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Wave-number selection by target patterns and sidewalls in Rayleigh-Bénard convection
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We present experimental results for patterns of Rayleigh-Bénard convection in a cylindrical container with
static sidewall forcing. The fluid used was methanol, with a Prandlt numbér.17, and the aspect ratio was
I'=R/d=19(Ris the radius and the thickness of the fluid laygrin the presence of a small heat input along
the sidewall, a sudden jump of the temperature differeXitérom below to slightly above a critical valukT,
produced a stable pattern of concentric réfidarget pattermnwith the central rol(the umbilicug at the center
of the cell. A quasistatic increase o= AT/AT.—1 beyonde; =0.8 caused the umbilicus of the pattern to
move off center. As observed by others, a further quasistatic increasamfo £=15.6 caused a sequence of
transitions at;,,i=1,...,8, each associated with the loss of one convection roll at the umbilicus. Each loss of
a roll was preceded by the displacement of the umbilicus away from the center of the cell. After each transition
the umbilicus moved back toward but never quite reached the center. With decreaswgolls formed at the
umbilicus whene was reduced below; ,<e;,. When decreasing, large umbilicus displacements did not
occur. In addition to quantitative measurements of the umbilicus displacement, we determined and analyzed the
entire wave-director field of each image. The wave numbers varied in the axial direction, with minima at the
umbilicus and at the cell wall and a maximum at a radial position closd1®2The wave numbers at the
maximum showed hysteretic jumpse, ande; 5, but on average agreed well with the theoretical predictions
for the wave numbers selected in the far field of an infinitely extended target pattern. To our knowledge there
is as yet no prediction for the wave number selected by the umbilicus itself, or by the cell wall of the finite
experimental system.
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I. INTRODUCTION below, a pattern o€oncentricrolls can be stabilized. A con-

Wh ¢ t i o&T di itical centric pattern can also be the result of horizontal tempera-
en a temperature difference! exceeding a critical .o gradients near a cylindrical sidewall which are intrinsic

value AT, is applied across a thin, horizontal layer of fluid, 1 the particular construction of the sample cell. The concen-
convection occurs[1]. This phenomenon is known as ¢ pattern will consist of rolls, wheren is an integer. Of
Rayleigh-Bénard convectioiRBC). The fluid flow then these the one in the middle really would be more properly
forms a pattern. The onset of convection is determined by th9|ewed as a Convectione”, with either up flow or down
Rayleigh number flow in its center. It is often referred to as the umbilicus. This
_ type of pattern, known also as a target pattern, was studied
R= agdAT/xcv. (1) extensively by Koschmieder and Pall§] for relatively
Here « is the isobaric thermal expansion coefficiegtthe  large o. The rolls have a mean dimensionless wavelength
acceleration of gravityd the thickness of the sample,the  A=2I"/n wherel'=R/d (R is the sample radi)ss the aspect
thermal diffusivity, andv the kinematic viscosity. Linear sta- ratio of the sample and whereis the number of rolls along
bility analysis for a laterally infinite system shows that con-5 radius. The corresponding wave number kis 27/
vection will occur with a critical wave numbet.=2m/\; = zn/T". Koschmieder and Pallas found that the wavelength
=3.117(\ is measured in units of) when R exceedsR:  of the rolls away from the center and the sidewall increased
=1707.8[1]. For the laterally infinite system the patterns thatyyith increasingAT. They also observed a sequence of tran-

evolve beyond the onset of convection and their stability arjtions with increasing\T, each of which involved the loss

o= vk ) Later work for smallero showed that at a certain value
g, of e=R/R.~1 the target pattern becomes unstable

Weakly nonlinear theory predicts that immediately above on{7-11]. The instability is known as the focus instabiliy/2].
set, a laterally infinite uniform system should yield a patternHow this occurs in detail depends oenI’, and on the nature
consisting of parallel, straight rol[]. For real experimental of the confining sidewalls. Here we describe what happens
systems the patterns are influenced by the lateral boundariésr our particular sampléo=7.17 I'=19), where the side-
which contain the fluid. Even in these finite systems excelwalls fixed the phase of the pattern at the radial position
lent approximations of the predicted ideal straight rolls of the=I" (r is scaled by the cell thicknes. For the work of Ref.
infinite system can be found under some conditifBs5]. [8] (6=6.1,I'=7.5 the observed phenomena were similar.
However, the boundaries can also lead to patterns of differems ¢ is increased in small steps from small values, the um-
symmetry. Thus by heating a thin cylindrical convection cellbilicus shrinks. The result is a gradual decrease of the local
gently from the side in addition to heating primarily from wave numbers of the rolls away from the center. Wien
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increased beyond, ., the umbilicus breaks the cylindrical agreement with the predicted wave numbers for the far field
symmetry by moving off center. This transition is continuousof infinitely extended concentric rolls when the discontinui-
and the off-center patterns are stationary in time, but theies at the transitions were smoothed out. We also report
radial umbilicus position i dependent. Ag is further in-  results for the wave numbers selected at the umbilicus and at
creased, the umbilicus becomes even smaller, and then dige sidewall; but for these there seem to be no theoretical
appears at=g; . At that point the pattern once more ap- predictions.
proaches a state of cylindrically symmetric rolls, although In the next section we shall review theoretical predictions
perfect rotational invariance is not fully recovered. With fur- for the selection by concentric rolls and relevant previous
ther increase ot, this process repeats itself, with another experiments. Then. in Sec. Ill, we shall discuss the experi-
roll loss ate,,> e, p,, and so forth. The net result is a gradual mental apparatus and procedures, as well as the image-
reduction with increasing of the wave numbers of the rolls analysis methods. Section IV gives our results. It consists of
between transitions and a discontinuous changeatfeach ~ a discussion of the patterns observed in variouanges, of
transition. The transitions are hysteretic, occurring at presentation of the umbilicus-displacements results, and of
eia<&ip WhenAT is decreased. a presentation of our wave-number results. A brief section
We studied target patterns for<Ge<15.6 in a sample summarizing this work ends the paper.
with I'=19.0 using methanol witlr=7.17. We developed

high-resolution numerical umbilicus-detection algorithms  |I. THEORETICAL PREDICTIONS AND PREVIOUS

and determined quantitatively the umbilicus displacem#®nt EXPERIMENT

with increasing as well as decreasifngAt smalle the results i .

revealed the location of the focus instability,sat 0.8. Pre- Theoretical predictions of the wave numbdsg(e) se-

vious measurementid1], for ¢=0.93 and a largef'=43, lected in the far field of infinitely extended target patterns
had found the instability at lower values, neax0.1. Over ~have been made by several auth(ir2,20-23. For the infi-

the wholes range of our experiment the data fértogether ~ Nite system wave-number adjustment can take place by ex-
with measurements of an average wave numfxeraway Pansion of the pattern to large distances. Finite laboratory
from the center and the sidewall, revealed eight hysteretisyStems differ from this in an important way. The sidewall,

transitions. We observed large umbilicus displacement only!nder typical experimental conditions, pins the phase of the
for increasinge: for decreasing: the hysteresis yielded tran- Pattern and prevents this expansion. Thus a change of the

sition pointse; , which were sufficiently low to avoid the ~ 2verage wave number with changiags possible only at the
range over which the umbilicus displacement was large. umbilicus. However, also at the umbilicus unhindered phase
For £¢>5.6 cross rolls[13,14 formed at the outermost slip is not possible. Instead, a discontinuous and hysteretic

roll when the system was close to a transitionsas This process involving the destruction or creation of a convection

was particularly pronounced on the side opposite to the umcell occurs and leads to a discontinuous change of the wave-

bilicus displacement where the local wavelengths were exnumber field at the transition. The discontinuous effect on

ceptionally large whem was large. Nonetheless, the genera|the average wave number decreases as the aspect ratio of the
nature of the pattern was maintained up to our largest sample increases because the loss of a single cell in the cen-
values. For = 14 periodic time dependence associated with€" IS @ smaller perturbation for a larger sample. Thus even

the oscillatory instability[13,14 developed in the region [OF the sample with a boundary one expects, in the ldrge-
near the cross rolls. limit, a continuous curvég(e) as a function of. Theoreti-

A complete characterization of the pattern involves ac_ally the location of this curve is deterr_nined by the rotaf
tional symmetry of the target pattern which does not permit
the mean flow that is induced by roll curvature under less
mmetric conditions. Thus the horizontal force induced by

knowledge of the entire wave-director fieﬁd ,0) whered is
the angular and the radial position in the sample. Rather
than simply measuring an average wave n_umber along a C&he roll curvature must be balanced precisely by a pressure
diameter(as was done in previous workve |mplem§nted a gradient [20—23. This condition leads to a unique wave
local wave-director analysig5-17 and determined(r,6).  numberkg(e). Initial predictions of the selected wave num-
From k(r,6) we could then determine various averagedbers were applicable only for sma#l and are given by
quantities, includingk). The results fokk), determined over [21,22

a radius range that excluded the rolls near the center and the _a_ 2

sidewall, were discontinuous at the transitions. The hyster- kel = 1 =Sge + O(e) ®

esis loop of each transition was traced out quantitatively. Wavith Sg=-N’/R,, N'=0.1659+1.4264-1.220/0%, and R,
found that the azimuthal averagg(r) =(k), had interesting =10.76—0.0734+0.128/0%c. Herek,=3.117 is the critical
structure as a function af showing different selection at the wave number at the onset of convection. In Fig. 1 we show
umbilicus, in the bulk of the sample, and at the cell wall. TheSz as a function ofc. For the present work we have
competition between the selection mechanisms yielded a7.17 andSz=-0.0317. The measurements to be described
broad maximum ok,(r) nearr=2I"/3. For our experimental below yielded the experimental value —0.0285+0.001. This
conditions it did not yield any radially traveling waves, as result is shown as the circle in the figure. It falls slightly
predicted by Tuckerman and Barklgy8,19 for the case of above, but is generally in good agreement with, the predic-
conducting sidewalls. As was found in previous work tion. For the work of Ref[7] (0=14) the theory yieldsS;
[7-9,11, the values ofk) selected in the bulk were in good =-0.0243, but no corresponding result has been extracted
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FIG. 1. The theoretical prediction fdg=(kg/k.—1)/¢ in the
limit of small £ as a function of the Prandtl number The circle is
the result of the present work to be discussed below. c

from the data. Measurements for=0.93 were reported in
Ref. [11] and yielded a value foB; close to zero, but a
precise number was not quoted. For that case one obtains the
prediction Ss=-0.0266, butS;(o) changes rapidly witho

and passes through zero@t0.79.

Calculations valid at largee were made by Buell and 3.0
Catton[23] and by Newellet al.[12] using a combination of
analytic and numerical methods. Buell and Catton gave re- 20
sults for a few values ofr andR, and we shall compare our
measurements with interpolations between these predictions. 1.0
We show their results for a Prandtl number close to that of
our experiment in Fig. 2. Also shown in that figure are the 5T 3% 35 30 32 34
nearby stability boundaries of infinitely extended uniform k(1)
straight rolls[13,14. Although in the larges limit it is ex-
pected that the zigzag instability will coincide with the se- FIG. 3. Previous wave-number measurements for patterns of
lected wave numbei20-23, it is clear from the figure that concentric rolls.(a) From Ref.[6] for ¢=511 (circles and 916
o=7 is still far from that limit. (squarey and forI"'=13.28. For(b) and (c) open(solid) symbols

To our knowledge there is as yet no prediction of thewere taken with increasingdecreasinge. (b): From Ref.[8] for
wave-number selection at the umbilicus itself, although inc=6.1 andI'=7.5. (c): From Ref.[7] for 0=14 andI'=20. The
principle the theoretical framework developed in Rgf2] solid lines in all figures are the predictions from R¢3] and[12]
should lend itself to such a calculation. The results to bdor the relevanis values.
presented here show'that the wave number selected there g, yield a separate and competing selection mechanism
smaller than the one in the far field. . [18,19,24. This mechanism is expected to depend on the

Aside from the phase pinning mentioned above, the sidegonductivity of the sidewalls relative to that of the fluid, and
walls of experimental cells have an additional influence onyt is not understood quantitatively for typical experimental
the pattern. The boundary conditions imposed by the wallgonditions. For perfectly conducting sidewalls, Tuckermann
and Barkley[18,19 predicted a pattern of radially traveling
waves. The traveling nature of the pattern can be understood
in terms of the competition between the selection by the
curved rolls on the one hand and by the wall on the other
which can lead to a wave-number gradient which in turn can
lead to a nonzero time derivative of the phase of the pattern
[25,26. However, to our knowledge such radially traveling
waves have not yet been observed in experimg2is2g.

For o values not too small the wave numbers predicted
for curved rolls do not depend very strongly enin this o

00 01 range the wave numbers of target patterns have been deter-
mined beforeg[6—9], but to our knowledge they were never

FIG. 2. Stability boundaries of infinitely extended straight rolls COmMpared quantitatively with the predictions of Buell and
for a Prandtl numberr=7.0. Dashed line: zigzag instabilii4). ~ Catton. Koschmieder and Pallg8] determined a weighted
Solid line: cross-roll instability14]. Also shown, as a dotted line, average of the wavelengths of all rolls except for the outer-
are the wave numbers predicted for the far field of infinitely ex-most one. In Fig. @) we show their results foF'=13.28,
tended concentric roll23]. The two solid circles correspond to our and for =511 and 916. The solid line is the prediction of
experimental observation of the cross-roll instability near theRef. [23] for o=. Aside from a lateral shift, the overall
sidewall. shape of a curve passing through the data is very similar to

e

K/ k-1
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the theoretical curve. Since the data do not extrapolate to 4] | D) ‘
k.=3.117 ase vanishes, the shift presumably is due to ex-

perimental uncertainties of the length scales involved in the ’ ’
determination of.

In Fig. 3(b) we show results from Ref8] which were for
0=6.1 andl'=7.5. These data were obtained by measuring
the average wavelength of 2 rolls near 2I'/3. They seem
to show considerable scatter, but actually this is due to the

discreteness of the values kfwhich is noticeable in the
figure and which becomes more apparent for this relatively
small " where the system contains only a small number of
rolls. In this system hysteretic transitions were clearly ob-
served. The theoretical cury23] for this o value(solid line)
is a good smoothed representation of the data.

Finally, in Fig. 3c), some of the results reported by Cro-
quette and Pochealr] are shown. Thqse measureme_nts FIG. 4. The central 11d#< 11.4d section of the pattern fos
were foro=14 andl'=20, and were obtained by measuring values near the transition af,. They are from a run in whicAT

the average roll width along a diameter _in a region awayyas increased with 0.05 °C stepas=0.057. The system was
from the center and sides where the roll width appeared consqyilibrated for 1 h after each temperature step before taking a pic-
stant. The solid line is the numerical res{@3] for 0=14.  tyre. The images were divided by a background image, and then
The agreement clearly is very satisfying. The data do noprocessed numerically so as to greatly enhance their contrast. They
reveal much difference whenis increasedopen symbols  are for(a) £=3.139,(b) £=3.244,(c) £=3.301, andd) &=3.359.

or decreasedsolid symbol$. The authors report observing

hysteretic transitions, and thus it is somewhat surprising that The fluid used was methanol which. at 22.0 °C. had a
this hysteresis does not manifest itself in the wave-numbep, oot numbero=7.17 and a thermal conductivi'ty of

measurements. 0.20 W/m K. The vertical diffusion time wag,=54 s.

All of the previous investigations revealed that the roll  pe conyection rolls were imaged using the shadowgraph
adjacent to the sidewall was exceptionally wide, but none of,q,04[31,32. At large ¢, strong spatial variation of the
the prior investigations made any attempt to determine quarL—l

|

itatively th b | d at th I h efractive index caused nonlinear optical effects in the im-
ggt't\é? y the wave number selected at the wall or at the ce geq32], but the general features of the pattern could still be

discerned. This effect limited our ability to do wave-number
measurements far= 4. Nonetheless, the location of the um-
bilicus could still be measured.
Ill. EXPERIMENT In order to obtain concentric roll&T was set to zero and
A. Apparatus the sidewall heater power was set to 0.26 W. After waiting
, , . 2 h, we increased the temperature difference Ad@
We used a Rayleigh-Bénard convection apparatus de=( 7g oc (;=-0.1) and allowed the system to equilibrate

spribed in detail elgewherﬁg,Sq. The top plate was a for 1 h. After this the temperature difference was abruptly
single-crystal-sapphire disk, and the bottom plate was a pok—

shed alumi disk with tal-film heat ted und ncreased toAT=1.3 °C (¢=0.5 and the system was al-
IShed aluminum OISk with a metal-tim heatermounted undet, o 4 1, equilibrate for 2 h. The jump &T was necessary
it to provide uniform bottom-plate heating. Temperature-

controlled water was circulated over the top blate Thebecause defects typically formed in the interior when the

p plate. 1he mperature difference was raised gradually. Once concentric
bottom-plate temperature was controlled to create the deswer lls were obtained, the temperature difference was adjusted
temperature difference. The mean temperature was main- I
tained at 22.0 °C. For both the top and bottom plate, the'snn small stepgtypically between 0.05 and 0.01 j@nd the

: stem equilibrated for 1 h before taking an image at each
tleormspf(r:ature varied about the set temperature by less th"’tlg{mperature step. The power supplied by the sidewall heater

The cell wall was made of Lexa¢thermal conductivity was kept constant throughout the run.
0.23 W/m K) with an outer diameter of 9.6 cm and an inner
diameter of D=8.89 cm. A 0.012-cm-diameter manganin
wire was embedded in the cell wall to provide the sidewall ) ]
heating. This wire had a resistance of about(l,3and typi- Shadowgraph images of some of the patterns are shown in
cally dissipated 0.26 W. Figs. 4 and 5. All images were divided by a background

The height of the sidewall was 0.229 cm, though the acimage taken aAT=0. They were filtered by setting to black
tual fluid heightd depended on the compression of an O ring(White) all pixels that fell below(abovg a certain threshold.
which sealed the cell. The actual fluid height was determined\ Gaussian blur was then applied to the chopped image.

B. Image analysis

by measuringAT, and then inferringd from the fluid prop- We develqped an algorithm to determine the local wave-
erties and the measuredT.=0.873+0.005 °C. We found director fieldk. This method will be described in detail else-
d=0.234 cm, giving an aspect ratlé=19.0. where. First the orientation fielé(x,y) at each point of the
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IV. RESULTS
A. Patterns: Increasing £

We covered the range<0s <15.6 and with increasing
observed eight transitions af,,i=1,...,8 under quasistatic
conditions. A closeup view of images near the third transition
is shown in Fig. 4. At each transition a roll was lost at the
umbilicus. For all but the first transition the umbilicus first
moved away from the center asgrew. The angle of the
umbilicus displacement did not have a preferred value, as
can be seen from the examples in Figs. 4 and 5. This indi-
cates that the cell was sufficiently uniform. At the transition
the umbilicus collapsed, reducing the number of rolls in the
system by one. After a roll was lost, the new umbilicus im-
mediately moved back toward the center of the sample but
never quite reached it. This process was analogous to that
observed in Refs[7,8]. The umbilicus displacement before
each transition produced a noticeable azimuthal variation of
the wave number.

Close to but before the sixth transition, fer=5.4, a
patch of cross roll§13,14 formed along the outermost roll
on the side opposite the direction of umbilicus displacement.
At that point the local wave numbérof the concentric rolls

FIG. 5. Images near the transitionsegf, ande7p. The optical  \yas the smallest of the entire wave-number field, and was
foects that distort the rpll patterns can be seen in imdg)%nd(e)__ about 1.95k/k,—1=-0.39. The corresponding point in the
';'hthe rolls that aref be'nticompressed byﬂfhe off-(l::gnte; l;_rr?b”'mljss—k plane is shown as a solid circle in Fig. 2. The wave

ese Images are from e same run as those In Hg. 2. 1€ VAU mperb of the cross rolls that formed was about 4.3. The
?T;Sge(a) 5.649,(b) 5.707,(c) 5.821,(d) 6.910,(€) 7.368, andf) value ofk is somewhat larger than the predictigh4] kcg

=1.67 (kcr/k.—1=-0.46 for laterally infinite straight rolls

at this value ofs. This suggests that the roll curvature or the

sidewall reduces the stablity of the rolls against the cross-roll
image was calculated using a method similar to one introperturbation. The wave numbdr of the cross rolls that
duced by Crosst al. [16], but higher angular resolution was formed is larger than the predicted valiiel] bcg=3.5. The
employed. The wave-number fiekix,y) was then calcu- cross rolls disappeared whenwas increased further, the
lated at each point by moving orthogonal to the the roll ori-pattern lost the middle roll, and the umbilicus returned to-
entation at that point and determining the number of pixelsvard the center. At that point all parts of the pattern had
which falls within one wavelength, assuming a locally peri- returned to wave numbers safely in the stable Busse balloon.
odic structure. Before the nextseventh transition, neae = 6.9, cross rolls

Determinations of the wave numbe#@ \ from the im- ~ @ppeared again. In this case we foukd1.86 (k/k.—1=
ages require a knowledge dfand of the horizontal distance ~0.41 andb=4.3. This point is shown as well in Fig. 2.
5x between adjacent pixels. The uncertaintydofielded an ~ Again the value ob is somewhat larger than the prediction
uncertainty of only a small fraction of a percent. We deter-0=3.9 for infinitely extended uniform straight rolls. After
mined &x by counting the number of pixels which spannedth's transition the cross rolls fanned out to cover the entire
the sample diameter. This yieldéd=0.095+.002 and led to outer roll. Images near the two transitions are shown in

a combined uncertainty of about 2% flr An extrapolation F'g_l'_r?' I ined al h ; Il and after th
of the measuredt values with decreasing to e=0 gavek, € Cross rofls remained along the outerrofl, and afterthe

=3.166, which is within the experimental uncertainty of thefalghth transition, spread to the inner rolls asvas further

C . increased. Despite the cross rolls, there was still a discernible
VaI\L/J\? 3.117 for ;[jh?hmfllnltelt)_/ exte;n::\ed setbc_nl_f stra:)ght rolls. pattern of nearly concentric rolls, with the cross rolls super-
¢ measure € location of the umbiiicus by using 6ﬁmposed on these. Aroungk=11.5 the focus began to move

24dx 24d square section surrounding the center. The Ioc?lbff center but did not complete a ninth transition. This is

tion of the umbilicus was estimated by computing the maxi-jjystrated in Fig. 6a) for s=12.75. Cross rolls spread to the
mum of the cross correlation of the measured orientation,ner rolls, and as was further increased, the umbilicus
field 6(x,y) and the orientation field for perfectly centered retyrned to the center without losing a roll, as seen in Fig.
rolls 6.(x,y). This estimate was used only to identify the g(b) for £=15.56.

rough location of the umbilicus. Once the umbilicus was The pattern became time dependent neal4.2, where
identified, we used an edge-detection algorithm on the umsmall patches of traveling waves developed. These were su-
bilicus to determine its position with a resolution of about perimposed upon and orthogonal to the concentric roll, and
70 um or 0.03. traveled along the axes of the concentric rolls. The traveling
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FIG. 6. Images fo(a) e=12.75 andb) £=15.56 from the same 0 2 4 86 8 10 12

run as the one used for Figs. 4 and 5. The pattern in inf@ageas
stationary, while in imageb) the cross rolls oscillated along the FIG. 8. The umbilicus displacemerd away from the sample
axis of the main rolls. At these large values the images are center as a function of for increasinges. These data are from the
strongly influenced by nonlinear effects in the shadowgraphsame run as the images in Figs. 4 and 5, where we increagsed
method. steps 0ofAe=0.057 and waited 1 h after each temperature step for
the system to equilibrate before taking a picture.

waves occurred first on the third or fourth roll from the wall,
and with increasing spread throughout the cell. We associ- B. Patterns: Decreasinge
ate this phenomenon with the oscillatory instability predicted
by Clever and Bussgl3,14, although for our Prandtl num-
ber the cross-roll instability precedes the oscillatory instabil
ity.

The cross rolls observed here had been previously seen
Croquetteet al. [7], though there are differences in the way
they appeared. Croquetiet al. observed that cross rolls

moved in from the sidewall only after became larger than : .
about 10. They did not observe a relationship between théeturned to being qompl_etely paral_lel to the sidewall. How-
ever, defects remained in the interior of the pattern, and the

umbilicus transitions and the cross-roll formation. Despite . .
nearly identical Prandit numbers and aspect ratios7, T system did not return to concentric rolls asvas decreased
=20), Croquetteet al. could produce off-center patterns near belgrv %.ero.f —6 with tic i ind dent
transitions comparable to those shown in Fig. 5 with no cross arting from e=b6 with concentric time-independen

rolls [10]. In our system cross rolls permanently covered therolls, new rolls were generated at the um.b|l|cgs for d'St!nCt
outer roll for e=7.48, well before Croquettet al. first ob- valuese;, <eip ase was decreased quasistatically. During
served any. This dif,ference can perhaps be explained by ese transitions the umbilicus stayed close to the center, as
difference in the strength of sidewall forcing. A future studyI l;].StLated In Flzjg t7 :/\(/je - not de_tttra]rml[nle t_he r;:\axmumt

of the influence of various levels of sidewall heating should\t’;’ic'(;)an’:rrfou start decreasiisgvithout fosing the concen-

shed some light on this issue.

The nature of the patterns for decreasingepended on
the initial state. When starting above the oscillatory instabil-
ity (saye=14), decreasing broke up the concentric rolls.

all foci evolved, displaced the umbilicus, and emitted new
rolls ase was further decreased. However, the sidewall forc-
ing was strong enough to re-orient the outermost rolls paral-
lel to the sidewall for: <0.21. Bye =0.09 the outer roll had

C. Umbilicus displacement

With increasings we measured the displacemehof the
umbilicus from the center of the cell as a functioneofor
0.5<e<12. Results over the entire range are shown in
Fig. 8. A more detailed plot of the results ferc 4 is shown
in Fig. 9. Seven transitions, at,,i=2,...,8, are apparent
from these data. At the first transition, at,, we did not

07,
0.6}
05
.04
T
© 0.3
02}
FIG. 7. The central 11d#< 11.4d sections of images obtained 0.1
with decreasings near the transition at,,. This is from a run 0.0
where & was first increased to 3.49 and then decreased in steps 0 ! 2 8 4
Ae=-0.01. The values of are(a) 3.49,(b) 2.94,(c) 2.67, and(d)
2.65. Note how the size of the middle roll changes from imggye FIG. 9. An expanded view at relatively smallof the results
to (c), and how in(c) the umbilicus remains close to the center evenshown in Fig. 8. The thin solid line shows the umbilicus displace-
for ane value only just above, ,. ment for decreasing.
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FIG. 10. A very expanded view at smallof the results shown
in Figs. 8 and 9. This graph reveals the initial focus instability of the
centrosymmetric pattern af; .. The pointse; 5 and g1}, are the
limits of the hysteresis loop associated with the transition which are
revealed by the wave-number measurements to be discussed below.
The dashed curve is a fit of E¢4) to the data.

FIG. 11. A chopped and blurred image obtained with increasing

resolve any discontinuity i. Prior to each observable tran- ¢ at&=2.61. The highlighted section covers the range<1e<14
sition there was a large displacement, followed by a relaxand shpws the annulus over \_Nhlc_h we averaged the wave numbers
ation back toward a centrosymmetric pattern when the umt© obtain the valueg) shown in Figs. 12-14 below.
bilicus collapsed.
Figure 10 shows the data férover the range <2. Here  region in Fig. 11 to computék). In Fig. 12 the results ob-
we see that the pattern is, within possible systematic errors d@éined with decreasing and relatively smalhre shown. The
6, accurately centered far<e; ;=0.8. Abovee, ; the in-  solid line is a fit of the equation
crease of§ is consistent with an initially linear dependence,
and thus we fitted the results to (K)/ke— 1 =Sge + Sye? (5)

8e) = 8o+ Bi(e —£1,0) + Sole — £1,0)° (4 to the data over the range<0.6. The fit yieldeck,=3.167,
over the ranges;;<e<1.7 and to8(e)=4, for e<e;, ~ 8-0.0285:0.0010, and5=-0.027. The result fork,

Here 8, corresponds to the small offset, well within our pos- within thea priori estimate of the experimental uncertainties,

sible systematic errors, which is found even at small epsilon@drées with the theoretical valkg=3.117 for infinitely ex-

The parameterss,, 5;,5, and e, were least-squares ad- tended strqight rolls. The _result f& is shown in Fig. 1as
justed. The fit gaves; ,=0.86+0.13,6,=0.077+0.075, and &N OPen circle. It falls slightly above the predicted value
5=0.12+0.05. It is shown as the dashed curve in Fig. 10._0'0317' . .
The statistical error o, indicates that a fit to a quadratic _ Results fok)/k;—1 over the entire: range are shown in
equation[i.e., Eq.(4) with 8,=0] should be equally good. It Fig. 13 for both increasingopen circleg and decreasing
yieldede, .=0.66+0.08 and5,=0.14+0.02. We identify; . (solid circleg . Within experimental uncertainties they are
as the focus instability, i.e., as the first instability of the cen-consistent with previous measurements for simiaf7,8].
trosymmetric pattern with our aspect rati6=19.0 and The jumps in the wave number correspond fo the loss or
Prandtl number=7.17. creation of a roll at a transition. The hysteresis in the wave-
Whene was decreased, transitions involving the additionnUmber selection, previously observed by othgfs], is
of a roll at the umbilicus occurred at ,, but were not asso- clearly visible in our results. It indicates partial pinning of
ciated with large displacements of the umbilicus. Experimenihe phase of the pattern at the umbilicus. We believe that this
tal results fors with decreasing are shown by the thin solid Phase pinning is responsible also for the difference between
line in Fig. 9. This difference between increasing and de&xperiment and theory for the value 8f. On average the

creasinge was observed also by Steinbeztal. [8].
0.6

D. Wave-number measurements

We measured the averaged wave numbéks for 04r

0< e <4 for both increasing and decreasingFor compari-
son with theoretical predictions one would like to make this 0ol
measurement well away from the umbilicus; in practice there

is a limit set by the aspect ratio of the sample and by a

competing selection mechanism associated with the sidewall. 0.0
As we shall discuss below, the local wave numbers have a

maximum at a radial position in the range 40<14

(0.53"<r<0.74). Thus we selected an annular region ex-  FIG. 12. Results fokk) obtained with decreasing. The solid
tending over this radial range as illustrated by the highlightedine is a fit of Eq.(5) to the data.

3.10 3.15
<k> (d1)
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TABLE I. Location of the hysteretic transitions with decreasing
(¢i2) and increasingesiy,) e. For g, i=1,...,4 the uncertainty
0e=0.006. Fores , andeg 5, de=0.11. Fore; p,, 5e=0.029.

[ &ia &b
1 0.598 1.154
2 1.217 1.841
3 1.858 2.528
4 2.660 3.330
5 3.6 4.437
6 4.8 5.759
FIG. 13. Circles: the average selected reduced wave numbers 7 7 368
(k)/k,—1 vs e. Squares: the reduced wave numbkgd’)/k,—1 8 9.552

selected at the sidewall. Open symbols: increasinglosed sym-
bols: decreasing. Solid line through the data fofk)/k.,—1: the

prediction of Refs[23] and[12]. Lower solid line: the zigzag in-
stability for o=7.

the data fore=2.614. Thus we regard them to be an artifact
of the numerical procedures. We note, however, that the am-

data are in excellent agreement with the calculations bylitude of the oscillations is only about 0.5%lafand that a
Buell and Catton[23] which are given by the solid line Smooth curve through them is a good representation of the
through the data. actual wave numbers.

In order to illustrate the relationship between the first hys- From Fig. 15 one sees that the experimental daté faas
teretic transition at, , ande;, and the focus instability at mentioned above, have a maximum in the range 1614,
€1, We give an expanded view of the selected wave numbernd this range was used to compuip. Forr>14 the data
at smalle in Fig. 14. One sees that the discontinuitieggg  were fitted by straight lines as shown in the figure, and these
and ,,, are quite sharp, and that . is located near the fits were used to extrapolate the seleckg(t) to ky(r=I').
middle of this first hysteresis loop. Values gf, ande;, for ~ The results fok,(I") are shown in Fig. 13 above. They show,
all eight transitions are given in Table |. as noted by other$6—8], that the outermost roll has an

The top part of Fig. 15 gives an example for the radialanomalously large wavelengt{small wave numbér We
variation of the shadowgraph intensity. In the bottom part wenote thatk,(I') is not influenced significantly by the transi-
display the radial variation of the azimuthal averageof k
for three ¢ values. Also shown for comparisofbottom
curve, downshifted by 0)lis the result of our analysis for a
synthetic pattern of concentric rolls with a radial wave-
number distribution shown by the solid line which represents
a smooth curve through the results for2.614. 00 =¥ s

Ol_Jr analysis _yi(_alds re_sults fdf,,(r) which oscillate as a _0.1.-%%%4,
function ofr. This is particularly noticeable far below the e
maximum ofk,(r). These oscillations are not present in the 02
analysis of a synthetic concentric pattern with a uniform | %w
wave number, but as shown by the lowest set in Fig. 15, they
do appear in the analysis of a concentric pattern with a radial
wave-number distribution equal to the smooth curve through

Intensity

k(f)k, - 1

-0.3

L

(=3

5 10 15
radius (d)

N
o

FIG. 15. Top: an azimuthal average of the shadowgraph inten-
sity (arbitrary scalg as a function of radial position fos=2.61.
Bottom: azimuthal averages of the local wave numbers. The vertical
dashed line shows the location of the sidewall, and the two vertical
dotted lines show the inner and outer edge of the annulus high-
lighted in Fig. 11 and used to compute the average wave numbers
(ky shown in Figs. 12—14. From top to bottom, the first three data
sets are fore=0.077, 1.297, and 2.614. The lowest set is for a
synthetic concentric pattefiownshifted in the figure by 0)with

008 006 004 002 000 a wave-number distributiogshown by the solid ling given by
Kik, - 1 straight-line representations of the experiment §ar2.614. The
solid straight lines through the experimental data at largee fits

FIG. 14. A detailed view of selected wave numbégsnear the  to the data withr=14 and were used to finK,(I'). The dashed
focus instability ate; . and the first hysteretic transition &f,, and  straight lines through the experimental data at smadre fits for
€15 The symbols are as in Fig. 13. 5=<r=10 and were used to determik€D).
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40— ratio I'=19 in the presence of static sidewall forcing. Pat-

; terns of concentric rolls were obtained, and we studied the
guasistatic evolution of these patterns for both increasing and
decreasing:.

For increasings, over a range 0.4 ¢<15.6, the pattern
underwent eight transitions where the middle roll moved off
center and then disappeared sasvas increased quasistati-
cally. We measured the displacement of the umbilicus for
0.5<e<12. Abovee =14 the pattern became time depen-

09 =5 = =5 dent with oscillating rolls traveling along the axis of the
Kk, - 1 concentric rolls.
For decreasings, the concentric-roll pattern was lost

FIG. 16. Triangles: The reduced wave numbk(8)/k.—1 se-  when the initiale was too large. When was decreased from
lected at the origin. Open symbols: increasingClosed symbols: a moderate initial value, the concentric-roll pattern remained
decreasings. Rough solid line:ky(I') for decreasinge. Smooth  and new rolls nucleated at the umbilicus. Any umbilicus dis-
solid lines: predictions fotk) [23] and for the zigzag and cross-roll placement preceding the nucleation of new rolls was modest,
instabilities[14]. in sharp contrast with the behavior of the pattern for increas-
. - INg e.
tions at the .umb|I|cus. We looked for dependeqck(,(ﬂf) Using image-analysis techniques discussed in Sec. Il B,
on the applied wall current, but found none for instance at, o getermined the wave-number field for@ <4. From

s:ﬁ.l cIJver :jhe range froLn 0'0?2 t0 0.66 W. Intlerestingly, theis we computed the azimuthal averdgeThere was a very
wall-selected wave number does not extrapolatéitase  ngticeaple radial gradient df, both near the sidewall at
vanishes. Instead, it crosses the zigzag instability line of the. - o 4 near the center at0 Averaging the wave-number
laterally infinite system; but in the experiment for this finite field over the annulus 1<©r<.14 wherek, was relatively
system no instability was observed. We are not aware of anYonstant. we obtained an average Waf/e numiber We
qu?_?]tga;\(/eeﬂrrﬁ\gr?tﬁ gziﬁ:rzr;:t:”gg przgécttg*g )a.m found that(k) was discontinuous and hysteretic at the tran-

XP . 99 yeta 1Lsitions where new rolls were formed or disappeared at the
other unique wave number is selected by the umbilicus itsel umbilicus. Nonetheless, a smooth curve through the data
Egﬁlgsztrﬁgg tlgisst}%;?g t?ét%efggetémveaﬁémiig' agreed well with prediction§12,23 for the wave-number

. - : " . selection in the far field of concentric rolls. These average

The results are given in Fig. 16. For comparison we show in

: - : . “wave numbers were also consistent with previous work b
that figure also the prediction for the concentric-roll selection P y

231 (smooth solid line and the experimental results for others[7,8]. Near the wall and near the center the measured
[k (1]“)( 2aaed lin ! Orlleesees thekt(o)xiz ir:ﬂuenced st:Jon | k, were extrapolated to=I" and tor=0 to obtain the wave

o) (1agg . 9. i - gly numbersk,(I") andk(0) selected by the wall and the umbili-
by the hysteretic transitions at the umbilicus. At laegd(0)

_ cus. We are not aware of previous measurements or predic-
is on average close to the result fofI"), but ase decreases,

. i ' tions for these quantities.
k(0) is somewhat larger and tends toward an intermediate a

value somewhere betwedg(I") and (k) ase—0. Also for
k(0) there appear to be no previous measurements or ACKNOWLEDGMENTS
predictions.
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