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Factors that predict better synchronizability on complex networks
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While shorter characteristic path length has in general been believed to enhance synchronizability of a
coupled oscillator system on a complex network, the suppressing tendency of the heterogeneity of the degree
distribution, even for shorter characteristic path length, has also been reported. To see this, we investigate the
effects of various factors such as the degree, characteristic path length, heterogeneity, and betweenness cen-
trality on synchronization, and find a consistent trend between the synchronization and the betweenness cen-
trality. The betweenness centrality is thus proposed as a good indicator for synchronizability.
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In recent years, diverse systems in nature have been olat nodei) by x;, we begin with the set of equations of motion
served to exhibit the characteristics of complex networksgoverning the dynamics of the coupled oscillators:
drawing much attention to complex network systefhs3].

Previous studies have mostly been focused on structural N
properties of the networks rather than dynamical ones, even % =F(x)+ K> M;;G(x;), (1)
though dynamical properties are also very important for un- j=1

derstanding the systems on complex networks. In a few stud- )
ies [3-5], on the other hand, the dynamical system ofwherex;=F(x) governs the dynamics of individual oscilla-
coupled oscillators has been considered on complex neters(i.e., with coupling strengtiK=0) and G(x;) makes the
works and collective synchronization displayed by the sysoutput function. TheN X N coupling matrixM;; is given by
tem has been investigated. There it has been found that
shorter characteristic path length tends to enhance synchro- kB fori=j
nization. In contrast to this, a recent papé}, investigating Mo=1-1 fori e A. 5
the effects of heterogeneity of the degree distribution on col- i o) € A 2
lective synchronization, reported that synchronizability is 0 otherwise,
suppressed as the degree distribution becomes more hetero-
geneous, even for shorter characteristic path length. Thesghich lacks the translational symmetry due to the presence
different results then raise a question as to synchronizationf shortcuts on the WS small-world network. In the case of a
on complex networks: What is the most important ingredientocally coupled(hypercubi¢ network with the coordination
for better synchronizability? numberz(=2D), the coupling matrixM;; has the value on

As an attempt to give an answer to this, we in this papethe diagonal and -1 on the off-diagonals adjacent to the
consider a system of coupled limit-cycle oscillators on thegiagonal.
Watts-StrogataWS) small-world network[3], and investi- The eigenvalues of the coupling matrix have been widely
gate collective synchronization of the system. We pay parysed to determine the linear stability of the fully synchro-
ticular attention to how the synchronization is affected bynized state(x; =X,=+ - =xy) [5,7]. Whereas the smallest ei-
various factors such as the maximum degree, characteristifanvalue, denoted by, is always zero, the ratio of the
path length, heterogeneity of the degree distribution, and b&paximum eigenvalu@,,a to the smalleshonvanishingone
tweenness centrall_ty. Here the collective _synchromzahon IX,;, may be used as a measure for the stability of the syn-
explored via the eigenvalues of the coupling matrix, whichcnronized state, with larger values of the ratigy/ A i, COI-

The WS small-world network is constructed in the follow- p_gimensional hypercubic network of linear size the ei-

ing way [3]: We first consider a one-dimensional regular net-genvalues are given by

work of N nodes under periodic boundary conditions, with

only local connections of rangebetween the nodes. Next, D
each local link is visited once, and with the rewiring prob- NMm }=42 Sir?
ability p it is removed and reconnected to a randomly chosen R
node. At each node of the small-world network built as

above, an oscillator is placed; a link connecting two nodesvherem,=0,1, ... L=1 andL°=N. It is then obvious that
represents coupling between the two oscillators at those twihe eigenvalue ratio behaves B§a/ Mmin~ N?P and grows
nodes. We now investigate the synchronization of thdarge in the thermodynamic limifN— o). It is thus con-
coupled oscillators on the small-world network with given cluded that the fully synchronized state is not stable in any
and p. Describing the state of thi¢h oscillator(i.e., the one  D-dimensional regular network.
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160 ' - ' - implies that the degree distribution becomes more broad and
heterogeneous and that nodes of larger degrees appear. In the
inset of Fig. 2 the behavior of the characteristic path length

[8]
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where( --) denotes the average over different realizations of

40 - the network and; ; the length of the geodesic betweeand
j, is shown as a function of the rewiring probability As
r expected, the characteristic path lengtis observed to de-
0 , . , ) crease as the heterogeneity of the degree distribytiothe
0 0.2 0.4 0.6 0.8 1 rewiring probability is increased. The results shown in Figs.

p 1 and 2 imply that the synchronizability on the WS network
is improved as the heterogeneity of the degree distribution is
FIG. 1. Behavior of the ratio of the maximum eigenvalyg,,  increased or as the characteristic path length is decreased,
to the smallest nonvanishing eigenvalig;, with the rewiring  which differs from the behavior observed in scale-free net-
probability p. As p is raised, the ratio is shown to reduce, yielding works [6].
better synchronization. The synchronizability has been shown to be related with
the load or betweenness centrality on nodiés The be-

The eigenvalue ratio for the WS network of nodNs 1\ cenness centrality of nodeis defined to be9—12

=2000 and range=3 is obtained numerically and its behav-

ior with the rewiring probability is exhibited in Fig. 1, where Ginj

the average has been taken over 100 different network real- Bn= E R (5

izations. The network siz&l has been varied from 100 to ) 9

2000, only to give no qualitative difference. As the rewiring Wheregij is the number of geodesic paths between nddes

probability p is increased, the ratina/ Amin is Observed to  andj andg,; is the number of paths betweeandj passing

decrease, which implies enhancement of synchronizability. through noden. The summation is to be performed over all
To explore how structural properties of the underlying pairs of nodedi,j) such thati,j+n andi #j.

network affect synchronization of the system, we now exam- To get an idea of the betweenness centrality, which mea-

ine such properties as the characteristic path Iength, the bgures how many geodesics pass through a given node, we

tweenness centrality, and the variance of the degree distribirst consider locally coupled regular networks, for which the

tion, which is a measure of the heterogeneity of the degregverage betweenness centrality is given[hij
distribution. Figure 2 displays the behavior of the variance

ot=(N"Zk3)-((N"=;k)? of the degree distribution for
the WS small-world network with the same side 2000 and
ranger =3 as that in Fig. 1, depending on the rewiring prob-
ability p. As p is increased, the varianag grows, which Among theN values ofBy’s, the maximum valu™ has
been shown to be related with synchronizabily, although

this close relation has not been stressed before. For a

D-dimensional local regular network, we haBeB™* and
the characteristic path length~ NP, which yields

B=_SB,=(N-1((-1). ®)

3

BMax N(D+l)/D, (7)

i.e., B"™~N2 N%2 andN*3 for the spatial dimensiofD
=1,2, and 3,respectively. Thus the maximum valug"®
increases algebraically with the sid& of the regular net-
work, although the exponent reduces with the spatial dimen-
sionD.
Returning to the WS small-world network, we compute
the betweenness centraliBy, via a modified version of the
0 0 02 04 06 08 ,  breadth-first search algorithf0]. We then obtain the maxi-
p mum yalueB at various values of the rewiring prqbatphty,
and display the result for a network of nodés 2000 in Fig.
FIG. 2. Behavior of the variance? of the degree distribution 3, where the average has been taken over 100 different net-
with the rewiring probabilityp. Inset: characteristic path lengthvs ~ Work realizations. The number of nodés has also been
the rewiring probabilityp. Here and in subsequent figures lines arevaried fromN=100 to N=2000, which does not yield any
merely guides to the eye. qualitative difference. Figure 3 shows that the maximum
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FIG. 3. Behavior of the maximum valug™ of the between- FIG. 5. Behavior of the differencé of the eigenvalue ratio is

ness centrality with the rewiring probabiliy. B™*is shown t0  gigpjayed with the rewiring probabilitp. The data(open circles
decrease ap is increased, corresponding to more heterogeneousng squaregshave been obtained for the network with the number of
degree distributions. nodesN=2000 and =3. Due to strong finite-size effects pt 0.1,

we use the daté#filled circle and squanpefor large system size of
load on a node reduces as more shortcuts are introduced. N:5000. See the text for the explanation of the data symbols.
general, on a usual scale-free network, larger valuez™8f _ o
correspond to larger values of the degree. For comparisomere, larger heterogeneity of the degree distribution or
we also investigate the maximum degk® on our small-  Shorter characteristic path length does not improve synchro-
world network and display in Fig. 4 its behavior with the Nizability. On the oth_ernPaz;md, the effects of the maximum
rewiring probabilityp. The increase ok™ with p indicates ~Petweenness centralitB™ appear to be consistent with
the opposite trend betwed™ andk™ unlike the case of thn?asxe_ in Ref.[6]: Synchr.onlzab|l|ty is always |mproved_as.
a scale-free network. Note also that Fig. 4 together with Fig.B is reduced. Accordlngly, the betweenngss central|ty'|s
2 implies the increase of the maximum degree with the hetprqposed as a suitable indicator for _predlctlng synchronlz-
erogeneity of the degree distribution. ability on complex networks. Regarding the maximum de-

The results shown in Figs. 1-4 lead to the conclusion thag_reekmax, Fig. 4(together with Fig. 1indicates that synchro-

" o max T .
synchronization on the WS network is enhanced as the heg—:ﬁgﬁll\:\%”ﬁnr:{xgi i\gltatilfs,o i.n Eglrsltrggr\?v\i/tlﬁ rthc;r; gﬂea Yjvssual
erogeneity of the degree distribution is increased, as the cha] cale-free network, wherB™ and kK™ behave similarly

acteristic path length decreased, as the maximum betweep- : ax
: : 2], and accordingly, smaller values kf®* are expected to
ness centrality decreased, or as the maximum degr S
qive better synchronizability.

increased. Remarkably, the effects of the heterogeneity of th Then why does the maximum val@ of the between-

degree distribution as well as those of the characteristic patﬁess centrality stronalv affect svnchronizability on networks?
length(see Fig. 2 differ from the results for other classes of y gy y y :

networks [6]. Namely, in the case of the network studied An Intuitive argument goes as follows: Suppose that two
groups of highly linked nodes are connected via a few nodes.

14 Among those a few connecting nodes, the information of the
synchronized state passes through the node which has the
maximum value of the betweenness centraB®y?. It tends
to get overloaded since most paths go through it, which in
turn leads to loss of information. Accordingly, synchroniz-
ability is expected to become reduced as the valig* is
increased. This argument is consistent with that of Ref.
To check this argument, we have examined synchronizability
on the WS network before and after the removal of the node
having B™ by means of the eigenvalue ratig,,/ \min- In
Fig. 5, the difference 6= (Amax Amin)after removal
= (N max!/ Mmin)before removalS Plotted against the rewiring prob-
. . . . ability p. Squares in Fig. 5 represent the differerdtior the
8 0 0.2 0.4 06 0.8 1 removal of the node havinB™® and indicate negative val-
p ues regardless of the rewiring probabiljty Those negative
values imply that\ 5,/ Amin IS reduced after the removal of
FIG. 4. The maximum degrdé® versus the rewiring probabil- the node, which in turn implies that synchronizability of the
ity p on a WS small-world network. It is shown thidt®increases  system is enhanced after the removal of the node. In sharp
as the degree distribution becomes more heterogeneous. contrast, circles in Fig. 5, which represent the differeiace
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for the removal of a node other than the one wR®  the synchronizability of the coupled system on a network.
indicate values near zero. This implies that the eigenvalu©n the other hand, it has been observed that synchronization
ratio remains almost the same when an arbitrary node is rés always enhanced as the betweenness centrality, measuring
moved and accordingly that synchronizability of the systemthe load on a node, is reduced, which is consistent with the
is not much affected by the removal of an arbitrary node. Theecent result for various networks]. We have also numeri-
result displayed in Fig. 5 thus manifests that the node withyaly investigated the effects of the node of the maximum
BM*is closely related with the synchronizability of the sys- petweenness centrali8™ on synchronizability, and found

tem whereas_ any other node is not sy.bstantially related.  that the node oB™ is highly related with the synchroniz-

In conclusion, better synchronizability for the WS small- gpjjity of the system, which supports the main conclusion of
world network is induced as the heterogeneity of the degreg, g paper. It is thus concluded that among the important
distribution is increased,_ as the characteristic path I_eng_th i8ctors for better synchronization on complex networks is a
decreased, as the maximum betweenness centrality iS rgma|| value of the maximum betweenness centrality, rather

duced, or as the maximum degree is raised. We have foungan short characteristic path length or large heterogeneity of
that the effects of the characteristic path length and of they, degree distribution.

heterogeneity on synchronization in the WS small-world net-

work are different from those in the networks considered in  This work was supported in part by the KOSEF Grant
Ref. [6]. These differences seem to be related with the presNos. R14-2002-062-01000-0B.J.K.) and R01-2002-000-
ence of hub structures in the network, which is under furthe00285-0 as well as by the Ministry of Education through the
investigation. Our result implies that shorter characteristiBK21 Project(M.Y.C.). Numerical works were mainly per-
path length or larger heterogeneity does not always enhandermed on the computer cluster Iceberg at Ajou University.
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