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Bending of flexible magnetic rods
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The flexible inextensible magnetic rod model is applied for the study of bending and buckling deformations
of the paramagnetic particle chains linked by polymer molecules. It is shown that the existing experimental
results can be reasonably well described by this model which takes into account the normal magnetic forces
arising at chain bending deformation. By matching the experimentally observed shapes with our numerical
simulation results different physical properties of the linked paramagnetic particle chains are determined.
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I. INTRODUCTION [8] extended by inclusion of the magnetic energy term to the

Flexible magnetic rods have been of great interest reEOtaI energy of the rod:

cently [1-6]. It has been shown that flexible magnetic rods 5 212

may be employed as micromechanical sensors for probing E:ECJ La- 2m’alx Hof(ﬁ-f)zdl—f/\dl 1)
rigidity at molecular scald5]. The bending rigidity of the 2 R u+1

chains of magnetic particles linked by polymers was mea-

sured recently by applying deformation to the rod by laseiHereR is the radius of the curvature of the centerline of the
tweezerg[6]. In respect of the obtained results it should berod, C is the curvature elasticity constaat;is the radius of
mentioned that the curvature elasticity constants which werghe rod considered as the cylindgris the magnetic suscep-
determined in different sets of experiments—bending of thgjpjjity ,,=1+4my, Tis the unit vector parallel to tangent of
rod and buckling of the rod under the compressional stresspe centerline and is given by its componefass &, sin ),
differ considerably—more than three times. As we illustrate, 4 the Lagrange multiplieh accounts for the local inex-

in the present paper, it can be interpreted by the action of th?ensibility of the rod. Considering the variation of Ed) at
magnetic force normal to the rod. To account for this force 2

we interpret the micromechanical data of the rod micromanEhe variation of the position of the centerliié=r+¢ we
ipulation by the model of inextensible flexible magnetic rod have

developed in Ref[7]. By this model it was found that hair-

pin shapes of the rod are possible under the action of the B

field [7]. This finding has been recently confirmed experi- 5E‘[M5¢]+[Ft§t]+[Fn§n]—J Knéndl —J Kiédl.
mentally [5]. In the present paper we are studying the influ- 2
ence of magnetic field on the dynamics and statics of the

flexible magnetic rod. We are able to describe by our model

the shapes observed in the bending and buckling experimenkiere. [ ] denotes the terms at the ends of the rgdand &

of Ref. [6] and describe the relaxation dynamics of the mag-2re the components of the Lagrange displacement in the di-
netic particle chains observed in this work. By matching therections of the normal and tangent to the centerline, respec-
experimentally observed rod shapes under the action of thévely, but de=0¢,/dl-§/R is the angle of tangent rotation
applied force and magnetic field we have found the magnetiat the Lagrange displacememtsTangent and normal vectors
permeability of the linked magnetic particles which have aare connected according to the Frenet equatitifidl=
san_dW|chI|ke structur¢6]. The model of the fI¢X|bIe mag- _3 /R Binormal is defined b)G:[fx A]. According to re-
netic rod and some analytical results concerning the dynanz g (2), the following expressions for the components of

ics of the rod are given in Sec. Il. Numerical simulation body f K £ d od
results and their comparison with available experimental datd'® Pody forceK, stresses=, and momentum stress

are given in Sec. IIl. =Mb are valid
Il. MODEL (1) 2aPadHE
The model of the flexible magnetic rod is developed in Fn=C R |+ w+1 sin 29, (3)
Ref.[7]. It is based on the Kirchhoff model of an elastic rod
C
. F'[:_<_2+A>1 (4)
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dF, F, 1 11 1 (12) is multiplied by —sin9€, and cosd€, and the obtained
n= a9 R =C R + R +A§ results are added. Then, accounting for the condition of the
! inextensibility, we obtain
L amatd o ) )
p+1 dl ’ 99r_39
alat dl
2,212 . .
K, = dF  Fn__ T+ lmsin@), (6)  and after integrating
d R R
ar 1.
— == (13
M =-CIR. (7) at ¢

As can be seen from the relatio(ﬁ)z—(?), in the magnetic  Thus, the boundary conditions for the set of E¢fl) and
field additional forceF;=[2m%a%y*Hgsin(29)]/u+1 nor-  (12) compatible with the condition of the fixed end lat
mal to the rod appears as required by the momentum balaneel is

dM . - - - -1 =6
o HEXFl+To=0, ® K=1)=0. (14
. . The boundary condition corresponding to the clamped end of
where To=-[2mx?H3sin(29) ma?]/ u+1b is the torque per the rod is
unit length due to the applied field.

In the simplest case of the Rouse dynaniigs for the ¥(-1)=0. (15

velocity of the centerline we have For the free end we have

-

v =K. dd
. - . . . —(+1=0, (16)
Here{ is the friction coefficient of the chain per unit length. dl
Accounting for the inextensibility of the rod q
an
Jd Ut 1
—+v,==0 9 > -
71 TUR © Fir1)=F.8, 17)
and the relation for the tangent angle chafige whereF, is applied force scaled with respect @jL>
9% do. v In the case of the small deformation of the rod, Ed4)
oV _0Up Ut

—n_= (10) and (12) can be considerably simplified. In this case, since

gt dl R A=0 up to the second order small term, Ejl) reads
the following set of dimensionless equations for the tangent

angle® and tension in the rod are obtained: B == +2Cmdy. (18)
1 Introducing 9=y, for the displacement of the rog after
O =~ (15‘”” + 5(19?),) = (6A), = A9, + Cmsin(29) ], integrating Eq(18) once we have
- Cm(9)? sin 29, (1) Yt = = Yoot 2 CMyyy. (19
! The solution of Eq.(19) with boundary conditions corre-
¢9|2A —Ay=- ﬁl(ﬁm + Eﬁi’s> +Cm 19|22 cog29) sponding to the semi-infinite rod
- 0)=F,,
+Cn(d, sin29)],. (12) Yool 0) = Fa
Here the dimensionless variables are introduced scaling the Y (0) =0,

length withL (2L is the length of the rogd time with {L4/C.
The magnetoelastic number characterizing the ratio of mag-

netic and elastic forces is introduced according to the relation y(==)=0, (20)
2my?H2malL? and initial condition y(x,00=0 can be easily found by
Cm=—2"-"—— Laplace transformation. In the case Cm=0, the solution
(n+1)C reads
On the basis of Eqq1l) and (12) in Ref. [10], the dy- = = 1/
namics of the free rod in the rotating magnetic field have y(x t):ijyﬂ e\ 2F g112P XCO i_plf“x "
been studied. In the case of the rod with one end fixed, the 2w ) p’4 V2 '

boundary conditions necessary for the solution of the set of
Egs.(11) and(12) are a bit less trivial. To deduce these, Eq. Finding the inverse transform for=0 we have
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Fa\2 34 p
o)=—71—. 21

YOO = @y e

The result given by relatio(®21) is used for the testing of the o ’

numerical simulation results of the rod dynamics. The solu-

tion of Eq.(19) at Cm+ 0 is more complex. o

For the displacement of the end of rod in this case we_
have

1 [
0,t)=—
y(O,1) 2mi) . o1 |
. 2iF,yp-Cm g 005 |
p(Cm+iyVp—-CmY2—(Cm-iVp-Cm)*?] P 0

[} . . .
(22) "
FIG. 1. Bending deformation of flexible magnetic chain. Nu-
merical simulation resultsF=0.15; Cm=0 (dashed ling F
I1l. NUMERICAL SIMULATION RESULTS =0.45; Cm=0.9(solid line), experimental data of Ref6] for the
PEG 733 linked chain are shown by filled circles.

Equations (11) and (12) with boundary conditions
(14—17) are solved by the numerical algorithm described in _, i o ) )
Refs.[7,10]. For the testing of the numerical simulation re- Fn. Which diminishes the deformation of the rod, overesti-
sults the integral balance conditions for forces and torque§latéd curvature elasticity constant is obtained. To illustrate
have been checked. Integrating relatid®) along the rod this point, in Fig. 1 together with the experimental dgég

oo _ . . the shapes of the flexible magnetic rod established in numeri-
and 'ga_tklng Into account th&(—.dF/dI gives the following cal simulation of the rod dynamics Bt=0.15 and Cm=0 and
condition of the force balance:

F=0.45 and Cm=0.9 are shown. We see that the experimen-

- ar tal data shown in Fig. 5 of Ref6] for the chain linked with
F&=F(-1) +f 50”- polyethylene glycol with molecular weight 73®EG 733
can be reasonably well described by our model of flexible
Similarly for the torque balance we have magnetic rod, but with a three times larger dimensionless

. force as we would have without taking into account the nor-

__or (. dF R L= mal force. This gives an explanation as to why the elasticity
fr X Edl ‘f rx adl =1(+1) X Fa8y - f [t Fldl. constant of the PEG 733 chain obtained in the bending ex-
periment is three times larger as found by buckling instabil-

23

(23 ity in Ref. [6]. The value of the magnetoelastic number
The last relation accounting for the torque balance @j. Cm=0.9 matching the experimental data allows one to esti-
gives mate the magnetic permeability of the PEG 733 linked mag-
. netic particles, which according to the technology of the
- = e PP P <) - preparation have a sandwichlike structure. Due to this, the

[F(+ 1) X Fag ]+ f Todl =M(0) f rx atdl =0. magnetic susceptibility of the particles is not large and can

be calculated according to the formula
In the steady case, E@1l9) for Cm=0 at the boundary

conditions at the free endygy(1)=F, andy,,(1)=0 and 16CmC
boundary conditions at the fixed and clamped gell) =0; (uw—1)2%= 2212 (25)
y,(=1)=0 has the following solutidi]: od
, Fax+1)3 Taking for C the value 1.X10*?dyn cn? found by the
y=Fax+1)"- 6 (24)  buckling experiment of Ref[6], a radius of particlea

=0.39 um, length of the chain[2=41.2 um and a magnetic

which works for a small deformation of the rod. Relation field strength ofH,=300 Oe for the magnetic permeability
(24) was used for interpretation of the experimental results irof the particles, we havee=1.16. This value seems to be
Ref. [6]. reasonable for the magnetic particles used in experiments

In Ref. [6] the bending of the flexible chain of the mag- Ref. [6]. It should be noted that the value of magnetic per-
netic particles linked by the polymer molecules was studiedneability found gives some average magnetic property of the
by applying the force to its free end by the laser tweezer. Bychain, which evidently depends on the distance between par-
matching the experimentally observed shape of the rod withicles determined by the linker molecules. In agreement with
the theoretical curv€24) in Ref. [6], the curvature elasticity this is the fact that the values of magnetic permeabilities
constantC has been determined. Since the experimental refound for PEG 733 and PEG 3400 linked chains are different
sults are interpreted without taking into account normal forceand the higher value of magnetic permeability corresponds to
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FIG. 2. Bending deformation of flexible magnetic chain. Nu-  FIG. 3. Bending deformation of flexible magnetic chain. Nu-
merical simulation resultsF=1.1; Cm=0 (dashed ling F merical simulation result$=0.06; Cm=0(steady configuration,
=1.6; Cm=0.33(solid line), experimental data of Ref6] for the  |ong dashed ling F=0.04; Cm=0 (steady configuration, short
PEG 3400 linked chain are shown by filled circles. dashed ling F=0.5; Cm=0;t=0.0972 (nonrelaxed shape, solid

. . . line), experimental data of Ref6] for glutaraldehyde linked chain
a shorter linker molecule. The experimental data shown w&re)shovﬁ)m by filled circles. fe] for g Y

Fig. 6 of Ref.[6] for chain linked with another polymer PEG
3400 and steady configurations found by the numerical S|muéqua| to 5s for PEG 733 and 3.8 s for PEG 3400 linked

lation of the rod dynamics for two cas€s=1.1,Cm=0 and  haing respectively. The value of the elastic relaxation time

F=1.6;Cm=0.33 are shown in Fig. 2. We see that the steady, 4 ajjows us to estimate the curvature elasticity constant
configuration found accounting for the magnetic normalys opaing If we take for the viscosity of the surrounding

force matches the experimental data very well as does thl?quid the value 10 P. then for the PEG 733 linked chain
configuration found without an accounting for magnetic Nor-\ hich is 41 2um Iong’we haveC=0.9x 10712 dyn cn?, but '
mal force. This illustrates the point why the elasticity con-¢, the PEG 3400 linked chain. which is 25.6n Ioné we
stant found in_ Ref[6] by the bending experiment is approxi- ..o 1 9% 1013 dyn cn?. The value of the elasticity con-
rr;]at_ehg 14k? tlmez Iar%er than that foun(;l] fron|1 thef srt]udy Olstant for the PEG 733 linked chain is close to that given in
chain buckling under the compression. T e value of the magg o¢ [6]. The value of the elasticity constant obtained for the
netic pe_rmeablhty found in this case accord!ng to the reIa‘uorpEG 3400 linked chain gives a larger value for the magnetic
(2?) ta£<|r21g gl_4:d25.6lr:?m and :lordthe ela§t|C|tyb consrt]gnt tTe permeability of the particles 1.068 than obtained above. Con-
value 2.2.10 dyn cnf (see the discussion about this value oo g the relaxation dynamics of the magnetic chain, it is

below) is sr;lwaller ano_ldeq_ual tﬁ 1'0|22' we wil (;etburnk;t_o this rather important to note that the magnetic field can signifi-
estimate when considering the relaxation and buckling €Xz4ny influence the relaxation dynamics. This can be illus-

periments with PEG 3400 linked chain. trated by the studv of th law determining the f d
The chains linked by glutaraldehyde are stiffer. We were rated by fhe study ot he poWer faw determining fhe iree en

able to match the chain shape shown in Fig. 9 of Re. dynamics in the field. The linear fit of the numerical data for
assuming that the chain shown in this figure has not achievec 1. : . . ; ;
its steady state. We see from Fig. 3 that nonsteady shape i | _
established atF=0.5; Cm=0 at dimensionless time
t=0.0972 matches the experimental one quite well; at leas
better than the stationary shapes shown in Fig. 3 Hor
=0.04 and==0.06. Due to a possible uncertainty of the situ-
ation we have not attempted to estimate the magnetic permes ,,
ability for this case.

The next series of experiments described in R&f.con-
sisted of the chain relaxation dynamics when the bending
force due to the optical trap was removed. Experimental date
together with the numerical simulation results for the dynam-
ics of the free end of the rod are shown in Figs. 4 and 5 for
PEG 733 and PEG 3400 linked chains, respectively. The Cnm | , , , , ,
values were taken equal to that found by matching the stead> ° o1 02 03 04 05 06
shapes of the chains at bending experiments. Matching the
experimental data with our numerical simulation results al- FIG. 4. Relaxation dynamics due to curvature elasticity. Nu-
lowed us to determine the characteristic chain relaxatiommerical simulation result§=0; Cm=0.9, experimental data of Ref.
time £L*/C, which in the two cases shown turned out to be[6] for the PEG 733 linked chain are shown by filled circles.
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FIG. 5. Relaxation dynamics due to curvature elasticity. Nu-  FIG. 7. Buckling instability of magnetic particle chain. Numeri-
merical simulation result$=0; Cm=0.33, experimental data of cal simulation result$;=4.4; Cm=0.33(solid line); F;=4.4; Cm
Ref. [6] for the PEG 3400 linked chain are shown by filled circles. =0.0 (dashed ling experimental data of Ref6] for the PEG 3400

linked chain are shown by filled circles.
the initial stage of the rod dynamics in semilogarithmic co-
ordinates lhy(+1)]=at+b at F,=0.15 and Cm=0 gives
=0.74 andb=-1.48, which corresponds very well to the val-

ues found according to the theoretical relati@l). The Tpe boundary conditions at free and fixed endsyager1)
characteristic power lawt®* experimentally is observed =0:y(+1)=0 andy,(-1)=0:y(-1)=0. Equation(26) at these
) X ) .

when _studying_ the (andom Brownian mation of.the paS.SiveDoundary conditions gives the eigenvalue problem for the
Brownian particles in the mesh formed by flexible rodlike critical compression forcé =F. in the following form:
=F, :

polymers [11,12. It is interesting that the characteristic

= Yxxxx™ Ayxx+ 2cmX<x: 0. (26)

power law in the magnetic field is different. The dependence 1

of the exponent for the free end dynamics on Cm found  tar(yF.—2Cm) - tan(vF,— 2Cm) = — ,
numerically is shown in Fig. 6. It would be interesting to VF.—2Cm
follow this dependence by a study of the Brownian motion of (27)
passive bead in the mesh formed by the magnetic particle

chains. which for the critical compression force givds.=2 Cm

The third set of experiments described in Rg] con-  +2.247. The corresponding eigenmode of the chain defor-
cerns the buckling instability of the chain arising under themation is
action of compressional force. In the linear approximation

when the tension in the rod is constant and equal to the . ———— sifVF.—2Cm(x - 1)]
applied force, the equilibrium conditiok,=0 for the dis- y=(1-xsinyF,—-2Cm + cos/F—20m
V C_

placement of rod/(x) reads

08 . , . in the agreement with the experimental dggait describes

the nonsymmetrical shape arising at the chain buckling. An
interesting conclusion about the magnetic chain buckling is
the dependence of the critical compressional force on the
magnetoelastic number. Since the magnetic field strength
was kept constant in the only existing experimental investi-
gation[6], we do not have experimental verification of this at
the present time. It is interesting to note that the increase of
the critical force of the buckling instability with the charge of

075 ¢

0.7

¥ 0865

os . . the flexible rod was found in Ref13].
‘ . We were able to match the shape arising due to the buck-
oss L . . . . ling instability, which was experimentally observed in Ref.

[6], by the shape found from the numerical simulations. To
. . . carry out the numerical simulation we have kept the free end
0 5 10 15 20 on thex axis. For this the forc& , in y axis direction was
o also applied. Its magnitude was found by the Newton method
FIG. 6. Dependence of the power law of the free end dynamic$0lving the equatiory(+1,F,)=0. Force along the axis F,
on the magnetoelastic number Cm. Filled circles show numericawas kept constant. The initial shape according to the found
simulation data. eigenmode of the chain deformation is given by

0.5
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VF.—2Cm cof\F.- 2Cmx - 1)] 1.041—a value slightly larger than found from the bending
9=0.1 , experiments.
cosyF.—2Cm

_ —] IV. CONCLUSION
- sinyF.—2Cm|.
We have shown by analytical and numerical investiga-
) ) ) tions that the model of inextensible flexible magnetic rod
The numerical simulation results for the steady shape of flexgescribes rather well the existing experimental data for the
ible rod at Cm=0.33 and compressional forlég=4.4 are  cpains of paramagnetic particles linked with different poly-
shown in Fig. 7. The value dF , found for steady configu- mers. Accounting for the force normal to rod arising at the
ration is 2.53. We see that the configuration found matchegeformation of the magnetic chain in the applied field leads
the shape experimentally observed in Réf.rather well. To o several predictions—dependence of the threshold for
illustrate the magnetic field effect in Fig. 7 the shape of theyyckling transition on the magnetic field strength, depen-
rod for the same compressional fofggbut Cm=0 is shown.  gence of the chain deformation rate on the magnetic field
We see that the application of the magnetic field diminishegrength, and others, which may be verified in future experi-
the buckling of the rod. The value of dimensionless forcements. Rather interesting is the possibility of applying the

5.08 found for the buckling deformation matching the ex-model of flexible magnetic rod for the determination of the
perimentally observed shape and the value of the forcastic properties of the linker molecules.

2.2 pN applied by the laser tweezer allows us to estimate the
curvature elasticity constant of the PEG 3400 linked chain
C=4.09x10* dyn cn?. This value and the value of the
magnetoelastic number Cm=0.33 for the magnetic perme- This work was supported by Grant No. LU 3 of Univer-
ability of the chain with length P=19.43um gives sity of Latvia.
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