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Phase diagram of charged dumbbells: A random phase approximation approach
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The phase diagram of the charged hard dumbbell systerd spheres of opposite unit charge fixed at
contacj is obtained with the use of the random phase approxima&R&A). The effect of the impenetrability
of charged spheres on charge-charge fluctuations is described by introduction of a modified electrostatic
potential. The correlations of ions in a pair are included via a correlation function in the RPA. The coexistence
curve is in good agreement with Monte Carlo simulations. The relevance of the theory to the restricted
primitive model is discussed.
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I. INTRODUCTION actions between dimefd7]. Camp and Pate}p] found that

The criticality of simple electrolytes has been a subject o€ number of free ions at the critical temperature of the
intense research for decades. The two defining features GiFM IS “essentially zero.” Actually, the phase coexistence
electrolytes were already captured by Debye and Hijggel Ccurve of the charged hard dumbbeBHD) system is found
who pointed out the essential role of charge fluctuations, anj& be very close to that of the RPM8,19. Most recen{20]
Bjerrum [2] who noted that for large charges/concentrationgViC calculations of the critical point of the CHD system give
strongly nonlinear interactions would lead to effective pair-c @lmost identical to that of the RPM, while is found to
ing of oppositely charged ions. The simplest theoreticaP® &PProximately 25% higher. They also conclude that the
model which received most attention is the restricted primi-CHD System belongs to the same universality clésiag) as
tive model (RPM), which consists of an equal number of e RPM[7], the general features upon approach to the criti-
positively and negatively charged spheres, all of diameter Cal point were found to be similar. A recent binding mean-
Recent interest in the phase diagram of the RPM has bez@ghencal approximation theory of Jiargal. [21] yields the

stimulated by appearance of reliable results from Montd?€St results when ions are assumed to be fully paired.
Carlo simulationg3—8§. We construct here a theory of phase coexistence in

Most of the theories of phase separation in the RPM Congharged hard dumbbells using the RPA. We use the RPA

centrate on calculating the properties of clusf@isand ob- (which for point-like ions is equivalent to the DH theory

taining th timates for th i want for di 22]) to account on a linear level for collective fluctuations
aining the estimates for thé association constant for dimegy charge density due to linearizable long-range electrostatic
formation [10] or the free energies of higher order clusters

) , , interactions. The strong short-range correlations that bind the
[11]. However, the interactions between different clusters, ;,q — charges are described via molecular correlation

have not received due consideration. They are either ngynctions. We consider the simplest case when all ions form
glected [9], considered as interactions between chargegonic dimers or dumbbells. In principle, the form of the cor-
spheres of the size of the clustdil], or only dimer-ion  rejation function between ions in a pair can be arbitrary in
interactions are consider¢#i2,13. Fisher and Levif10,13  the theory. We construct the phase diagram using different
emphasized the necessity of a correct description of intefforms for the molecular correlations of the ionic pairs and
cluster interactions. They incorporated dimer-ion interactions;ompare the results; we also compare the RPA phase dia-
into the Debye-Hiickel theoryDH) and thus obtained a good grams of dumbbells with the phase diagrams obtained by
estimate of the coexistence cury@e avoid the use of the ysing the hinding MSA and MC simulations for dumbbells
term “dipole” here to avoid confusion between point-like and for the RPM. Our RPA approach is closely related to the
dipoles and related systems of dipolar spheres, in which Néheory of Fisher and Levifil0,13, who used a DH-like ap-
phase separation is fouriti4,13 unless van der Waals inter- proach to calculate the fluctuation contribution from dimer-
actions are includefiL6].) The fairly simple theory of Fisher jon interactions. We use instead a RPA formulation of the
and Levin[10,13 yields better results when compared with pH theory to calculate the contribution from dimer-dimer
Monte Carlo(MC) simulations than those obtained with the jnteractions.
use of the mean-spherical approximatidnSA) [11,12 for The random phase approximation is a well-established
simple electrolytes. This demonstrates that correct account @feoretical method extensively used in polymer physics
charge correlations is more important than a correct descrig23-25. It successfully describes collective fluctuations in
tion (as in the MSA of the hardcore of the spheres. polymer blend$24,26,27 and polyelectrolyte solutior22].
Recent computer simulations have conclusively demonThe applicability of the RPA in polymer blends is based on
strated that the phase coexistence in RPM is driven by intefhe presence of long-range structural correlations due to the
connectedness of monomers in a polymer chain. This results
in the Ginzburg region being vanishingly smgfi4] t=|T
*Present address: Department of Chemistry, University of North-T|/T.~N™ (where N is the number of polymers in a
Carolina, Chapel Hill, NC 27599, USA. chain, typicallyN~ 10%). For simple electrolytes long-range
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correlations are due to the long-range nature of the bare Cou- pl2 0

lomb potential, which could be expected to ensure similarly ( ):< 0 /2>,

smallt. However, although the Ising criticality for RPM and p

CHD has been confirmed in MC simulatio6,7,2(Q, at  which corresponds to no structural correlations between ions,

present no agreement exists concerning the Ginzburg number no ionic internal structure. Substitutitfq) andg(q) into

of RPM, with reported values varying from~10* (Refs.  Eq. (3) we obtain the free energy correction

[28—3Q) to the valuest~ 10! found for neutral van der 3 . .

Waals fluids[31-34. (-1 ( d4q <| [1 4mlep }_ 4mlep )z_"_
RPAT 2 ) (2m)® P P 127’

Il. THEORY AND RESULTS (5

. where k=(4mlgp* )Y2. This is exactly the Debye-Hiickel re-
We consider a system of dumbbells composed of two hargult fo:pcginzl?lfe )ions y y

spheres of opposite unit charges and ¢ fixed at the con- As mentioned earlier, the RPA by its construction cannot

:a::t p(t)rlnnt TTe dlalmetT:rs of 6;" S?h{ﬁres artwhmr]rﬁonstl- b describe the effects of impenetrability of ions. To incorporate
utes te tc_Jny rfno”eckL: ar scar:a of the S%ﬁ eTH € NUMDBEHhese effects into the RPA we phenomenologically modify
concentration of all chargesphereis p (thus the concen- the electrostatic potentidl(q). The modification should be

tration of dumbbell molecules ip/2). It is convenient to carried out aig>1, given that at large distances we should

construct tge phase diagram in terms of reduced con.centr%-ave unscreened Coulomb potentid). Since the potential
tion p* = pa® and temperaturg* = kgTza/e*=a/lg (heres is is isotropic, it must be a function af2. Thus, we naturally

the dielectric constant of the medium ahgis the Bjerrum

(4)

3

arrive at
length).
We use the random phase approximatfi@8,24 to calcu- _A4mlg 1
late the fluctuation contribution to the free energy arising Ucu(a) = @ 1+ (6)

from charge-charge fluctuations. The expression for the gen-

eral case when structural correlations are present between |

different components readbelow all energies are reduced Ueu(r) = 2[1-€™], (7)
by kgT and all lengths and wavevectors by. r

which removes the singularity of the Coulomb potential at
= 1 dq r=0. In particular, this potential has been shown previously
ﬁzéfonwe[' +g(Q)U(Q)]}_2PiUii(q)>(27T)3- [36] to correctly describe the qualitative features of the
: k-transition in simple electrolytd87-39. It also has proved
1) successful in the description of phase separation in polyelec-
trolyte solutions[40]. However, until now no quantitative

Here U(g)=zzU(q) is the interaction matrix, witlg being comparison has been attempted. Given the phenomenologi-
the valencesj andU(q) the Fourier transform:U(q) cal nature of the potential to achieve a quantitative descrip-

— i ; ; tion we need to introduce a fitting parameter. We do it here
= ar F
Jdre¥"U(r). For the bare Coulomb potential we obtain by adjusting the abruptness of the cutoff

| 4l _4mleg 1
Uoaul$) =7, Ucoul®) = =3%. ) U@ =2 g ®)

We find the value ofxr by numerically fitting the free energy
Structural bondingeither chemical or thermoreversipless ~ of the RPM obtained from using this potential in the RPA
described in the structure matnixq) the elements of which —expression(3):

are molecular correlation functiofi85]. Given that the com- 1 d%q 21 21
ponents of the matridJ(q) have the formUj;(q) =zz¢(q), fRPM) = = 5 [1 +—2—2a] -5
where ¢(q) does not depend ainor j, we can rewritg1) as 2J (2m) q°(1+q) 9 (1+a9)

[33]: 9)

with the well-known solutiorf41] of the linearized Poisson-

_Frea_1 d%q Boltzmann equation for hard charged spheres, which takes
frrPa= V08 - Ef (27.,)3“”{1 + Trig(@U(@)} - Trlg(q correctly into account the boundary conditions for electro-
static potential
=0)U(@)]). ()

2
We start by considering the case of point-like positive and fpg=- %[In K=K+ KE} : (10)
negative ions each having a number concentragtitth The &
Coulomb interaction is given by E@2) with the vector of  Considering the fact that the free energy is used to construct
valencesz; ={+1,-1}. The structural correlation matrix is di- the phase diagram, we attempt to fit simultaneously the free
agonal and for point-like ions is given by the concentrationsenergy and its first derivative. Plots of mfg(x) and
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FIG. 1. Plots of the differences of the free energi@sand the first derivatives of the free energpy relative to those of linearized PB.
a=0.7 anda=0.8 (dashed lines «=0.77 (solid line) represents the best fit to the PB free energy.

—4mfrpa(k) and their first derivatives -#fjg(x) and pp

-4mfhpa(k) are presented in Fig. 1. The solid lines corre- 2 Ep(Q)

sponds tofpg, two dotted lines are fofgps With @=0.7 and g(q) = (12)
a=0.8 as indicated, and the dashed line is 4o¥0.77. As gp(q) g

expected, using just we cannot fit botHgpa(x) andfipa(x)
for all values ofx. In order to obtain certain value fer we  with p(q) describing the correlations between ions in a
fit the values of the first derivativefp(«) and fpg(k) at - dumbbell. We use here the natural first approximation that
k=5, corresponding tok~5.1 of the critical point of fixes ions at contact, i.ep(r)=48(|r|-1) or in Fourier space
charged dumbbells (p*=0.101£0.003T*=0.049 11 _
+0.000 03 obtained in MC simulation$20] (which is also o(q) = 229 (13)
very close tox=4.4 of the critical point of the RPM7]). q
The best fit is obtained far=0.77 which is depicted with &~ gypstituting the matrix(12) with the effective potential
dashed curve. We see that the overall fitfaba(«) and  y (q) into Eq.(3) we obtain the electrostatic contribution for
frea(x) is sufficiently good. dumbbells with finite size effects

Note, that we choose the potential in the fo(& based 3 5 )
only on the fact that we can obtain a good fit of the resulting (b _ }f d*q [ LK1-p@ } k1
free energy(9) to the linearized PB on€l0). We can also try RPAT 2 ) (2m)® RL+D*| L+’
to adjust the effective radius of the cutoff by introducing the (14)
following potential:

The full free energy is a sum of the free energy of the neutral
system and the electrostatic input

Amlg 1 f=frg+ f90) (15

Ugla) = ?[1 ymEE (11) RPA-

The free energy of neutral dumbbells is given by the
Tildesley-Streett fornj42] (we give here the formula for the
articular case when the distance between Iérsl, which

However, we have found that the simultaneous fits of the fre orresponds to our assumptjon

energy and its first derivative using this potentiatljusting
B) are inferior to those obtained employing the poteni®al * An—Br?
In principle, one could improve the fits by using a more fTs:%"‘ p*+ (717_—)2+Cln(1—7;), (16)
elaborate potential tha¢8), however, given the overall ap- K
proximations of the theory, the accuracy providedUbyq)
(combined with its simplicity is satisfactory.

In order to find the RPA free energy of dumbbells we needwhere n=mp* /6.
to introduce the structural correlations between positive and The coexistence curve of charged dumbbells calculated
negative ions via the structure matrix from the free energyl5) usingae=0.77 is plotted in Fig. 2 as

A=8.21199, B=6.309095, C=2.75503,
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FIG. 2. Comparison of the phase coexistence curves obtainec
from our theory(solid line) and the model of Jianet al. [21] (dots), 0.03 .
Fisher and Levirf13] (dashey Circles are MC results of Luijteat " 00 ' 01 ' 0o " 03
al. [7] for RPM, and squares are MC for dumbbdgh®]. o

a solid line. For comparison we also plot the MC simulations
results for the RPM7] (circleg and for CHD[19] (squarey
and the theoretical predictions of Fisher and LeYiB]
(dashed curveand Jianget al. [21] (dotted curve The criti-
cal point is located afp*=0.063,7*=0.0499 which is to it the PB curve for a simple electrolyte in Fig) the tem-
be compared with MC results(p*=0.101+0.003T* perature isT,=0.058 which is not very higke.g., it is very
=0.04911+0.00008 for CHD [20] and [p* close to the result of Fisher and Levih3] T.=0.05%. For
=0.079@25),T*=0.050 692)] for the RPM[7]. We con- «=0.8 we obtalnT =0.047 which is to be compared with
clude that our approach yields the best available theoreticdl,=0.049 for a=0. 77. Note that our choice af=0.77 is
prediction for the critical point. Our coexistence curve has &ased on the fact that for a simple electrolffg,(x) =fpg at
shape very similar to that obtained by Jiaegal. [21]. In  «=4.7, which corresponds te=4.4 for the RPM obtained
fact, we can fit the two curves adjusting the valuenof from MC [20,7]. The difference inT, whena is varied from

An important issue that needs to be addressed is hoW.77 to 0.8 for the dumbbell is acceptable, if we take into
robust our results are to changes in different inputs of theéccount that fore=0.8 the fit of the simple electrolyte free
free energy. Since we lack any alternative expression foenergiesfppa(X)=fpg 0ccurs atk=6.7 which is much larger
hardcore contribution of electroneutral dumbbells, the sensithan the value forw=0.77.
tivity to choosing the appropriate term due to density-density It is also important to determine the sensitivity of the
correlations is checked for the RPM. The phase diagrams falumbbell RPA theory to the details of the molecular correla-
this case are calculated using the potenitlg{g). We com-  tion of the ionic pairs, i.e., to the exact form of the correla-
pare the coexistence curves obtained using the Carnahatien functionp(q) used in Eq(14). In Fig. 3 the dotted curve
Starling free energy of hard sphergss] with the curve ob- corresponds to the coexistence curve of a system in which
tained with a simpler Flory-Huggins approximatidril the ions in a pair have Gaussian correlation¥q)
-p*)In(1-p*)]. The difference in the critical temperature is =exg—g?/6) (for this curve @=0.77). In this caseT,
approximately 2%, which indicates robustness of the results0.043, whilepz changes negligibly. Given a significantly
to the choice of hardcore free energuillot and Guissani different nature of correlations the shift of the critical point is
[44] investigated the Fisher-Levin moddl3] and reached a not large. Note that the case of a Gaussian correlator is of
similar conclusion. This suggests that hard core density ef-particular interest for polymer physics, since for flexible
fects are minor in the phase segregation induced by chargeolymer chains covalent bonds between monomers are theo-
fluctuations. retically described by Gaussian correlations. The assumption

The robustness of our RPA dumbbell model to the choiceof the same Gaussian correlations between thermoreversibly
of the fitting parametew is illustrated in Fig. 3. We plot the associated ion&uch as charged ions in associating polyelec-
CHD coexistence curves using=0.77 (solid) and «=0.8  trolytes and covalent bonds considerably simplifies a theo-
and «=0.7 (dashed (the equivalent free energies for the retical descriptiori35].
simple electrolyte for these values e@fare given in Fig. 1 As mentioned earlier, MC simulations yield a valuepéf
For these different values af there is practically no change for the CHD that is approximately 25% highj@Q] than that
in the p,, while the temperature changes noticeably. How-of the RPM[7]. As we see from Fig3 a rather significant
ever, comparing these plots with each other, we can concludehange of short-range correlations between ions in a pair,
that the results are sufficiently stable with respect to theshifts p; only negligibly. Therefore, the observed difference
choice of the value o&. For «=0.7 (which clearly does not between the CHD and the RPM critical point must be attrib-

FIG. 3. Phase coexistence curves fo=0.77 (solid line), «
=0.7 anda=0.8 (dashed lines as indicatedrhe dotted line is for
«=0.77 and a Gaussian correlator between the ions in a pair.
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uted to other effects not accounted here such as clusteringpunt the finite size of the charged particles; that is, to ac-
differences between the RPM and the CHD. That is, in theeount correctly for electrostatic boundary conditiofkl].
RPM there may be ions associated into nonelectroneutrale overcome this difficulty by introducing a phenomeno-
clusters which may be elongated. Instead, in the CHD théogical electrostatic potential which is adjusted at length-
clusters are always electroneutral, and, therefore, they agrales of the order of the sphere diameter.
compact. Clustering at higher densities may also explain the Our theory gives a very good prediction for the location
differences in the dense branch of the coexistence curve bef the critical point, however, the coexistence curve is too
tween the RPA dumbbell model and the MC results. narrow when compared with MC simulatiofi9,2qd. This
may be due to a neglect of all higher clusters, which must be
particularly important in the dense phase. Indeed, calcula-
Ill. CONCLUSIONS tions of cluster distributions in RPM have found non-
1egligible amount of higher mers, in particular tetramers
(:{9,4]. In principle, we can include higher order clusters into

core dumbbells using the random phase approximation. ) . . .
has long been recognizé@] that a linearized Debye-Hiickel Y theory by higher order correlation functions and consid-
ering thermal equilibrium between different clusters.

h by itself is inad te for descripti f ph
approach Ry ISet 1S Inacequate for teschption of pnase co An important wider implication of the presented work is

existence of simple ions due to stroand thus nonlineariz- o L L
able) interactions between neighboring ions. The idea of owthat the modified “”!”dom phase approximation quantitatively
escribes strongly interacting Coulomb systems. The method

approach is to include short-range nonlinear interactions vi% . ) -
PP g eveloped here can be easily applied for description of more

a correlation function, while the remaining long-range part | | . ith . . h
(leading to collective fluctuations of changés well ac- complex e ectrostatic systems with strong interactions, suc
as associating polyelectrolyt§35].

counted for by the RPA. In fact, the RPA is a formulation of

We have calculated the phase diagram of charged har
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