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Dust acoustic shock waves
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It is shown that nonlinear equations governing the dynamics of large amplitude nondispersive dust acoustic
waves admit nonstationary dust acoustic shock waves. Analytical and numerical results for the latter are
presented, and the relevance of our investigation to laboratory experiments is discussed.
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In their classic paper, Rao, Shukla, and [Yij predicted IVy Z4e 3nyTq
linear and nonlinear properties of dust acoustic waves 9t +Vg- Vvg=—e€ E V- n2,my Vg, (4)
do

(DAW’s) in an unmagnetized dusty plasma. The DAW'’s are

low phase speedin comparison with the electron and ion \yhere n, is the dust number densityy is the dust fluid
thermal speedselectrostatic oscillations supported by the yg|qcity, andT, is the dust temperature.

restoring force coming from the inertialess electron and ion  The equations are closed by means of Poisson’s equation,
fluids, as well as the inertia of charged dust grains which are

a billion times heavier than ions. Thus the DAW'’s appear on V2¢ = 4me(ng— N, — €Z4ny). (5)
a kinetic level, which have been visualized by the naked eye ) _ i
in several laboratory experimen8-7]. In radio-frequency In the following, we study nonstationary properties of

dusty plasma discharges, typical wave frequencieave- one-dimensional nondispersive fully nonlinear DAW'’s. Thus,
lengthg are 10 Hz(half a centimeterwhile the wave phase from ne—n—€Z4ny=0, we have

speed is roughly 5 cm/s. Typical images of the DAW's re- _

veal that waves are of large amplitudes and their wave fronts Ng =[a exp(= 7¢) — explp) /(e = 1), (6)

are steepened. Thus nonlinearity is in action. It has been _ o _ : _
found that harmonic generation nonlinearity can give rise towhgrellj\lgir—] ndI/End‘()’G)a v_vgl(z:/;r‘ioih;;T\ifr-irtlé ?End;g)_ gfé-{z) as
small amplitude acoustic dust acoustic solitary waves, which y g =a. q

are characterized by an inverted bell shaped potential distri- ( 9

Lo ui)[a exp(- 7¢) - exple)]

bution, obeying a Korteweg—de Vries equatiih8]. Arbi- U
X

trary large amplitude dust acoustic solitary waves are shown

to exist in the steady state on]9,10]. Ju
In this Brief Report, we presembnstationary solutionsf +[a exp(- ) - EXFKQD)]R =0, (7)

fully nonlinear nondispersive DAW's in an unmagnetized

dusty plasma. Since the phase speed of the DAW's is much,

smaller than the electron and ion thermal speeds, inertialess

electrons and ions are in thermal equilibrium in the dust Ju  du 9 3T, 9

acoustic wave potentiah. Accordingly, we have for the elec- —tu__—=

tron and ion number densities, respectively,

Ne(¢) = Ny eXpled/Ty), (1)

tUuU—=-¢€ o= o
at  Ix IX  2Z4Tla—1)7dx
X[a exp(- 7¢) — exple) , (8)

whereu is the normalizedby Cy=(Z4T./my)*?] dust fluid
velocity along thex axis, the1 time and space are normalized
- by the dust plasma periad,_; and the Debye radiuSy/ wyg,

()= Mo exp(— ed/Ty), @ r(;/spectively,p wherepwpd: éfwzﬁezndolrrh)l)’/z is th(;j dﬁjst
whereng (n;p) is the equilibrium electroion) number den-  plasma frequency. In most situations, the dust temperature
sity, e is the magnitude of the electron charge, ddT;) is  effect can be neglected due to the low dust temperalyre
the electron(ion) temperature. At equilibrium, we havg,  and large dust charge staf. In the following, we will
=Neo— €Z4Ngo, Whereny, is the unperturbed dust number den- therefore neglect the last term in E@®). Equations(7) and
sity, Zy is the dust charge state, ardequals -1(+1) for ~ (8) form a pair for investigating dust acoustic shock waves in

and

negatively(positively) charged dust grains. dusty plasmas.
The dynamics of dust grains is governed by Similar to acoustic waves in &fiL1] or ion acoustic waves
in plasmas[12], the nonlinear DA waves may develop
ang B shocklike steepened profiles in due course of time. A special
ot + V- (ngvg) =0, 3 class of solutions to Eq$7) and (8) are simple-wave solu-
tions, in which the creation of shock waves can be more
and easily studied than in the original system. Carrying outxhe

1539-3755/2004/68)/0674013)/$22.50 69 067401-1 ©2004 The American Physical Society



BRIEF REPORTS

andt differentiation in the first term of Eq.7), we can re-
write Egs.(7) and(8) in the matrix form[neglecting the last
term in EqQ.(8)] as

i[@}{u —X(QD)}i{QD}:O,
otlu] e u Jax|u

where x(o)=[a exp(—r¢)—explo)]/[aT exp(—T¢)
+exp(¢)]. The square matrix on the left-hand side of E9).

(9)
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the linear dust acoustic speddormalized byC,) is ¢y
:\J’—E)((O):\/—6(a—1)/(7a+1) and B=[-e(at+1)/(a
-1)]Y1+a(1+a)?/2(1+an?] accounts for the first-order
nonlinear modification of the wave speed. Specifically, for
e=-1 and for negativep, the wave speed increases with
larger negative values f, giving rise to self-steepening and
shocks. When shock fronts have developed, the spead
malized to Cy) of the shock front iSvgnoe=Co— B(Pleit
+@rigny)/ 2. A Taylor expansion of Eq6) with respect top

is diagonalized by means of a diagonalizing matrix consistyives the small-amplitude relatiog=(1-Ng)(e—1)/(ar

ing of the eigenvectors to the matrix in E¢Q). The two
eigenvalues to the matrix are

N:=ux\-ex(o), (10

+1), which may be used to express the effective wave and
shock speeds in terms of the dust dendity The result

is vph=A+ (@) =Co {1+(Ng=D[1+a(1+a)*/2(1+an)?]}
~CoNg if 7>1 and vgnoe Cotd +0.5Ny jesi* Ny righi—2)[ 1

and a diagonalizing matrix, where the columns are the eigen+ a(1+a)?/2(1+a7)?]} = co(Ng jert+ Ng,right)/2, Which show

vectors, is

1 1
C= — . (11
- V—¢€elxy V-é€lx

Carrying out the algebra, the system of equati@®sis di-
agonalized as

Ay Iy

+ A =0, 12
at T ax (12
d - Jd
AN AT (13)
at JX

where, =u¥ F(¢) andF(¢)=[¢ [—€/ x(s)]¥2 ds. A simple-
wave solution is found by setting either, or ¢_ to zero.
Setting ¢_ to zero, we obtairu=-F(¢), ¢,=2u, and from
Eq. (12)

Ju

Tt (14

Ju
+ N (@)— =0,
+((P)(9X
where\,(¢)=—F(¢)+—ex(¢). Sinceu is a function ofe,
we also have an equation similar to Ed4) for ¢, i.e.,

Ie

at (19

Jde
+)\+((P) :01
X

which describes the self-steepening of the potential he

general solution of Eq(15), before any shocks have devel-

oped, isp=fy[x—\,(¢)t], wheref is a function of one vari-

able, given as an initial condition &t 0. The effective phase

speed\,(¢) is a function of the solutiorp, and similar to the

the nonlinear modification of the phase speed compared to
the linear phase speeg. Since the phase speeg, is pro-
portional to the dust densiti,, shocks may be created be-
cause dust density maxima will travel faster than dust density
minima.

We now compare our theory with recent experimenis
scribed in connection with Figs. 4—6 in Ré6]), where it
was observed that large-amplitude wavidg=2.2, were as-
sociated with a ratia/v,,~0.5-0.8 between the maximum
particle particle(fluid) velocities and the phase speed of the
waves. Linear theory gives,,/u=Nyq—1=1.2, which devi-
ates from the experimental resul§. Hence we compare the
experimental values with our theory. Using the dust density
Ng=2.2, the theoretical ratio between the particle and phase
velocities, before shocks have developed, ui&p,=(Ng
-1)/Ny=0.55, and the ratio between the particle velocity
and the speed of fully developed shock frontsui®gpock
=2(Nd_1)/(Nd,left_ Nd,right)zo.75, where we USGCNdJen
=2.2 andNg ight=1 (Ngignt is the unperturbed dust density in
front of the shock The theoretical values are thus in excel-
lent agreement with the experimental ones.

In order to study the temporal development localized dust
acoustic shock waves and to compare them with experiments
[6], we have solved the simple-wave equat{d@®) numeri-
cally. We have chosen the parameters of the laboratory ex-
periment[6], where silica(SiO,) dust grains, with the diam-
eter=~3 um and mass 3.8 10 ** kg, were used. Further, we
used the dust chargg,=1C°, the electron temperaturg,
=2.5 eV, the dust number density=10° m™%, =100, and
a=1.1. For these parameters, we haUg=1.1 m/s,cu;(lj
=1.1X10%s, andCy/ wpg=1.2X 1073 m. Initially, the po-
tential was set to a localized pulses—1072 secl{0.1x). The

inviscid Burger’s equation, the general solution may thereresults are displayed in dimensional units in Fig. 1. In order
fore self-steepen and develop shocks after some time. Afta convert the dimensionless units to dimensional ones used
shocks have developed, their details depend strongly on thf the experiment, the spatial values were multiplied by 1.2
dispersive properties of the DA waves on small scale lengthsp order to obtain the position in millimeters, the time values
but the shock fronts typically propagate with speeds accordwere multiplied by 1.1 1072 in order to obtain values in

ing to the Rankine-Hugoniot conditionygoq=[A(@ier)
— A @rignd ) (@rett— @right) » Wheregier; and @i are the values

seconds, and the velocity valuasvere multiplied by 1200
in order to obtain values in mm/s. The values of the potential

of ¢ to the left and right of the shock, respectively, and they were multiplied by 2.5 to convert them to V.

flow function A is a primitive function of\,(¢).

The initial pulse is the curve labelgéd) in Fig. 1, with its

Approximative solutions can be obtained in the small-negative potentialupper pane| dust velocity(middle panel

amplitude limit, viz.|¢|, 71¢| < 1. A first-order Taylor expan-
sion of \,(¢) with respect top gives\,(¢)=cy— B¢, where

and dust densitylower panel. We observe that the maxi-
mum density=2.2 (lower pane) is correlated with a fluid
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x10° experiments of Ref6]. In Fig. 1, the maximum phase speed

0 .
Potential (V) of the wave can be calculated from the change of position
ol | Ax=40 mm of the density maximum in curfe) compared
to curve (a), divided by the timeAt=0.48s, to bevy,

ay b o d

~83 mm/s, i.e., somewhat more than twice the maximum

oo -50 0 50 100 fluid velocity, shown in the middle panéh the experiment

io Velot ’ ' ai S 'd) and in the low-amplitude approximation discussed above, the
38_ elocity (mm/s) ] phase velocity was somewhat less than twice the maximum
o0l | fluid velocity).

10} 1 To summarize, we have considered the nonstationary
Y00 50 0 50 100 propagation of fully nonlinear nondispersive DAW’s in an

3 : : : unmagnetized dusty plasma. We have employed Boltzmann

Dust density, N, a b o d electron and ion distributions and the hydrodynamic equa-

ol 1 tions for the dust fluid to derive a set of wave characteristic
equations which are then solved numerically. We have de-
1 i rived simple nonlinear relations between the DAW density

amplitude and its phase and fluid velocities, which explain
observations in experiments that cannot be explained by a

FIG. 1. The time evolution of the electrostatic potentigpper ~ linear theory. Our numerical results reveal dust acoustic
pane), dust velocity(middle pane), and dust densitdower panel ~ Wave breaking and the formation of finite amplitude dust
with a=1.1 and7=100, for(a) t=0s, (b) t=0.24 s,(c) t=0.48 s, ~ acoustic shock waves due to nonlinear effects. Dust acoustic
and(d) t=0.73 s. shock waves seem to be observed in experimggits

Position (mm)

(particle) velocity of approximately 35 mm/s; see the middle ~ This work was partially supported by the European Com-
panel, which agrees relatively well with the values observednission (Brussels, Belgiumthrough Contract No. HPRN-

in the experiment(see the discussion in connection with CT-2000-00140 for carrying out the task of the Human Po-
Figs. 5 and 6 in Ref[6]). We see a clear signature of self- tential Research Training Network “Complex Plasmas,” as
steepening of the DAW'’s and the creation of shoplksrves ~ well as by the Deutsche ForschungsgemeinsciBénn,
marked(d) in Fig. 1], which can also be seen in some of the Germany through the Sonderforschungsbereich 591.
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