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We present a series of measurements examining the penetration force required to push a flat plate vertically
through a dense granular medium, focusing in particular on the effects of the bottom boundary of the vessel
containing the medium. Our data demonstrate that the penetration force near the bottom is strongly affected by
the surface properties of the bottom boundary, even many grain diameters above the bottom. Furthermore, the
data indicate an intrinsic length scale for the interaction of the penetrating plate with the vessel bottom via the
medium. This length scale, which corresponds to the extent of local jamming induced by the penetrating plate,
has a square root dependence both upon the plate radius and the ambient granular stress near the bottom
boundary, but it is independent of penetration velocity and grain diameter.
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I. INTRODUCTION

The propagation of stress through a granular medium pre-
sents a complex problem which has been the subject of ex-
tensive recent study[1]. An applied stress results in the de-
velopment of an internal structure resisting the stress, a so-
called “jammed” state[2]. The detailed nature of the jammed
state in a granular medium is complicated by the fact that the
forces do not propagate uniformly through a granular sample
but are localized along directional force chains, and the
jammed state is ultimately characterized by the properties of
the network of these chains. Jamming can be associated with
the stress induced by the grains’ own weight, but it can also
be induced by the application of a local stress to a dense
granular medium. This local jamming has previously been
studied in three dimensions through measurements of the
drag force on a solid object slowly being pulled horizontally
through the medium[3]. The drag force is directly related to
jamming since the low-velocity drag in a granular medium
originates in the force required to break through the jammed
grains impeding motion. These measurements demonstrated
that, while the average drag force can be largely understood
within a simple mean field picture, the stick-slip fluctuations
inherent in the drag process have complex behavior which is
apparently affected by the finite size of the vessel containing
the medium.

In order to further study boundary effects on the local
jamming of granular media, we have performed measure-
ments of the penetration force required to push a flat plate
vertically into a granular medium[4]. Specifically, our mea-
surements examine the effects of the bottom boundary of the
containing vessel on the penetration force, which reflects
how the boundary of the granular sample affects the local
jamming induced by penetration. We find that the surface
properties of the vessel bottom boundary(e.g., the texture
and the friction coefficient) strongly affect the penetration

force near the bottom. The results also indicate that there is a
characteristic length scale associated with the boundary in-
fluence on the penetration force and thus also with the
jammed state from which the force originates. This length
scale has an unusual square root dependence on the size of
the penetrating plate and the ambient granular stress which
cannot be easily understood within simple models of elastic
or plastic response.

II. EXPERIMENTAL METHODS

Our measurements employed a granular penetrometer
shown in Fig. 1(a) consisting of an actuator moving a rod
with an attached plate downward through a granular sample
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FIG. 1. (Color online) Granular penetrometer apparatus used for
penetration measurements.(a) Actuator consists of a high-torque
(0.44-Nm) computer-controlled stepper motor with a 200-mm range
of linear motion and a distance-dependent voltage divider serving
as a measure of the depth of penetration. The force cell has a ca-
pacity of 110 N acting in either tension or compression. Measure-
ments are controlled and monitored via computer using a commer-
cial data acquisition board. The entire actuator and penetration
assembly is rigidly attached to a wall.z=0 represents the bottom of
the vessel containing the grains.(b) Preparation method of the
granular sample as described in the text. The descending support is
lowered via a mechanical lift such that grains were never in free-fall
motion. This filling procedure was performed prior to every
measurement.
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contained in a cylindrical vessel. The diameter of the rod(6.4
mm) was smaller than the diameter of the penetrating plates
and was shown to have little impact on the force measure-
ments. A force cell placed between the actuator and the rod
measured the resistance force associated with penetration
through the medium. Similar instruments are used for soil
characterization in engineering applications[5,6] and mate-
rials research[7–10], although these studies are typically de-
signed to study the penetration resistance in the regime
where boundary conditions are not important. Such instru-
ments also typically penetrate the media with a sharp cone as
opposed to a flat plate; the differences between these two
geometries are discussed in the Appendix. The average and
standard deviation of the ambient temperature and percent
humidity during the course of experiments was 23.1±0.7 °C
and 27±6%.

All of the data shown were obtained using the filling pro-
cedure illustrated in Fig. 1(b), and each measurement of the
penetration resistance was performed on a freshly filled ves-
sel so as to obtain consistent initial conditions. A reservoir of
the granular medium being studied was connected to a tube
leading from the reservoir to the bottom of the vessel. The
outlet diameter of the tube was much smaller than the vessel
diameter. A valve was then opened to allow grains to fill the
entire tube leading from the reservoir to the bottom of the
vessel. The vessel was then slowly lowered while keeping
the tube and the reservoir at a fixed location such that the
grains filling the vessel were never under a free-fall condi-
tion. The filling was completed by closing the valve and
continuing to lower the vessel. The resultant conical surface
was not altered except by the penetration. Thiscascaded fill
method yielded a consistently lower packing fraction and
more consistent force measurements compared to simply fill-
ing the container from a point source at a fixed distance
above the bottom of the vessel[11,12]. Typical packing frac-
tions for our media were,59% (for 0.92-mm-diam glass
beads). We also performed measurements on samples filled
from a fixed point source and measurements where a wire
screen or cylindrical sleeve was pulled through the grains
after filling. These measurements yielded different magni-
tudes of the penetration force, and the individual data runs
showed larger fluctuations than measurements after using our
standard filling method. Data taken with different filling
methods were, however, qualitatively equivalent, and the
power-law dependence of the length scales(discussed be-
low) was the same as for our standard filling method.

Measurements of force and position were performed at
either 50 Hz or 100 Hz averaging 800 or 400 data points,
respectively, for each individual recorded value at this fre-
quency. These data were then averaged within 1-mm- or 0.5-
mm-distance intervals to reduce fluctuations. The data shown
here were further averaged from at least three separate pen-
etration runs. The net force due to the weight of the insertion
rod and plate hanging from the load cell was measured prior
to entering the medium. This value was then subtracted from
all measurements such that the forces shown are due to only
the penetration forces.

Our raw data consisted of measurements of the penetra-
tion force as a function of height above the bottom of the
vessel,Fszd, where z is measured from the bottom of the

vessel. For each measurement we could vary the diameter of
the grainssdgraind, the diameter of the containing vessel, the
velocity of penetrationsvd, the radius of the penetrating plate
srd, and the amount of filling of the containerszmaxd, which is
measured from the container bottom to the top of the conical
surface created by the filling procedure. Unless otherwise
noted, all data shown are for monodisperse spherical glass
beads (Jaygo Inc.) with a penetration velocity ofv
=0.5 mm/s, container diameter of 213 mm, a support rod
diameter of 6.4 mm, and vertical penetrating plate thickness
of 7.6 mm. Data were acquired from the top surfacesz
,zmaxd to just above the vessel bottomsz,4 mmd. We mea-
sure the polydispersity of the grains in terms of the standard
deviation of the mean diameter measured in a sample of
grains—i.e.,dgrain=0.92±0.04 mm. The ratio of the mean to
the standard deviation in the mean is between 12 and 70 for
the range of grain diametersdgrain=0.38–3.00 mm. The play-
sand medium consists of coarse sand sieved between 20 and
50 mesh(size distribution is approximately 0.3 – 0.85 mm).

III. DATA AND ANALYSIS

A. General characteristics

In Fig. 2, we show typical measurements ofFszd for dif-
ferent filling levels of the vessel,zmax. Each measurement
consists of an initial linear regime where the penetration
forces appear hydrostatic. For the deepest filling of grains,
the hydrostatic regime is followed by a rollover to an almost
depth-independent penetration force. This rollover is consis-
tent with the stresses in the granular medium being described
by a Janssen-like regime, where the sidewalls of the con-
tainer support a significant portion of the weight of the
grains. This feature is also in agreement with recent measure-
ments examining this regime in other quasistatic systems
[11]. We label this intrinsic depth dependence of the penetra-
tion force (i.e., the force unaffected by the presence of the

FIG. 2. (Color online) Height dependence of penetration force
Fszd for dgrain=0.92±0.04 mm and ar =12.7 mm penetrating plate.
The fill height of the vessel,zmax, increases from left to right for the
data shown. The three different indicated regimes of the penetration
curves(linear/hydrostatic, wall supported, and bottom dominated)
are discussed in the text.
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bottom boundary) asFbulkszd. Near the bottom of the vessel,
there is a rapid increase in the penetration force, which is due
to the effect of the bottom on the jamming of the grains in
front of the penetrating plate. We note that the measurements
for the largest values ofzmax—i.e., the deepest filling of
grains—do not extend to the bottom of the vessel due to the
limited range of motion of the actuator.

Our studies focused on the effect of the bottom of the
vessel—i.e., the data nearz=0. A complication in this regime
is thatFszd is affected both by the intrinsic depth dependence
of the penetration force associated with the stress on the
medium due to its weight and by the proximity of the bot-
tom. To quantify the effect of the proximity of the bottom,
two separate measurements were performed, as shown in
Fig. 3 where we plotFszd for zmax=112 mm andzmax

=230 mm. The data forzmax=230 mm provide a measure of
the penetration force far from the vessel bottom. Thus we
can use them to obtain the bulk penetration forceFbulkszd by
translating them to account for different(smaller) values of
zmax. This measurement ofFbulkszd then serves as a measure-
ment of thebackgroundpenetration force—i.e., the depth
dependence of the penetration force without the effects of the
bottom for a given value ofzmax (choosingzmax considerably
smaller than 230 mm). We useFbulkszd to directly obtain a
measure of the influence of the bottom of the container by

examining the differential penetration forceDFszd=Fszd
−Fbulkszd as shown in Fig. 3(b).

We plot the differential penetration forceDFszd in Fig.
3(b) for a vessel with a smooth bottom. A striking feature in
these data is the local minimum near the bottom of the ves-
sel. Thenegativevalue ofDFszd in this regime implies that
the presence of the bottom of the container reduces the mag-
nitude of the penetration force relative to moving through the
bulk of the medium at the same depth. We probe this effect
by altering the surface characteristics of the vessel bottom,
specifically by measuringDFszd for bottoms with different
textures(beaded or coated with Teflon) or for bottoms with
grooves etched into the surface. Differences in the penetra-
tion forces associated with these different surfaces are shown
in Fig. 4, and the data illustrate the mechanism producing the
local minimum inDFszd. Data from surfaces that impede the
radial flow of grains(beaded or concentric circular grooves)
have no local minima, while those which do not impede the
radial outflow(smooth bottom surface or radial grooves) do
have local minima inDFszd. This implies that the local
minima are due to the grains sliding more easily along the
bottom surface than within the bulk of the material. The
sliding mechanism is clearly evident when comparing the
measurements for grooved boundary layers as shown in Fig.
4. A bottom boundary textured with concentric circular
grooves prevents the radial outflow of grains and has no
local minimum inDFszd, but a radial grooved boundary with
identical groove widths and depths still allows radial motion
of the grains and produces a minimum inDFszd. The mini-
mum in DFszd is enhanced when the surface friction of the
smooth bottom is reduced, as shown in Fig. 4 for a Teflon-
coated bottom surface. We have varied the size of the con-
centric grooves from 0.8 mm to 3.2 mm wide, but have been

FIG. 3. (Color online) Penetration forceFszd and differential
penetration forceDFszd as a function of height above the bottom of
the vessel, z, for two different fill heights using dgrain

=0.92±0.04 mm diameter glass beads and a 9.5 mm radius pen-
etrating plate.(a) Fszd for zmax=112 mm(open squares) and Fszd
for zmax=230 mm(open triangles). Fbulkszd for zmax=112 mm(solid
line) is obtained by translating theFszd data forzmax=230 mm to be
aligned withFszd for zmax=112 mm near the top grain surface. The
location of F0=Fbulksz=0d, as described in the text, is also indi-
cated. Data are plotted for every third data point for thezmax

=230 mm measurement.(b) and(c) DFszd on linear and semiloga-
rithmic scales, respectively. Solid lines are fits to the equations de-
scribed in the text. Note that the minimum inDFszd results from the
smooth vessel bottom used for these data.

FIG. 4. (Color online) DFszd for a series of different vessel
bottom boundaries(dgrain=0.92±0.04 mm andr =12.7 mm). Vessel
bottoms and penetrating plates were machined from aluminum(the
beaded bottom was coated with 3-mm-diam glass beads, and the
Teflon bottom was covered with a thin Teflon sheet). Circularly
grooved boundaries are composed of concentric grooves with a
depth and width as indicated. The radial grooved bottom consisted
of 16 radial grooves, 0.79 mm wide and 0.79 mm deep. Error bars
have been suppressed for presentation and markers are shown for
every tenth data point.
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unable to observe any significant systematic change inFszd
or DFszd for the 0.9-mm-diam beads employed. The absence
of a local minimum in measurements employing the non-
spherical playsand medium can be attributed to the rough
surfaces and angular nature of those grains not being as con-
ducive to sliding or rolling along the bottom of the vessel.

While the existence or nonexistence of a minimum in
DFszd depends on the surface characteristics of the bottom,
for any type of surface there is a sharp rise inDFszd as the
plate approaches the bottom—i.e., asz→0. The nature of the
sharp rise is exponential, as demonstrated in Fig. 3(c), indi-
cating the existence of a length scale associated with the
approach of the penetrometer toward the bottom of the ves-
sel. This exponential can be parametrized by

DFszd = F expf− z/lg,

whereF is the amplitude of the differential penetration force
andl is a length scale associated with the effect of the bot-
tom of the vessel on the penetration force. As demonstrated
by the straight line in Fig. 3(c), this form typically fits the
data over an order of magnitude change of the differential
penetration force and to a height of many grain diameters
above the bottom of the vessel. This form fits the data close
to the vessel bottom for all grain sizes tested as well as
nonspherical media and all the different bottom surfaces of
the vessel discussed above, with only a slight increase above
exponential behavior observed upon the closest approach to
the bottom—i.e., within,3-5 mm of the bottom. This rise is
presumably due to the trapping of a rigid structure of a few
individual grains between the plate and the bottom, rather
than any collective behavior.

The length scalel for the effect of the bottom can also be
parametrized by the location of the minimum inDFszd,
which we label asz. As demonstrated below,z and l are
proportional to one another, indicating that they are describ-
ing the same physical quantity—i.e., the size of the jammed
region which is reorganized as the plate pushes through. In
the sections below, we study how this length scale is affected
by various physical parameters of the system.

B. Dependence on system parameters

1. Vessel diameter dependence

To examine the influence of the vessel diameter onFszd,
we performed measurements with a series of different size
vessels as shown in Fig. 5. The penetration force, shown in
Fig. 5(a) for r =12.7 mm, is independent of vessel diameter
for diameters greater than approximately 130 mm. This is
true for both shallow szmax=112 mmd and deep szmax

=230 mmd filling of the vessels. For smaller-diameter ves-
sels, the system becomes analogous to a piston where the
volume of grains disturbed by the penetrating plate is con-
strained by the sidewalls of the vessel. The differential pen-
etration force, Fig. 5(b), also converges for vessel diameters
greater than approximately 130 mm. The values ofl and z
are shown in Fig. 5(c) as a function of vessel diameter. As
mentioned above, the values ofz and l are proportional to
one another(this proportionality is also demonstrated below

for variations of other system parameters), and, as expected,
they become independent of vessel diameter in the limit of
large vessels. Since we want to probe the influence of the
bottom on the penetration force without direct interactions
with the walls, we employed the relatively large 213-mm-
diam vessel for all of the data described below.

2. Velocity dependence

Because we wanted to probe the effects of local jamming
of the grains, it was important to study the penetration force
in the low-velocity limit where the grains are not fluidized in
front of the penetrating plate. We expected that the penetra-
tion force in this limit should be nearly independent of ve-
locity since it is determined by the amount of force needed to
break through a jammed state. The data in Fig. 6 indicate that
the penetration force and differential penetration force are
indeed independent of velocity to within the precision of our
measurement over two orders of magnitude of velocity. This
result agrees with the velocity independence found in granu-
lar drag measurements[3] and is in sharp contrast to fluid
drag which originates in momentum transfer to the fluid. We
also found that the length scalesl andz are independent of
velocity as shown in shown in Figs. 6(b) and 6(c).

Measurements at the lowest velocities indicated the force
to be stick-slip in nature, again in analogy to granular drag

FIG. 5. (Color online) Vessel diameter dependence of penetra-
tion forces using dgrain=0.92±0.04 mm,r =12.7 mm, and a
smooth-bottomed vessel.(a) Fszd for a series of different vessel
diameters forzmax=112 mm (solid symbols) and zmax=230 mm
(open symbols) fillings of the medium. Points are shown for every
20th data point and error bars have been suppressed for clarity of
figure.(b) DF vs z plotted using a semilogarithmic scale with color
coding identical to panel(a). Arrow indicates trend of results for
increasing vessel diameter. Data for 54-mm-diam vessel are not
shown due to lack of significant exponential behavior. Error bars
and points atz.z have been suppressed for clarity of figure. Color
coding is identical to panel(a). (c) Parametersl andz as a function
of vessel diameter. The right vertical axis forz is plotted using a
scale six times larger than the left vertical scale forl.
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[3]. Although we do not fully describe this behavior here, we
note that this is consistent with the penetration process con-
sisting of a linear increase in force as the penetrometer
stresses a jammed granular state followed by a breaking or
collapse of this state indicated by a rapid decrease in the
penetration force.

3. Plate thickness dependence

Since the process of penetration requires that the grains
below the plate be reorganized and eventually displaced to
be above the plate, another parameter we varied was the
vertical thickness of the plates. As shown in Figs. 7(a) and
7(b), the thickness of the penetrating plate has little effect on
the nature of the penetration or differential penetration
forces. The effect of different plate thicknesses was observed
at the largest depths where the stress on the grains(and pre-
sumably the frictional force on the sides of the penetrating
plate) is the largest. As demonstrated in Figs. 7(b) and 7(c),
the data near the vessel bottom for smallerzmax appear to be
unaffected by plate thickness, and the parametersl and z
also show no systematic dependence. As noted above, all
data presented in other figures were taken with a plate thick-
ness of 7.6 mm.

4. Grain diameter dependence

As in prior drag force measurements[3], we found that
Fszd does not have a systematic dependence upon the grain

diameter for our spherical glass beads. This is demonstrated
in Fig. 8 for a series of different size monodisperse spherical
glass beads(the grain diameter was always much smaller
than that of the penetrating plates). While there are differ-
ences between the penetration force curves, these can be ex-
plained as differences in surface textures and particle size
distributions among the different samples. Surprisingly, there
is very little dependence ofl and z on the diameter of the
spherical grains, even thoughl is not much larger in magni-
tude than the larger grain sizes. Penetration of the nonspheri-
cal playsand did require forces much larger than those for
spherical glass media. This is presumably due to a stronger
jammed state resulting from the interlocking of the non-
spherical grains. Likewise, there is an absence of a local
minimum in the differential penetration force and an increase
in the value of the length scalel as measured for nonspheri-
cal media. This is also likely due to differences in the
strength or the extent of the jammed state as compared to
spherical media.

5. Fill height dependence

Another parameter which determines the penetration force
near the vessel bottom is the height to which the vessel is
filled, zmax. Increasingzmax increases the ambient stress near
the vessel bottom which in turn affects the jamming of the
grains and thus the penetration force(as can be seen from the
data in Fig. 2). The exponential rise ofDFszd can be seen for
all values ofzmax as shown in Fig. 9 where we plot data for
two different grain sizes as well as for smooth and circularly
grooved vessel bottoms. Note that the curves for the larger
values ofzmax are almost identical, suggesting that these data

FIG. 6. (Color online) Velocity dependence ofFszd and DFszd
for dgrain=0.92±0.04 mm,r =12.7 mm, and a smooth-bottomed
vessel.(a) Fszd for a series of velocities for bothzmax=112 mm
(solid symbols) and zmax=230 mm(open symbols) measurements.
Points are shown for every 20th data point, and error bars have been
suppressed for clarity of figure.(b) DFszd with points shown for
every fifth data point, and error bars suppressed for clarity. Color
coding is identical to panel(a). (c) Parametersl andz as a function
of the penetrating plate velocity plotted on a semilogarithmic scale.
The right vertical axis forz is plotted using a scale six times larger
than the left vertical scale forl.

FIG. 7. (Color online) Thickness dependence of the penetrating
plate for Fszd and DFszd as measured for dgrain

=0.92±0.04 mm,r =12.7 mm, and a smooth-bottomed vessel.(a)
Fszd for both zmax=112 mm (solid symbols) and zmax=230 mm
(open symbols) measurements.(b) DFszd with color coding identi-
cal to panel(a). (c) Fitting parametersl (left axis) andz (right axis)
as a function of the penetrating plate thickness.
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are in the Janssen regime. In this regime, much of the weight
of the grains was supported by the vessel walls, and thuszmax
was not directly proportional to the weight-induced stress at
the vessel bottom. While we could not directly measure the
weight-induced stress near the vessel bottom, we expect it to
be proportional to the measured quantityF0=Fbulksz=0d. We
can thus useF0 to examine howDF depends on the ambient
stress state of the grains near the bottom of the vessel[note
thatF0 is obtained fromFbulk as indicated in Fig. 3(a) and is
not affected by the proximity of the vessel bottom]. The val-
ues of the length scalel obtained for different measurements
are plotted as a function ofF0 in Fig. 10. As indicated by the
lines on the figure, the length scale varies approximately as
l~ÎF0 for both circularly grooved and smooth bottom ves-
sels and for different grain diameters, although the magni-
tude ofl varies somewhat among these different conditions.

6. Plate size dependence

The final system parameter which we varied in our studies
of the penetration force was the radius of the circular pen-
etrating plate,r. Typical results with different plate radii are
shown in Fig. 11, which clearly demonstrates that the pen-
etration force increases with the size of the penetrating plate.
Except near the top surface and bottom boundary of the ves-
sel, Fszd was proportional to the cross-sectional area of the
penetrating plate. This is shown in Fig. 12, where we plotF0
for zmax=112 mm as a function of the penetrating plate area

for different grain diameters including the playsand media.
This result is consistent with mean-field expectations and the
data from previous drag force experiments[3,13]. Square
penetrating plates were also used fordgrain=0.92±0.04 mm,
and the values ofF0 are indistinguishable with those of cir-
cular cross-section plates as shown in Fig. 12.

FIG. 8. (Color online) Grain diameter dependence of the pen-
etration forces employing spherical glass beads(Jaygo Inc.), r
=12.7 mm, and a smooth-bottomed vessel.(a) Fszd for a series of
different diameter glass beads and “playsand” media for shallow
and deep fillings. Points are shown for every 20th data point, and
error bars have been suppressed for clarity of figure.(b) and(c) l as
a function of grain diameter for smooth(open symbols) and circu-
larly grooved(solid symbols) bottom container measurements re-
spectively for a series of different penetrating plate radii. For
smooth-bottomed vessels, the “playsand” data had no local minima
and a value ofl=7.15±0.07 mm for the data shown.

FIG. 9. (Color online) DFszd for a series of different filling
depths,zmax, for r =12.7 mm anddgrain=0.92±0.04 mm(left col-
umn) and dgrain=0.56±0.04 mm(right column). For each panel,
zmax increase from left to right aszmax=62 mm, 82 mm,
101 mm, 116 mm, 135 mm, 153 mm, 174 mm, and 193 mm(ar-
rows indicate trend of results for increasing filling depth). Panels
(b) and (d) are results obtained using a circularly grooved bottom
with a groove size of 1.6 mm. Note the persistence of the length
scale behavior to larger values ofz in the grooved bottom data
compared to the smooth bottom data.

FIG. 10. (Color online) Length scalel as a function of the stress
at the bottom of the vessel, as measured byF0, for dgrain

=0.56±0.04 mm(triangles) and dgrain=0.92±0.04 mm(squares)
using both grooved(solid symbols) and smooth(open symbols)
bottom vessels. Solid lines are individual fits to the power lawl
~ sF0d1/2.
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We now consider the effect of plate area on the length
scales of the jammed state,l and z [the exponential fit pa-
rameter and the location of the minimum inDFszd]. We plot
DFszd for a range of plate radii for two different grain diam-
eters and both smooth and circularly grooved vessel bottoms
in Fig. 13. These data indicate that in varying the diameter of
the penetrating plate, the length scalel continually increases
with increasing area. The plate area dependence ofl can be
well fit to a power law,l~A1/4, for all grain diameters and
for circular as well as square plates as illustrated in Fig. 14.
The same power-law behavior is observed for both circularly
grooved and smooth bottoms, althoughl is somewhat larger
for the grooved bottoms than for smooth bottoms as shown
in Fig. 8(c). This is expected, since by reducing the trans-

verse mobility of the grains along the bottom of the vessel
the grooved bottom surfaces increases the strength of the
jammed state. Figure 14 also indicates the sameA1/4 depen-
dence is displayed byz, further suggesting that this depen-
dence is a physically robust result.

In order to further understand the dependence of the
length scalel on the penetrating plate cross-sectional area,
we have modeled the granular assembly as an elastic me-
dium with a simple Coulomb yield criterion in the vicinity of
the advancing plate[14], and we have modeled the material
moving close to the penetrometer as being in a plastic zone
surrounded by larger regions of nonlinear and linear elastic
behavior [15]. Both the purely elastic and plastic models
describe the length scalel as increasing proportionally with
the width(or diameter) of the plate, in contrast to our experi-
mental result ofl~A1/4; r1/2 [16]. However, numerical
studies examining the granular nature of the system may be
able to yield further insight into the nature of the scaling
[17].

C. Scaling

We have seen thatl depends both upon the stress at the
bottom of the vessel and the radius of the plate through the
relationshipsl~ÎF0 and l~Îr when each is varied inde-
pendently of the other. Since there is an intrinsic radius de-

FIG. 11. (Color online) Penetrating plate radiusr dependence of
the penetration forceFszd usingdgrain=0.92±0.04 mm glass beads
with zmax=112 mm and plotted on a semilogarithmic scale. Points
are shown for every tenth data point, and error bars have been
suppressed for clarity.

FIG. 12. (Color online) F0 measured forzmax=112 mm vs area
of penetrating plate for different grain diameters. Solid line is pro-
portional to area of penetrating plate. Square cross-section penetrat-
ing plates are included in thedgrain=0.92±0.04 mm measurements.
Deviations for the force being proportional to the area for the small-
est penetrating platessr =4.4 mmd used is likely due to the penetra-
tion force being comparable to the drag force of the insertion rod
sr =3.2 mmd.

FIG. 13. (Color online) DFszd for a series of different radii
penetrating plates using bothdgrain=0.92±0.04 mm(left column)
anddgrain=0.56±0.04 mm(right column). For each panel, the plate
radii increase from left to right asr =6.4 mm, 9.5 mm, 12.7 mm,
15.9 mm, 19.1 mm, and 25.4 mm(arrows indicate trend of results
for increasing penetrating plate radii). All data are plotted on a
semilogarithmic scale to demonstrate the exponential behavior of
DFszd. Panels(b) and (d) are results obtained using a circularly
grooved bottom with a groove size of 1.6 mm. Note the persistence
of the length scale behavior to larger values ofz in the grooved
bottomed data. For comparison, error bars are only shown for the
r =25.4 mm penetrating plate.

LOCAL JAMMING VIA PENETRATION OF A GRANULAR … PHYSICAL REVIEW E 70, 041301(2004)

041301-7



pendence ofF0,F0~ r2 as demonstrated in Fig. 12, the find-
ing of l~Îr for constantF0 requires that the combined
dependence on these two parameters is given byl~ÎF0/ r.
This scaling is directly demonstrated in Fig. 15 for two grain
sizes and both circularly grooved and smooth bottomed ves-
sels. Scaling with this relation causes all of the data in Figs.
9 and 13 to collapse onto characteristic exponential curves
for the particular grain size and vessel bottom as shown in
Fig. 16 for a wide range of bothF0 and r. The data for the
r =4.4 mm andr =6.5 mm diameter plates do not collapse,
indicating that the scaling only holds when the grains are
much smaller than the penetrating plate.

The scaling in Fig. 16 can be summarized by rewriting
our expression for the differential penetration force as
DFszd=C1F0e

−z/fC2ÎF0/rg—i.e., expressing the two fit param-
etersF andl asF=C1F0 andl=C2

ÎF0/ r, whereC1 andC2
are constants that incorporate bead roughness, packing,
shape, bulk density, gravity, etc. The dependence ofF on
plate size andF0 might have been predicted simply by di-
mensional analysis. By contrast, the square root dependence
of l is quite unexpected and presents a theoretical challenge.
From a dimensional standpoint, including other relevant pa-
rameters(i.e., gravity g and the bulk density of the grain
material,r) suggests that a likely relationship for the length
scale isl~ÎF0/ rgr. Testing of this expression would, how-
ever, be difficult in that it would require centrifugal or mi-
crogravity environments and significant variations in the
bulk density of the medium. Changing this last property un-
doubtedly would also change the surface friction between
grains in some nonsystematic way, making comparisons
difficult.

IV. CONCLUSIONS

Our measurements of the penetration force have two main
results. The first is that the penetration force near a solid
boundary can be affected by the surface characteristics of the
boundary, even when the penetrating object is many grain
diameters from the boundary. While it is common knowledge
that boundary surface properties affect shear flow of granular
media, these measurements directly demonstrate that the sur-

FIG. 14. (Color online) Length scalesl (lower points) and z
(upper points) as a function of penetrating plate area for different
grain diameters and a smooth bottomed vessel. Data are included
for both circular and square cross-section penetrating plates. Solid
lines are individual comparisons to the power lawl~A1/4 and z
~A1/4.

FIG. 15. (Color online) Length scalel as a function of the
quantity ÎF0/ r for circularly grooved(solid symbols) and smooth
(open symbols) bottomed vessels for(a) 0.92±0.04 mm diameter
grains and(b) 0.56±0.04 mm diameter grains. Data points include
those derived fromzmax dependence and plate size dependence mea-
surements. Solid lines are linear fits with an intercept at the origin
as described in the text.

FIG. 16. (Color online) Scaled differential penetration force
sDF→DF /F0d vs scaled heightsz→z/ sF0/ rd1/2d. Data in each
panel are shown for both height and disk radius dependence.(a) and
(b) dgrain=0.92±0.04 mm using smooth and circularly grooved bot-
tom vessels, respectively.(c) and (d) dgrain=0.56±0.04 using
smooth and circularly grooved bottom vessels, respectively. Color
coding is identical to the data shown in Figs. 9 and 13. Dotted lines
are used for data where the plate size was varied and solid lines are
used for data wherezmax was varied. Error bars are suppressed for
clarity.

STONEet al. PHYSICAL REVIEW E 70, 041301(2004)

041301-8



face can also impact the jamming induced by applied stress
normal to the boundary. On a qualitative level, the results
show that penetration provides a means of “remote” sensing
of the surface properties since the penetration force reflects
those properties at a considerable distance away from the
boundary.

The second main result from our study is the finding of an
intrinsic length scale describing the interaction of the pen-
etrating object and the boundary. This result strongly sug-
gests that there is an intrinsic length scale to the locally
jammed state created by the local application of pressure by
the penetrating object. The size of the jammed state is deter-
mined by the particular failure mode of the jammed state,
which in turn depends on the structure of the force chains
originating from the plate[7,9,10]. Because the force propa-
gation is long range in nature, the existence of a length scale
is somewhat surprising. This observed length scale in the
penetration geometry is qualitatively different from the ob-
served length scales for granular shearing in Couette geom-
etries[18,19] which are associated with the decay of trans-
verse velocity rather than the transmission of force normal to
the direction of motion.

Our results indicate that penetration studies can provide
an excellent probe of the structure of local jamming and the
dynamics of the failure of a jammed state. Although our
results do not appear to be consistent with simple elastic and
plastic failure models, the observed dependence ofl on the
stress in the medium and the plate size may provide input to
simulations to test different force propagation models. While
our apparatus is not sensitive to the detailed morphology of
the jammed region, this could be probed either through mod-
eling (as has been performed for fluids[20] and conical pen-
etrometers in the large sample limit[5,6]) or through imag-
ing with x-ray tomography or magnetic resonance imaging
(MRI) [18]. Studies of the effects of cohesion, lubrication,
grain morphology, grain surface roughness, and polydisperse
grain sizes would shed further light on how these technologi-
cally important factors affect local jamming. Furthermore,
such studies would provide an opportunity to connect the

recent advances in the fundamental character of jamming
with the accumulated practical understanding of the pro-
cesses involved with penetration testing.
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APPENDIX: FLAT PLATE vs. CONICAL
PENETROMETERS

Typical penetration testing for engineering and soil sci-
ence applications utilizes the “standard conical penetration
test.” These tests use an apparatus similar to ours, but por-
table so that it is suitable for performing measurements in
different locations, and rather than a penetrating plate, these
instruments use a conical tip. We examined the differences in
measurements between a cylindrical plate and a cone with its
diameter equal in length to its height. The cone and the plate
both had a circular cross section with a radius of 12.7 mm.
The apex of the cone was used for determining the value of
the independent variablez, while the bottom surface was
used for the penetrating plate. Both measurements have very
similar penetration force curves, but the forces for the cone
were consistently less than those of the circular plate. This is
especially true near the bottom of the vessel. The differential
penetration force displays a minimum for cones approaching
smooth vessel bottoms, as was the case for the penetrating
plates. The apex of the cone does not, however, allow a close
approach to the bottom of the vessel, limiting the ability to
study boundary effects with this geometry. While a vessel
bottom which was sloped to match the angle of the cone
would circumvent this difficulty, such a geometry would be
sufficiently more complicated that we chose to focus on the
flat plate geometry instead.
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