PHYSICAL REVIEW E 70, 041905(2004)

Unified perspective on proteins: A physics approach
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We study a physical system which, while devoid of the complexity one usually associates with proteins,
nevertheless displays a remarkable array of proteinlike properties. The constructive hypothesis that this striking
resemblance is not accidental not only leads to a unified framework for understanding protein folding, amyloid
formation, and protein interactions but also has implications for natural selection.
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I. INTRODUCTION the essential features of each of the multiple aspects of the

The revolution in molecular biologyl] sparked by the problem. The great successes of quantum chemistry in the

discovery[2] of the structure of the DNA molecule 50 years détérmination of the structure of the DNA molecy#} and

ago has led to a breathtakingly beautiful description of life.n the spectacular prediction that helices and shigdq

Life employs well-tailored chain molecules to store and rep-2r€ the building blocks of protein structures have spurred

licate information, to carry out a dizzying array of function- Much work using detailed chemistry on understanding the

alities, and to provide a molecular basis for natural selectionPOt€in problem. Such work has been very insightful in pro-
viding useful hints on how proteins behave at the atomic

The complementary base pairing mechanism in DNA com. cale in performing their tasks. The missing feature, of

_bined Wi.th its double-_helix structure serves as a repos_itory 0iourse, in such a theoretical approach is that it treats each
information and provides a pretty mechanism for replication,ein a5 a special entity with all the attendant details of the
[2]. The replication is prone to errors or mutations and thesggqence of amino acids, their intricate side chain atoms, and
errors, which are the basis of evolution, are in turn copied ifhe water molecules. Such an approach, while quite valuable,
future generationg3]. Using the RNA molecule as an inter- neither has as a goal nor can lend itself to a unified way of
mediary, the information contained in the DNA genes isynderstanding seemingly disparate phenomena pertaining to
translated into proteins, which are linear chains of amingyroteins. Reinforcing this, experiments, which are very chal-
acids. Unlike the DNA molecule, which adopts a limited |enging, are carried out on one protein at a time and cry out
number of related structures, protein moleculés6] fold  for an understanding of the behavior of an individual class of
into thousands of native state structures under physiologicarotein.
conditions. For proteins, form determines functionality and The lessons we have learned from physics are of a differ-
the rich variety of observed forms underscores the versatilitgnt nature. The history of physics is replete with examples of
of proteins. There then follows a complex orchestrated dancthe elucidation of connections between what seem to be dis-
in which proteins catalyze reactions, interact with each othettinct phenomena and the development of a unifying frame-
and finally feed back into the gene to regulate the synthesiwork, which, in turn, leads to new observable consequences
of other proteing1]. [11,12. There have been many attempts at using physics-
A protein molecule is large and has many atoms. In addibased approaches for understanding proteins. These have
tion, the water molecules surrounding the protein play a cruprovided valuable insights on how one might think about the
cial role in its behavior. At the microscopic level, the laws of problem and have served as a means of understanding ex-
quantum mechanics can be used to deduce the interactiopsrimental data. Yet no simple unification has been achieved
but the number of degrees of freedom is far too many for thén a deeper understanding of the key principles at work in
system to be studied in all its detail. When one attempts tgroteins.
look at the problem in a coarse-grained marjiémwith what We restrict ourselves to globular proteins which display
one hopes are the essential degrees of freedom, it is vethe rich variety of native state structures. There are other
hard to determine what the effective potential energies ofnteresting and important classes of prote|d8] such as
interaction are. This situation makes the protein problem pamembrane proteins and fibrous proteins which we do not
ticularly daunting and no solution has yet been found. consider here. Our goal here is to present a different ap-
Over many decades, much experimental data has begmwoach to understanding proteins—our focus is on under-
accumulated yet theoretical progress has been somewhat liratanding the origin of protein structures and how they form
ited. The problem is highly interdisciplinary and touches onthe basis for both functionality and natural selection. Our
biology, chemistry, and physics and it is often hard to distillwork points to a unification of the various aspects of all
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proteins: symmetry and geometry determine the limited
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menu of folded conformations that a protein can choose from Crystal Liquid—crystalline phases Liquid
for its native state structure; these structures are inamargin_______ ¢ TP
ally compact phase in the vicinity of a phase transition and 22° 47°  T(CO)
are therefore eminently suited for biological function; these
structures are the molecular target for the powerful forces of SRR P SHIEOLE pIERG RO [
evolution; proteins are well-designed sequences of amino ac
ids which fit well into one of these predetermined folds; and TTRONT JNEE
proteins are prone to misfolding and aggregation leading to 111111 EARMER MR |I|'l'| \‘|:|]} I,I|I| ANy
the formation of amyloids, which are implicated in debilitat- 1111111 | AW HIFELEE I L = 10
. . . N . WRINRTIRNNT AR RNl S T/ R RENY
ing human diseasg44,15 such as Alzheimer’s, light-chain 1 WWANA T ,'|,|I||\'|\‘|I,'| TN
amyloidosis, and spongiform encephalopathies. e

We present a discussion of the nature of the denaturec
State(WhICh can Ioosely be thought Of as the COIIecnon Of Completely Disordered molecules in ordered layers Disordered molecules  Disoredered

unfolded conformationsand its possible key role in the pro-
tein folding problem. We also show how disordered proteins
could fit into our unified framework.

ordered
molecules

with ordered
orientations

molecules

FIG. 1. (Color onling Schematic phase diagram for hard rods

The problem of how life was created is a fascinating onehighlighting the rich behavior and the negwith respect to hard
Our focus is on looking at life on earth and asking how itspheres liquid crystal phases exhibited at intermediate
works. The lessons we learn provide hints to the answers daémperatures.
deep and fundamental questions that have been pondered by

our ancients: Was life on earth inevitable? Then there is thg‘”th its own private space of Spatia| extent equa| to its ra-
question posed by Hendersgt6] about whether the nature diys. Generalizing to a one-dimensional object, one must
of our physical world is biocentric. Is there a need for fine-consider a line or a string, with private space associated with
tuning in biochemistry to provide for the fitness of life in the ggch point along the line, leading to a uniform tube of radius
cosmos or even less ambitiously for life here on earth? Surst cross section or thickness, with its axis defined by the
prisingly, as we will show, a physics approach turns out to bgjne (Likewise, one could consider a collection of interacting
valuable for thinking about these questions. ~ types) The generalization of the hard sphere constraint to the
The main text of the paper contains the principal ideagjescription of the self-avoidance of a tube of nonzero thick-
and details of the calculations are relegated to the Appemess is as follow§19] (see Appendix A Consider all triplets
dixes. In Sec. Il, we introduce the description of a protein agf points along the axis of the tube. Draw circles through
a thick polymer chain and highlight the differences in itseach of the triplets and ensure that none of the radii is less
phase diagram with respect to the usual string and beaghan the tube thicknesi20]. This prescription surprisingly

model. In Sec. Ill, we make a comparison of the predictionsentails discarding pairwise interactions and working with ef-
obtained from the simple tube model against experimentajective three-body interactiorfd9,21,22.

data available on protein native state structures. In Sec. IV, one may visualize a tube as the continuum limit of a
we introduce a more refined model in which the tube pictureyiscretechain of tethered disks or coirig1] of fixed radius
is reinforced with the geometrical constraints that arise in th%eparated from each other by a distaace the limit of a
fqrmation of herogen bonds_ and discuss the resulting phase,g. The inherent anisotropy associated with a cime
diagram for an isolated peptide chain. In Sec. V, we discusgeads to tails direction being different from the other two
several consequences of our model including the nature qferpendicular to jtreflects the fact that there is a special
the free energy landscape, the innate propensity of proteingca| direction at each position defined by the locations of
to aggregate into amyloidlike forms, and the role played bythe adjacent objects along the chain. An alternative descrip-
prqteins as the targets o_f natural selection in molecular evaign of a discrete chain molecule is a string and bead model
lution. In Sec. VI, we discuss the nature of the denaturegn which the tethered objects are spheres. The key difference
state of proteins and its possible. role in protein folding. Inpetween these two descriptions is the different symmetry of
the final Sec. VII, we conclude with a summary. the tethered objects. Upon compaction of a chain of spheres,
each individual sphere tends to surround itself isotropically
with other spheres, unlike the tube situation in which nearby
tube segments need to be placed parallel to each other. Even
The fluid and crystalline phases of matter can be readilfor unconstrained particles, deviations from spherical sym-
understood17] in terms of the behavior of a simple system metry (replacing a system of hard spheres with one of hard
of hard spheres. The standard way of ensuring the selfrods, for examplelead to rich new liquid crystal phases
avoidance of a system of uniform hard spheres is to considd3,24 (see Fig. 1 Likewise, we find that the tube and a
all pairs of spheres and require that their centers are no closehain of tethered spheres exhibit quite distinct behaviors
than their diameter. Studies of hard spheres have a venerabldth one exception—in the presence of an attractive self-
history [18] including early work by Kepler on the packing interaction favoring compaction, the chain of coins and the
of cannonballs in a ship’s hold. Each hard sphere can betring and bead model behave similarly in the limit of van-
thought of as a point particle or a zero-dimensional objecishing ratios of the radii of the coin and sphere to the range

Il. PHASES OF MATTER: FROM SPHERES TO TUBES
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LR Liquid crystals are a delicate state of matter of rodlike
molecules which adopt many distinct arrangements sensitive
to external electric and magnetic fiel®3,24. A liquid crys-
tal phase that is analogous to the semicrystalline phase is the
nematic phase in which the molecules move as in a regular
liquid but with an alignment of their axes. Unlike a spin
system in which an up spin is different from a down spin, in

Swollen the nematic phase, all that matters is the direction of the axis
of the particle—there is no up-down distinction—and this
change in symmetry leads to a first order phase transition

4 — between the disordered isotropic and the ordered nematic

27 | phases. Likewise, the phase transition between the semicrys-

talline phase at low temperatures and a high temperature dis-

ordered phase in which there is no compaction of the tube is
1 AR a first order transition as in the melting of ice into water. At
the transition temperature, there is a coexistence of the two
FIG. 2. Sketch of the zero-temperature phase diagram of a tubshasese_g” pieces of ice ﬂoating ina glass of Wamnd an

in the continuum, subject to a self-attraction promoting compactionabrupt transition between the two states. One might call such

There are two phases when the tube lerigtis long compared to 5 system a two-state system—one has water and/or ice but

the range of attractive interactiét One obtains the semicrystalline nothing in between.

phase (with parallel/antiparallel alignment between different When the tube is short, one would expect finite size ef-

strettches gf thet “(Jjb.e \t’\r’]h'cfh the%f'll me fpscfh‘_’v'ih hgzx_""gonalnsymfects [27] to come into play. In most physical systems, such

Q)iqrgﬁ; | t‘;s';ned ;nswsle;glg:aseenwh;lijs Erggcg;p;;j”:; finite size effects are intuitively obvious corrections to the

There are interesting finite size effects in the semicrystalline phasepu.Ik scenario and arise f_rom the _eﬁ‘ec_ts of the f|r_1|te bound-

ries. For our tube, the simplest situation occurs in the swol-

In the thin tube limit, on decreasing the length there is a crossove - - .
from the semicrystalline phase with overall cylindrical symmetry to en phase where the finite size effects are not '_mportant_
a featureless compact phase with spherical symmetry W& short fat tubes continue to adopt open conformations. At the
~(A/R)™2 There is an unusual finite size effect whan- R near other extreme of small/R, as one reduces the length of the
the confluence of three phasg L=27R, A=R for a chain in the tube, the overall symmetry of the folded object crosses over
continuum): the semicrystalline phase, the featureless compacffom that of a cylindeicorresponding to the Abrikosov flux
phase, and the swollen phase. A marginally compact phase is ofattice—like phase akin to the hexagonal arrangement of par-
tained in this regime and displays a dramatic entropy reductiondllel, straight logsto a sphere wheh ~R?/A? and one ob-
with the choice structure being a helix with a well-defined pitch totains one out of many degenerate featureless compact con-
radius ratio(see Fig. 4 Other structures such as hairpins and sheet§ormations. Physically, for a short tube, there are many more
are present in the marginally compact phasediscrete chaingsee  conformations that can be accommodated in the spherical
Fig. 3 [22]. topology than in the cylindrical topology without any accom-
panying sacrifice in the attractive interaction energy.
of attraction. A detailed comparison between the chain of There is a confluence of three distinct types of structures:
coins (tube and the string and bead model with a bendingthe swollen conformations, the semicrystalline phase, and the
rigidity energy term is carried out in Appendix B. featureless compact conformations, wher R~ L (Fig. 2).
Figure 2 is a sketch of the phase diagram, at zero temthis interplay leads to quite remarkable finite size effects:
perature, of a homopolymer of lengthand thicknesa with one obtains anarginally compacphase with a huge reduc-
the range of attractive interactidd This phase diagram has tion in the degeneracy compared to the featureless compact
been obtained using detailed computer simulations accompghase and the swollen phase. On raising the temperature, one
nied by an approximate mean field thed®2] and can be again finds a two-state behavior and the finite size analog of
understood on the basis of physical arguments. For large vaé first order transition between the marginally compact phase
ues ofL/R, there are two distinct phases. Wh&rRis large, and the disordered phase. The first order transition occurs
the tube is very thick compared to the range of attractivebecause it is necessary for different nearby tube segments to
interactions and one obtains a swollen phase with equalnap into position right alongside each other and parallel to
weight for all self-avoiding conformations. One finds a very each other in order to avail themselves of the attraction. The
large degeneracy with no tendency toward compaction. Oimherent anisotropy of a tube along with the fact thas of
the other hand, for smalA/R, one has a semicrystalline orderR leads to this requirement. Such two-state behavior
phase[25] in which the tube is stretched out locally with can, in the simplest scenario, be associated with a transition
nearby sections parallel to each other. A similar structure istate [28] along suitably chosen reaction coordinates. The
also obtained for many long tubes—the arrangement is akistructures of choicg21,29 in the marginally compact phase,
to piling up logs parallel to each other with each log sur-for a discrete chain are helices, kissing hairpins, regular
rounded by six other logs in a hexagonal array, the optimahairpins, and sheetd=igs. 3 and 4 Helices, hairpins, and
packing in two dimension of coins of radids Such struc- sheets are indeed characterized by a parallel placement of
tures are similar to those found in the Abrikosov flux lattice nearby tube segments. The marginally compact phase is
[26] and bear a resemblance to liquid crystal order. poised in the vicinity of a phase transition to the swollen
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(AD be evolutionarily conservefB4—-3§. Proteins are relatively

; short chain molecules and indeed longer globular proteins
form domains which fold autonomous[37]. The building
blocks of protein structures are helices, hairpins, and almost
planar sheet&-ig. 3). Strikingly, short tubes, with nbetero-
geneity in the marginally compact phase form helices with
the same pitch to radius ratio as in real protdi3g| (Fig. 4
and almost planar sheets made up of zigzag strands. It is
interesting to note that the helix is a very natural conforma-
tion for a tube and occurs without any explicit introduction
of hydrogen bonding. Recent work on the denatured state of
short amino acid sequences has suggested that the poly-
proline Il helix might be the preferred structure in that phase,
even though it does not entail the formation of any hydrogen

FIG. 3. (Color onling Building blocks of biomolecules and phonds[39]. As in the tube case, small globular proteins show

ground state structures associated with the marginally compagf two-state behavior[40-44 and recent experiments
phase of a short tube corresponding to a discrete chain of tethere{d,,45'4q have been successful in mapping out the nature of
disks of radiusA. The axis in the middle indicates the direction the transition state in several cases.
along which the tube thickness increases. The top row shows Let us make theonstructive hypothesﬂ;]at the extraor-
some of the building blocks of biomolecules, while the bottom rowdinary similarity between the structures adopted by short
depicts the corresponding structures obtained as the ground staigpes in the marginally compact phase and the building
conformations of a short tubgAl) is an a helix of a naturally  pjocks of protein native state structures is not a mere coinci-
occurring protein, whilgA2) and(A3) are the helices obtained in - jence  Wepostulateinstead that the tube picture presented
our calculations—A2) has a regular contact maje., @ malrix  ap4ye js @ paradigm for understanding protein structures.

whose .elemems’ correspondlng.to res@ue pairs, are either 0 Or(J,_)uite generally, such postulates are of limited utility unless
depending on whether the two given residues are in contact r not

whereas(A3) is a distorted helix in which the distance between one Is able to unify seemingly unrelated aspects of the prob-

successive atoms along the helical axis is not constant but has plee-m and make predictions amenable to experimental verifi-

riod 2. (B1) is a helix of strands in the alkaline protease of cation. In our case, while the tube idea is theoretical, there is

Pseudomonas aeruginasahereasB2) shows the corresponding & wealth of experimental data already available on proteins.

structure obtained in our computer simulatiog€1) shows the ~Be€fore we proceed to explore the consequences of our hy-

“kissing” hairpins of RNA and(C2) the corresponding conforma- Pothesis, we will first link the tube picture with the protein

tion obtained in our simulations. FinalliD1) and (D2) are two  Problem using experiments as the guide.

instances of quasiplanar hairpins. The first structure is from the L&t us begin by asking whether the backbone of a protein

same protein as beforéhe alkaline protease oPseudomonas Can be described as a tube. Figure 5 indeed shows that, in its

aeruginosawhile the second is a typical conformation found in our native state, the protein backbone can be thought of as the

simulations. The sheetlike structuf®3) is obtained for a longer axis of a tube of approximate radius of cross sectian

tube (see[21] for more details The biomolecular structures in the equal to 2.7 A. Interestingly, there are small variations in the

top row are shown in th€“ representation for proteins, and in the tube radius especially in the vicinity of backward beiuig].

P representation for RNA kissing hairpins. The tuning of the two length scales andR to be compa-
rable to each other happens automatically for proteins: the

phase and the structures are therefore flexiB@} and sen- sizes of the amino acid side chains determine both the tube

PROTEIN
STRUCTURES

THICK TUBE
GROUND STATES

sitive to the right types of perturbations. thickness and the range of interactions. Steric interactions
lead to a vast thinning of the phase space that protein struc-
IIl. TUBES AND PROTEINS tures can explor¢49,5Q. Physically, the notion of a thick

chain or a tube follows directly from steric interactions in a

There is a truly remarkable coincidence between therotein—one needs room around the backbone to house the
structures one obtains in the marginally compact physicahmino acid side chains without any overlap. The same side
state of matter of short tubes and the building blocks ofchains that determine the tube thickness also control the
protein native state structuréBig. 3). Proteins[13] are lin-  range of attraction—the outer atoms of the side chain interact
ear chains of amino acids, of which there are 20 naturallfthrough a short range interaction screened by the water. This
occurring types with distinct side chains. The backbone andelf-tuning is a quite remarkable feature of proteins.
several of the side chains are hydrophobic and, under physi- The rapid folding of small proteins can be understood in
ological conditions, globular proteins fold rapidly and repro-terms of the inherent anisotropy of a tube and the self-tuning
ducibly to somewhat compact conformations called their naeof the two key length scales, the tube thickness and the range
tive state structures. In their native states, a hydrophobic coref the attractive interactions. In the marginally compact
is created which is space filling and water is expelled fromphase, in order to take advantage of the attractive interac-
the interior. Even though there are hundreds of thousands aions, nearby segments of the tube have to snap into place
proteins in human cells, the total number of distinct foldsparallel to each other and right up against each other. As
that they adopt in their native states is only of the order of astated before, both in the tube picture and in proteins, the
few thousand31-33. Furthermore, these structures seem tohelix and the sheet are characterized by such parallel space
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FIG. 4. (Color onling (a) Space fillingoptimal helix, with a
pitch to radius ratioc"~2.512 (drawn USINgMATHEMATICA). As
explained in Appendix C, this optimal value is determined by re-
quiring that the radius of curvature of the helical curve is equal to
half the minimum distance of closest approach between different
turns of the helix. The corresponding tuftkat can be thought of as
being inflated uniformly around the curyvis optimally space filling
since it stops growing when reaching its maximum thickness both
locally (the radius of curvatuyeandnonlocally (half the minimum
distance of closest approach between different juatshe same
time (see Appendixes A and)CSuch an optimality criterion is
shared by some of the conformations selected as ground states in
our simulations in the marginally compact phase such as helices or
planar hairpin and sheets shown in Fig. 3, when it is properly trans-
lated for the case of a discrete chdsee below and EqAS5) in
Appendix Al. It can be showrj21] that the planarity of hairpins
and sheets is a consequence of this optimal space filling criterion.
The same geometrical feature is strikingly found to hold, within
3%, for a helices occurring in the native state of natural proteins
[38]. (b) Plot of the ratiof;=py(i)/p.(i) of the nonlocal radius of
13 y ' - ' - y curvature py (i) =minjor(ri,rj,r  (with {j,k}#{i-2,i-1}{i
12f ] -1,i+1},{i+1,i+2}) over the radius of curvaturep,(i)
=r(ri_1,r;,r+1) as a function of the residue indéxor the native
state structure of sperm whale myoglolgifrotein Data Bank code
1mbn), wherer; refers to the spatial coordinates of t8& atom of
theith residue, &i<153[see Appendix A for the definition of the

11

1.0

09

= 0s | triplet radiusr(r,rj,r]. In correspondence with the eightheli-
’ : ces present in the myoglobin fold, shown as the sgkd) parts in
07 f * i the plot, the values of; oscillate around unity, demonstrating that
06 [ ] helices in natural proteins a@ptimally space filling in the sense

described above.
05F

0.4

-5 20 4670 95 120 145
Residue (1mbn)

filling alignment of nearby tube segments. In proteins, sucHor its adjacent node§see also the caption of Fig.(B)].

an arrangement serves to expel the water from the proteibnlike unconstrained matter for which pairwise interactions
core. As shown by Pauling and co-workdgB9], hydrogen suffice, for a chain molecule, it is necessary to define the
bonds provide the scaffolding for both helices and sheets angPntext of the object that is part of the chain. This is most

place strong geometrical constraints stemming from quanturgasily carried out by defining a local Cartesian coordinate
chemistry. system(see Fig.  whose three axes are defined by the tan-

gent to the chain at that point, the normal, and the binormal
which is perpendicular to both the other two vectors. A study
IV. BEYOND THE TUBE ARCHETYPE: A REFINED TUBE [52] of the experimentally determined native state structures
MODEL INFORMED BY PROTEIN DATA of proteins fr(_3m thg Protein .D_ata Ba(ﬁ@]_ reveals tha}t there
are clear amino acid aspecific geometrical constraints on the
We turn now to a marriage of the tube idea and the wealthelative orientation of the local coordinate systems due to
of information available from a variety of experimental sterics and also associated with amino acids which form hy-
probes[4,51] in preparation for the task of exploring the drogen bonds with each oth&ee Fig. 15 in Appendix P
consequences of our hypothesis. Recall that three-body local Recently[52], we have carried out Monte Carlo simula-
and nonlocal radii constraints describe the self-avoidance dfons of shorthomopolymerschains made up of just one type
a tube[19] (see Appendix A For a discrete chain, the local of amino acid, subject to these geometrical constraints and
three-body radius is defined as the radius of a circle drawphysically motivated interaction energies, a local bending en-
through three consecutive nodes of the clairthe limit of  ergy penaltyeg, an overall hydrophobicitg,, and effective
a continuous chain the local three-body radius is equal to thhydrogen bond energigsee Appendix E for details about
radius of curvature The nonlocal radius at a given node is the refined tube model and the simulatipnEhe resulting
defined to be the smallest among all the radii of circlesphase diagram and the associated structures for short ho-
drawn through that node and all pairs of other nodes excephopolymers of length 24 are depicted in Fig. 7. In keeping
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FIG. 5. Histogram of local thicknesses computed for all residues
of different protein native structures, when the virtual chain formed
by the backbon€* atoms is viewed as a discretized thick tube. At FIG. 7. (Color onling Phase diagram of ground state conforma-
a given residue the local thickness is simply the minimum triplettions. The ground state conformations were obtained by means of
radius over all triplets containing that resid(gee Appendix A for  Monte Carlo simulations of chains of 22 atoms.eg and e, de-
the definition of triplet radius and for an explanation of how such anote the local radius of curvature energy penalty and the solvent
quantity arises within a tube descriptjon mediated interaction energy, respectivébee Appendix E Over

600 distinct local minima were obtained in our simulations in dif-

with the behavior of the archetype tube discussed earlier, jferent parts of parameter space starting from a randomly generated
the vicinity of the swollen phase, one obtains distinct asdnitial conformation. The temperature is set initially at a high value
sembled tertiary structures, quite akin to real protein struc@nd then decreased gradually to ze&®, (b), (©), (e), (), (9), and
tures, on making small changes in the interaction parameterg?) are the Molscript repres_entatlons of the ground state conforma-
The striking similarity between the observed structures and®"s Which are found in different parts of the parameter space as

real protein structures suggests that our model captures ﬂJ]%dlcated by the arrows. The helices and strands are assigned when

o . . L local or nonlocal hydrogen bonds are formed according to the rules
essential ingredients responsible for the limited menu of pro- o . A

. - described in Appendix E. Conformatiofis, (j), (k), (), and(m) are
tein native structures.

Th inall h has disti ._competitive local minima. In the shaded ph&seange ling on the
. € marg_lna y CompaCt phase has |st|nct. structures .'nfop right that does not correspond to any conformation, the ground
cluding a single helix, a bundle of two helices, a helix

- state is a two-strande@ hairpin (not shown. Two distinct topolo-
formed by B strands, g8 hairpin, three-strande@ sheets gies of a three-strande@ sheet are found corresponding to confor-
with two distinct topologies and @-barrel-like conforma-  mations shown ir(b) and (c), respectively. The regiotwhite on-
tion. These structures are the stable ground states in differefte) in the left of the phase diagram has large attractive values of
parts of the phase diagram. Furthermore, conformations suc), and the ground state conformations are compact globular struc-
as theg-a-B motif are found to be competitive local minima. tures with a crystalline order induced by hard sphere packing con-
siderationg54] and not by hydrogen bondingonformation(d)].

number of triplets
Q

w

The specific structure depends on the precise values of the

local radius of curvature penalfg large penalty forbids tight

turns associated with helices resulting in an advantage for

sheet formatiopand the strength of the hydrophobic inter-

actions(a stronger overall attraction leads to somewhat more

compact well-assembled tertiary structyrdhe topology of

the phase diagram allows for the possibility of conforma-
FIG. 6. Sketch of the local coordinate system. For é@¢latom  tional switching leading to the conversion of arhelix to a

i (except the first and the last ongthe axes of a right-handed local B topology on changing the hydrophobicity parameter analo-

coordinate system are defined as follows. The tangent vécier gous to the influence of denaturants or alcohol in experi-

parallel to the segment joininig-1 with i+1. The normal vecton; ments[55].

joins i to the center of the circle passing throuighl, i, andi+1

and it is perpendicular th. {; andf; along with the three contiguous V. CONSEQUENCES OF THE PROTEIN-TUBE

C@® atoms lie in a plane shown in the figure. The binormal vef)tor HYPOTHESIS

is perpendicular to this plane. The vectirsy, b; are normalized to We now turn to a study of some of the consequences of
unit length. our postulate that the tube is a useful paradigm for under-
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Homopolymer (maximally compact) the degeneracy of maximally compact conformations, lead-

ing to a unique ground state conformation which, of course,
Vv\/v\w SCULPTED depends on the amino acid sequence. Yet, for a typical ran-
by sequence dom sequence, the energy landscape is still very rugged and
\ is virtually the same as in Fig(&. A model protein moving
@

in such a rugged landscape can be subject to trapping in local
minima and may not be able to fold rapidly, so that glassy
PRESCULPTED behavior may ensue due to such trapping. Bryngelson and
by geometry and symmetry Wolynes[57] suggested that there is a principle of minimal
CHOSEN © frustration at work for well-designed sequences in which
there is a nice fit between a given sequence and its native
state structure carving out a funnel-like landscgg# which
promotes rapid folding and avoids the glassy behajkdg.
8(0)].
Indeed, given a sequence of amino acids, with all the
(®) attendant details of the side chains and the surrounding wa-
Homopolymer (marginally compact) ter, one obtains a funnel-like landscape with the minimum
FIG. 8. Simplified one-dimensional sketches of energy Iand_correspor.ldlng to' Its native state structu.re. Each' protein s
haracterized by its own landscape. In this scenario, the pro-

scape. The quantity plotted on the horizontal axis schematically . s all i tant and th tein foldi b
represents a distance between different conformations in the pha glh sequence Is all important an € protein folding prob-
, besides becoming tremendously complex, needs to be

space and the barriers in the plots indicate the energy needed by t i . .

chain in order to travel between two neighboring local minigaa. ~ attacked on a protein-by-protein basis.

Rugged energy landscape for a homopolymer chain with an attrac- [N contrast, our model calculations show that the large
tive potential promoting compaction as, e.g., in a string and beadlumber of common attributes of globular protei29,59
model. There are many distinct maximally compact ground staté€flects a deeper underlying unity in their behavior. At odds
conformations with roughly the same energy, separated by highvith conventional belief, a consequence of our hypothesis is
energy barriergthe degeneracy of ground state energies would béhat the gross features of the energy landscape of proteins
exact in the case of both lattice models and off-lattice models withresult from the amino acid specific common features of all
discontinuous square-well potentipléb) Presculpted energy land- proteins. This landscape (pre)sculptedby general consid-
scape for a homopolymer chain in the marginally compact phaseerations of geometry and symmetjfyig. 8b)]. Our unified

The number of minima is greatly reduced and the width of theirframework suggests that the protein energy landscape ought
basin increased by the introduction of geometrical constrajofs. to have thousands of broad minima corresponding to putative
Funnel energy landscape for a protein sequence. As folding pronative state structures. The key point is that for each of these
ceeds from the top to the bottom of the funnel, its width, a measurgninima the desirable funnel-like behavior is already
of the entropy of the chain, decreases cooperatively with the energychjeved at the homopolymer leviel the marginally com-
gain. Such a distinctive feature, crucial for fast and reproduciblepact part of the phase diagragsee Fig. 7. The self-tuning
folding, arises from careful sequence design in models whose hoof two key length scales, the thickness of the tube and the
mopolymer energy landscape is similar(®. In contrast, funnel- 04 tion range, to be comparable to each other and the
like properties already result from considerations of geometry anqnterplay of the tf,lree energy scales, hydrophobic, hydrogen

symmetry in the .marg'na"y compact ph"?(@’ thereby making th?. bond, and bending energy, in such a way as to stabilize mar-
goals of the design procedure the relatively easy task of stabiliza- .

tion of one of the presculpted funnels followed by the more refine inally compact strqctures also provide the close cooperation
task of fine-tuning the putative interactions of the protein with other, etween energy gain and entropy loss needed for the sculpt-
proteins and ligands. ing of a funneled energy landscape. . o
Recent work has shown that the rate of protein folding is
not too sensitivg44,6Q to large changes in the amino acid
equence60,61], as long as the overall topology of the
olded structure is the same. Furthermore, mutational studies
[44—-47 have shown that, in the simplest cases, the structures
of the transition states are also similar in proteins with simi-
There have been many previous studies of proteins from kr native state structures.
physics point of view[56]. The standard approach is to as-  Sequence desigf62] would favor the appropriate native
sume an overall attractive short range potential which servestate structure over the other putative ground states leading
to lead to a compact conformation of the chain in its groundo an energy landscape conducive for rapid and reproducible
state. In the absence of amino acid specificity or when on#olding of that particular protein. Nature has a choice of 20
deals with a homopolymer, there is a huge number of highlyamino acids for the design of protein sequences. A pres-
degenerate ground states comprising all maximally compactulpted landscape greatly facilitates the design process. In-
conformations with high barriers between thgsee Fig. deed, within our model, we find that a crude design scheme,
8(a)]. The ground state degeneracy and the height of th&hich takes into account the hydropholjpgropensity to be
barriers grow exponentially with the length of the homopoly- buried and polar(desire to be exposed to the wateharac-
mer. The role played by sequence heterogeneity is to bredier of the amino acids, is sufficient to carry out a successful

by sequence Folding funnel

standing protein structures and behavior. We will benchmar
these against experimental evidence to assess their validityf

A. Energy landscape of proteins
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design of sequences with one or the other of the structurgseriodic arrangementand does not have the richness we
shown in Fig. 7. The matching of the hydrophobic profile of associate with protein native state structures. Returning to
the designed sequence to the burial prdfig] (as measured the protein, one may ask whether there are structures which
by the number of neighbors within the range of the hydro-are the analogs of those found in the semicrystalline phase.
phobic interactionleads to the correct fold in a Monte Carlo  In order to assess the role played by the interaction be-
simulation. As examples, the sequence HPPHHPHHPPPPBwveen multiple short proteins, let us first consider our model
PHHPHHPPPPP, wittex=0.3 uniformly for all residues, Nhomopolymer chain made up of 36 identical amino acids in
ew=—-0.4 for contacts between H and H, amg=0 for other ~ the marginally compact phase of the refined tube mostss
contacts, has as its ground state the two-helix bundle struc€C- [V and Appendix Ewith the hydrophobic parameter
ture [Fig. 7(h)] whereas HPHHHPPPPHHPPHHPPPPHH-and the local bending energy penalty chosen so that the
HPP prefers th@aB motif [Fig. 7(j)]. It is interesting to note ground state Is a s_lng_le_ Iong helix. . .
that the Ba/8 motif is only a local minimum in the phase On making two incisions in the chain to create three dis-

. ; . : inct chains each containing 12 amino acids, the ground state
diagram of a homopolymer but is stabilized by the designe f the system appears to be a bundle of three hefies Fig.
sequence. Also, as is seen experimentally, many protein s

d h . : ! 8(d)]. This helix structure, however, is stable only at very
quences adopt the same native state conform@@@nonce |4, temperatures. At intermediate temperatures, close to but

a sequence has selected its native state structure, it is able|fQuer than the temperature of the specific heat peak, it is
tolerate a significant degree of mutability except at certairyestapilized in favor of aggregatginelices[Figs. 9a) and
key locations[45,46,62,65 Furthermore, multiple protein g} or sandwiches of8 sheetgFig. 9c)], due to entropic
functionalities can arise within the context of a single fold gffects. Cutting a single chain into parts increases the entropy
[66]. of the system. Unbonded chains are more flexible and this
_ One of the successful methods of protein structure predicyromotes the formation of interchain hydrogen bonds. The
tion is based on threadinf7]. The basic idea is entirely g sheet structures also show an increased flexibility compar-
consistent with our findings—one uses pieces of native stalgyq to the helix bundle, and they have better kinetic accessi-
structures of longer proteins as possible candidate structurggjity from a disordered globule. While the appearance of
of a shorter protein—but the technique is simpler becausg.sheet conformations in the case of three chains seems to
instead of determining the structure fraa initio calcula-  haye an entropic origin, it seems likely that the ground state
tions, one merely has to select from among the putative nasf 4 system of multiple chains does in fact consist of aggre-
tive state structures. The documented success of the threaghted sheets. Indeed simulations of five or ten chains have
ing method confirms that each protein does not fashion itghown thatg structures are the most likely choicsee Fig.
own native state structure but merely selects from the meny)
of predetermined folds. The formation ofg-sheet structured protein aggregates is
favored with respect to other possible aggregates such as
helix bundles[which we actually detect in our simulations;
see Fig. &d)]. In the latter case hydrogen bonds are saturated

A range of human diseases such as Alzheimer’s, spongiwithin a single helix so that aggregation is driven exclusively
form encephalopathies, and light-chain amyloidosis lead tdy the effective hydrophobic attraction between different he-
degenerative conditions and involve the deposition oflices. On the other hand, for structures such as those shown
plaquelike material in tissue arising from the aggregation oin Figs. 9a-9(c) hydrogen bonds are formed between dif-
proteins[14,15,68,69 In the case of prion$69], one ob- ferent chains and sever@ strands are left unsaturated at
serves a transition fromx to g rich structures which favors both “ends” of the aggregate, which can then readily grow by
aggregation and causes bovine spongiform encephalopatimydrogen bonding to other chains.
disease. It has been argugtD] that the formation of amy- The refined tube model can be used to explore the free
loid fibrils occurs in a hierarchical way starting from a chiral energy landscape of a homopolymer chain in the vicinity of
B strand. The resulting structures arise from a competitiorits folding transition temperature, operationally defined as
between the free energy gain from the aggregation and thime specific heat peak temperatu®f course, there is no
elastic energy cost of the distortion. A variety of proteins notreal phase transition for finite size systems such as progeins.
involved in these diseases also form aggregates very simildigure 11a) is a contour plot of the free energy at a tempera-
to those implicated in the diseased stft®,68. This sug- ture higher than the folding transition temperature for the
gests[15] that the tendency for proteins to aggregate is gparameter values,=-0.08 and ez=0.3 for which the
generic property of polypeptide chains with the specific seground state is ar helix. The free energy landscape has just
quence of amino acids playing at best a secondary role. Casne minimum corresponding to the denatured phase whose
one understand this general tendency of proteins to forntypical conformations are still somewhat compact. The con-
amyloids within our framework? tour plot at the folding transition temperatyfég. 11(b)] has

Let us recall the semicrystalline polymer phase which onghree local minima corresponding to an helix, a three-
obtains when the tube is sufficiently loiigr when there are strandedB sheet, and the denatured state. At lower tempera-
many interacting tubgsand is subject to attractive interac- tures, thea helix is increasingly favored and the sheet is
tions leading to compaction. In this phase, the tube isever the global free energy minimum.
stretched out locally with nearby sections parallel to each That aB-sheet structure is a significant competitor with a
other (or has the tubes stacked parallel to each other in #&arge basin of attraction in a region where the stable phase is

B. Amyloid phase of proteins
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FIG. 9. (Color onling Aggregated structures formed by three
chains of length 12. We show the lowest energy conformations FIG. 10. (Color onling Aggregated structures formed by five
obtained in long simulations for three 12-residue chains confined@nd ten chains of length 12 wity,=-0.08,ex=0.2. We show the
within a cubic box of side.=80 A atT=0.19(a), T=0.18(b), and lowest energy conformations obtained in long simulations for five
T=0.16(c). The conformations shown i@’), (b’), and(c’) are the  chains atT=0.18 (a), and for ten chains ar=0.2 (b). The five-
same as iffa), (b), and(c), respectively, but viewed from a different chain system is confined within a cubic box of sitle80 A
angle. The parameters used in the model gge—0.08 andeg whereas the ten-chain system is confined within a cubic box of side
=0.2 which correspond to having a single helix ground state in thd-=100 A. The conformations shown {@’) and(b’) are the same
case of a single chain. The simulations start with random extendeds those in@) and(b) but viewed from a different angle.

conformations for all chains and are carried out with pivot and L . . . )
crank-shaft moves that are accepted or rejected based amethe S€€N ubiquitously in generic proteifis5,68. This suggests

TROPOLISCriterion. Moves that bring the residues out of the box arethat the key to the prevention of such aggregates is the sta-
not allowed. The bundle of three helicés) is a putative ground bilization of helices in such proteins and evolutionary
state of the system and was obtained in a simulation at a very loWnéchanisms such as proteasomes, molecular chaperones
temperature(T=0.05 starting with isolated single helices. This [73], and ubiquitination enzymed5,6§.

conformation has the lowest energy among those shown but is not Our results show the generic tendency for multiple chains
the equilibrium conformation at intermediate temperatures. Indeedpf amino acids to form aggregated amyloids rather than
a simulation run aff=0.18 starting with conformatio(d) leads to  maintain their proteinlike shape. Interestingly, nature has, on
the helix bundle being converted into tgehelix-like conformation  suitable occasions, thwarted the tendency of a single long
shown in(b) which is the dominant equilibrium conformation at chain to form amyloid by dividing the protein into substan-
this temperature(e) The aspecific heat as function of temperature tially independent domains which fold autonomously and are
for the system of three 12-residue peptides. The data shown weien assembled together. This suggests that the variety of
obtained using the weighted histogram techniqui] based on  protein folds increases with length up to a certain point at
long equilibrium simulations at various temperatures between 0.1Q,hich they are supplanted by the formation of domains or
and 4. The small shouldeil) corresponds to a condensation of amyloids.

separated peptides into a disordered globule. The large @bak In a recent paper, Fandrich and Dobsgi] suggested
corresponds to a transition from disordered globule o they . «qmyioig formation and protein folding represent two
p-helix-like phase(f) The energy as a function of timén Monte fundamentally different ways of organizing polypeptides into

Carlo stepsduring a long simulation at a temperature correspond- . - . o\
ing to the maximum of the specific hedt=0.195. The simulation ordered conformations. Protein folding depends critically on

shows several transitions between the disordered globule phase a p.resence of distinctive side chain sequence; and produces
the B-helix-like phase. a _unlque_glot_)ular fold. By contrast, ... ar_nyI0|d format|o_n
arises primarily from main chain interactions that are, in
a helix (see Fig. 11 reinforces the possibility that the inter- some environments, overruled by specific side chain con-
action between several proteins could stabilize the formatiotacts.” Our results are in complete accord with the suggestion
of extended hydrogen bondgisheets via the aggregation of that amyloid structures may arise from the generic properties
individual chaingsee[72] for experimental evidence that the of the proteins with the details of the amino acid side chains
increased propensity for extended single chgioonforma-  playing a secondary role. However, our work suggests that
tions as the temperature is increased could indeed drive thiastead of an “inverse side chain effect in amyloid structure
formation of 8 aggregates These kinds of structures, which formation” [74], there is a unifying theme in the behavior of
resemble the basic structures associated with amyloid fibrilggroteins. Just as the class of cross-link@dstructures are
thus seem to belong to the general class of predeterminedttermined from geometrical considerations, the menu of
folds, but this time for multiple proteins, and ought to be protein native state structures is also determined by the com-

041905-9



BANAVAR et al. PHYSICAL REVIEW E 70, 041905(2004)

o 20 o % s 100 genotype lead to the possibility of new phenotypes.
Let us consider the situation at two levels: the sequence
20 a {20 level (which is the genotype because it is a direct translation

from the evolving DNA moleculgsand the structure level,
which we can think of as the phenotype. As pointed out by
Maynard Smith[75], as the sequence undergoes mutation,
there must be a continuous network that the mutated se-
guences can traverse without passing through any intermedi-
aries that are nonfunctioning. Thus, one seeks a connected
network in sequence space for evolution by natural selection
to occur. There is considerable evidence, accumulated since
the pioneering suggestion of Kimui@6] and King and
Jukeg[77], that much of evolution is neutral. The experimen-
tal data strongly support the view that the “random fixation
of selectively neutral or very slightly deleterious mutants oc-
cur far more frequently in evolution than selective substitu-
tion of definitely advantageous mutantgr8]. Also “those
mutant substitutions that disrupt less the existing structure
and function of a moleculé&conservative substitutiopsccur
more frequently in evolution than more disruptive ones”
[78]. Thus while one has a “random walk” in sequence space
that forms a connected network, there is no similar continu-
ous variation in structure spa¢g6,79.

These facts are in accord with our result of a presculpted
energy landscape that is shared by all proteins and has thou-
sands of local minima corresponding to putative native state
Nw structures—not too few because that would not lead to suf-
ficient diversity and not too many because that would lead to
too rugged a landscape with little hope that a protein could
fold reproducibly and rapidly into its native state structure.
Indeed, many proteins share the same native state fold and
often the mutation of one amino acid into another does not
lead to radical changes in the native state structure, under-
total number of hydrogen bonds+Ny and the total number of scoring the fact that i?is not the details of the amino acid side

hydrophobi tactdyy fi the hist MP(N;+ N, N I- -
ydropnobic comact®iy from the histogra (Ni+Noi,Nyy) €O chains that sculpt the energy landscape but rather some over-
lected in equilibrium Monte Carlo simulations at constant tempera-

ture. The spacing between consecutive levels in each contour plot {%rchlng feqtures of symn etry and geometry that are common
_ ~ ~ o0 all proteins. In this respect, the phase of matter that com-
1 and corresponds to a free energy differenckgdf whereT is the

X X g rises the native state structures is one that is possibly deter-
temperature in physical units. The darker the color, the lower theﬁ]ined by physical law rather than by the plethora of micro-

free energy value. There is just one free energy minimum Correscopic details in analogy with the limited menu of possible
sponding to the denatured state at a temperature higher than ﬂ&?ystal structures.

folding transition temperaturé) whereas one can discern the ex- Anfinsen[41] wrote in 1973, “Biological function appears
istence of three distinct minima at the folding transition temperatur

(b). Typical conformations from each of the minima are shown ineto be.more a (.:orrelate of macromolecular geometry than qf
L chemical detail.” There has been much recent progress in
the figure. o . . : . L
extracting information on biological function and protein in-

_ ) ) _ teractions[80] from the structure of proteins and the com-
mon attributes of globular proteins: the inherent anisotropyplexes they form81]. A protein structure chosen from the
associated with a tube and the geometrical constraints iMredetermined menu of folds contains information on the
posed by hydrogen bonds and steric considerations. topology of the folded state. Additionally, one can glean in-
formation on the nature of the exposed surface, crystal pack-
ing, and the existence of clefts or other geometrical features
(which are often the active sites of enzymeghe picture is

Traditionally, the framework of evolution in life works completed by knowledge of the sequence of amino acids that
through two aspects of organization called the genotype anfblds into the structure using which one can infer the amino
the phenotype. The genotype is the heritable information enacid composition of the exposed surfaces, the location of
coded in the DNA, which is translated through the RNA mutants and conserved residues, and evolutionary relation-
molecules into proteins. The phenotype is valuable for adapships. For some structural families, function is highly con-
tation and at the molecular level plays a key role in naturakerved, whereas for others, one can use the types of informa-
selection. One conventionally assumes that there is a seletien described above to guess the functj8a].
tion of phenotypes which leads to an enhancement in the Biological reactions are accelerated by factors of more
numbers of the genotype. Furthermore, mutations of thehan a billion by enzymatic proteins. Enzymes not only pro-

FIG. 11. (Color onling Contour plots of the effective free en-
ergy (a) at high temperatur€l=0.22 and(b) at the folding transi-
tion temperaturel;=0.2 for a single 24-residue homopolymeric
chain, withe,=-0.08,ex=0.3. The effective free energy, defined as
F(N;+N,, Nw) ==In P(N;+N,;,Ny), is obtained as a function of the

C. Natural selection and protein interactions
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vide for great catalytic efficiency but are also extremely spe-aspartic aciyl elastasé¢a protein made both in the pancreas
cific in their function. The principal mechanisf83] under-  and by white blood cells in which two glycines in the bind-
lying the tremendous enhancement of the reaction rate by thieg cavity are replaced by much larger amino acids valine
enzymes is the lowering of the free energy of the transitiorand threonine allowing the enzyme to specifically target elas-
state of the reaction through their specific binding to thetin, which is an important building block of blood vessel
substrate or the react@st In its native state, an enzyme walls and ligaments—elastase is able to cleave proteins after
adopts a structure chosen from the menu of predeterminea glycine and alanine because of the small size of the binding
folds. Strikingly, only a small part of this structure is impor- cavity), thrombin (a larger enzyme, the tail end of which
tant for the enzymatic action. Generally, there are a fewbears a significant similarity to the sequence of amino acids
amino acids, associated with the active site, which are reef chymotrypsin and trypsin and cleaves proteins only at
sponsible for the catalytic activity. In close proximity, one arginine-glycine linkages; thrombin is a complex regulatory
also finds the substrate binding site which provides the specprotease which converts a usually soluble blood protein fi-
ficity, often through the classic lock and key mechanism. brinogen into the insoluble fibrin causing a blood clot and
An illustration of enzymatic action and the role of mo- the cessation of bleedipg plasmin (an enzyme which
lecular evolution is provided by the protease family of pro-cleaves proteins after lysine and arginine and dissolves blood
teins. In a living cell, there is turnover of proteins with new clots), cocoonaséwhich also cleaves after lysine and argin-
proteins being continually synthesized along with the degraine in the silk strands of the cocoon after the transformation
dation of existing proteins. Proteins responsible for degradasf a caterpillar into a silk moth and acrosinfan enzyme
tion through the hydrolysis of peptide bonds are called prowhich plays a pivotal role in fertilization by creating a hole
teases. Under physiological conditions, peptide bonds arm the protective sheath around the egg and allowing sperm-
stable for a period of around a hundred years. The proteasegg contaot
are able to enhance the degradation rate selectively by fac- As we have seen, evolution along with natural selection
tors of around a billion. There are several classes of proallow Nature to use variations on the same theme facilitated
teases including serine proteagssich as chymotrypsin, a by the rich repertory of amino acids to create enzymes that
digestive enzymewith a very reactive serine residue, cys- are able to catalyze a remarkable array of diverse and com-
teine proteaseuch as papain, which is a digestive enzymeplex tasks in the living cell. The key point, of course, is that
derived from papayawith cysteine playing the role of in order for molecular evolution to work in this manner, one
serine, aspartyl proteasgsich as renin which controls blood needs the constant backdrop of folds not shaped by the se-
pressurgwhich employs a pair of aspartate groups, and metguence but determined by physical law. Were the folds not
alloproteasegsuch as collagenase responsible for collageimmutable and themselves subject to Darwinian evolution,
degradation in osteoarthritic cartilagevhich use a bound the possibility of creating so many subtle and wonderful
metal ion such as zinc to accelerate the hydrolysis. variations on the same theme would not exist. The pre-
In serine proteases, the catalytic triad comprises thresculpted landscape is the crucial feature that leads to a pre-
amino acids, serine, histidine, and aspartate, bound to eadetermined menu of immutable folds.
other through hydrogen bonds, whose presence leads to the It is known that key functional sites exhibit a high degree
proton being moved away from the serine and the creation aff conservation[84]. Interestingly, coevolutionary analysis
a reactive alkoxide ion. The same triad is implicated in allhas been useful in identifying protein-protein interactions
serine proteases. Indeed, an example of convergent evolutigB5]. Structural similarity, independent of evolutionary ho-
is provided by subtilisifan enzyme that resembles chymot- mology, can be the key reason why proteins with different
rypsin in its action and is made by certain soil bacteaiad  folds share some commonality in enzymatic activity or
its family members, which possess the catalytic triad butigand binding[86]. Conversely, there are protein structures
have a quite different structure from chymotrypsin. Here Na-such as the TIMTriose phosphate Iso Mergskarrel [87]
ture uses different folds from the presculpted energy landwhich are very versatile and are able to house proteins that
scape which, on appropriate sequence design, have the sam@ able to carry out multiple functionalities. Even though
catalytic triad and perform similar tasks. the proteins are able to perform diverse catalytic tasks, Na-
The limited menu of possible protein folds provides aganoet al. [87] find that the active site is generally found at
marvellous opportunity for divergent evolution. This corre-the C terminal end of the barrel sheets and that there are
sponds to proteins whose native state structure and the catastriking structural superpositions” of the metal-ligating and
lytic triad are the same but with distinct differences in thecatalytic residues.
nature of the binding site. The binding site in chymotrypsin  Nooren and Thorntorj88] have pointed out that “The
is adjacent to the active site and is a hydrophobic cavitystructure and affinity of a PRprotein-protein interactignis
which facilitates hydrolysis of the peptide bonds on the cartuned to its biological function and the physiological envi-
boxyl side of aromatic or large hydrophobic amino acidsronment and control mechanism. PPIs presumably evolve to
such as Trp, Tyr, Phe, Met, and Leu. Relatively smalloptimize ‘functional’ efficacy. This does not necessarily in-
changes in the amino acid sequence, which maintain both theolve strong interactions. Clearly, weak transient interactions
native state structure and the active triad lead to other prahat are efficiently controlled are also very important in cel-
teins such as trypsiga digestive protein made in the pan- lular processes.”
creas which cleaves after positively charged amino acids There are several attractive features of the picture we
lysine and arginine due to a change of one of the hydrophohave developed based on the tube-protein hypothesis. First,
bic amino acids in the binding cavity to a negatively chargedprotein structures lie in the vicinity of a phase transition to
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the swollen phase which confers on them exquisite sensitivef a given hypothesis. There are strong hints from protein
ity, especially in the exposed parts of the structure, to thexperiments that the protein-tube hypothesis is valid. It pro-
effects of other proteins and ligands. The flexibility of differ- vides a unification of the various aspects of all proteins: one
ent parts of the protein depends on the amount of constrainfPtains a presculpted energy landscape with relatively few
placed on them from the rest of the prot¢80]. From this  folds, one can rationalize how a protein might fold in a co-

point of view, it is easy to understand how loops, which are0Perative manner into its native state conformation, there is

o the possibility of straightforward design of optimal se-
not often'stab|llz§d by backbpne hydrogen bonds, can play 8uences that fit into a desired structure, the structures are in
key role in protein functionality.

; ' i a marginally compact phase in the vicinity of a phase transi-
It is useful to reconsider how nature uses the variety okjon and have the flexibility needed for biological function,
amino acids for sequence design. The existence of a pregnd one can understand the formation of amyloids and the
culpted energy landscape with broad minima correspondingole played by the protein structures as a molecular basis for

to the putative native state structures and the existence efatural selection.

neutral evolution demonstrate that the design of sequences Protein sequence design provides an optimal fit of the
that fit a given structure is relatively easy, leading to manysequence with one among the menu of presculpted confor-
sequences that can fold into a given structure. This freedorfations. The question arises of course as to how a given
facilitates the accomplishment of the next level task of evo-S€duence is able to reach its native state conformation or its
lution through natural selection: the design of optimal Se'?ooﬁ?ssgirgggogogtlglsd?ﬁstﬂ;edder?sc;gaczjrirrr:stgfnit;—hdeer?;];v:ee(;
quences, which not only fold into the desired native Statestate[39,90—9(j. Unlike the native state which is a somewhat

structure, but also fit in the environment of other prott_ams_. Atightly bound set of marginally compact conformations, one

) : . X ; X Punder physiological conditions.
suggests that protein engineering studies aimed at improving \whjle one may naively think that the denatured state is
enzymatic function ought to be carried out in a tWo-Stepgeyoid of any interesting features, recent work has under-
manner: first, the family of sequences that fold into a desired¢qreq the possibility that the number of accessible confor-
target structure needs to be selected and a finer design negggtions is severely reduced compared to a random chain
to be carried out in the context of the substrates and the othefgg 90,91,93-9pleading to biases in the chain direction that
proteins that the target protein interacts with. Unlike the genyarsist over the entire length of the protdigd]. Indeed
era_llty of geometry and symmetry that'leads to the menu ok ortje [94] has argued that “long-range structure, which
native state folds, what we have here is a problem of chemsannot be removed by strongly denaturing conditions, could
istry acting within the fixed background of the physically grise predominantly from local steric hindrance.” He goes on
determined structures. These considerations suggest thg} state that “not only does the ribosome determine the pri-
when the information becomes available, protein-protein iNyary structure of each protein it makes, it also establishes
teraction network$89] can be fruitfully viewed not only as  the topological space in which that protein chain will be
the interactions between proteins but also as the interactiong,nfined for the rest of its existence.”
between the structures that house them. We build on these insights and the presumed validity of
The characteristics requweq for protein native state strucgr protein-tube hypothesis by making a second hypothesis
tures to be targets of an evolutionary process are stability angh 4 just as there is a one-way correspondence between a
diversity. Stability is needed because one would not want 1Qequence and its native state structure, there could exist a
mutate away a DNA molecule able to code for a useful projmijar correspondence between the sequence and its dena-
tein, and diversity, in order to allow evolution to build com- y,req state. In this view, the denatured state can thought of as

plex and versatile forms. The mechanism for natural seleczpn 5qdress of the native state conformation and lies within its
tion arises naturally in this context—DNA molecules that y55in of attraction.

code for amino acid sequences that fit well into one of these jnjike the native state. the denatured state has a larger

predetermined folds and have useful functionality thrive atentropy and comprises somewhat open conformations. Be-
the expense of molecules that create sequences that are Rgj,se of this, water plays a quite crucial role in the denatured
useful. Indeed, in this picture, sequences and functionalitgiate Both the above factors lead to local interact[67s98
evolve in order to fit within the constraints of these folds, laying a more important role than nonlocal interactions in
which, in turn, are immutable and determined by physicakhe’genatured state. As can be seen from Figa)1he local
law. bending energy term is amino acid specific. In addition, in
the spirit of the tube model, one might ask whether there are
extra geometrical constraints between the local frames of ref-
VI. THE DENATURED STATE OF PROTEINS erence(see Fig. 6 of neighboring amino acids along the
chain.(As discussed earlier, at the nonlocal level, hydrogen
Progress occurs in science through the use of constructiveonds linking different parts of the chain do place geometri-
hypotheses with a careful assessment of their consequencesl constraints on the reference frames associated with these
Experiments not only provide valuable hints for selectinglocations) Physically, such correlations arise from the fact
between competing hypotheses but are also the ultimate testsat in addition to theC* atom that we have considered as a
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surrogate for the amino acid, all amino acids but glycine The situation is somewhat reminiscent of a content-
have aCP atom to which the side chain is attached. In aaddressable memorj103] in which partial information is
chain of coing(see Sec. )| this corresponds to breaking the converted by the brain to recover the complete information.
symmetry in the plane of the coin. Thus one would quiteSuch content-addressable memoii#83] as well as the en-
generally expect that side chain interactions would lead t@rgy landscapg104] suitable for prebiotic evolutioril05]
cor_relatio_ns between the local coordinate frames of nearbpave been modeled through spin glasges]. The energy
amino acids along the sequen@9]. Remarkably, the local |angscape of spin glasses is also characterized by diversity
steric constraint§49] and the hydrogen bond8,9] act in 414 stability arising from randomness and frustration, which
concert and both promote helices and sheets in the natiig qjte distinct from the the physical mechanisms of short
state. tubes in the marginally compact phase. In conventional spin

areoiﬂethceagbiseﬁ(\;ﬂéhg; ;f:]e ﬁgﬁ%ia?firig?gcf};gcargmﬁgscut% lasses, randomness, which plays a role somewhat similar to
y P g mino acid specific interactions in proteifis07], through

compaction of the chain. Let us first consider a homopoly-, . .
mer made of just one kind of amino acid. A simple Chainl‘rustratlon sculpts an energy landscape with many local

molecule with a local bending constraint leads to a tangent[n',n'ma' Indeed, a nonr_andom exchgnge mterchon between
tangent correlatior(t;-t,,,) (see Fig. 6 for the definition of SPNS would lead to periodic order with much simpler behav-
the tangent vectgrthat decays exponentially im Adding a lor. m spin glasses, starting frp_m a ra“d‘_’”_‘ spin configura-
local binormal-binormal interaction term leads quite gener-t'on’ it is hard to reach a speC|_f|c local minimum ynless the
ally (see the example in Appendix Fo the tangent-tangent exchange constants are tuned in a cIeve( way as in a content-
correlation decaying exponentially with sequence separatiogddressable memory. The landscape is not invariant on
but being modulated with oscillatory behavior. This genericchanging the exchange interactions and can be fashioned at
behavior underscores the fact that the class of denatured coWill: For proteins, on the other hand, our analysis shows that
formations are not merely featureless but rather already hav@ fich landscape is obtained even in the absence of any se-
short-range structure built into them. Indeed, there is a cledfuénce heterogeneity and the nature of the ground states is
reduction in the entropy, due to the short-range binormaldetermined by geometry and symmetry and is therefore im-
binormal interaction, which is reflected in the oscillations. Mutable[33].

The situation is vastly more interesting when one consid- /AN interesting consequence of the type of denatured state
ers a specific sequence of amino acids in its denatured staf@escribed above along with the existence of the presculpted
It is clear that one ought to have amino acid specific correl@ndscape is the possibility of disordered prote{i98|
lations between neighboring coordinate frames which reflecr-Sequences that are in temporally fluctuating denatured
the nature and size of the side chains. An amino acid likdorm but which fold in the presence of distinct substrates to
proline with its cumbersome side chain configuration carfarry out vital multiple functionalities. In our picture, these
lead to strong constraints in its vicinity whereas glycineS€duences need appropriate stabilizing influences to fqld. In
which lacks theC, atom and a side chain can provide greatthe® absence of these influencesibstrateg the protein is
flexibility [100] and act as a joker in a card game. Even ifd_enatured apd is located, colloqwglly, on th(_a fencg between
such correlations reflect small but systematic deviations fronglifférent native state structures. Given that finite size effects
the average behavigil01], these can build up in a very aré severe fo_r proteins, the presence of different substrates
specific way along the sequence leading to a clear imprintinffad'”g to different boundary conditionsvould not only
of the native state conformation even in the denatured stat&VOr one competing structure over the others but also result
In this context, it is interesting to note that Shor@f] has N fqldmg to th_at structure. The simultaneous existence qf the
shown that “denaturation by at least three different agents-distinct folds in the energy landscape allows the protein to
truncation, urea, and acid—gives rise to essentially the sam@'00se from among them depending on the precise nature of
persistent native-state like topology.” Furthermore, the alterfh® stabilizing influence.
ation of the denatured state by even a single mutgdtl®2]
provides further evidence for the structure inherent in the VIl. SUMMARY AND PERSPECTIVE
denatured state.

We have shown that the menu of native state structures is Symmetry and geometry place strong constraints on the
determined from generic considerations. Sequence specifitypes of infinite sized crystal structures and there are exactly
ity is key in determining whether a given sequence fits par230 distinct space groups in three dimensift9]. Proteins
ticularly well into one of these conformations. Because theare finite sized objects. Our analysis demonstrates that the
menu is larggthousands of conformatiopysone has diver- same kind of symmetry and geometrical considerations lead
sity. However, because the menu is not too large, a wellto a finite number of protein folds. This number grows with
designed sequence is able to fold rapidly into its native statéhe size of the protein but is limited by the fact that proteins
conformation. Our hypothesis is that local sequence-specifibeyond a characteristic length from either autonomous do-
interactions alone lead to a denatured state which is a reflecrains or amyloids. Unlike the crystalline state of matter,
tion of the native state. The denatured state lies in the basiproteins are characterized by an inherent anisotropy due to
of attraction of the native state and the folding process simtheir tubelike character. A given crystalline structure tran-
ply entails the action of the appropriate nonlocal interactionscends the material that is housed in it—common salt adopts
in leading to the protein adopting the native state conformathe face-centered-cubic lattice structure as also the well-
tion. packed cannonballs of Kepl¢d8]. Likewise, different se-
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quences of proteins can be housed in the same protein fold9]. Both of them considered the protein backbone which is
and yet be able to perform different functionaliti€$]. Pro-  the common part of all proteins. Pauling and his co-workers
tein structures are modular in form being simple assemblagesxplored the types of structures that are consistent with both
of helices and strands connected by tight turns. the backbone geometry and the formation of hydrogen
The unified picture leads to a single free energy landscapkonds. They predicted that helices and sheets are the struc-
with two distinct classes of structures. The amyloid phase isures of choice in this regarfFigs. 12a) and 12b)]. Ram-
dominated byg strands linked to each other in a variety of achandran and his co-workers carried out their pioneering
forms whereas the native state structure menu is an assemhiork more than a decade after Pauling. They considered the
of a helices andB structures. Nature has exploited theserole of excluded volume or steric interactions between the
native state structures in the context of the work horse moladjacent amino acids in reducing the available conforma-
ecules of life. The selection mechanism for genetic evolutiortional phase spacgig. 12c)]. Astonishingly, the two sig-
at the molecular level lies in the ability of the protein en- nificantly populated regions of the Ramachandran plot corre-
coded by the gene to fold well into one of the predeterminedspond to thex helix and theB strand. Even though hydrogen
folds and have useful function. Unfortunately, however, thebonds and sterics are not related to each other, they are both
proximity of this beautiful phase to the generic amyloid promoters of helices and sheets. Is this concurrence of events
phase underscores how life can easily malfunction as soon @ mere accident? The marginally compact phase of short
aggregational tendencies of proteins come to the fore. Onwibes has helices and sheets as its preferred structures. In
cannot but marvel at the robustness of life. order for Nature to take advantage of this phase of matter,
An imperfect analogy to the protein problem is a town- proteins, which obey physical laws, may have been selected
ship consisting of around a thousand hougastein struc- to conform to the tube geometry. Hydrogen bonds serve to
turey, each with its own distinctive styléopology), deter-  enforce the parallelism of nearby tube segments, a feature of
mined by geometry and symmetry. The form of a housebo_th helices and sheets, while sterics empha_si_zes the nonzero
(structure is the basis of useful functionality. A persgpro-  thickness of the tube and serves to position it in the margin-
tein) whose tastegsequencpare(is) especially matched to a ally compact phase. Because the marginally compact phase

given style of housgnative state structuyavould choose to 1S @ finite size effect, proteins tend to be relatively short
live in it. Of course, many peopléproteing with similar compared to conventional macromolecules including DNA.

though not identical tastegsequencgsmight choose the Indeed, proteins seem to be a vivid example of the adaptation

; of Nature to her own laws.
e e e . 1 s nSghil bookThe Finess of the Endionmen
. ’ Henderson extended the notion of Darwinian fitness to argue
to move into? One way would be to explore all the hous

o il the d h i identfied. A " p hat “the fitness of environment is quite as essential a com-
styles until the dream house 1S joentified. A vastly more € ‘ponent as the fitness which arises in the process of organic
ficient situation would occur if the person arrives at the

ST i > evolution.” Strikingly, the chemistry of proteins ensures that
township in the vicinity of the hpuse that she/he.W|II eVeN-they are self-tuned to occupy the marginally compact phase
tually occupy. This would require that the location of the of short tubes. One cannot but marvel at how several factors,
starting pointthe denatured conformatiprs encoded by the  the steric interactions, hydrogen bonds which provide the
tastes of the persofthe sequengeand is within the basin of scaffolding for protein structures, the constraints placed by
attraction of her/his dream homgative state structufe  quantum chemistry on the relative lengths of the hydrogen
This, as yet unproven, scenario would greatly facilitate theand covalent bonds and the near planarity of the peptide
folding of a protein into its native state structure accountingbonds, and the key role played by water, all reinforce and
for its “surprising simplicity”[44]. conspire with each other to place proteins in this phase of

The protein problem, which lies at the intersection of matter.
many disciplines, is highly complex. Evolution complicates Proteins have proved to be difficult to understand because
the situation even further. Human design allows for an engiof their inherent complexity with 20 types of amino acids
neer to devise entirely new ways of accomplishing certairand the role played by water, because they are relatively
tasks—a classic example is the replacement of vacuum tubatiort molecules compared to generic manmade polymers and
with semiconductor transistors. Nature does not have thiare therefore likely to be characterized by “nonuniversal”
luxury in evolutionary design. Nature takes what she hasbehavior, and because of the complexities associated with the
tinkers with it, and builds on it. Thus the notion of optimal random process of evolution. Nevertheless, our work sug-
design is not particularly relevant and the future is verygests that there is an underlying stunning simplicity. While
strongly correlated with the present and the past. A slightlysequences and functionalities of proteins evolve, the folds
different turn of events could have led to conspicuously dif-that they adopted, which in turn determine function, seem to
ferent life forms. This picture of Nature muddling along be determined by physical laws and are not subject to Dar-
through evolution combined with the inherent complexity of winian evolution. In that regard, these folds may be thought
proteins makes the problem very daunting. Yet within thisof as immutable or Platonic. Protein folds do not evolve—
complexity there is a stunning simplicity provided by the rather, the menu of possible folds is determined by physical
fixed backdrop of the protein folds determined by physicallaw. In that sense, it is as if evolution acts in the theater of
law in the context of which sequences and functionalities ardife and shapes sequences and functionalities but does so
shaped by evolution. within the fixed backdrop of the Platonic folds.

We conclude by revisiting the classic theoretical work of Henderson16] wrote “The properties of matter and the
Pauling et al. [8,9] and Ramachandran and Sasisekharartourse of cosmic evolution are now seen to be intimately
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A|pha Helix Beta Pleated Sheet
(@) ~ b 3 i

FIG. 12. (Color online Pauling and
Ramachandran revisited: The top row
depicts the “classic” structures of an
helix (a) and a pleate@ sheet(b). The
main-chain backbone atoms and tGé
atoms of the side chain groups are shown
[color codes are different fgr) and(b)].
Hydrogen bonds, which stabilize the
structures, are shown as dashed lines. In
the bottom row we show the Ramachan-
dran plot(c) describing how the torsional
degrees of freedorty, ¢), the backbone
dihedral angles within an all atom repre-
sentation, are constrained by steric ef-
fects. The shade¢tolored onling areas
in the plot correspond to allowed regions
in conformational space. The structures
(a) and(b) stabilized by hydrogen bond-
ing indeed lie squarely within the steri-
cally accessible regions. An example of a
dipeptide conformation disallowed be-
cause of steric hindrance is shown(d).
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—r(s)|™, the radius of curvature at Furthermore it is not
APPENDIX A: THREE-BODY DESCRIPTION OF A TUBE difficult to show that the search for the minima in E42)

In this appendix we will describe how a suitable three-Can be restricted to

body potentia[19] characterizes the self-avoidance of a tube ; —

of thicknessA whose axi<C is a smoothcurver (s), param- SI2|LnSlr(r(sl),r(sz),r(sg)) =rrurora), (A3)

etrized by its arclengtts with 0=s=<L, L being the total o ) ) )

length of the tube. The tube is a one-dimensional generaliza¥hich is the radius of the circle through the pots;) and

tion of the zero-dimensional hard sphere case as described ffS1) and tangent to the curve at the latter point.

the text. The self-avoidance of an ensemble of hard spheres, Let us assume that the minimum in E#2) is reached at

each of radius\, can be ensured by requiring that none ofthree distinct pointsq,r,,r; and let us consider the sphere

the distances between all pairs of sphere centers is less thahradiusA’(C), Eq.(A2), through them. If it is not tangent to

2A. the curve in at least two of the points,r,,r; we have a
Let us consider, first, a closed curve, i.BQ)=r(L). At  contradiction. Indeed if the sphere is tangent to the curve at

each positiors along the curveC we consider an infinitesi- one or none of the three points we can shrink the sphere

mally thin circular disk of radiug\, %(s,A), centered at the slightly still keeping three intersections with the curve. How-

pointr(s) and perpendicular to the tangent veado(s)/dsat  ever this is a contradiction since due to the definition of

s. The tube is simply the union of all the disks. The self-thickness, Eq(A2), any sphere of radius less thaxi(C)

avoidance is imposed by requiring that pairs of disks at dif-cannot intersect the curve in more than two points. Thus say

ferent points do not intersect,(s,A)N2(s’,A)=@ 0s,s".  that one of the points where the tangency occurs.iSince

There is an easier way to implement the self-avoidancene circle througir, andr, and tangent to the former lies on
(steric constraings which underscores the key difference be- o sphere it implies thatr,,r,,r,) <A’(C) which is a con-

tween the hard sphere and the tube problem. Ino_leed, IN e diction unless the equality holds. This demonstrates that
latter case, there are two classes of lengths which are re,

o e ! ] he minimum in Eq.(A2) is never exclusively reached at
evant to the steric interaction: the radius of curvatiits)| I~ .
o . three distinct points along the curve. The above argument
at each positiors and the closest approach distan¢este

that|r (s)|=1 within the arclength parametrizatipi closest leads also to the proof of the theorem. In fact if the other
approach occurs at, say, poimis;) andr (s,)(s, #S,) when tangency point is, say;,, then in addition tor(rl_,rl,rz)_
' ' 1 =A’(C), one also has(r,,r,,r;)=A’(C). One may immedi-

r(s;)-r is perpendicular to both tangent vectorsaand . .
ss.sgor ;sszinoopthc?osed curve there is a? least one sﬁ?h Clos_@tely_prove that this can oceur only if the tangent vectors
est approach. It is rather intuitija 10,111 that a necessary '(8),i=1,2, are perpendicular to r(s)-r(sy). Thus
and sufficient condition for the self-avoidance is thabe  MiNs s, s/ (1(S1),r(s).r(sy)) captures simultaneously both
less than the minimum among(s)|™* Os and (1/2)|r(s,) the radius of curvature and the distances of closest ap-
-r(sy)| Os;,s, Wherer(s),i=1,2, areboth perpendicular to proaches, consequently proving the equaliA).
r(sy) —r(s,). This minimum is called the thickness(C), of The local thickness of the tuliglobal radius of curvature
the curveC [110,111. The minimum among the closest ap- in Ref.[20] ), at eachr (s) e C, may be defined as
roach distances is analogous to the minimum among all .
gistances between pairs ofg centers in the hard sphere %rob- Arsp(€) = rsrzusr;r(r(sl),r(sz),r(sg)). (A4)
lem. The fact that the tube is a linear object introduces an- '
other length in the problem which is the minimum among allOf course the thicknes&(C) is the minimum ofA,(C) as
radii of curvature and it is local in nature in the sense that ity (s) varies onC. Another theorem proved in ReR0] states
involves nearby points of the cur¢e the radius of curvature  that if ¢ can be deformed smoothly in order to maximize the
at positions represents the radius of the circle that best apthjckness without changing the knot type, the resulting curve
proximates the curvé ats. _ ", called the “ideal shape” of the given knot type, has
We now turn to a reformulation of the tube self—avmdanceAr(s)(c*):A(C) for all points whereli (s)| # 0. Figure 5 is a
c_on_stramt in a much more appeglmg way that makes it rnor‘F\istogram of local thicknesses for a sample of native protein
similar to the self-avoidance recipe for hard spheres. I:OIIO\""structures. The variations of the local thickness around the
ing Ref.[20] let us consider a triplet of positions along the average value 2.7 A is about 7%.
curve C (instead Of a palr of centers as in the_hard sphere What we learn from the above mathematical framework is
problem), ri=r(s),i=1,2,3.These positions define a plane .+ 3 mere pairwise interaction does not suffice to describe
and hence a unique circle through them whose radius is o steric constraint of a tube whose axis is a stang.9).
[ro—rqllrg—rqfjrg—ryl This is because, in addition to the distance between two
r(ry,rors) = AACT T ) : (A1) points on a string, one also needs to know the context, i.e.,
bi2ts the local direction of the string in the proximity of the points
whereA(rq,r,,r3) is the area of the triangle whose verticesthemselves. Let us consider a three-body potential
arerq,r,, andrs. The theorem proved in Ref20] states that  V(r(rq,r,r3)) characterizing the interaction between three
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particles on the axis of the string in terms of the radius of theThe self-avoidance in the TP moddl13] is given by
circle through them(notice that this potential is invariant L orL el

under translation, rotation, and permutation of the three HTP({r}):f f f V(R(r(s),r(8'),r(g"))ds d< de',
points. V(r) could be the same as commonly used in the 0 Jo Jo

hard sphere problem, i.eV(r)=c whenr<A andV(r)=0 (B2)
otherwise(in the hard sphere problemis half of the dis-

tance between a pair of sphere centefis length scale whereR(r(s),r(s'),r(s")) is the radius of the circle through
neatly solves the contextual problem mentioned abovethe three points(s), r(s'), r(s’) and

When two parts of a chain come together, the radius of a

circle passing through two of the particles on one side of the © if r <Ry,
chain and one patrticle from the other side of the chain turns V(ir)=1-1 if Ry<r <Ry, (B3)
out to be a measure of the distance of approach of the two 0 if Ry<T.

sides of the chain. On the other hand, when one considers

three particles consecutively along the chain, the radius of Note that in the limit of a continuous chain the EM needs
the circle passing through them is simply the local radius othe introduction of singular potentials, in order to deal with
curvature. Indeed when three such particles form a straigtihe fact that a two-body potential is unable to distinguish
line, the radius goes to infinity and the three particles esserwhether two nearby beads are far apart or not along the
tially become noninteracting. The straight line configurationchain. Within the context of the Edwards model such singu-
is the best that the particles can do in terms of staying awalgrities can then be treated successfully within a perturbative
from each other given that they are constrained to be neigienormalization group approadii15. On the other hand,
bors along the chain. In the case of a polymer chain, such d§€ need of singular potentials is deftly avoided when using
a protein, a tube whose axis issenoothstring is clearly an the three-body prescription implied by the thickness con-
approximation. One ought to introduce discrete curve  straint in the TP modefl113].

{ri,r1,....rnh, and the continuous variabke of the curve The details of the discretization scheme matter for a dis-
now becomes discrete. In Correspondence with the Conside@.rete chain. First, the discretization introduces a natural cut-
ations above, one may again define the thickness of a di®ff length scale. Second, the three-body poterifaif Eq.

crete curveC as[20] (B2) cannot be used by itself for a _discrete cha_in. Indeed, in
- the absence of a two-body repulsion, the chain would col-
A(0)= ?}'Pr(ri'ri’rk)' (AS)  |apse onto a circle of radius betwe®y and R, and would

wind repeatedly along it.
where nowi,j, andk are all distinct. For a discrete curve
there is no guarantee that the minimum is obtained from 1. High temperature phase
amongr (r;,rj,r) with at least two of the three indices sepa- It is well known that in the high temperature regime the
rated by one unite.g.,j=i£1), but one can still distinguish critical behavior of the EM in the limit of very long chains is
between a local and a nonlocal contribution to the thicknesggoverned by the exponent=0.58, so that a typical length
according to whether,j,k are consecutive along the chain measuring the spatial extension of the chain scaleg as
or not. In the latter case, the minimum obtained from among~ L”, whereL is the chain length. The chain ssvollenwith
r(ri,rj,ry gives half the minimum distance of closest ap-respect to the Gaussian random walk behavior for which
proach computed for the discrete chain. Similarly, there is nG1/2. Thesame feature holds for the TP model; in the high
simple restriction of the triplets when one deals with opentemperature regime the different symmetry properties in-

continuous curves with free ends. duced by the inherent anisotropy of a thick tube are averaged
out, and a chain of coins shares the same critical behavior as
APPENDIX B: TUBE VERSUS STRING AND BEADS a chain of spheres.
MODEL Interestingly, other features such as the form of the two-

In this appendix we summarize the main differences bepoint tangent-tangent correlation function along the chain
tween the thick polymefTP) model that we deal with in this differentiate the TP model from the EM. In the absence of
work and the Edwards mod§l12] (EM) in the presence of twisting rigidity [the intrinsic twist of the chain, as defined
a bending rigidity termthe analog of the Edwards model in by thetorsionof the corresponding curve for the EM or the
the discrete case is the usual string and bead madeboth  axis of the tube for the TP model, is described by the energy

cases, one may add a twist rigidity term, which we neglecterm (Kt/2)f56(s)2ds, where B(s) is the binormal vector

Swhich is part of the Frenet triddone gets a simple exponen-
tial decay in both cases. However, when the twisting rigidity
1t S Y e Kk, is introduced, the EM exhibits an oscillatory decaying
HEM({r}):EJ r(s)°ds+ Ef F(s)°ds+ EJ f a(r(s) correlation function for any value ok, whereas the TP
0 0 0 -0 model crosses over from simple to oscillatory decay on in-

chains. The Hamiltonian for the generalized EM is

v (5 (- (- creasingk; (see Appendix F[116]. The existence of a tran-
—r(s'))ds ds+ %J f J ar(s)—r(s") sition line in the parameter space,, «;) separating simple
00 -0 from oscillatory decay is an interesting feature of the TP
X (r(s)—r(s")ds ds ds’. (B1) model.

041905-17



BANAVAR et al. PHYSICAL REVIEW E 70, 041905(2004

12
T
S 1} §
E @ folding transition
< collapse transition
G 0.8
AG G
- o6 S
Ko 04 | E
stiff polymer E E
FIG. 13. Schematic phase diagram of an EM in the temperature 021 AG E E
(T) bending rigidity () plane [117]. The different phases are
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2. Persistence length
o . FIG. 14. Phase diagram for a thick polymer chain in the
Another similarity between the TP model and the EM is gmperature-thicknes¢T,A) plane obtained with Monte Carlo

the following: at anyfixedvalue of the length. of the chain  simulations(see[22] for detaily. The different phases are S= swol-
and of the temperatur€, the persistence length (which is  |en, G= globule, and AG= asymmetric globule.

a measure of the distance along the chain after which the ] ) ) ) o

tangent vectors become uncorrelated/erges both for the A second crucial difference is tham the limit of zero
TP model, in the limitA — = of infinite thickness, and for the temperaturehe EM is in the AG phase for all finite values of
EM, in the limit x,— of infinite bending rigidity. The the bending rigidity, whereas the TP model exhllblt.s a transi-
thickness constraint indeed stiffens the chain locally. Yet gion from the AG phase to the swollen phase with increasing

closer look reveals an important difference between the TRICkness. This has profound consequences, especially when

model and the EM. In an ideal case in which nonlocal inter_flnlte size effects are taken into account. It is instructive to

actions are disregarded we get a different scaling behavio
For the EM,|,~ x,/kgT, whereas in the TP model the per-

sistence length doe®t increase at low temperatures, a first
hint that the low temperature behavior of the TP model ma)g
be radically different from that of the EM.

evisit the phase diagram at=0 for a TP in the plane
EL/R,A/R) (see Fig. 2 If A>R, the chain cannot take ad-
vantage of the attraction, the length of the chain does not
lay any role and in thé.—co limit one gets the critical
ehavior of the swollen phase. Whan< R, in the thermo-
dynamic limitL — o, the chain is in the asymmetric globule
phase resembling the Abrikosov flux lattice with hexagonal
3. Low temperature phase symmetry, but different phenomena occur for finite chain
The anisotropy inherent in the thick tube description/€ngth. IfL<2xR all parts of the chain are able to interact
strongly affects the behavior of the TP model at low temperaVith €ach other. Whei. >2R, this is still true for small
tures, as can be seen by comparing the bending rigidity<?nought.h|ckness. However, as the _thlcknessmcreases, th_ls is
temperature phase diagrafRig. 13 for the EM and the not possible anymore and the chain adopts a conformation

corresponding thickness/temperature phase diagFign 14 which optimizes the attractive interaction. In the long chain
P 9 P - phas &n limit the boundary line between the two regimes scales as
for the TP modein the thermodynamic limit

= pab . . )
Let us first note that whereas the swollé®) and the L/R~ (R/A)%. This result is obtained by equating the volume

H 2
(disordered compagtglobule (G) phase share similar fea- occupied by the Wb&A® to the volume of the sphere of

i th o he ab di . attractionR®. For shorter chains the compact regime at inter-
tures in the two case$ut see the above discussion concem-yqiate thickness in which the chain seeks to compact itself

ing the correlation function properties in the swollen phase \yithin the constraint of the thickness is indeethrginal

the asymmetric globuléAG) (semicrystalling phase is dif-  peing sandwiched between the featureless confpa6} and
ferent. The persistence length divergssictly atT=0) with  the swollen regimes described above. It is precisely in this
the chain length for both EM and TP modghe chain is  window of parameter space that we find marginally compact
locally straighj. For the latter, this arises from the interplay ground state structures such as space filling helices. This
of the thickness constraint and the interaction promotindinite size feature of the TP model is quite robust indepen-
compaction, so that the resulting ground state conformatiodent of the details introduced, for instance in the discrete
will have tube segments aligned with respect to one anotherase. None of these features are present for the EM case for
similar to the Abrikosov flux lattice, filling the space with which there is no dependence whatsoever on the bending
hexagonal symmetry. For the former, this is a mere consergidity at T=0.

quence of the local bending rigidity, so that ground state
conformations will likely consist of planes stacked onto each
other with parallel(or antiparallel alignment within the In this appendix we derive the valwé of the pitch/radius
same plane, but not necessarily between different planes. ratio ¢ of an optimal space filling helix. The radius of curva-

APPENDIX C: OPTIMAL HELIX
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ture of such a helix equals the tube radius and is equal to half ds'(c")]
the minimum distance of closest approach between different T 1 (c)”. (C9)
turns of the helix.

The parametric equation of a helix is Thus, according to the definition of thickness given in

Appendix A, Apqix=pL if ¢>c", since the radius of curvature

X(t) = (r cost,r sint,vY), (C1) is smaller than the nonlocal radius. A tube swelling around
where the pitch/radius ratio =2#v/r. The tangent and the the helix would stop increasing due to local singularities,
acceleration vectors are leaving space between the successive turns of the helix. On

i ) the other hand, the nonlocal radius is smaller than the radius

X(t) = (=rsint,r cost,v), (€2 of curvature ifc<c', implying Apei=d[s (c)]/2. In such a

B _ case, the tube would stop swelling due to self-intersection
X(t) = (= r cost,~r sint,0). (C3)  petween different turns, leaving a hole in the middle of the

Sincex(t) -%(t)=0, the radius of curvature is simply given by Nelix. At c=c’, one obtains an optimal space filling helix
with a special pitch to radius ratio af ~2.512 (shown in

X0 ( v2> Fig. 4)
= =r|1+= C4 s
TR 4
independently of. APPENDIX D: GEOMETRICAL CONSTRAINTS
We define the nonlocal radius of curvature as half the DETERMINED FROM EXPERIMENTAL DATA

distance of closest approach between successive turns of the
helix. Fix a pointA=x(t) on the curve, and compute the
distanced(s,t)=|B—-A| from a second poinB=x(s) moving

along the curve as a function efThe nonlocal radius is then

In this appendix we describe the data analysis used to
elucidate the geometrical constraints imposed by sterics and
hydrogen bondgsee Fig. 1% We have used a database of
600 different protein native structurg419 consisting of
1 sequences varying in length from 44 to 1017, with low se-
p(t) = Sminfd(s, b}, (C5  quence homology and covering many different three-
. dimensional folds according to the Structural Classification
with the requirement thatd(s,t)/ds=0 at somes’ #t, im-  of Proteins schemfl20]. Panel(a) depicts the histogram of
plying thatB—A is perpendicular to the tangent vecids’).  the local radius of curvature associated with two classes of
Note that the nonlocal radius need not exist open curves triplets, the firsfshown in light gray(red onling] featuring
and is in principle a varying function d@f when the curve is  stronga-helix-forming amino acid$LEU, ALA, GLU) and
not invariant under translation along it. the second[shown in dark gray(blue onling] featuring
Because the helix is invariant under translation along thg3-strand formergVAL, ILE, TYR) [13] and underscores the
curve, implying thatB—A is perpendicular also to the tan- vital role of chemistry in choosing from among the menu of

gent vectorx(t), we can choosé=0 so that native state folds. The vertical dashed line indicates the
5 threshold length scale chosen in the model for the curvature
d’(s) = d*(s,0) = r2<2(1 - coss) + 0—252) (Ce)  energy penalty. The remaining panels show histograms for

r several quantities involved in the definition of hydrogen

bonds: theC*-C* distance betweeni+3 atoms given thalt
i+1,i+2,i+3 all belong to a helixb) and betwee, | (with
j>i+4) atoms g|ven that, j belong to aB strand(c); the

scalar productb b (d) and(b +b) fij/2 (e) fori,j contacts

One trivial solution of this equation is=0 and there is no [with |j =i —3I_|ght gray(red onllne and W'Fh“_' | >4 dark
other solution for sufficiently high pitch to radius ratio gray (blue onling provided that no closer interstrand contact
=2mv/r. If ¢ is decreased, new solutions appear, two at 45 Present among+1,j+1] ( bi is the binormal vector at
time, the smaller a maximum and the greater a minimumatomi andf; is the vector joining atomsandj normalized
corresponding to the mcreasmg packing of helix turns. Weto unit length; and the scalar produbt b,+1for consecutive
are interested in the minimusi corresponding t&A andB  residues along # strand(f). In each case, the dashed lines
staying on two consecutive turns, that4s<s <2 For and arrows depict the approximate constraints used in our
sufficiently low c, the above equation then defines the im-model. All histograms are normalized in such a way that a

The condition allowing one to get extremal points @(s) is
1)2
sins+ SFZO. (C7)

plicit function s'(c), and one has flat distribution would have a constant unit height.
PNL= §d[s (©)] (C8) APPENDIX E: DETAILS OF MODEL AND MONTE-CARLO
SIMULATIONS

for all points of the helix. In the limitc<1, one hass’

=27 and thuspy, = mv=p/2, wherep=27v is the pitch of The protein backbone is modeled as a chaiCtfatoms

the helix, as expected. The particular vatirec”, for which ~ with a fixed distance of 3.8 A between successive atoms
the local and the nonlocal radii of curvature are equal, is the@long the chain, an excellent assumption for all but nisn-
defined by proline amino acid$13]. The geometry imposed by chemis-
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FIG. 15. (Color onling Statistical analysis of several quantities computed for residues classified as participating in secondary structures
in protein native state structures from the Protein Data Bank. I(igmk) gray [red (blue) onling] histograms refer to residues participating
in « helices(B strand.

try dictates that the bond angle associated with three conz® atoms and drawing circles through them and ensuring that
none of their radii is smaller than the tube radj@9]. At the

secutiveC® atoms is between 82° and 148°.

1. Tube geometry

local level, the three-body constraint ensures that a flexible

tube cannot have a radius of curvature any smaller than the
Self-avoiding conformations of the tube whose axis is thetube thickness in order to prevent sharp corners whereas, at

protein backbone are identified by considering all triplets ofthe nonlocal level, it does not permit any self-intersections.
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The backbone ofC* atoms is treated as a flexible tube of axes defined by three vectors: the binormal vectorsaat j
radius 2.5 A, a constraint imposed on @tical and nonlocal  and the vector; joining thei andj atoms. A hydrogen bond
three-body radii, an assumption validated for protein nativds allowed to form only when the binormal axes are con-
structureq48. strained to be within 37° of each other, whereas the angle
between the binormal axes and that defined;pgught to be
less than 20{see Fig. 1Ee)]. Additionally, for the coopera-
. ) ) ) tive formation of nonlocal hydrogen bonds, one requires that
Steric constraints require that no two nonadjadgfiiat-  he corresponding binormal vectors of successi¥eatoms
oms are allowed to_be at a distance closer than 4 A Ra”]’hake an angle greater than 98®e Fig. 18)]. The first and
achandran and Sasisekhafdd] showed that steric consid- the |ast residues of the chain are special cases since their
erations based on a hard sphere model lead to clustering gfnormal vectors are not defined. In order for such residues
the backbone dihedral angles in two distincand 8 regions g form a hydrogen bondwith each other or with other in-
for nonglycyl and nonprolyl residues. The two backbone geteral residues in the chainit is required that the angle
ometries that allow for systematic and extensive hydrogemetween the associated ending peptide link and the connect-
bonding[8-10Q are thea helix and theg sheet obtained by a jng vector to the other residue participating in the hydrogen
repetition of the backbone dihedral angles from the two rey)gnd is between 70° and 110°. As in real protein structures,
gions, respectively43]. Short chains rich in alanine resi- \yhen helices are formed, they are constrained to be right
dues, which are a good approximation to a stretch of th¢yanged. This is enforced by requiring that the backbone
backbone, can adopt a helical conformation in was®e  chirality associated with each local hydrogen bond is posi-

[121] for a detailed discussion of experimental conditionstive, The chirality is defined as the sign of the scalar product
necessary to achieve thisHowever, when one has more (Fiis1 X Fisgie0) Tirniss [125].

heterogeneous side chains, the helix backbone could steri-
cally clash with some side-chain conformers resulting in a
loss of conformational entrogyL22]. When the price in side-
chain entropy is too large, an extended backbone conforma- The hydrophobic(hydrophilic) effects mediated by the
tion results pushing the segment toward8-strand structure water are captured through a relatively weak interacégn
[43]. These steric constraints are approximately imposedeither attractive or repulsiyebetweenC® atoms which are
through an energy penalilenoted byeg) when the local  within 7.5 A of each other. Note that hydrogen bonds can
radius of curvature is between 2.5 A and 3.2(Ahe mag- easily be formed between the amino acid residues in an ex-
nitude of the penalty does not depend on the specific value aended conformation and the water molecules. Within our
the radius of curvature provided it is between these valuesmodel, the intrachain hydrogen bond interaction introduces
There is no cost when the local radius exceeds 3.2 A. Noten effective attraction, because water molecules are not ex-
that the tube constraint does not permit any local radius oplicitly present. The hydrophobicity scale is thus renormal-
curvature to take on a value less than the tube radius, 2.5 Azed (e.g., even whem,, is weakly positive, there could be

an effective attraction resulting in structured conformations

3. Hydrogen bonds such as a single helix or a planar sheAtnegativeey is, in

any case, crucial for promoting the assembly of secondary
We do not allow more than two hydrogen bonds to form,qifs in native tertiary arrangements.

at a givenC” location. In our representation of the protein  ponte Carlo simulations are carried out with pivot and
backbone, local hydrogen bonds form betwe@h atoms  ¢rankshaft moves commonly used in stochastic chain dynam-
separated by three along the sequence with an energy defingd [126]. A METROPOLIS procedure is employed with a ther-

to be -1 unit, whereas nonlocal hydrogen bonds are thosg, g weight exp-E/T), whereE is the energy of the confor-
that form betweerC* atoms separated by more than four \oon andT is the effective temperature.

along the sequence with an energy of —0.7. This energy dif-

ference is based on experimental findings that the local

bonds provide more stability to a protein than do the nonlo- APPENDIX F: CORRELATION FUNCTIONS
cal hydrogen bond$123]. Cooperativity effectg124] are IN THE DENATURED STATE
taken into account by adding an energy of —0.3 units when
consecutive hydrogen bonds along the sequence are formqg
There is some latitude in the choice of the values of thes
energy parameters. The results that we present are robust
changeqat least of the order of 20%46n these parameters.

2. Sterics

5. Hydrophobic interactions

We will consider a polypeptide chain inpghasewhere the

cal interactions dominate the behavior of the correlation
functions, to be studied below, at least at short and interme-
dfhte distances along the chain. We thus neglect the steric
interactions apart from the effect that they have on neighbor-
ing nodes of the chain. The correlation functions we will
4. Geometrical constraints due to hydrogen bonding consider involve the unit vectotsparallel tor;,;—r; and the

For hydrogen bond formation between atorand j, the  binormalb; = (f; x_,)/[t; < t-,|. Note that, in order to facili-
distance between these atoms ought to be between 4.7 A atate the calculations, our definition for the tangent vector is
5.6 A (4.1 A and 5.3 A for the local (nonloca) case[see different from the one used in Fig. 6 in Sec. IV. The geo-
Fig. 15b) for the local cask A study of protein native state metrical constraints of hydrogen bond formation are associ-
structures reveals an overall nearly parallel alignment of theted with the binormal vector, whose definition is
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unchanged—the binormal vector is perpendicular to the 1

plane defined by,_y,r,ri.,. Let 6 e (0,7) be the angle be- tiz,1 = (cot 6 coS 0);,tiz =~ <ﬁ> (cos 6 cos ¢);,
tweent; andt_, and ¢ € (-, m) the angle by which the "t
plane defined by;_,,r;, andr,,, is rotated along the axis = = ; _
with respect to the plane defined by,,r_;, andr;. Quite lis;3= (C0S 0 COS $); tig 4= (COS  SiN i,
generally the joint probability distribution of angles, 1

P(6,,¢3, 05,4, ...) will depend on the entire ensemble of i42:<_—> (sin ¢);,

interactions including the steric interactions. However in the ' sinf/ iy

phasewe wish to study we will assume that this probability

distribution can be factorized, i.e., we will consider the case tig 3= —(SIN ¢);,ti4 4= (COS P);. (F6)
where we have probability distributions(6:,¢;) for each

pair of anglesf), ¢ with i=3,4 and Thus given the initial conditiotV,, which depends only
1+ Y —, L

on p,(6), all successive/’s can be calculated recursively
POy, o, Oa, s, O, -..) = pol O (6,b), F1 using Eq.(F5). Let us discuss the case of a uniform stretch
(021 b, O3, bas s ) = ol 2)£[3P|( b (R where p,(6, #), and thenceZ;, does not depend on (the
I i subindices will be omitted in this case If the left and right
where the contribution for the angl® between the first two eigenvectors of, W, andW*, respectively, corresponding

vectors of the chainf, andt,, has been selected out. The (4 the eigenvalua,, form a complete basis set the general
average with respect 18 will be written as(-)» whereas the  go|ytion of Eq.(F5) can be written as

average with respect tp(6, ¢) will be denoted simply as
(-);. In the case of a protein sequence &, ¢;) depends
explicitly on the type of amino-acids in the neighborhood of
the ith position. It is this dependence that ultimately will
determine the propensity of a given segment of the proteitf all the eigenvalues are real and positive and Nf
sequence to be in a given secondary structure. One cammax,-; _4\,} then for largen

straightforwardly derive the following recursion relations:

4
Vo= 2 NP2W, VoW, (F7)

n=1

<f2 "fn+2> -~ )\n, (F8)
A . Singcos¢; . . o -~ o~ )
ti= i—ZW"'ti—l(Cos gisin 6,cos;cot ;) and likewise for(b,-b,). On physical grounds, we expect
A -1 that A <1, so that the correlation functions decay exponen-
+ bj_;sin @;sin ¢, (F2) tially with the distance measured along the chain. However,
it is quite common that some eigenvalues are complex. Since
~ . sing . ~ the matrix7 is real, complex eigenvalues occur in pairs of
b, = +ti_zsin P — —1_,cot6_;sin ¢ + b_jcosd;. (F3) complex conjugate values. If the pair=expxiy-1/¢) (x
i-1

and ¢ are both real and positiyecorresponds to the maxi-
If one wishes to calculate the correlation functionf),, ~ Mum modulus eigenvalue, then at largeve get, for ex-

wherex is t,, cot 6,t,, E)z, or any other combination of them, ample, for the tangent-tangent correlation,
then one needs to introduce other correlation functions in {, - T10) ~ cOLxo + Ny)e™%, (F9)

order to have a closed ensemble of recursion equations. By o N o
defining the vector wherey, depends on the initial conditions. Thus there is still

an exponential decay with a correlation lengtfin units of
X -ti)p chain bond length but there is also an oscillatory modula-
tion with another length scale %/ which corresponds to

x - T .
(= <A VP , (F4) short range order along the chaimotice that, in one-
(x-ticotb)p dimensional systems such as our chain, long range order can-
(x- E)'>7>) not occur if the interactions are short range as in the present
I

case. This type of behavior, with 1y~ 3.6, would be ex-
the recursion equations can be written in a compact form irpected on a stretch of chain that adopts a helical conforma-
terms of the vector¥’s and thetransfer matrix 7;, tion with 3.6 amino acids per turn.
We end this appendix with an example of such behavior
Vi=TVi-, (F5) which can be worked out in full detail. For the case
where the nonzero matrix elementsBfare pi(0,d)=p;(8,—¢) (which corresponds to invariance under
chirality flipping), and p; is independent of for i >2, then
t4=t4x=0 with k# 4. This implies that the matrix/ be-
comes block diagonal with an eigenvalue equakdos ¢)

and <x-6n> decays exponentially with a correlation length

1 .
ti; 1=(COS O);,tiy o=~ sin g (sin 6 cos ¢);,
i-1

tiy 3= (Sin 6 cos ¢);,tiy 4=(sin & sin ¢);, -1/Ir{cos ¢). Furthermore, since, ;s 5=t; 45 », ONe eigen-
value is zero and the remaining two are the solutions of the
tp1=1, second order equatiox?+b\+c=0 with
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b=-t1-t33 C=tytzz—tigz1—t1, (F10

Thus, if b2-4¢c>0, the two solutions are real and the

PHYSICAL REVIEW E 70, 041905(2004)

cog xo + Ny e

(F11
COS X0

<f1 : fn+2> =

tangent-tangent correlation decays exponentially to zero. On

the other hand, ib>-4c<0, the two solutions are complex

conjugate of each other, as described above, and in the par-

ticular case we are considering, i.gi(8, ¢)=p;(6,—¢), one
finds for alln, that

where ¢=-2/In ¢, y=arcco$-b/2\c), and y, depends on
the initial conditions.
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