regulatory system. Be-
plicative noise intensity causes the low concentration state toause the SPD is shifted from a high concentration state to a
become populated, corresponding to a decrease of the colow concentration one wheld is increased as shown in Fig.
centration of the TF-A monomer and a flipping of the switch 3, therefore, the MFPT defined by the stochastic process to
to the “off” position. The above result indicates that a switchreach the low concentration state with an initial condition at
process can be induced by the fluctuation of degradation retigh concentration is decreased wibhincreasing.
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FIG. 5. The MFPT as a function of noise intensidyof degra-
dation reaction rate for different noise intensityThe other param-
eter values are the same as those in Fig. 2.

Ill. GENE TRANSCRIPTIONAL REGULATORY SYSTEM
WITH CORRELATED NOISES

In this section, consider the stochastic genetic regulator)l?

system(4) with correlations between multiplicative and ad- d

ditive noises, and the correlation form between the two>
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FIG. 6. Sample paths and probability distribution xdf) for
different cross-correlation intensities. From top to bottow0.1,
0.7, and 0.9D=0.01 ande=0.005. The other parameter values are
the same as those in Fig. 2.

y using of the theoretical formulél5) with Eq. (16) for
ifferent cross-correlation intensitiesin Figs. 6 and 7, re-
pectively. It is shown that the TF-A monomer concentration

noises is assumed to be as follojs-7):

(ELH)) = (LOEL)) = 20\ Dad(t - 1), (13

where\ is the cross-correlation intensity. The Fokker-Planck

equation corresponding to E@t) with Egs.(5), (6), and(13)

can be written as
dP(x,1) d ( kex?

X2+ Kyg

it ax

— KgX + Ryagt DX =\ \E> P(x,t)

+ %(sz — 20/Dax+ a)P(xt). (14)

The SPD corresponding to E¢L4) can be obtained as fol-

lows:

_ ¢>(X)>, 9

N
Ps(x) = ) exp( 5

whereN is normalization constanf)(x) =Dx%—2\ JDax+a,

and the modified potentiab(x) is
AD BDk X

d(X)=— —kfln(x2 +Ky) - J——farctan?

2 VKyq VKy

- kz_kdln(sz - 2:/Dax+ a)
_ (ks + Ryad VD + (ks — k)
V1-2?

\D/ax -\
X arctan—; ,
V1=
with  B=Ky4(DKgq-a)/[(4\2-2)DKga+D*Kj+a?], n=
-aB/Ky, m=2ayDaDB/(DKy—a), A=—m/D.
The time course of TF-A monomer concentratiqt) and

(16)

the probability distribution are plotted by directly simulating

of the stochastic differential equatigd) with Eq. (13) and

X concentrates on the high concentration state when the
cross-correlation intensity is small, that is, we begin the
switch in the “on” position by tuning the cross-correlation
intensity to a very low value. However, increasing the cross-
correlation intensity causes the low concentration state to
become populated, corresponding to a concentration of TF-A
monomer decrease and a flipping of the switch to the “off”
position. Therefore, a switch process can also be induced by
the correlation between two noises, and the cross-correlation
intensity between noises can be used as a control parameter
of the switch process in the genetic regulatory system. In the
case of uncorrelated noises, the fluctuation of the synthesis
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FIG. 7. The SPD of Eq(15). () A=0.1,(b) A\=0.7,(c) A=0.9.
The other parameter values are the same as those in Fig. 6.
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FIG. 8. Sample paths and probability distribution xaf) for S 0.4
different additive noise intensitg. From top to bottoma=10,
0.001, and 0.03. The sold curve in right is the SPD by using Eq. 021
(15). D=0.01 and\=0.9. The other parameter values are the same 0.0 . . i .
as those in Fig. 2. 0.0 0.2 04 0.6 08 1.0
A
reaction rate of TF-Ai.e., the additive noigecannot cause FIG. 9. The valid region in theD-\A anda-\ parameter planes,

?WitCh phenomena to occur as m_entioned in the above segsspectively. The other parameter values are the same as those in
tion. In the case of correlated noises, however, the correlagsig. 2.

tion between noises causes the fluctuation of the synthesis
reaction rate to induce a switch process as shown in Fig. 8.
When the cross-correlation intensityis large(e.g.,A=0.9  Or a eXists at which the MFPT of the switch process induced
in Fig. 8), it is interesting that the probability distribution of by noises is the largest.

x(t) is shifted from the high concentration state to the low The SPD of the TF-A monomer concentratbors shifted
concentration state first, and then shifted from the low confrom the high concentration state to the low concentration
centration state to the high concentration state with the inon€ with the increasing of the cross-correlation intenaity
crease of additive noise intensity The same transition pro- (&S shown in Figs. 6 or)7 However, Fig. 1)(also Fig. 10

cess can also occur for the variation of multiplicative noiseShows another fact that the MFPT, defined as the mean es-
intensity if \ is large(data not shown heyeOur result indi- ~ cape time from the high concentration state to the low con-
cates that, when the cross-correlation intensity is large, there
is a succussive switch process with the increase of noise
intensities, i.e. “on™"off” —"on,” and we call this phenom-
enon the reentrance transition or twice switch.

To character the switch process between states, the theo-
retical formula of the MFPT for the case of correlated noises
is the same as that for the case of uncorrelated ndises
Eq. (11) with Eqg. (12)] instead of the modified potential
¢(x). In Fig. 9, we display the valid regions in theD and
\-a planes, respectively. The following results of the MFPT 10% 10* 10° 0.01
are restricted in these valid regions.

Figure 10 shows the MFPT as a function of noise inten- 14 i i i
sity D and as a function of noise intensity for different 12] 4=0.9 (b) |
cross-correlation intensit) of noises, respectively. When
the cross-correlation intensity is small(e.g.,A=0.1 in Fig.
10), it is shown that the MFPT is monotonic and decreased
with the increasing oD, which corresponds to once switch

8
6
process occurringdi.e., “on"—“off” ). However, when the 4- 1
cross-correlation intensity is larger(e.g.,A=0.7 or 0.9 in 2; ~1
0
1

210

2=0.9 ' (a)

-
N
=

~
il

log, [t (min)]

log, [t (min)]

Fig. 10, the MFPT first increases, reaches a maximum, and
then decreases with the increasingfwhich corresponds

to twice switch processes occurring.e., “on”—"“off”
—"on”) in the genetic regulatory system. Moreover, the FIG. 10. The MFPT as a function of the multiplicative noise
maximum of MFPT is increased with the increasing of theintensity D (a) and the additive noise intensity (b) for different
cross-correlation intensity. Our result showed that, under cross-correlation intensities. «=0.005 in(a) and D=0.01 in(b).
large cross-correlation intensiky a critical noise intensitfp ~ The other parameter values are the same as those in Fig. 2.

ot 10° 0.01 0.1 1
o
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FIG. 11. The MFPT as a function of cross-correlation intensity 0

\ for different multiplicative noise |qten§|tld§. The other param- 0 100 200 300 400 500
eter values are the same as those in Fig. 2. ] .
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transition from the high concentration state to the low con-Mmolecule noise intensities. The paramegecontrols the number of

centration one becomes more and more slow with the inmolecules present in the system, which denotes the molecular noise.

creasing of the cross-correlation intensity It seems indi- When (=100, i.e., .thg intensiFy of the molegular noise is Iovy, the

gestible. How can we understand this phenomenon? In factit€ Of the TF-A'is in the high concentration state. Wiens

if all the states between two steady stable states are transie‘?ﬁcreased 1010, i.e., the intensity of the molecular noise is high, the
: . state shifts to the low concentration state.

states, the system will go through these transient states when

the system transition from the high concentration state to the

l:(;’:’”g%necienqggfhoen d (;gethzcgzr:tén?qﬂrézzhtr:rli'rt]'g:nglrf,)(zl_ehs?eaction rate of TF-A, and the transition time from the high

> . oncentration state to the low concentration gne., the
p.rc_)bablllty of these transient states strongly aﬁegts the tr"’mIVIFP'I') is decreased and monotonic when the noise intensity
sition. The smaller the probability of these transient states

. . . Pf the degradation reaction rate is increased.
the less the transition occurrence will be. From the inset o In the case of correlations between the noise of synthesis
Fig. 7 (note the vertical sc_ales of the injel can be seen rate and that of the degradation rate, the switch process can
th_at the .SPD of the transient states _dramanca_lly decreas%s];so be induced both by the correlation between two noises
with the increase of the.crps_s.-correlatlon |.nten3|tyThere—. and by the fluctuation in the synthesis reaction rate in addi-
fore, when the system is initially at the high concentration

state, with the increase of the cross-correlation intensity tioin to the fluctuation in degradation reaction rate. It has
’ - - been shown that, under large cross-correlation intensi
although the SPD of the TF-A monomer concentratkoim g nsity

. . o successive switch process, that is, “op3“off” —"“on”
the low concentration state increases, yet the transition frorﬂ/hich we call the reentrance transition or twice switch. oc-

Lhe high concentr:;tlon Stzt.?f. tolttf&e I?W tﬁongentratlon ]f)?h%urs with the increase of noise intensities, and a critical noise
ecomes more and more diticult due fo the decrease o i?ltensityD or a exists at which the MFPT of the switch

ﬁPlD otfhthe ELansN::;_?t?;Q?r the n\?vri;ﬁvﬁwg i?]f trhe chafn:[h rocess is the largest. However, when the cross-correlation
el), thus, the creases € Increase o ntensity \ is small, there is only once switch procgse.,

cross-correlation intensity. “on” —"off” ) occurring with the increase of noise intensi-
ties, and the MFPT is monotonic and decreases with the

IV. CONCLUSION AND DISCUSSION

D=0.01

Transcriptional regulation is an inherently noisy process.
One origin of this stochastic behavior can be traced to finite
number fluctuations in the biochemical reactions for the syn-
thesis and degradation of protef0—13. In this paper, a
kinetic model of a single genetic regulation system with fluc-
tuations in both the degradation reaction rate and synthesis
reaction rate of TF-As has been investigated through the nu-
merical computation and the analysis theory. Our results in-
dicate that noises and correlated noises can induce switch o
processes in the gene transcriptional regulatory system,
which is implemented by the brief manipulationslefin a
previous study[8]. In the case of uncorrelation between the  FIG. 13. The MFPT as a functional of additive noise intensity
noises of synthesis rate and degradation rate, the switch prosth A=0.9 and\=-0.9. The other parameter values are the same
cess can only be induced by the fluctuation of degradatiomas those in Fig. 2.

log, [=(min)]
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noise intensities. When the system is initially in the hightween noises[5-7]. Now a question is how would the re-
concentration state, with increasing cross-correlation intensults look when\ is negative? When we compared the
sity \, the SPD of the TF-A monomer concentratioat the ~ MFPT for A=-0.9 with that forA=0.9 in Fig. 13, it was
low concentration state is increased, yet the MFPT increas&sund that the negative correlation between noise could not
due to the decrease of the SPD of the transient states betwepfing any new physics.
the two steady stable states. . ~ Genetic regulation is a topic of central importance in bi-
The above results show that noises and correlated noisegogy. The nature of transcriptional regulation dictates that
play important roles in the genetic regulatory switch pro-giochasticity is explicitly treated and understood in the basic
cesses. It should be pointed out that the stochastic kinetig,qes. Our contention is buttressed by the existence of sev-
equationfi.e., Eq.(4), a nonlinear Langevin equatipeon- eral macroscopic gene-regulatory phenomena in which sto-
sidered he_re is valid _When the mole(_:ule numb@m_:the chastic effects play a major rolgl6]. The fluctuation-
concentrat!on)sof proteins are largéor high). Indeeq, if the induced switch process we discuss here is one important
f&gcg?iﬁélagitc?:griigﬁt abrgc\c/f,r?é lm’) ;Ptzztthaeng'Zcﬁﬁknoe\l})roperty of the stocha}s_ticity in the gene transcrip_tional regu-
chain might serve as a better model. Can tk;e fluctuations ilﬁatory sys_tem. In add'.t'on’ .the stochastic dynamic apprqach
molecule numbers induce genetic switches with small nums |dent|_fy key phys_lologlca_l control parameters o Wh'.Ch
X the behavior of specific genetic regulatory systems is particu-
bers of molecular species? To assess the effects of molecular

noise, we simulated the genetic regulatory processes accor rly sensitive. Such parameters might provide targets for

ing to the biochemical reaction processes, and the numeric lharmacological intervention. Thus, it would be highly inter-
9 . pro ’ sting to investigate if similar experimental techniques could
simulations of the temporal evolution of molecule number

. . e used to bring out the noise- or correlated-noise-induced
of TF-As are performed by means of the Gillespie memc.’%witch in the gene transcriptional regulatory process.

[17]. Figure 12 shows that the molecular noise can also in-
duce switch in the gene transcriptional regulatory system.

In the case of correlated noises, the correlation intensity
was restricted on positive values in this paper, that is, posi-
tive correlation between noises. However, physically it might  This work was supported by the National Natural Science
be negative value6.e., the case of negative correlation be- Foundation of China under Grant No. 10275026.
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