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This paper presents the results of a broad investigation into the effects of the electron energy distribution
function on the predictions of nonlocal thermodynamic equilibrium collisional-radiative atomic kinetics mod-
els. The effects of non-Maxwellian and suprathermal(“hot” ) electron distributions on collisional rates(includ-
ing three-body recombination) are studied. It is shown that most collisional rates are fairly insensitive to the
functional form and the characteristic(central or average) energy of the electron distribution function as long
as the characteristic energy is larger than the threshold energy for the collisional process. Collisional excitation
and ionization rates are, however, highly sensitive to the number of hot electrons. This permits the development
of robust spectroscopic diagnostics that can be used to characterize the electron density, bulk electron tem-
perature, and hot electron fraction of plasmas with nonequilibrium electron distribution functions. Hot elec-
trons are shown to increase and spread out plasma charge state distributions, amplify the intensities of emission
lines fed by direct collisional excitation and radiative cascades, and alter the structure of satellite features in
both K- andL-shell spectra. The characteristic energy, functional form, and spatial properties of hot electron
distributions in plasmas are open to characterization through their effects on high-energy continuum and line
emission and on the polarization of spectral lines.
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I. INTRODUCTION

Non-Maxwellian and suprathermal(or “hot”) electrons
are a topic of continuing interest to the plasma physics, fu-
sion, and astrophysical communities because they can
play an important role in the formation, evolution, and radia-
tive properties of a wide variety of plasma sources. Non-
Maxwellian electron energy distributions have been pre-
dicted or detected in diverse laboratory sources including
tokamaks [1,2], laser plasmas[3–5], and pulsed-power
plasmas[5–8], as well as in astrophysical sources such as
solar flares[9–11] and active galactic nuclei[12], where they
are generated by strong electric fields or resonant laser-
plasma interactions. A review of non-Maxwellian electrons
in these sources has been given in[13]. In addition, colli-
sional x-ray sources that measure basic atomic processes,
such as electron beam ion traps(see, for example,[13]) are
typically driven by electron beams, which are fundamentally
non-Maxwellian. Collisional-radiative atomic models that in-
clude the effects of non-Maxwellian and suprathermal elec-
tron energy distributions are therefore of significant interest,
both in benchmarking atomic physics data and as spectro-
scopic tools that can determine characteristics of the electron
distribution function (EDF) in plasmas from noninvasive
spectroscopic measurements.

Understanding the role of hot electrons in plasmas is par-
ticularly important because of their influence on plasma dy-
namics, radiation production, and energy balances. A major
historical driver in the study of plasmas with hot electrons is
the issue of preheat in laser-driven inertial confinement fu-
sion schemes. Intense lasers interacting with dense targets
can deposit significant energy in hot electrons through reso-

nant absorption[14,15]; such electrons can lead to significant
energy losses and have deleterious effects on plasma stability
and control(see, for example,[16]). In other cases, the ef-
fects of hot electrons are desirable, such as when they en-
hance the output of high-energy radiation from relatively
low-energy plasma sources[5,17–19]. Whether hot electrons
are beneficial or harmful, detecting and characterizing them
in laboratory plasmas is an important step toward controlling
their effects.

The effects of hot electrons on modeledK-shell line spec-
tra have been extensively studied using two-temperature
electron distribution functions[20,21]. Hot electrons have
been shown to affectK-shell spectra from AlX pinches[17],
Ar plasma focus devices[22], and plasmas produced by laser
irradiation of solid Mg[23], Ar gas clusters[18,24–26], and
Ti-doped Hohlraums [27]. More recently,L-shell spectro-
scopic diagnostics for hot electrons have been developed for
Kr [28], Cu [29,30], and Zn[30] laser plasmas and for MoX
pinch plasmas[19]. Both the K- and L-shell studies have
determined that hot electrons increase the average charge
state balance of the plasmas and amplify the intensities of
emission lines formed through direct collisional excitation.

These studies of hot electrons have so far been tailored to
particular experiments, and their conclusions have been lim-
ited to fixed forms of the energy distribution used to describe
the hot electrons. Gaussian electron energy distributions have
been used to describe hot electrons generated by intense laser
pulses on gas cluster targets[18,24–26,28], hot electrons in
plasmas formed by laser irradiation of solid targets have
been modeled with both Gaussian[23] and Maxwellian
[27,29,30] distribution functions, and hot electrons in pulsed-
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power plasmas have been modeled using Gaussian[17,22]
and power-law[19] distributions.

This work presents a study of the influence of a wide
range of electron distribution functions on bothK- and
L-shell spectra. It in part reprises and confirms the previous
studies and also extends and generalizes their results. Section
II introduces theK- andL-shell collisional-radiative models
and the three functional forms of the electron distribution on
which the present analysis is based. In Sec. III, the variations
of several broad categories of collisional rate coefficients
with the characteristic energy and functional form of the
electron distribution function are presented. In Sec. IV, the
effects of hot electrons on plasma charge state balances and
the sensitivity of plasmas composed of elements with
10,Z,50 to small fractions of hot electrons are investi-
gated. Section V presents the effects of hot electrons onK-
andL-shell line emission, and the effects of hot electrons on
continuum and high-energy inner-shell line emission are in-
vestigated in Sec. VI. A summary is given in Sec. VII.

II. DESCRIPTION OF COLLISIONAL-RADIATIVE
MODELS AND ELECTRON DISTRIBUTION FUNCTIONS

Nonlocal thermodynamic equilibrium (non-LTE)
collisional-radiative atomic kinetics models are widely used
to diagnose plasma conditions by matching measured to
modeled x-ray spectra. The modeled spectra are dependent
on modeled charge state balances and energy level popula-
tions, which are in turn dependent on the electron distribu-
tion function through its effect on collisional rates.

In this work, the effects of varying the electron distribu-
tion function on modeled charge state balances and line and
continuum x-ray spectra are investigated using a model of
K-shell Ti and models ofL-shell Kr and Mo. TheL-shell
models include detailed fine structure levels for O-like
through Mg-like ions and ground states from the bare ions to
the neutral atoms. The data sources, level structure, and cou-
pling details of theL-shell models have been described in
detail elsewhere[19,28,31]. The K-shell Ti model is based
on atomic data calculated using the new Flexible Atomic
Code(FAC) atomic structure code[32]. It includes the ground
states of all ions, singly excited levels up ton=5 for H- and
He-like ions,n=4 for Li-like ions, andn=3 for Be through
Ne-like ions, and doubly excited levels up ton=3 for He-,
Li-, and Ne-like ions and up ton=2 for Be- through F-like
ions. All levels are coupled within each ion by radiative de-
cay and collisional excitation and deexcitation and are
coupled between neighboring ions by collisional ionization,
Auger decay, and their reverse rates as well as by radiative
recombination.

Collisional rates are calculated in the models using one of
three basic forms of the electron energy distribution function
FXs« ;«0d:

Maxwellian: FMs«;Ted = 2Î «

pTe
3expf− «/Teg, s1d

Gaussian: FGs«;«0d =
1

wÎp
S 2

1 − erfs− «0/wdD
3expF− S s« − «0d

w
D2G , s2d

Power-law: FPs«;«0d = Sg − 1

«0
1−g D«−g, « ù «0. s3d

The distributions in Eqs.(1)–(3) are given in their normal-
ized formfeFXs« ;«0dd«=1g in terms of the electron energy«
and a characteristic distribution energy«0. The characteristic
energy of the Maxwellian(thermal) distribution (1) is
equivalent to an electron temperatureTe. The Gaussian dis-
tribution (2), which can represent electrons that are excited
by resonant laser-plasma interactions, is centered at a char-
acteristic energy«0 and has a half width at half maximum of
wÎln 2. [The term in square brackets in Eq.(2) containing
the error function can be neglected when«0@w and is in-
cluded here only so that cases withw,«0 can be treated
rigorously.] The power-law distribution(3), which is com-
monly used in astrophysical models, becomes nonzero at its
characteristic electron energy«0 and decays more or less
rapidly with energy according to the value ofg. The discon-
tinuity in the power-law distribution at«0 may be unphysi-
cal; however, for most two-temperature plasmas«0 can be
chosen so that the hot electron power-law distribution
merges smoothly with a cool Maxwellian distribution.

Variations of the electron distributions given by Eqs.
(1)–(3) are shown in Fig. 1: three Maxwellian distributions
with Te=0.1, 1.0, and 10 keV, two Gaussian distributions
with «0=10 keV and widthsw=0.1 and 1.0 keV, and two
power-law distributions with«0=10 keV and decay con-
stantsg=2 and 5. An extremely wide range of electron en-
ergy distributions can be modeled by combining these three
functional forms. The present study is restricted to electron
distributions composed of either a single functional form of
the distributions given in Eqs.(1)–(3) or a two-temperature
distribution with both a bulk Maxwellian component
FMs« ;Ted and a fractionf of electrons in a second distribu-
tion FXs« ;«0d:

Fs«d = s1 − fdFMs«;Ted + fFXs«;«0d. s4d

Once the electron energy distribution function is speci-
fied, collisional rates are calculated as described in the fol-
lowing section and used along with spontaneous radiative
and Auger decay rates in the collisional-radiative models to
obtain steady-state energy level populations. These energy

FIG. 1. Sample electron energy distribution functions: Maxwell-
ian (solid lines) at various Te, Gaussian(dotted lines) with «0

=10 keV and various widthsw, and power law(dashed lines) with
«0=10 keV and various decay constantsg.
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level populations are used to determine the charge state bal-
ance of the modeled plasma and to construct optically thin
line and continuum emission spectra.

III. EFFECTS OF EDF ON COLLISIONAL RATES

The rates of collisional process in a plasma are given by
the product of the plasma electron densityne and the rate
coefficientkvsl of the particular process. The rate coefficient
is determined by integrating an energy-dependent collision
cross sectionss«d over the electron energy distribution func-
tion:

kvsl =E
DE

`

vss«dFs«dd« scm3 s−1d. s5d

In Eq. (5), v and« are the velocity and energy, respectively,
of the incident electron. The lower limit of the integration is
the threshold energy of the process for collisional excitation
and ionization.

For single-temperature plasmas with Maxwellian electron
energy distributions, deexcitation and recombination rates
can be obtained directly from collisional excitation and ion-
ization rate coefficients through detailed balance. For plas-
mas that have electrons in non-Maxwellian distributions, the
cross sections of these reverse rates must be integrated over
the entire electron energy distribution. Collisional deexcita-
tion cross sectionsskj

dex can be obtained from excitation cross
sectionss jk

ex using the Klein-Rosseland formula, which is de-
rived by enforcing detailed balance between Maxwellian ex-
citation and deexcitation rates:

gk«skj
dexs«d = gjs« + DEds jk

exs« + DEd. s6d

In Eq. (6), gj andgk are the statistical weights of the upper
and lower levels, respectively, of the collisional process. Ra-
diative recombination cross sections can be expressed in a
similar manner either from photoionization cross sections
and the Milne formula or by approximations such as the
Kramers formula[33]. Dielectronic recombination is a reso-
nant process whose cross sections can be obtained from Au-
ger decay rates and expressed asd functions, making the
integration in Eq.(5) numerically straightforward. Three-
body recombination cross sections and rates are less straight-
forward and are treated in detail in the Appendix.

Figure 2 shows rate coefficients for representative colli-
sional processes integrated over a variety of electron distri-
butions as a function of the characteristic distribution energy
«0 in units scaled to the transition energyDE. Rate coeffi-
cients typical of collisional ionization and resonant colli-
sional excitation, whose cross sections decay asymptotically
as lnf«g /«, are given in Fig. 2(a). Nonresonant excitation
cross sections tend to decay more quickly with the impact
electron energy, with asymptotic dependences on powers of
1/«; rate coefficients for such processes are given in Figs.
2(b) and 2(c). Finally, Fig. 2(d) shows rate coefficients for
collisional deexcitation processes whose cross sections decay
as 1/« (an asymptotic dependence similar to that of radiative
recombination cross sections in the Kramers approximation).

From Figs. 2(a)–2(c), it is plain that collisional excitation
and ionization rates are strongly dependent on the functional

form and characteristic energy of the electron energy distri-
bution when the characteristic distribution energy«0 is
smaller than the threshold transition energyDE. This is un-
derstandable because of the wide variations in the number of
electrons with sufficient energy to induce the transition
among the various distributions. When«0!DE, the narrow-
est distributions(the Gaussian withw=0.1 DE and the
power-law function withg=5) include very small numbers
of electrons with energies larger than the threshold energy
for excitation and give much smaller rate coefficients than
the broader distributions. As the characteristic energies in-
crease, all distributions accumulate larger numbers of ener-
getic electrons and the rate coefficients for excitation and
ionization processes increase accordingly.

It is important to note that when the characteristic ener-
gies of the electron distributions are larger than the threshold
energyDE, much of the strong dependence of the rate coef-
ficients on the functional forms and characteristic energies of
the distributions vanishes. In particular, the ionization and
resonant collisional excitation rate coefficients shown in Fig.
2(a) are only weakly dependent on the characteristic energy
and functional form of the electron distribution as long as
«0@DE. For relativistic impact electron energiess«.
<20 keVd, Bartiromo et al. [34] showed that rate coeffi-
cients for resonant excitation calculated using relativistic
cross sections vary even less with« than the rate coefficients
given in Fig. 2(a), where nonrelativistic cross sections are
used. Only when the cross section decays very rapidly[as in
Fig. 2(c) with sexs«d,1/«3] do the functional forms and
characteristic energies of the distributions have significant
impact on the rate coefficients[28,35]. Deexcitation and ra-
diative recombination rate coefficients are fairly insensitive

FIG. 2. Rate coefficients for various collisional processes:(a)
resonant collisional excitation or collisional ionization;(b),(c) non-
resonant collisional excitation; and(d) collisional deexcitation or
radiative recombination. The rate coefficients are obtained by inte-
grating the given cross sections over Maxwellian(solid lines),
Gaussian(dotted lines), and power-law(dashed lines) electron dis-
tribution functions and are given as functions of the characteristic
distribution energy«0 in threshold units«0/DE. In (a), (b), and(d),
the value of«0 and the functional form of the electron distribution
have a relatively minor influence on the collisional rates as long as
«0/DE.1.
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to the functional form of the electron energy distribution for
all characteristic energies, because those cross sections are
integrated over the entire EDF.

The relative insensitivity of collisional ionization, reso-
nant excitation, and radiative recombination rates to the char-
acteristic energy and functional form of the electron distribu-
tion when «0@DE has important consequences for two-
temperature collisional-radiative models. Such models
typically include hot electron distributions whose character-
istic energies are much larger than the largest transition of
interest, and the insensitivity of hot electron effects to«0 was
noted as early as 1986[36] and has been observed separately
for Gaussian[17,28,37] and Maxwellian hot electron distri-
butions[29].

The present analysis implies that even models using dif-
ferent functional forms to describe hot electron distributions
should be directly comparable; that the model predictions
should be highly dependent on the fraction of hot electrons
and only weakly dependent on the functional form and char-
acteristic energy of the hot electron distribution as long as
the characteristic energy is larger than<Z2 Ry (the scaled
ionization energy of the H-like ion).

For collisional-radiative models using a two-temperature
electron distribution function composed of a cool bulk Max-
wellian and a small fraction of hot electrons in an arbitrary
energy distribution as in Eq.(4), the rate coefficient for each
collisional process is

fs1 − fdkvMsl + fkvXslg. s7d

In Eq. (7), the superscripts on the incident electron velocity
indicate the distribution over which the integration is per-
formed(e.g.,vM indicates integration over a Maxwellian dis-
tribution). Figure 2 can be used to estimate the effect of a
given fraction of hot electrons on a particular collisional rate.
For example, the collisional excitation rate for a transition
with excitation energyDE in a Maxwellian distribution with
Te=DE/10 is more than 104 times smaller than the rate from
a distribution with «0ùDE. Thus, including a fractionf
=10−4 of hot electrons would roughly double this excitation

rate in a plasma with a bulk temperature ofDE/10 and a hot
electron energy«0ùDE. With f =10−3, almost 100% of the
excitation rate would be due to the hot electrons. For smaller
bulk temperatures, even smaller fractions of hot electrons are
significant, because cooler Maxwellian distributions have
fewer electrons with energies larger thanDE. Collisional de-
excitation and radiative recombination processes are much
less sensitive to the presence of hot electrons. As indicated in
Fig. 2(d), energetic electrons are less likely to participate in
deexcitation and recombination processes, so the primary ef-
fect of a fractionf of hot electrons is to decrease the rates
from a bulk Maxwellian distribution by a small factor of
abouts1− fd. Small fractions of hot electrons have similarly
small effects on dielectronic and three-body recombination
rates.

IV. EFFECTS OF EDF ON CHARGE STATE BALANCES

Because small fractions of hot electrons have significant
impact on collisional excitation and collisional ionization
rates and only a small effect on collisional recombination
processes, they can significantly increase the charge state
balances predicted by collisional-radiative models. It is
shown in this section that hot electrons have the additional
effect of spreading out modeled charge state balances over a
larger number of ions than a typical single-temperature
model.

The charge state balances predicted by optically thin
collisional-radiative(CR) models are in principle dependent
on five parameters describing the plasma electrons:ne, Te, f,
«0, and the functional form of the hot electron distribution.
Analysis of experimental spectra using a model with five
parameters informing the collisional rates is significantly
more complex than analysis using more typicalne- and
Te-dependent models. However, the analysis given in the
previous section indicates that for characteristic hot electron
energies greater than aboutZ2 Ry, CR models should be
most sensitive tone, Te, and f. This is confirmed in Fig. 3,
which shows the effects of fractions of hot electrons on the
average charge statekZl of a modeled Ti plasma alongside

FIG. 3. The modeled average charge statekZl
of Ti as a function off and the effects of various
Te, ne, and hot electron distribution functions.
The solid black lines in(a)–(d) haveTe=100 eV,
ne=1020 cm−3, and hot electrons in a Gaussian
distribution with «=10 keV and w=100 eV.
Dashed and dotted lines show the effects of
changing(a) the functional form of the hot elec-
tron distribution, (b) «0, (c) ne, and (d) Te (as
labeled).
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the effects of changing one of the four other plasma param-
eters.

In Fig. 3(a), average charge states calculated using three
functional forms of the hot electron distribution with«0
=10 keV are shown together: a narrow Gaussian withw
=100 eV, a Maxwellian, and a broad power-law function
with g=2. The values ofkZl obtained with each are almost
identical, with the Maxwellian and power-law functions
slightly less effective than the Gaussian at ionizing the
L-shell ions(which have ionization potentialEZ near 1 keV)
and the power-law function slightly more effective than the
others at ionizing theK-shell ions(which haveEZ.6 keV).

Figure 3(b) shows the effect of changing the characteristic
energy of the narrow Gaussian distribution to either 5 keV or
100 keV. The overwhelming majority of electrons in the
lower-energys5 keVd Gaussian distribution cannot directly
ionize theK-shell ions and lead to smaller average charges
than the Gaussian distributions with larger«0 once the
He-like ion is reached. This underscores the caveat that«0
should be larger than the largest relevant transition energy.
Centering a very narrow distribution at very high energies
can also affect the modeled charge state balances: the effect
of the 100 keV Gaussian electrons on theL-shell ionization
stages is mitigated by the decay ofL-shell collision cross
sections at high energies. However, even in the extreme case
of a very narrow hot electron distribution, the effects of vary-
ing «0 are small compared to the effect of varying the frac-
tion of hot electronsf.

Figure 3(c) shows how changing the electron density im-
pacts the effects of hot electrons. Forne=1018 and 1020 cm−3,
the effects of a givenf are almost indistinguishable. How-
ever, for ne=1022 and higher electron densities, increased
collisional rates between closely spaced levels can drive
population into high-energy levels even at small bulk tem-
peratures(a process referred to as ladder ionization). As col-
lisional processes begin to dominate the kinetics on the ap-
proach to LTE, the amplification of direct high-energy
collisional processes caused by hot electrons becomes less
important. This mitigation of hot electron effects at high
electron densities has been noted previously[29,35,38].

Finally, Fig. 3(d) shows how varying the bulk electron
temperature from 100 eV to 500 eV changes the effects of
hot electrons in a 10 keV Gaussian distribution. As the tem-
perature increases, the number of energetic electrons in the
bulk Maxwellian distribution also increases, requiring larger
fractions of hot electrons to generate an observable effect.
This was also noted in[18].

The fact that collisional rates are less sensitive to small
fractions of hot electrons at larger bulk electron temperatures
because of increasing competition from the bulk electrons
can be used to generate a simple estimate of the sensitivity of
K- and L-shell ions to hot electron fractions. The reported
sensitivity of CR models to hot electrons varies widely:
K-shell Mg spectra have been shown to be sensitive to frac-
tions of hot electrons as small as 10−9 [23], while L-shell Mo
spectra are sensitive only to hot electron fractions near 10−2

[19]. This variation in sensitivity is due not to differences in
the energies or functional forms of the hot electron distribu-
tions used in the different CR models(which have been
shown in Sec. III to be relatively unimportant) but rather to

differences in the bulk electron temperature required to reach
the charge states of interest for different elements.

In order for a fraction of hot electrons to affect modeled
line spectra, it must be on the order of the fraction of ener-
getic electrons(electrons with«.DE) already present in the
bulk Maxwellian. Since elements with larger atomic numbers
require larger bulk temperatures to reach a given charge
state, and the fraction of energetic electrons in the bulk Max-
wellian scales with the electron temperature, elements with
larger atomic numbers will be sensitive to only relatively
large fractions of hot electrons. IfT0 is the bulk electron
temperature at which a given element populates the He-like
(or Ne-like) charge state, then the sensitivity limit ofK-shell
(or L-shell) ions is roughly equal to the fraction of Maxwell-
ian electrons in the bulk distribution atT0 that have energies
greater than theZ-scaled ionization potentials of the He-like
(or Ne-like) charge state. Figure 4 shows estimated values
for the sensitivity limitssfmind of L-shell andK-shell spectra
for elements with atomic numbers 10,Z,50 obtained in
this way usingT0 calculated in the coronal approximation.

The data points given in Fig. 4 are the reported sensitivity
limits of variousK- andL-shell CR models from many of the
references listed in the Introduction. Their generally good
agreement with the sensitivity estimates determined in the
manner detailed above supports the assertion that CR model
predictions are only weakly sensitive to the functional forms
and characteristic energies of hot electron distributions,
which vary widely among the listed models(as detailed in
the Introduction). The given sensitivity estimates may also
be useful in designing experiments for which hot electron
diagnostics are desired and complement the analysis given in
[21], which recommends that for a given experimentalTe the
plasma material should be selected to have an atomic number
of approximately 0.65ÎTeseVd in order forK-shell spectra to
be sensitive to hot electron fractions on the order of 1%. A
similar selection criterion forL-shell spectra requiresZ
,1.3ÎTeseVd.

In addition to increasing the average charge states of
plasma ions, hot electrons spread out the distribution over
more charge states. This effect is illustrated in Fig. 5, which
shows the fractional populations of Ti charge states for six
EDFs chosen to give average charge stateskZl near 14(O-
like Ti), 17 (B-like Ti), and 20(He-like Ti). For eachkZl, the
single-temperature Maxwellian has a smaller number of
charge states with significant population than the two-
temperature EDF withTe=100 eV and some fraction of hot
electrons at 10 keV. That hot electrons can significantly in-
crease populations of H-like Ti without a great reduction in
C- through Be-like Ti was noted in[21], and this effect has
been used to diagnose hot electron fractions in 1 MAX
pinch plasmas usingL-shell Mo spectra[19] and in laser
Hohlraumsusing K-shell Ti spectra[27]. Finally, hot elec-
trons can influence the evolution of plasma charge states and
radiation through their impact on excitation and ionization
rates. Ionization time scales that would require very high
electron densities in a single-temperature plasma may be
possible in lower-density plasmas if hot electrons are present
[28].
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V. EFFECTS OF EDF ON K- AND L-SHELL
LINE EMISSION

The effects of hot electrons on the plasma charge state
distribution discussed above are manifested in the modeled
plasma spectra: hot electrons increase the emission from
higher charge states and spread out the number of charge
states from which significant emission is seen. In addition,
hot electrons can affect the line emission from within par-
ticular charge states. Such effects can be used to distinguish
the effects of hot electrons from those of spatial gradients
[21], opacity[28–30], or other plasma phenomena.

Hot electrons have three primary effects on line emission
from a single charge state. First, they can significantly en-

hance the populations of excited levels and thereby increase
the intensity of all line emission, particularly of high-energy
lines. Second, they can change the shape of satellite spectra
by amplifying collisionally excited inner-shell satellite lines
relative to satellite lines populated by dielectronic recombi-
nation. Finally, by increasing the total population in excited
levels, hot electrons can amplify the intensities of lines fed
by radiative cascades, especially in closed-shell ions with
relatively few dipole decay channels to the ground state.

All of the mentioned effects are illustrated in Fig. 6,
which showsK-shell Ti spectra at conditions chosen to pro-
duce emission fromK-shell resonance and satellite lines
from He- to F-like Ti. All of the spectra with hot electrons
have smaller bulk electron temperatures and emission from

FIG. 4. Predicted values of the minimum hot electron fractionsfmind to which modeledK-shell (solid line) and L-shell (dashed line)
spectra are sensitive. Reported sensitivity limits of various collisional-radiative models are given by triangles forK-shell Al [17], Mg [23],
Ar [18], and Ti and by circles forL-shell Cu[29], Kr [28], and Mo[19].

FIG. 5. Fractional populations of Ti ions modeled withne=1020 cm−3 and EDF selected to obtain average charge stateskZl near 14, 17,
and 20. Solid lines(closed squares) have Te=200, 340, and 1800 eV andf =0. Dashed lines(open diamonds) have Te=100 eV andf
=1%, 4%, and 42% in a Gaussian distribution with«0=10 keV andw=100 eV.
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a wider range of charge states than the spectra without hot
electrons.[H-like Ti emission, although 100 times more
intense in the spectrum with hot electrons than in the single-
temperature spectrum in Fig. 6(a), is weak at the given
conditions and is not shown.] In all three cases, the spectra
with hot electrons have larger absolute intensities than
the spectra without hot electrons but have been normalized
to illustrate the effects of hot electrons on relative line inten-
sities.

Satellite lines can be formed either by direct inner-shell
excitation from the ground or low-lying levels of the ion
with chargez or by dielectronic recombination from the ion
with charge z+1. Lower-energy satellite lines are often
formed primarily by the latter process because their lower
levels (the sources of the strongest collisional excitation
rates) lie above the ground state of the parent ion and are less
populated than the ground states, especially at lower electron
densities. For instance, the Li-like satellites labeledj andk in
Fig. 6(a) are transitions from 1s2p2 to 1s22p and are prima-
rily formed by dielectronic recombination from the He-like
ground state, while the higher-energy satellites labeledq and
r are 1s2s2p-1s22s transitions formed primarily by inner-
shell excitation. In all of the spectra shown in Fig. 6, the
inner-shell(high-energy) satellites are amplified in the spec-
tra with hot electrons relative to the same satellites in the
spectra without hot electrons. These effects, which have been
noted forK-shell spectra of Ti, Ar, and Mg[18,21,23], are
not an unambiguous signature of hot electrons, since inner-
shell satellite lines may also be intense in high-density,
single-temperature plasmas[23].

Finally, Fig. 6(a) shows that hot electrons can have a
marked effect on the intensity of the He-like intercombina-

tion line sHeICd. At low electron densities, HeIC is fed by
radiative cascades from highly excited He-like levels that
cannot decay directly to the ground state. The ratio of HeIC to
the resonance line Hea is often used as a density diagnostic,
since as the electron density increases, increased collisions
between excited levels disturb the radiative cascade process
and the level populations approach statistical equilibrium, at
which HeIC is much less intense than Hea. Hot electrons
increase the total excitation into excited levels and thereby
increase the number of radiative cascades, leading to a higher
HeIC/Hea ratio than would be expected at a given plasma
density without hot electrons. This effect on HeIC was previ-
ously noted for He-like Mg[23]. Because in the absence of
hot electrons intense intercombination lines imply low elec-
tron densities and intense inner-shell satellite lines imply
high electron densities, the simultaneous presence of both
features in experimental spectra is strong evidence for the
presence of hot electrons.

The influence of hot electrons onL-shell spectra from Kr
(4-2) and Mo (3-2) is shown in Figs. 7(a) and 7(b), respec-
tively. Figure 7(a) shows that hot electrons amplify inner-
shell (higher-energy) satellite lines from Na- and Mg-like
charge states as compared with the satellite structures typi-
cally seen from a single-temperature plasma, an effect simi-
lar to that observed in theK-shell Ti spectra of Fig. 6. In Fig.
7(a), hot electrons also amplify the Ne-like lines that are fed
partially by radiative cascades(4F and 4G) relative to the
Ne-like lines that have intensities limited by direct colli-
sional excitation(4C and 4D). Finally, the hot electrons in-
crease F-like Kr emission without significantly decreasing
emission from Mg- and Na-like Kr. Figure 7(b) illustrates
similar effects on 3-2 emission from Mo: hot electrons in-

FIG. 6. Modeled TiK-shell spectra withne=1020 cm−3 and various electron distributions. Gray lines:f =0 andTe= (a) 800,(b) 350, and
(c) 200 eV. Black lines:Te=100 eV and hot electrons in a Gaussian distribution with«0=10 keV,w=100 eV, andf= (a) 10%,(b) 3%, and
(c) 1%.
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crease the intensities of the cascade-fed resonance lines(3A,
3B, 3F, and 3G) relative to the excitation-limited 3C and
3D lines and increase F-like emission while retaining sig-
nificant emission from lower charge states. The Ne-like 3F
and 3G lines are sensitive to the electron density in the
same manner as the He-like intercombination line. However,
because the 3A and 3B lines are also fed partially by cas-
cades from higher levels, a density diagnostic based on the
ratio s3A+3Bd / s3F+3Gd [19] is not as sensitive to the pres-
ence of hot electrons as a diagnostic based on the ratio
HeIC/Hea.

The increased populations of excited levels due to excita-
tion by hot electrons suggests a further diagnostic tool for
their detection that may be especially significant in low-
density plasmas. Transitions between closely spaced levels
of different configurations can be measured in the same spec-
tral range; the presently considered cases have such transi-
tions in the uv–extreme uv range. The relative intensities of
lines from such interconfiguration complexes could be used
to infer the relative populations of the configurations and
thereby to detect the presence of hot electrons[39].

VI. EFFECTS OF EDF ON CONTINUUM
AND INNER-SHELL LINE EMISSION

The signatures of hot electrons on charge state balances
and line emission spectra discussed above are due to the
effects of hot electrons on collisional bound-bound(excita-
tion) and bound-free(ionization) rates. Hot electrons also

affect the free-free and free-bound processes that give rise to
continuum radiation(see, for example,[40]). Free-free
bremsstrahlung radiation in particular can be used as an un-
ambiguous indicator of the presence of hot electrons in
plasma. In the figures below, the radiative recombination in-
tensity is calculated from steady-state level populations and
self-consistent radiative recombination cross sections. The
bremsstrahlung emission intensity is determined using the
formalism given in[41] with free-free Gaunt factors approxi-
mated by a weighted average of the Kramers and Born val-
ues for Maxwellian distributions and the Born-Elwert formu-
lation for non-Maxwellian distributions.

Figure 8 shows the effects of including different fractions
of hot electrons on line and continuum emission calculated
using anL-shell Mo model based on data from the atomic
structure codeFAC [32] that includes detailed atomic struc-
ture for F-, Ne-, and Na-like Mo including the 17–20 keV
K-shell transitions formed by excitation of a 1s electron in
Ne-like Mo (for more details, see[31]). The hot electrons are
in a Maxwellian distribution with«0=30 keV, the bulk elec-
trons haveTe=800 eV, and the electron density is 1021 cm−3.
The spectrum without hot electrons, given in Fig. 8(a), has
continuum emission that decays very quickly at high photon
energies and negligibleK-shell line intensities. In Fig. 8(b), a
fraction of hot electrons too small to significantly impact the
average ion chargesf =10−5d is shown to considerably in-
crease the intensities of the high-energy continuum and
K-shell lines. A still larger fraction of hot electrons fractions
sf =10−3d has a correspondingly larger effect on both high-

FIG. 7. Influence of hot electrons onL-shell spectra.(a) Modeled Kr 4-2 spectra atne=1020 cm−3 with Te=550 eV and no hot electrons
(gray lines) and Te=250 eV and 5% hot electrons(black lines). The hot electrons are in a Gaussian distribution with«0=20 keV andw
=100 eV. (b) Modeled Mo 3-2 spectra atne=1022 cm−3 with Te=1 keV and no hot electrons(gray lines) and Te=600 eV and 10% hot
electrons. The hot electrons are in a Gaussian distribution with«0=30 keV andw=100 eV.
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energy continuum andK-shell emission intensities, as shown
in Fig. 8(c).

In Fig. 8, the high-energy behavior of the bremsstrahlung
radiation resembles the high-energy behavior of the underly-
ing Maxwellian electron energy distribution. This tendency
carries over to the other distribution functions as well, as
shown in Fig. 9, which gives modeled Mo line and con-
tinuum emission calculated using the three different distribu-
tion functions given in Eqs.(1)–(3). The spectra in Fig. 9
were calculated using pure forms of the different distribu-
tions (i.e., f =1) with «0 sTed=1 keV andne=1021 cm−3. In
all three cases, the continuum emission reflects the charac-
teristics of the electron distribution function. While brems-
strahlung emission from the broadsw=«0=1 keVd Gaussian
EDF shown in Fig. 9(a) decays rapidly after 2 keV, the
bremsstrahlung emission from the Maxwellian and power-
law distributions shown in Figs. 9(b) and 9(c) remains in-
tense up to much larger photon energies. The power-law dis-
tribution, which has more high-energy electrons than either
the Gaussian or Maxwellian distribution, is the only distribu-
tion that gives significantK-shell line radiation. Radiative
recombination features in the three spectra also tend to mir-
ror the functional form of the underlying electron energy
distribution.

The spectra shown in Fig. 9 were all calculated with dis-
tributions whose characteristic energys1 keVd is not larger
than the transition energies of interest. The fact that the
charge state balances in these cases vary significantly with

the functional form of the electron distribution underscores
that the form of the distribution is insignificant only if its
characteristic energy is larger than the largest transition en-
ergy. In this case, the ionization potential of Na-like Mo
s1790 eVd is small enough that some electrons in the broad
Gaussian distribution can directly ionize the Na-like Mo
ions. However, ionization of Ne-like MosEz=4250 eVd by
electrons in the Gaussian distribution is practically prohib-
ited, so the average ion charge of the modeled plasma with
the Gaussian distribution is highly constrained. The broader
distributions have sufficient numbers of high-energy elec-
trons to push the average ion charge significantly higher, up
to near Ne-like Mo. The effect of the functional form of the
electron energy distribution is greatest at low densities where
ladder ionization is least important—an effect seen experi-
mentally in emission spectra from electron beam ion traps
(EBITs), which have electron densities near 1012 cm−3. Typi-
cally, EBITs excite electrons with practically monoenergetic
beams that resemble narrow Gaussian distributions; however,
EBIT devices can also simulate arbitrary electron distribu-
tion functions by sweeping the beam energy and show that,
for a given characteristic energy, broader distributions reach
higher charge states. As an illustration, He-like Ti emission
has been observed at the Livermore EBIT using either a mo-
noenergetic beam at 4.8 keV or a pseudo-Maxwellian distri-
bution with a much smaller characteristic energy around
2.3 keV [42–44].

Unlike hot electron diagnostics based on charge state bal-
ances and x-ray line spectra, the continuum-based hot elec-

FIG. 8. Modeled Mo spectra calculated with a bulk Maxwellian
at Te=800 eV and the labeled fractionsf of hot electrons in a
30 keV Maxwellian distributionsne=1021 cm−3d. Even fractions of
hot electrons too small to affect theL-shell line emission and aver-
age charge state can have significant influence on the intensities of
inner-shell line and high-energy continuum emission.

FIG. 9. Modeled Mo spectra calculated using different func-
tional forms of the electron distribution(as labeled), all with
«0sTed=1 keV andne=1021 cm−3. Both the average ion charge and
the high-energy bremsstrahlung emission are dependent on the
functional form of the EDF.
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tron diagnostics discussed here are not limited by the bulk
temperature required to reach theL or K shell of a given
element. Therefore, measurements of high-energy emission
can be used to detect arbitrarily small fractions of hot elec-
trons and are limited only by detector sensitivity and range.
And while experimental continuum spectra cannot in general
be inverted to determine a unique electron distribution func-
tion, they can be analyzed to infer properties of the electron
distribution such as limiting values for energy cutoffs and the
functional energy dependence of the distribution at high elec-
tron energies.

Measurements of line and continuum emission can be
used to infer the presence of hot electrons and some proper-
ties of their energy distributions. An additional tool that
can be used to characterize hot electrons in spatially aniso-
tropic distributions is spectropolarimetry(see, for example,
[42,43,45–47]). If an electron beam is present in a plasma,
line emission from particular transitions formed by colli-
sional interaction with the beam electrons may be polarized
preferentially along the beam axis. Line polarization is de-
pendent on both the energy and spatial distribution of the
impact electrons. Thus, by measuring parallel and perpen-
dicular components of the plasma emission simultaneously,
the anisotropy of a hot electron distribution can be deter-
mined and limits can be imposed on the energies of the beam
electrons.

VII. SUMMARY AND CONCLUSIONS

The effects of various electron distribution functions on
plasma collisional rates, charge state balances, and x-ray
emission have been investigated in the previous sections
with an emphasis on isolating practical techniques to detect
and characterize hot electrons in experimental plasma
sources. In particular, plasmas with cool bulk Maxwellian
distributions and a small fractionf of hot electrons were
considered. Estimates of the sensitivity ofK- and L-shell
spectra to hot electron fractions from elements with atomic
numbersZ from 10 to 50 were obtained and compared to
reported results. Lower-Z elements require less energy in the
bulk electron distribution to ionize to theirK or L shell and
are thus better choices for experiments in which small frac-
tions of hot electrons must be diagnosed from line spectra.

On the broad topics of charge state distributions andK-
and L-shell spectral line emission as determined by
collisional-radiative atomic kinetics models, several impor-
tant effects of hot electrons were shown. Hot electrons in-
crease and spread out the charge state balance of a plasma at
a given bulk electron temperature. Emission lines and fea-
tures from single charge states are also affected by hot elec-
trons and are particularly useful in distinguishing the pres-
ence of hot electrons from other plasma phenomena such as
spatial and temporal gradients and opacity effects. The ef-
fects of hot electrons on line spectra include amplification of
the intensities of high-energy lines(including inner-shell
emission lines), inner-shell satellite lines, and lines fed by
radiative cascades in closed-shell ions.

The effects of varying the functional form and character-
istic energy of the hot electron distribution were investigated.

First, it was shown that most collisional rates are much more
sensitive to the fraction of hot electronsf than to the exact
functional form or characteristic energy«0 of the hot elec-
trons as long as«0 is larger than the largest relevant transi-
tion energy. The results of collisional-radiative models are
also more sensitive tof than to the other characteristics of
the hot electron distribution. Second, the effects of a given
fraction of hot electrons on modeled charge state distribu-
tions and spectral line emission decrease with increasing
bulk electron temperatures and densities. Larger bulk tem-
peratures naturally include larger numbers of energetic elec-
trons and therefore require larger fractions of hot electrons to
show significant effects. Larger electron densities move level
populations toward Boltzmann equilibrium, where collisions
among excited levels can have more impact on the popula-
tion dynamics than high-energy collision processes and ra-
diative decays facilitated by hot electrons, thereby decreas-
ing the impact of hot electrons.

Line spectra from collisional-radiative models can be
used to detect the presence and approximate number of hot
electrons in experimental plasmas. To determine more pre-
cisely the characteristics of the hot electron distribution,
high-energy continuum and spectropolarimetry can be used.
High-energy bremsstrahlung emission can help to determine
the number of hot electrons and the general shape, character-
istic energy, and energy cutoff of the distribution. Spectropo-
larimetry can be used to diagnose characteristic energies and
anisotropy in hot electron distributions. With sufficiently so-
phisticated measurements and modeling, the electron distri-
butions in plasma sources can be well characterized.

ACKNOWLEDGMENTS

The authors thank Kevin Fournier for helpful discussions
and comments on this work. This work was supported by
Lawrence Livermore National Laboratory under Contract
No. B520743 and by the DOE Cooperative Agreement No.
DE-FC08-01NV14050. The work of S.H. was performed in
part under the auspices of the U.S. Department of Energy at
University of California Lawrence Livermore National
Laboratory under Contract No. W-7405-Eng-48.

APPENDIX: THREE-BODY RECOMBINATION

Three-body recombination, the reverse process of colli-
sional ionization, is an important process in high-density
plasmas. Two incident electrons participate in the recombi-
nation process: one that recombines with the ion and one that
carries off the excess energy. For single-temperature Max-
wellian distributions, both electrons come from the same dis-
tribution and the three-body recombination rate coefficients
kkv1v2s3brll can be obtained from detailed balance of the
collisional ionization rate:

gZkvscil = 2S meTe

2p"2D3/2

gZ+1kkv1v2s3brllexpf− EZ/Teg.

sA1d

For multicomponent electron distributions as discussed in the
body of this paper, the two electrons that participate in three-
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body recombination may come from either the bulk Max-
wellian distribution or the hot electron distribution. The cal-
culation of the three-body recombination rate requires
integrating a three-body recombination cross sections3br

over a multicomponent electron distributionFs«d as given in
Eq. (4):

kkv1v2s3brll

=E
0

` E
0

`

v1v2s3brs«1,«2dFs«1dFs«2dd«1d«2 scm6 s−1d.

sA2d

In Eq. (A2), the two electrons are distinguished with sub-
scripts andv is the incident electron velocity.

We are not aware of any simple analog to the Klein-
Rosseland formula(6) relating the doubly differential three-
body recombination cross sections3br to the collisional ion-
ization cross sectionsci. We here derive a simple expression
for s3br which satisfies detailed balance(A1) and which can
be used to obtain a three-body recombination rate coefficient
for an arbitrary electron distribution function. After deriving
the cross section, the dependence of three-body recombina-

tion rate coefficients on the functional form of the electron
distribution functions and their characteristic energies is in-
vestigated and analytical approximations are given for the
double integral in Eq.(A2).

The three-body recombination cross section is derived
by enforcing detailed balance(A1) using the general expres-
sion for the double integration(A2) with a Maxwellian dis-
tribution:

kkv1v2s3brll =
8

mepTe
3E

0

` E
0

`

«1«2s3brs«1,«2d

3expf− s«1 + «2d/Tegd«1d«2. sA3d

Let u=«1+«2, «1=au; fsa ,ud, and «2=s1−adu;gsa ,ud.
Then the double integral over«1 and«2 can be expressed as

kkv1v2s3brll =
8

mepTe
3E

0

` E
0

1

as1 − adu2s3brs«1,«2d

3expf− sud/Teg J dadu sA4d

where

J = U ] f

] u

] g

] a
−

] f

] a

] g

] u
U = u.

If we assume that the three-body recombination cross section
is dependent only on the sum of the energies of the incident
electrons, then the integral overa in Eq. (A4) can be evalu-
ated, and the three-body recombination rate coefficient be-
comes

kkv1v2s3brll = S1

6
DS 8

mepTe
3DE

0

`

u3s3brsudexpf− sud/Tegdu.

sA5d

In order for this formulation to satisfy detailed balance(A1),
the three-body recombination cross section must be

s3brs«1 + «2d = 3
gZ

gZ+1

p2"3

me

s«1 + «2 + EZd
s«1 + «2d3

3scis«1 + «2 + EZdscm4 sd. sA6d

Equation(A6) can be used to obtain three-body recombina-
tion cross sections from arbitrary expressions for the direct
(single-electron ejection) collisional ionization cross section
sci. For example, the Lotz formula[48] (and related approxi-
mations[49]) gives the functional dependence ofsci on the
incident electron energy« as lnf«g /«. The associated three-
body recombination cross section would depend on the sum
of the incident electron energies as lnfs«1+«2+EZdg / s«1

+«2d3.
The rate of three-body recombination is given by

ne
2kkv1v2s3brll for a single-component electron distribution.

For the distribution specified in Eq.(4), composed of a Max-
wellian distribution at temperatureTe and a fractionf of hot
electrons in either a second Maxwellian, a Gaussian, or a
power-law distribution with characteristic energy«0, the
three-body recombination rate is

FIG. 10. Three-body recombination rates for a transition with
EZ=1 keV and ionization cross sectionsci proportional to lnf«g /«.
(a) Direct terms with both electrons from the same electron distri-
bution. (b) Cross terms with one electron from a Maxwellian dis-
tribution with Te=100 eV and the other from a different electron
distribution. The rates are given as a function of the characteristic
distribution energy«0 in threshold units for Maxwellian(solid
lines), Gaussian(dotted lines), and power-law(dashed lines) elec-
tron distribution functions.
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ne
2fs1 − fd2kkv1

Mv2
Ms3brll

+ 2fs1 − fdkkv1
Mv2

Xs3brll + f2kkv1
Xv2

Xs3brllg. sA7d

In Eq. (A7), the superscripts on the incident electron veloci-
ties indicate the distribution of the numbered electron. For
example, in the first termkkv1

Mv2
Ms3brll, both incident elec-

trons come from the bulk Maxwellian distribution. That term
can be calculated using detailed balance(A1). The second
term kkv1

Mv2
Xs3brll is a cross term with one electron from the

bulk Maxwellian distribution, and one electron from the hot
electron distribution, and it must be determined by integrat-
ing Eq. (A2) over two different electron distributions. In the
last term kkv1

Xv2
Xs3brll, both electrons come from the hot

electron distribution.
Because three-body recombination cross sections decay

with increasing electron energy, the recombination terms
that include one or both electrons from the hot electron
distribution are smaller than the term with both electrons
from the bulk Maxwellian distribution. Therefore, the total
three-body recombination rate coefficient lies betweens1
− fd2kkv1

Mv2
Ms3brll andkkv1

Mv2
Ms3brll (as noted in[38]). If f is

small or «0 is much larger thanTe, minimal error is intro-
duced by setting the total three-body recombination rate to
ne

2s1− fd2kkv1
Mv2

Ms3brll.
For fractions of hot electrons larger than a few percent

and«0 less than about 100Te, the trailing terms in Eq.(A7)
may make significant contributions to the total three-body
recombination rate. Figure 10(a) shows the rate coefficient
termskkv1

Mv2
Ms3brll numerically integrated over various elec-

tron distributions as a function of the characteristic hot elec-

tron energy«0. The terms decay quickly with increasing«0
and are not particularly sensitive to the functional form of
the electron distribution. The Maxwellian rate coefficients
can be obtained using detailed balance with an electron tem-
perature of«0. The Gaussian distributions give rate coeffi-
cients that are within 30% of the Maxwellian distribution for
«0/Ez@1 and can be approximated analytically by integrat-
ing over twod functions at«0. For «0/EZ@1, thed function
approximation agrees with numerical integration over the
given Gaussian distributions to a few percent and to within
35% for the narrow power-law distribution withg=5.

Three-body recombination rate coefficients for the cross
termskkv1

Mv2
Ms3brll with hot electrons at«0 and a bulk Max-

wellian at Te=100 eV are shown in Fig. 10(b). The cross
terms with non-Maxwellian hot electrons can be analytically
approximated by integrating over twod functions atTe and
«0. For «0/EZ@1, this approximation gives agreement with
numerical integration to within 10% for the Gaussian distri-
butions and 30% for the power-law distribution withg=5.
The bi-Maxwellian cross terms decrease less rapidly with«0
than the other terms because they include more low-energy
electrons. They can be approximated by detailed balance
(A1) at an effective electron temperatureTef f

4 =fsTe

+«0d /2g3ÎTe«0. This approximation agrees with numerical
integration to better than 30% for ratios of«0/Te up to 10.
For larger ratios of«0/Te, the effective temperature approxi-
mation for the bi-Maxwellian cross term is less reliable.
However, because the cross term becomes negligible for
large«0/Te, the total recombination rate using this approxi-
mation will have errors of only a few percent in the worst
case(f =50%) as long as«0/Te.10.
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