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Thermophoretic force and velocity of nanoparticles in the free molecule regime
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We extend our previous gas-kinetic theory analysis of drag force in a uniform temperaturflfialtd
Wang, Phys. Rev. E68, 061206(2003; 68, 061207(2003)] to particle transport in fluids with nonuniform
temperature. Formulations for drag and thermophoretic forces are proposed for nanoparticle transport in low-
density gases. We specifically consider the influence of nonrigid body collision due to van der Waals or other
forces between the particle and gas molecules and find that these forces play a notable role for particles a few
nanometers in size. It is shown that the present formulations can be easily reduced to the classical result of
Waldmann[Z. Naturforsch. Al4a 589(1959] by assuming rigid body collision. From the force formulations
we also obtain the equation governing the thermophoretic velocity. This velocity is found to be highly sensitive
to the potential energy of interactions between gas molecules and particle, and as such Waldmann'’s thermo-
phoretic velocity is not expected to be accurate for nanosized patrticles.
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I. INTRODUCTION where\ is the mean free path of the fluid aRthe radius of
the particle. In the continuum regimékn<1), Epstein[11]

In recent studie$1,2] we obtained the mathematical for- examined the thermophoretic force for a sphere immersed in
mulations for the drag force, diffusion coefficient, and elec-a fluid. Brock[12] improved on Epstein’s solution by con-
tric mobility of small particles in a fluid with a uniform sidering slip boundary conditions in the continuum deriva-
temperature and a small particle Reynolds nunBs<1).  tions. Other attempts were made using the Boltzmann equa-
In the free molecule regime our analysis showed a notabléon as the starting point of the analydi$3—-15, but the
influence of the van der Waals and other forces between thealidity of these approaches remains questionftilel6,17.
particle and fluid molecules on particle drag, and these forces In the free molecule regiméKkn> 1), Waldmann[18]
were not considered in previous studiesg.,[3]). The pur-  proposed an expression for the thermophoretic force that re-
pose of the present study is to generalize our analysis tmains the foundation of modern engineering analysis for
particle transport in low-density gases with nonuniform tem-thermophoresis. The Waldmann equation is given by
perature. Our special interest here is the thermophoretic force
and velocity. Below we shall provide a brief review about Fo= _8 |2mmy RV T

. . . . T= K , (1)
past contributions to the formulations of thermophoretic 15 KT

force and velocity, from the continuum to the free molecule . .
regime. wheremy is the mass of the gas molecukeis the Boltzmann

Thermophoresis describes a phenomenon by which pa anstant,T is the temperature, ar_xelis the thermal (;onduc-_
ticles suspended in a fluid with nonuniform temperatures ar jvity of the gas. The corresponding thermophoretic velocity

subject to a force in the direction opposite to the temperaturé'S given by
gradient[4]. This phenomenon was first described by Tyndall VT
[5], who observed that in a chamber filled with dusty air Vy= —m, 2
there existed a spatial region around a hot body free of par- A4
ticles. The force that removes the particles from the hot rewhere ¢ is known as the momentum accommodation factor
gion is termed the thermophoretic for¢6]. The thermo- andN is the number density of the gas. A value of 0.9 is
phoretic force is often counteracted by the fluid drag on theraditionally chosen fok [19] based on Millikan’s oil drop-
particle, and in steady state the motion of particles has &t experiment$20]. In recent studiegl,2] we demonstrated
constant velocity due to equal thermophoretic and draghat¢ depends on particle size and possibly some other fac-
forces. This velocity is known as the thermophoretic veloc-tors. For this reason, we shall tergnthe momentum accom-
ity. Thermophoresis is of major importance in a variety of modation function hereafter. Waldmann’s solution was later
applications, including aerosol sciengd, biology [8], and  reproduced by Mason and co-workg®4,22 using a dusty-
combustion[9]. For example, a recent stud{0] demon- gas model that considers both specular and diffuse scattering.
strated that depositing flame-synthesized ;Ti@nocrystals Experimental[23-2§ and numerical studie§27,28 have
onto a substrate with tailored particle sizes and crystal morshown that for large Knudsen numbers the thermophoretic
phology requires a quantitative knowledge of the thermo{orce and velocity approach the Waldmann solution.
phoretic velocity. This is especially true for particles a few In the transition regimékn ~ 1) the problem is somewhat
nanometers in size. more difficult. Brock[29] extended the solution in the free
Similar to the drag force, the thermophoretic force ismolecule regime to the transition regime, while Talbogl.
strongly dependent on the Knudsen number (Km=\/R, [30] suggested that Brock’s continuum equatjd?®] could
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FIG. 1. (a) Collision model and the reference
frame. (b) Relationship among various vectors
(reproduced fronj1]).

(b) Diffuse Reflection

be used as an empirical formula for the entire range of Kn if  Il. A GENERALIZED THEORY FOR FORCES ON A

the coefficients in the formulation were chosen properly. Nu- PARTICLE IN THE FREE MOLECULE REGIME

merical studies have been reported using several different

forms of the Boltzmann _equathri_7,28,31. The numerical Following the pioneering work of Epsteif8], we ap-

results seem to agree with experimental data, although q“egzoach the problem by finding the total momentum transfer

gm:se Tﬁ;’g ggenno'[reztliﬁs;rcg)gct%rrw]a? dtruza/rigdslzui]i‘ot:(ﬁeladrggr ring collisions between the gas molepules and the particle.

Kn [32]. he total force exerted on the partlc!e is the ngt momentum
It is seen that the theories for thermophoresis in the conlU upon numerous collisions. Consider a gas in local equi-

tinuum and transition regimes are far from complete. In théibrium with a temperature gradient given ByT. Let the

free molecule regime, however, the gas-kinetic theory apvelocity of random motion of a gas molecule relative to the

pears to work very well as manifested by the success ofenter-of-mass velocity of the gas keA particle is intro-

Waldmann'’s solution. Yet the accuracy and validity of theduced into the gas with an instantaneous drift velogity

Waldmann formulation have not been adequately questioneggain relative to the center-of-mass velocity of the gas. After

and tested for nanosized particles. It is possible that based agllision, the velocities of the particle and gas molecule are

our previous studiefl, 2] the rigid body collision model em- gengted byv' andv’, respectively.

ployed in the Waldmann analysis can lead to large errors for aq iy our previous study1], we attach the coordinate

nanosized particles. Furthermore, to accurately predict thg stem to the particle with the,ori @ located at the mass

thermophoretic velocity, it is crucial that a thermophoretic Y par -~ .

force formulation be obtained in the manner that is consistenfe"te" Of the particle, as shi)wn In Fig. 1. The velocity (?f the

with the drag force formulation reported earljdr2]. gas molecules is given bg=v-V before collision andy

In this paper, we investigate the thermophoresis of nano=V' ~V' after collision. Let thez axis of the coordinate sys-

particles in the free molecule regime. The theoretical foun{€m be parallel t@, andi, j, andk be the unit vectors in the
dation of this analysis is the gas-kinetic theory. The influence% Y. andz coordinates, respectively.

of van der Waals force and other interactions is considered. It Consider the gas molecules traveling in a cylindrical re-
is shown that the current formulas are more general tha@ion with an impact parametérand velocityg (Fig. 1) and
Waldmann’s solution in that these formulas can be reduce@ small sector of this cylindrical shell of an area given by
to Eq.(1) if a rigid body collision is assumed. The theoretical bdbck. In the coordinate system defined above, the differen-
formulas are then parametrized and presented in a form théigl force in the sector on the partict# is the time deriva-
can be readily used in applications. tive of the momentum of gas molecules,
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p-p'
T ® Fs=m, f gg(f°~ 1N Q(g)av, (11)
\
wherep andp’ denote the momenta before and after colli-
sion, respectively. The incident momentuymfor the mol-
ecules in the sector is given by

p =mng, (4) QJg) = Zﬁf (1 - cosy)bdb. (12
0

wheren is the number of molecules in this sector at titme

whereQg(g) is the collision cross sectiof86],

Clearly, the force in Eq(11) can be split into two terms such
n=fgbdbcdt, (5 thatFg=Fp+Fr where the first tern_ _is the drag,

m,=mgm,/ (my+my) is the reduced mass of the gas molecule

a_nd a p_article W_ith mass equal tg,, andf is the velocity Fps= mrJ 99f°Q4(g)dv, (13)
distribution function of the gas molecules. In the presence of v
a thermal gradient, the velocity distribution function is given

by [33,34 and the second term accounts for the thermophoretic force,
f=10(1-1), (6)

where f0 is the velocity distribution function with uniform
temperature distribution

FT,s = mrj gngfTQs(g)dV- (14)

N The solution of Eq(13) has been obtained previouglyj] as

0_ -02/(2KT/my)
= e v 7
(27kT/m,)%2 @ 8 — .
o Fps=— —\2mmkTNRQL Dy, (15)
andfT accounts for the temperature variation, ’ 3
(T _2MiK (mr02 ~ §)V Voo ® where Q""" is the reduced collision integrs6]
5N(kT)?\ 2kT 2/ V ' P
®_21+3 .~
The momentum of reflected moleculps depends on the Q)" = 2[5/ Qs(zg)dy’ (16)
scattering model. We shall treat here separately two limiting (I+1)! 7R

models of collision, namely, specular and diffuse scattering. —_— )
For specular scattering, the angle of incidence is equal to th&"d ¥=9/V2kT/m. For the thermophoretic force, we com-
of reflection, as shown in Fig. 1, and the magnitudeg and ~ Pin€ EQ.(14) with Eqs.(7) and(8) and simplify to obtain
g’ are assumed to be equal. For diffuse scattering, the mag- 12
nitude ofg’ is Maxwellian, and the direction @ is random Fo =— i(ﬂ) KVTUJ gge—UZ/(sz/m,)
above the element surface of impd20,35. The dynamics Ts v
of flyby scattering are identical for both cases. > &

For specular scattering the angle of scattering is given by ><(mrv _ —)st(g)dv, 17)
[36] 2kT 2

) r‘z[l _b_ o }_mdr (99 Whereu=V/Vis the unit vector in the direction of the drift
r’ mgi2 ' velocity of the particle. As in the previous studg], we
assume thaV/ <v, because the particle is much heavier than
wherer is the center-to-center distance between the gas mohk gas molecule yet the temperatugketic energiegof the
ecule and particle, and, is the distance of the closest en- particle and gas are not very different from each other. The
counter. The van der Waals and other forces between the gasgror resulting from this assumption will be discussed in Sec.
molecule and particle are accounted for @yr), i.e., the V. We therefore havelv~dg. Let ¢ and 6 be the colatitude
potential function of interactions. The momentum of the re-and azimuthal angles afin a reference frame in whict is
flected molecules is therefore collinear with thez axis (Fig. 1). We have v?=g?+V?
+2gV cos p=~g?+2gV cos¢ for g>V. Since kT~myg?
~mg?>mgV, gV/(kT/m)<1. Therefore the exponential
(100  term in EQ.(17) may be expanded and simplified to

X(g,b):W—be

"m

p’ =mng(k cosy +i sin y cose +j sin y sine).

It is shown previoushf1] that the second and third terms in gV cos é
the above equation vanish upon integration avéom 0 to g (e*+2gV cos #)/(2kTim) (1 - —)e‘ GHRKTIM,) &,

2, and thus only the first term needs to be considered. Com- KT/m,

bining Egs.(3) through(6) and(10) and integrating ovey, (18)
b, ande, we obtain the force in the limit of specular scatter-

ing Fg as Furthermore, it can be shown that
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m,U2_§ ~( _§> e L m KT _ M KT
[ZkT 2]” v=| > (yV2KT/m, cos ¢ +V) P -\/Tneg- \/Tgfbdb(bdteg. (25)

+29°V cos’ ¢. (199 Decomposing the unit vectas on the principal axes of the
Using Eqs.(18) and (19) andg:y\s’m, we rewrite Eq. (r:nocirdlnlate system, we obtain the momentum of the reflected
(17) as olecule as
5 p’ 7Tm'kT[g cos{ +ig sin { cos
= &
Fre=-— T
T 5\7(2kT>KV “f f e [( 2) 2
+jg sin ¢ sin e]fbdbcdedt, (26)
X (yV2KT/m, cos ¢ +V) + 2y2V cog ¢] where=(y+m)/2. Putting Eqs(26) and(4) into Eq.(3) and
integrating, we obtain the force equation as
X Q4(g)sin ¢ cos ¢pdepdy. (20
Eliminating the inner integral, we obtain Fq= mrf g99f°(1 - f1)Qu(g)dv, (27)
\"
FT,s: o /m <V T{ f N YZQS( Y)dy whereQq(g) is the diffuse scattering cross section
- 1 kT
2 (” Qd(g)=277f (1+—\/ ;m sin)—2(>bdb. (28)
- gf 779_’2Qs(7)d7} u. (21) 0 g '
0

The above integral is divergent and should be modified to

The above equation may be expressed in terms of the r&ccount for the fact that fob=a critical impact factoty,
duced collision mtegralsz(l v andQ 1.2* 59 diffuse scattering is switched to orbitifg=by) and grazing

(b>bg) scattering[1,36] (see Fig. 3 of[1]). The resulting
8 [2mm ~ 6 . ion i
F=0 2 o v T(Q 1. Q(sl'z) )u. (22) expression is
~ 3 KT 5 bo 1 [7kT
1LY _po1.2* , Qu(9) =2 f <1+—\/ sin- )bdb

We note that();"~ -6, /5<0. Therefore the unit vec- 0 gvVva2m 2

tor u in Eqg. (22) ensures that the thermophoretic force is in .

the_dlrectlon opposite to the temperature gradle_nt. The inter- +f (1- cosy)bdb| . (29)
actions of gas molecules and particle are manifested in the bo

reduced collision integrals. It can be shown that in the limit
of rigid body collision(Q"?" =1 and™?"=1) and assum-
ing thatm,>m,, Eq.(22) is easily reduced to the Waldmann
equation(l).

We shall now obtain a similar expression for diffuse scat-Fa¢=Fpd+Fra= mrf 99f°Qu(g)dv - mrJ 99f°f'Qq(g)dv,
tering. The velocity distribution of molecules diffusely scat- v v
tered is Maxwellian and given bji] (30)

where FDVd:—(8/3)\s’27-rmrkTNI$Qg1'l)*V [1]. For the ther-
mophoretic term, we obtain the force equation in a similar
manner as that for specular scattering,

The subsequent analysis is simplified by recognizing that the

effective angle of diffuse scattering is normal to the surface Fo = 8 277er2 v T(Q(l D _ 69(1,2>*>u (31)
of impact[1], because the net momentum transfer is zero in 473 KT 5 ¢ '

the direction parallel to the surface. Define the polar angles
betweeng’ ande; as ¢ and ¢, wheree; is a unit vector as
shown in Fig. 1. The momentum of the reflected molecule

Again Eq.(27) can be split into a drag force term and a
thermophoretic force term,

1
f':2—<m“> gfo(1 - e a™@mm) (23

where Q""" and O?" are the reduced diffuse scattering
S‘(:oII|S|on mtegrals

can be written as 2 [ 223 Qy(g)dy -
d (I+1)! 7R
p’ :bdbdedtf m,g'g’ cosé&f’dg’ ) ) )
g Comparing the specular and diffuse scattering models, we
o 2 see that the formulations governing the thermophoretic force
- wf f4e—g’2/(2kT/mr)dg/J co & sin &d¢. and reduced collision integral are identical. The difference is
(kTIm)? ) 0 manifested by the collision cross sectifsee Eqs(12) and
(24) (29)]. This difference, however, vanishes when the rigid
body collision model is adopted. Specifically, the collision
Integrating the above equation, we find that integrals in Eq.(32) are simplified toQ"" =1+7/8 and
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le’z)*:1+577/48 for rigid body collision. Then again, Eq. =kT/e’ and reduced collision diameter’'=c/R with &’

(31) turns out to be the exact Waldmann solution. It has beeg 27¢5°/3u. It follows that 02 may be tabulated as a
shown[2] that the rigid body collision is accurate as long asfunction of T and o’ as presented in Tables | and Il for
the particles are much larger than 1 nm. Therefore, for largepecular and diffuse scattering, respectively. The ranges
particles the choice of the collision modgk., specular and 0.1<T* <100 and 0.0k ¢’ <0.6 are chosen to be suffi-
diffuse scatteringis inconsequential to the thermophoretic ciently wide for all practical purposes. For example, the

force. maximumo’ value ensures that the collision integral is ap-
plicable to particles with radius as small as 0.5 nm.
1,2* . .
I1l. PARAMETRIZATION These samél( : values are plotted in Figs. 2 and 3 as a

. o NG
The derivations in the preceding section consider two ljm-function _Of T* andg'. It is seen that Just I'kd.) [?]’
iting scattering cases. The real case should fall between the{@Vard high temperatures and large particle ¢&@all o),
limits [2]. A generalized equation for thermophoretic forcethe ) " integrals approach their asymptotic limits of 1 and
may be obtained in terms of average reduced collision intel +57/48 for specular and diffuse scattering, respectively.
grals Q" and Q2" and parametrized by The influence of nonrigid body collision occurs mostly for
N . . low temperatures and/or small particle sizes.
ng"g) = Q" + (1 - )", (33 We parametrize the reduced collision integrals in the form

wherel=1 or 2, ande is the momentum accommodation of [2]
function to be discussed in Sec. IV. This parametrization ac-
counts for the limiting case of diffuse scattering wigtx 1

and of specular scattering with=0. The resulting thermo- a a
phoretic force may be written in terms 6" as QL2 =14a+|a + 242 |y
ag N e r T
8 27Tm * 6 *
Fr=-4/ —'R%VT(QS;;;) --0L2 )u, (34) br, br, |
3V kT 5 + by - Tt e |7 (37)
and the drag force is
8 . — *
Fp=-2\2mmkTNRQLV. (35) o ,
3 where thea’s and b’'s are coefficients, and their values are
found in Table Ill. Equationi37) satisfies the asymptotic lim-
its of rigid body collision atT* —o and/or ¢’ —0. The
IV. COLLISION INTEGRALS AND MOMENTUM maximum fitting errors are 3.9% and 3.0% f0f"?* and
ACCOMMODATION FUNCTION 02 respectively, both of which occur for large’ and

small T, i.e., the high-curvature areas shown in Figs. 2 and
3. In other regions, the fitting error is well within 2%.

The collision integralsﬂu’l)* for both specular and dif-
fuse Scam’f,””g are tabulated ifl] using Rudyak- As discussed ifi2], the momentum accommodation func-
Krasnoluts(lflz)s* 9-3 potential functioi37]. Here we shall o o in Eq.(33) is dependent on the particle size. By com-
tabulate Q""" values. In its original form the Rudyak- paring the particle radius measured by transmission elec-
Krasnolutski potential energy is expressed as a function ofronic microscopy with mobility size data measured at room
the center-to-center separation distanaes temperature and ambient pressure, we found ¢hswitches
_ from a value of O to a value of 0.9 at 2—3 nm in particle

D(r) = Dy(r) = D4(r), (36) radius (see, for example, Fig. 7 d2]). This function was
where ®,(N=C{[(r-R'=(r+R)]-a[(r—-R) ™1 (r empirically fitted in the following form:
+R)T*1}, ag=9r/8, ag=3r/2, Co=4mea /(45v), and Cs
:27780'6/(31)), v=M/ps is the effective volume of the par-

ticle per moleculeps is the particle mass density, aii is ~1+09Kn1-1[1 +(R2.5Y)}

the mean atomic mass of the particle material. The collision = 1+Kn : (38)

diametero and well depthe are those of the Lennard-Jones

(12-6) potential function for the interactions of the gas mol-

ecule and constituent atom or molecule of the particle. These

potential energy parameters may be estimated from the selfvhere R is in nanometers. Equatio(88) accounts for the

interaction potential parametefi,37] using the simple mix-  transition from specular-scattering -dominated collision dy-

ing ruleso=(0y+0,)/2 ande =\ege,, Whereg andp denote  namics for particles with sizes approaching the molecular

the gas molecule and constituent atom or molecule of theize[33] to diffuse scattering being the predominant collision

particle. outcome for large particles as reported by Millik@®]. Put-
Equation (36) may be nondimensionalize?] and ex- ting Eq. (38) into Eq. (33), we obtain the average reduced

pressed as a function of modified reduced temperailre collision integral as
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TABLE |. Reduced collision integraﬂ)gl‘z)*.

!’

o

T 0.01 0.03 0.05 0.07 0.09 0.11 0.13 0.15 0.17 0.19 0.2 0.3 0.4 0.5 0.6
0.10 1.04 1.13 1.21 131 1.38 1.49 1.59 1.66 1.75 1.88 1.92 2.50 3.21 3.96 4.75
0.15 1.04 111 1.18 1.27 1.34 1.42 1.52 1.58 1.65 1.76 1.80 2.28 2.86 3.49 4.12
0.20 1.04 1.10 1.17 1.24 131 1.38 1.47 1.53 1.59 1.69 1.72 2.15 2.66 3.20 3.75
0.25 1.03 1.09 1.15 1.22 1.29 1.35 1.44 1.50 1.55 1.64 1.67 2.06 2.52 3.00 3.48
0.30 1.03 1.09 1.15 1.21 1.27 1.33 141 1.47 1.52 1.60 1.63 2.00 2.41 2.85 3.29
0.35 1.03 1.09 1.14 1.20 1.26 131 1.39 1.44 1.50 1.57 1.60 1.95 2.33 2.73 3.13
0.40 1.03 1.08 1.13 1.19 1.25 1.30 1.37 1.43 1.48 1.55 1.57 1.90 2.26 2.63 2.99
0.45 1.03 1.08 1.13 1.18 1.24 1.29 1.36 141 1.46 1.53 1.55 1.87 2.20 2.54 2.88
0.50 1.03 1.07 1.12 1.18 1.23 1.28 1.34 1.40 1.45 151 1.54 1.84 2.15 2.47 2.79
0.55 1.02 1.07 1.12 1.17 1.22 1.27 1.33 1.38 1.44 1.49 1.52 1.81 2.10 2.40 2.71
0.60 1.02 1.07 1.12 1.17 1.22 1.26 1.32 1.37 1.43 1.48 151 1.78 2.06 2.35 2.64
0.65 1.02 1.07 1.11 1.16 1.21 1.26 131 1.37 1.42 1.47 1.50 1.76 2.03 2.30 2.57
0.70 1.02 1.07 1.11 1.16 1.21 1.25 1.31 1.36 1.41 1.46 1.49 1.74 1.99 2.25 2.52
0.75 1.02 1.06 1.11 1.16 1.20 1.25 1.30 1.35 1.40 1.45 1.47 1.72 1.97 2.22 2.47
0.80 1.02 1.06 1.11 1.15 1.20 1.24 1.29 1.34 1.39 1.44 1.47 1.70 1.94 2.18 2.43
0.85 1.02 1.06 1.11 1.15 1.19 1.24 1.29 1.34 1.39 1.43 1.46 1.69 1.92 2.15 2.39
0.90 1.02 1.06 1.11 1.15 1.19 1.24 1.28 1.33 1.38 1.42 1.45 1.67 1.89 2.12 2.36
0.95 1.02 1.06 1.11 1.15 1.19 1.23 1.28 1.33 1.37 1.41 1.44 1.66 1.87 2.10 2.33
1.00 1.02 1.06 1.10 1.14 1.19 1.23 1.27 1.32 1.37 1.40 1.43 1.64 1.86 2.07 2.30
1.10 1.02 1.06 1.10 1.14 1.18 1.22 1.27 131 1.36 1.39 1.42 1.62 1.82 2.03 2.25
1.20 1.02 1.06 1.10 1.14 1.18 1.22 1.26 1.30 1.35 1.38 1.41 1.60 1.80 2.00 221
1.30 1.02 1.05 1.10 1.13 1.18 1.21 1.25 1.29 1.34 1.37 1.40 1.58 1.77 1.97 2.18
1.40 1.02 1.05 1.10 1.13 1.17 1.21 1.25 1.29 1.33 1.36 1.39 1.57 1.75 1.95 2.15
1.50 1.02 1.05 1.10 1.13 1.17 1.20 1.24 1.28 1.32 1.35 1.38 1.55 1.74 1.92 2.12
1.60 1.02 1.05 1.09 1.12 1.17 1.20 1.24 1.28 131 1.35 1.37 154 1.72 191 2.10
1.70 1.02 1.05 1.09 112 1.16 1.20 1.24 1.27 131 1.34 1.36 1.53 1.71 1.89 2.08
1.80 1.02 1.05 1.09 1.12 1.16 1.19 1.23 1.27 1.30 1.33 1.35 1.52 1.69 1.87 2.06
1.90 1.02 1.05 1.09 1.12 1.16 1.19 1.23 1.26 1.30 1.33 1.35 151 1.68 1.86 2.04
2.00 1.02 1.05 1.09 1.12 1.16 1.19 1.22 1.26 1.29 1.32 1.34 1.50 1.67 1.85 2.03
3.00 1.02 1.05 1.08 111 1.14 1.17 1.20 1.23 1.26 1.29 1.30 1.45 1.61 1.77 1.94
4.00 1.01 1.05 1.07 1.10 1.13 1.16 1.18 121 1.24 1.27 1.28 1.42 1.57 1.72 1.88
5.00 1.01 1.05 1.07 1.10 1.12 1.15 1.18 1.20 1.23 1.26 1.27 1.41 1.55 1.70 1.85
6.00 1.01 1.04 1.06 1.09 1.12 1.14 1.17 1.19 1.22 1.25 1.26 1.39 1.53 1.68 1.83
7.00 1.01 1.04 1.06 1.09 111 1.14 1.16 1.19 121 1.24 1.25 1.38 1.52 1.66 181
8.00 1.01 1.04 1.06 1.09 111 1.14 1.16 1.18 121 1.23 1.25 1.37 151 1.65 1.79
9.00 1.01 1.04 1.06 1.09 111 1.13 1.16 1.18 1.20 1.23 1.24 1.37 1.50 1.64 1.78

10.00 1.01 1.04 1.06 1.08 111 1.13 1.15 1.18 1.20 1.23 1.24 1.36 1.49 1.63 1.77
20.00 1.01 1.03 1.05 1.07 1.10 1.12 1.14 1.16 1.18 1.20 1.22 1.33 1.45 1.57 1.70
30.00 1.01 1.03 1.05 1.07 1.09 111 1.13 1.15 1.17 1.19 1.20 1.31 1.42 154 1.66
40.00 1.01 1.03 1.05 1.07 1.09 111 1.13 1.15 1.17 1.19 1.20 1.30 1.41 1.52 1.64
50.00 1.01 1.03 1.05 1.06 1.08 1.10 1.12 1.14 1.16 1.18 1.19 1.29 1.40 151 1.62
60.00 1.01 1.03 1.05 1.06 1.08 1.10 1.12 1.14 1.16 1.18 1.19 1.29 1.39 1.50 1.61
70.00 1.01 1.03 1.04 1.06 1.08 1.10 1.12 1.14 1.15 1.17 1.18 1.28 1.38 1.49 1.59
80.00 1.01 1.03 1.04 1.06 1.08 1.10 1.12 1.13 1.15 1.17 1.18 1.28 1.38 1.48 1.58
90.00 1.01 1.03 1.04 1.06 1.08 1.10 111 1.13 1.15 1.17 1.18 1.27 1.37 1.47 1.58
100.00 1.01 1.03 1.04 1.06 1.08 1.09 111 1.13 1.15 1.17 1.18 1.27 1.36 1.46 1.57
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TABLE Il. Reduced collision integraﬂél’z)*.

!’

o

T 0.01 0.03 0.05 0.07 0.09 0.11 0.13 0.15 0.17 0.19 0.2 0.3 0.4 0.5 0.6
0.10 1.44 1.60 1.74 1.89 2.04 2.18 2.33 2.48 2.63 2.79 2.87 3.70 4.63 5.65 6.75
0.15 1.42 1.57 1.70 1.83 1.96 2.08 2.21 2.34 2.47 2.60 2.67 3.38 4.16 5.01 5.92
0.20 141 1.55 1.67 1.79 191 2.02 2.13 2.25 2.37 2.49 2.55 3.19 3.88 4.62 5.42
0.25 141 1.54 1.65 1.76 1.87 1.97 2.08 2.19 2.30 241 2.46 3.05 3.68 4.35 5.07
0.30 141 1.53 1.63 1.74 1.84 1.94 2.04 2.14 2.25 2.35 2.40 2.95 3.53 4.14 4.80
0.35 1.40 1.52 1.62 1.72 1.82 191 2.01 2.10 2.21 2.30 2.35 2.87 3.42 3.98 4.58
0.40 1.40 151 1.61 1.70 1.80 1.89 1.98 2.07 2.17 2.26 231 2.80 3.32 3.84 4.40
0.45 1.40 151 1.60 1.69 1.78 1.87 1.96 2.05 2.14 2.23 2.28 2.75 3.23 3.73 4.25
0.50 1.40 1.50 1.59 1.68 1.77 1.85 1.94 2.03 2.12 2.20 2.25 2.70 3.16 3.63 4.12
0.55 1.40 1.50 1.59 1.67 1.76 1.84 1.92 2.01 2.10 2.18 2.22 2.65 3.10 3.55 4.02
0.60 1.40 1.49 1.58 1.66 1.75 1.83 1.91 1.99 2.08 2.15 2.20 2.62 3.04 3.47 3.92
0.65 1.40 1.49 1.58 1.66 1.74 1.82 1.90 1.98 2.06 2.13 2.18 2.58 2.99 3.41 3.84
0.70 1.40 1.48 1.57 1.65 1.73 1.81 1.89 1.96 2.04 2.12 2.16 2.55 2.95 3.35 3.77
0.75 1.40 1.48 1.57 1.64 1.72 1.80 1.87 1.95 2.03 2.10 2.14 2.52 291 3.30 3.71
0.80 1.40 1.48 1.56 1.64 1.72 1.79 1.86 1.94 2.02 2.09 2.12 2.50 2.87 3.25 3.65
0.85 1.40 1.48 1.56 1.63 1.71 1.78 1.86 1.93 2.00 2.07 211 2.47 2.84 3.21 3.60
0.90 1.40 1.47 1.55 1.63 1.70 1.77 1.85 1.92 1.99 2.06 2.10 2.45 2.81 3.17 3.55
0.95 1.40 1.47 1.55 1.62 1.70 1.77 1.84 191 1.98 2.05 2.08 2.43 2.78 3.14 3.51
1.00 1.40 1.47 1.55 1.62 1.69 1.76 1.83 1.90 1.97 2.04 2.07 241 2.76 3.11 3.48
1.10 1.39 1.47 1.54 1.61 1.68 1.75 1.82 1.89 1.95 2.02 2.05 2.38 271 3.05 341
1.20 1.39 1.46 1.54 1.61 1.68 1.74 1.81 1.87 1.94 2.00 2.03 2.35 2.67 3.01 3.36
1.30 1.39 1.46 1.53 1.60 1.67 1.73 1.80 1.86 1.92 1.99 2.02 2.33 2.64 2.97 3.31
1.40 1.39 1.46 1.53 1.60 1.66 1.72 1.79 1.85 191 1.97 2.00 2.30 2.61 2.94 3.28
1.50 1.39 1.46 1.53 1.59 1.66 1.72 1.78 1.84 1.90 1.96 1.99 2.28 2.59 2.91 3.24
1.60 1.39 1.46 1.52 1.59 1.65 1.71 1.77 1.83 1.89 1.95 1.98 2.27 2.57 2.88 3.21
1.70 1.38 1.46 1.52 1.58 1.64 1.70 1.76 1.82 1.88 1.94 1.96 2.25 2.55 2.86 3.19
1.80 1.38 1.45 1.52 1.58 1.64 1.70 1.76 181 1.87 1.93 1.95 2.24 2.53 2.84 3.16
1.90 1.38 1.45 1.52 1.58 1.64 1.69 1.75 181 1.86 1.92 1.95 2.23 2.52 2.82 3.14
2.00 1.38 1.45 151 1.57 1.63 1.69 1.74 1.80 1.86 1.91 1.94 2.21 2.50 2.81 3.13
3.00 1.37 1.44 1.49 1.55 1.60 1.65 1.70 1.75 1.80 1.85 1.88 2.14 2.41 2.70 3.01
4.00 1.36 1.43 1.48 1.53 1.58 1.63 1.68 1.73 1.77 1.82 1.85 2.10 2.37 2.65 2.95
5.00 1.36 1.42 1.47 1.52 1.57 1.62 1.66 1.71 1.76 1.81 1.83 2.08 2.34 2.62 291
6.00 1.36 1.41 1.47 1.52 1.56 1.61 1.65 1.70 1.75 1.79 1.81 2.06 2.32 2.60 2.89
7.00 1.35 1.41 1.46 151 1.56 1.60 1.64 1.69 1.74 1.78 1.81 2.05 2.31 2.58 2.87
8.00 1.35 1.41 1.46 151 1.55 1.59 1.63 1.68 1.73 1.78 1.80 2.04 2.30 2.57 2.86
9.00 1.35 1.41 1.46 151 1.55 1.58 1.63 1.68 1.73 1.77 1.79 2.04 2.29 2.56 2.85

10.00 1.35 1.41 1.46 1.50 1.54 1.58 1.63 1.68 1.72 1.76 1.79 2.03 2.29 2.56 2.84
20.00 1.35 1.40 1.45 1.48 1.52 1.56 1.61 1.66 1.69 1.73 1.77 2.00 2.25 2.51 2.79
30.00 1.35 1.40 1.45 1.47 151 1.56 1.61 1.66 1.68 1.72 1.76 1.98 2.22 2.48 2.75
40.00 1.35 1.40 1.45 1.46 151 1.56 1.61 1.64 1.67 1.72 1.75 1.97 221 2.47 2.74
50.00 1.35 1.40 1.45 1.46 1.50 155 1.61 1.64 1.67 1.72 1.74 1.96 2.20 2.46 2.73
60.00 1.35 1.40 1.44 1.46 1.50 155 1.60 1.63 1.67 1.72 1.73 1.95 2.19 2.45 2.72
70.00 1.35 1.40 1.44 1.45 1.50 155 1.60 1.62 1.66 1.72 1.73 1.95 2.19 2.45 2.72
80.00 1.35 1.40 1.44 1.45 1.50 155 1.60 1.62 1.66 171 1.72 1.95 2.19 2.44 271
90.00 1.35 1.40 1.44 1.45 1.50 155 1.60 1.62 1.66 171 1.72 1.95 2.18 2.44 271
100.00 1.35 1.40 1.43 1.45 1.50 1.55 1.60 161 1.66 1.71 1.72 1.94 2.18 2.44 2.70
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qar - 2+ Kn(0.908"" +0.108"") - 0.9 KnQ{"" - Q"")/[1 + (R2.5] |

ag 1+Kn (39)

Our recent studiegot reported henehave suggested that assumption oV <wv leads to merely 1% error iRt and V¢
in addition to particle size may also be influenced by tem- (see Sec. I
perature, the potential energy of interactions between the gas We now examine the effect of nonrigid body collisions on
molecules and particle, and thus the particle material. Wehe thermophoretic velocity. Figure 4 shows the ratio of non-
nonetheless assume here that a function of particle size rigid body V; to rigid bodyV for several types of particles.
only and use Eq(39) to obtain the average collision integral The material properties used in the calculation are found in
ng‘g*, since a quantitative description of the influences ofTable IV of [2]. Soot is assumed to be composed of carbon
temperature and potential energy @ris not available. only and its density is chosen to be 1.8 g/cf@8]. In this
figure, the solid lines are calculated usigg=0.9 for the
Waldmann thermophoretic velocity, a value traditionally
used in computing the thermophoretic velodi®y18 and the
. ] _drag force[19,2(0. Dashed lines in Fig. (4) are similarly
Following Waldmann(18], we define the thermophoretic caiculated with the exception that E@8) is used fore in
velocity Vy as the terminal velocity of vanishing total force waldmann's equation.

on the particle, i.efr+Fp=0, and obtain the expression for  As seen in Fig. 4, the variation of this velocity ratio is

V. THERMOPHORETIC VELOCITY

Vr as

v (16%)_)LT
T 500" ) NKT'

For the specular and diffuse scattering cases, one needs orfi
to replace the subscripaVg' in the collision integrals by &’

and “d.” As expected, Eq(40) reduces to the exatt; equa-
tion of Waldmann[Eq. (2)] for rigid body collision if ¢ is

assumed to be a constant.

Based on Eq(40), we calculate that for air at the ambien
condition V=5 m/s, even if the temperature gradient is as
large as 1®K/cm. In comparison the mean velocity of air
molecules is around 470 m/s. Therefore we expect that th

*
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attributable both to the variation of the momentum accom-
modation function and, more importantly, to the potential
force of interactions between the gas molecules and particle.
The zigzag behavior in this ratio #=2-3 nm is lagely
used by the switching of the dominant scattering mecha-
nisms from specular to diffuse reflections, which subse-
quently affect the drag force. For ultrasmall particles, the
deviation of Waldmann’s thermophoretic velocity from the
current formulation is severe, by more than an order of mag-

t nitude in some cases. F&> 10 nm, the difference is dras-

tically reduced compared to that f&< 10 nm. Even then,
the rigid body assumption can overpredict the thermo-
ghoretic velocity by as much as 20% f&=10 nm. The
strong influence of potential interactions on the thermo-

FIG. 2. Variation of the reduced collision integrﬁl(sl’z)* as a FIG. 3. Variation of the reduced collision integrﬁl&l’z)* as a
function of modified reduced temperatufé=kT/e’ and reduced function of modified reduced temperatufé=kT/e’ and reduced
collision diametero’. collision diametero’.
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TABLE lll. Coefficients of Eq.(37). Coefficients forﬂ(s,ldl)* are obtained froni2] and those foﬂg,lcf)* are
from the present study.

Integral a ar, ar, ar, bTO le bT2

ol 0 0.316 1.470 0.476 1.530 -5.013 4.025
ol? 0 0.338 1.315 0.412 1.503 -4.654 3.410
- /8 1.072 2.078 1.261 3.285 -8.872 5.225
i 5m/48 1.159 1.506 1.204 3.028 -7.719 4.180

phoretic velocity is not surprising considering that the sameChapman-Enskog theof®3]. As the particle size is reduced
effect was observed for the nanoparticle drag fdd€]. By  to molecular level, Q)" becomesQ*"" [2]. In a dilute
considering the potential interactions, we showed that th@article-gas mixture t?le Chapman-Enskog thermophoretic
predictions of the theory were in excellent agreement withvelocity may be simplified to
data obtained for silver, copper oxide, and protein nanopar- 1.2
ticles with sizes ranging from 1 to 10 nm in diameteee VEE = C(l _§Qs ' )ﬂ (41)
Figs. 6 and 8 of2]). T 5039 ) NkT

In addition, we compare the thermophoretic velocity Eq.

(40) with the thermal diffusion velocity predicted by the Py assuming that the molar mass of the particle is much
larger than that of the carrier species. In the above equation,

125 C represents a higher-order correction \f¢ and may be
@) 72000 expressed in terms of a number of reduced collision integrals
; P\
1oof [33],
" c- 612(200% + 5007 “2)
1607~ 6002 + 4807 + 5507
; For rigid body collision, it is easy to find tha€=1. For
b2 : nonrigid body collision, the coefficiel@ is listed in Table IV
000k as a function of reduced temperatures and for both the
Lennard-JoneéLJ) (12-6) potential function and the current
- [ (9-3) potentials employed for particle-gas interactions. It is
g, 1.00F seen thaC is close to unity for most cases. At high tempera-
'5; : tures the correction amounts to about 10% for thg12}-6)
s 0L potential, which is probably smaller than the uncertainty in
E 050: the potential function. Therefore, as the particle size ap-
g I proaches that of a molecule, the current theory is quite accu-
E[: 025 rate compared to the Chapman-Enskog theory.
) -
0.00" VI. SUMMARY
[ We extended our previous kinetic theory analysis of drag
L | on particles in a low-density gas to thermophoresis of nano-
i LY, particles in the free molecule regime. Formulas for thermo-
ey phoretic forces and velocities were derived on the basis of
osol gas-kinetic theory. Our derivation considered the influence of
L the potential energy of interactions between the gas mol-
02sf 7 ecules and particle. This influence was expressed in terms of
E 100K Soot (Carbon) reduced collision integrals. We demonstrated that the as-
0.00 bl = e =
100 101 - : )
. . TABLE V. CoefficientsC in Eq. (42) as a function of reduced
Particle Radius, R (nm) temperaturel”.
FIG. 4. Ratios of nonrigid to rigid body thermophoretic velocity .
calculated by dividing Eq(40) by Waldmann’s equatio2). The T
molecular parameters are found in Table IV[2f. Solid lines are  pqtantial functiond(r) 03 1 10 20
calculated using Eq38) for the momentum accommodation func-
tion and¢= 0.9 for the Waldmann thermophoretic velocity. Dashed Lennard-Jone§l2-6) 1.002 0.950 0.925 0.918

lines are similarly calculated with the exception that E8@) is Equation(36) with o’ =1 1.060 1.034 1.018 1.017
used fore in Waldmann'’s equation.

021205-9



Z. LI AND H. WANG PHYSICAL REVIEW E 70, 021205(2004)

sumption of a rigid body collision in Waldmann’s analysis 8 [2mm, wp 6 12
can lead to thermophoretic velocity values significantly dif- Fr=o\ = R«VT| Qug —2Qapq U (43
z o 3 kT 5
ferent from the more realistic nonrigid body model, espe-
cially for nanosized particles. The current analysis also demand
onstrated that Waldmann’s formula may be considered as a X
limiting case of the current result under the assumption of vo=(1 §Q$;2) VT
rigid body collisions. T7\* 5000 | NKT’
. . 5044 / NKT
On the basis of the current analysis, we propose that the
thermophoretic force and velocity in the free molecule re-respectively. In these equations the average reduced collision
gime be modeled by integrals can be evaluated by

(44)

PRI Uil Kn(0.908"" +0.10{"") - 0.9 KnQ{"" - M"")/[1 + (RI2.5]
e 1+Kn ’

(45)

where the values a2™"" and Q""" are found in Tables | and Il di2] for I=1 and Tables I and Il of the current paper for
[=2. Alternatively, these collision integrals may be evaluated using the parametrized equation

002 =14t |ar + oy S|yl o, P o'? (46)
s/d TO T* 1/4 T* 1/2 To T* 1/4 T* ’

where the coefficienta andb are found in Table Ill.
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