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Substantial variations in the particle flux are commonly observed in field measurements on gravel-bed rivers
and in laboratory experiments mimicking river behavior on a smaller scale. These fluctuations can be explained
by the natural variability of sediment supply and hydraulic conditions. We conducted laboratory experiments of
particle transport down a two-dimensional inclined channel, for which the boundary conditions were properly
controlled. Most flow variables and the features of particle trajectories were measured using a high-speed
camera. The particles were 6-mm glass beads entrained by a rapid, turbulent, supercritical water flow. Even
under these well-controlled experimental conditions and despite steady supply, solid discharge exhibited sig-
nificant variations with time. The objective of this paper was to pinpoint the origins of these fluctuations by
investigating different flow conditions. Two experiments were done with a fixed(smooth or corrugated)
channel bottom and two others were run with a mobile bed(involving layers of closely packed particles lying
along the channel base, which could be entrained by the stream); in the latter case, two particle arrangements
were tested. It was found that, to a large extent, fluctuations reflected the finite size of the observation window.
For fixed beds, the characteristic time scale of fluctuations and their probability distribution can be predeter-
mined by evaluating the mean and fluctuating velocities of a single particle. Solid-discharge fluctuations were
exacerbated when the bed was mobile because(i) the moving solid phase and the stationary bed exchanged
particles and(ii ) collective entrainment of particles occurred.
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I. INTRODUCTION

The objective of this paper is to examine the origins of
solid-discharge fluctuations for flows of coarse particles
driven both by gravity and drag exerted by a turbulent water
stream. This issue comes up when studying the dynamics of
particle transport from a microstructural viewpoint. Different
forms of transport are produced depending on the particle
weight and size relative to the turbulence scale. Light par-
ticles are maintained in suspension by turbulence whereas
heavy particles roll along the bed or, when ejected from the
bed, perform a series of leaps(saltation) [1]. Usually the
Stokes number can be used to quantify the dependence of the
two phases[2]. The Stokes number can be defined as fol-
lows: St= 2/9srp/r fdRep, where Rep=Ud/n is the particle
Reynolds number andrp denotes particle density,r f fluid
density, d=2a particle diameter,U= uūp− ūfu mean particle
velocity ūp relative to the mean fluid phase velocityūf, andn
kinematic fluid viscosity. Here, typically, we investigate the
case St=Os102d. If the Stokes number is interpreted as the
ratio of the particle relaxation time to a characteristic time of
the fluid phase(hered/U), this means that there is a weak

interplay between the two phases[3] and therefore the par-
ticle suspension flow must be treated as a two-phase flow at
the macroscopic scale. A number of natural flows belong to
this class; typical examples include sediment transport along
gravel and sand-bed rivers(bed load transport), blowing
sand, snow drift, etc.

Since it is difficult to analytically study the properties of
two-phase flows, most models are based on substantial ap-
proximations of the interplay between the solid and fluid
phases. In the field of bed load transport, the mean-field ap-
proximation primarily proposed by Bagnold[4] is a perva-
sive assumption. According to this hypothesis, the fluid shear
stress at the bedt0 equals the threshold valuetc correspond-
ing to incipient motion of particles; the difference between
the total bottom shear stresst and t0 provides the shear
stress in the solid phase. Interpreting the latter stress as the
result of momentum transfers between the solid and fluid
phases makes it possible to theoretically compute the number
of particles that can be entrained and maintained in motion
and, thereby, the solid flow rate(or solid discharge). Such an
approximation leads to a solid dischargeqs in the form qs
~ st−tcd3/2. When compared with laboratory experimental
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data or field measurements, this scaling correctly describes
the sediment transport for steady uniform or gently varying
flows [1]. However, for more general flow conditions, the
Bagnold approximation yields poor results, notably for flows
over arbitrarily sloping beds[5]. Furthermore, if bedforms
(dune or antidune depending on the value of the Froude
number) are interpreted as resulting from a loss of linear
stability in the coupled fluid-solid system, the Bagnold as-
sumption fails to capture the necessary physics since the re-
sulting equations of motion do not show any instability[6].

The failure of the Bagnold assumption has renewed inter-
est in a better understanding of the physical mechanisms of
bed load transport. An alternative approach takes its roots in
the work of Einstein[7]. In Einstein’s view, a sediment trans-
port does not result from an equilibrium in the momentum
transfer between solid and liquid phases, but from the differ-
ence between the entrainment and deposition ratesrE andrD,
respectively, which are a function of the flow conditions and
bed geometry. Stated more explicitly, this amounts to writing
that on a small intervaldx, the solid-discharge variation is
dqs=srE−rDddx. The solid discharge at bed equilibrium is the
implicit solution to the equationrE=rD. Most theoretical
models(e.g., see[8]) based on Einstein’s approach are re-
stricted to steady flows, for which such an equation can be
solved, at least approximately. The full problem of determin-
ing how rE and rD are related to flow conditions remains
unsolved. In addition to the complexity of the probabilistic
formalism used by Einstein, this explains why such an ap-
proach has received little attention over the last 50 years.

Since our understanding of complicated particle systems
and our ability to take accurate measurements on the particle
scale have progressed a great deal since Einstein’s time, it is
now possible to more accurately examine the physics behind
the entrainment and transport of coarse particles by turbulent
flows. In preliminary investigations, we examined the motion
of a single particle in a saltating[9] or in a rolling [10]
regime from both experimental and theoretical perspectives.
We then carried out new experiments with a continuous par-
ticle supply. Surprisingly enough, we observed substantial
variations in the solid discharge with time, whereas the flow
conditions were stationary on average: intermittent phases of
transport and fluctuations as large as the mean solid dis-
charge occurred. Such phenomena are frequent when fine
particles are involved because their motion is controlled by
fluid turbulence, but they were not expected here given the
large size of particles used in our experiments. In order to
gain insight into the origins of these fluctuations, we con-
ducted further tests by varying the boundary conditions at the
channel bottom: we used fixed channel bases(smooth or
corrugated bottom) and mobile beds(the moving solid phase
could exchange particles with the bed). Specific care was
taken to distinguish between different artificial fluctuations
and intrinsic fluctuations.

This paper attempts to understand why solid discharge
exhibits large fluctuations in steady conditions. We shall see
that the most plausible explanation lies in the collective mo-
tion of the particles entrained from the bed and that this
collective motion is directly related to the particle arrange-
ment inside the bed. We will begin by presenting the experi-
mental facilities and procedures(Sec. II). Section III presents

the experimental results for four different channel configura-
tions. For all these configurations, the solid supply was kept
constant at the channel inlet, but we modified the boundary
conditions at the channel bottom by constraining particles to
flow either over a fixed bed or an erodible bed.

II. EXPERIMENTAL FACILITIES AND TECHNIQUES

A. Channel

Experiments were carried out in a tilted, narrow, glass-
sided channel, 2 m in length and 20 cm in height. Figure 1
shows a sketch of the experimental facility. The channel
width W was adjusted to 6.5 mm, which was slightly larger
than the particle diameters6 mmd. In this way, the particle
motion was approximately two dimensional and stayed in the
focal plane of the camera. The channel slope tanu was fixed
at 10% for all the experiments presented in the present
article.

Since the objective was to investigate the origins of solid
discharge fluctuations, we ran experiments under different
conditions:

(i) The first two experiments A and B were carried out
with a fixed bed and thus were not intended to study erosion
and sedimentation phenomena but to serve as a reference
[see Figs. 2(a) and 2(b)]. We used two types of channel base:
(i) a flat and smooth steel base, hereafter referred to as ex-
periment A, and(ii ) a corrugated bed made up of juxtaposed
half cylinders(6 mm diameter), hereafter referred to as ex-
periment B.

(ii ) In experiments C and D, water flowed over a “mobile
bed” made up of the same particles as those supplied at the
channel entrance(see Sec. II B) allowing exchanges between
the moving solid phase and the bed(erosion and deposition).

A bed is said to be mobile when it consists of particles
that can be entrained by the stream. Mobile beds were ob-
tained by building a disordered packing of particles along the
channel bottom. Disorder was essential as it prevented slip-
ping of entire layers of particles on the upper bed surface,
which would have induced artificial erosion conditions.
Maintaining disorder in monosized spherical particles is dif-
ficult, with severe constraints[11], here involving mainly
how to create disorder in the packing and bed thickness. As
regards the latter point, a random roughness made up of jux-
taposed steel half-cylinders of radiusr was positioned along
the channel base. The arrangement of the particles constitut-

FIG. 1. Sketch of the experimental setup.
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ing the bed depended a great deal on how the half-cylinders
of the base were designed and disposed. We used two chan-
nel bases with different roughnesses:

(i) Channel base C consisted of half-cylinders of various
sizes[see Fig. 2(c)]. We selected a mixture of three sizes of
cylinders: their radiusr could be either 1.5 mm, 3 mm, or
4 mm.

(ii ) Channel base D consisted of half-cylinders of equal
size sr =3 mmd, but they were arranged on different levels,
from 0 to 5.5 mm, by increments of 0.5 mm[see Fig. 2(d)].
These levels were generated using a sequence of uniformly
distributed random numbers.

Selecting either of these roughnesses had a substantial
influence on the short-range geometrical arrangement of the
particles constituting the bed because the bed was thin. For
thick beds(typically, whose thickness exceeded 5–6 particle
diameters), a regular, crystalline arrangement was observed
along the upper part of the bed. This is expected since it is
well known that the disorder range induced by a defect in a
crystalline arrangement of monosize spherical particles is a
few particle diameters[11]. Therefore, in order to be able to
control the order in the particle arrangement, we built beds
whose thicknesses did not exceed 5 particle diameters.

Note that this bed thickness condition had severe conse-
quences as regards the collisional interaction of a saltating
particle with the bed. Indeed, in his experiments of dune
formation, Rioual observed that the value of the effective
coefficient of restitution depended on bed thickness[12].
This can be physically understood by recalling that the ca-
pacity of a particle to retrieve its momentum after impact
depends on the reflection of the elastic waves generated dur-
ing the collision. For a thick bed, considered as an infinite
granular medium, the probability of an elastic wave to return

to the impacting bead is very low, whereas for a shallow bed,
a part of the elastic energy transferred during the collision
can be restored to the bead.

An obstacle was set at the channel outlet to enable bed
formation and prevent full bed erosion; its height could be
adjusted. The procedure used for building the bed is ex-
plained in Sec. II D.

B. Solid and water supplies

Colored spherical glass beads with a nominal diameterd
of 6 mm and a densityrp of 2500 kg/m3 (provided by Sig-
mund Lindner GmbH, Germany) were used. They were in-
jected from a reservoir into the channel using a wheel driven
by a direct current motor and equipped with 12 hollows on
the circumference, as depicted in Fig. 1. For the experiments
presented here, an injection rate ofṅ0=8 beads per second
was set, with an uncertainty of less than 5%. This corre-
sponded to a solid discharge per unit widthqs of 1.39
310−4 m2/s. The water supply at the channel entrance was
controlled by an electromagnetic flow meter provided by
Krohne (France). The discharge per unit widthqw ranged
from 3 to 6310−3 m2/s.

C. Dimensionless numbers

The hydraulic conditions can be specified using classic
dimensionless numbers. Table I reports the time-averaged
values of these numbers. In Table I,sh and sṅ denote the
standard deviations of the water depth and solid discharge,
respectively. Here, to make the flow rateṅ more palpable, we
express it in beads/s instead of m3/s. The flow Reynolds
number is defined as Re=4Rhūf /n, whereRh=Wh/ s2h+Wd
denotes the hydraulic radius,ūf =qw/h the fluid velocity(av-
eraged in they andz directions), n the kinematic viscosity of

FIG. 2. Images of the particle transport for experiments A, B, C,
and D. Image dimensions: 25 cm35 cm (resolution: 6403120
pixels), (a) and (b) reduced; exposure time 0.2 ms, frame ratef
=129.2 Hz, channel inclination tanu=0.1. For experimental condi-
tions, see Table I.

TABLE I. Flow characteristics and time-averaged values of di-
mensionless numbers characterizing bed load and water flow. Con-
stant parameters: channel inclination tanu=0.1 and channel width
W=6.5 mm.

Experiment A B C D

hsmmd 7.0 10.2 8.7 12.0

shsmmd 0.7 1.5 1.9 2.2

qws10−3 m2/sd 5.39 5.39 3.85 5.39

ufsm/sd 0.77 0.53 0.44 0.45

ṅsbeads/sd 7.99 8.20 7.97 7.93

sṅsbeads/sd 2.35 2.98 4.31 3.50

Re 6810 5200 4190 4590

Fr 2.98 1.73 1.68 1.40

DFr 0.464 0.377 0.544 0.385

NSh 0.078 0.114 0.096 0.133

Rep 669 545 859 897

D 147 147 147 147

Cs 0.0258 0.0265 0.0360 0.0256

h/d 1.17 1.70 1.45 2.00
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water, andh the water depth. The Froude number NFr
= ūf /Îgh (whereg denotes gravity acceleration) varied sig-
nificantly over the experiment duration and along the main
stream direction. The mean NFr values and the variation scale
DFr are reported in Table I. The variation scale of the Froude
number was estimated assuming a constant water discharge
and considering the variations in water depth:DFr= ud Fru
= u3Frsh/2hu. These numbers show that there were frequent
transitions from subcritical to supercritical regimes for ex-
periments C and D. This phenomenon seems intrinsic to bed
load transport on a mobile bed(e.g., see[13]).

The Shields number is defined as the ratio of the bottom
shear stressst0=rpgh tan ud to the stress equivalent of the
buoyant force of a particle lying on the bottom[1]: NSh
=t0/ fgdsrp−r fdg. For our experiments, the critical Shields
number NSh,c corresponding to incipient motion is in the
range 0.004–0.005[9]. Here the reduced Shields number
(also called thetransport stage) T* =NSh/NSh,c is on the order
of 25, which indicates that the flow regime is far above the
threshold of motion. The particle Reynolds number can be
defined as Rep= uūf − ūpud/n, whereūp denotes the mean ve-
locity of a particle in motion. We furthermore introduced the
dimensionless particle diameterD=dÎ3 srp/r f −1dg/n 2 used
in sedimentology to characterize the particle size compared
to the turbulence scale[1]. The solid concentration is defined
as the ratio of the solid and the water dischargeCs=qs/qw.
Values reported in Table I are low, which indicates that par-
ticle flow was dilute. The ratioh/d is low, typically in the
range 1–2.

Note that the dimensionless number values differ substan-
tially from the values usually found in the sedimentology
literature. The reason is twofold: first we used a short and
narrow channel, which led to studying low-Reynolds-number
regimes, whereas hydraulicians take care to avoid such re-
gimes. Since we used coarse particles, particle motion was
weakly dependent on the actual value of the flow Reynolds
number and turbulence structure. Therefore we think that the
small size of the experimental setup is not a handicap. Sec-
ond we investigated supercritical flows because flow must be
energetic enough to carry particles. However, in a supercriti-
cal regime, flow depth was low: on the order of the particle
size, meaning that particle motion was affected by the water-
free surface.

D. Experimental procedures

The procedure for experiments A and B was simple be-
cause the solid and water discharges could be chosen inde-
pendently. In contrast, preparing experiments C and D was
more complex. The preliminary procedure can be split into
three major steps. First of all, a particle bed was build along
the channel base, which remained stationary on average. To
that end, an equilibrium between the water discharge, solid
discharge, bed elevation, and channel slope was sought. This
equilibrium was reached by using the following procedure.

(i) The water dischargeqw was set to a constant value.
(ii ) An obstacle(approximately 20 mm in height) was

positioned at the downstream end of the channel. The solid
dischargeṅ0 at the channel entrance(or the injection rate)

was set to a constant value. The solid discharge per unit
width qs was calculated by the relationqs=pd3ṅ0/ s6Wd. An
initial guessq̂s for the solid discharge at equilibrium was
obtained using an empirical sediment transport equation
[14]. For our case(uniform sediment), this equation can be
simplified into the form

q̂s = 6.27sqw − qcdtan2 u, s1d

where qc=0.128Îg d3 tan−1.12u is the critical o discharge
corresponding to incipient motion of particlesshere qc
=2.46310−3 m2/sd. The first beads supplied by the feed-
ing system were stopped by the obstacle at the channel
outlet and started to form a bed. The bed line rose to the
level of the obstacle and beads began to leave the channel.
After approximately 10min, the system arrived at bed
load equilibrium; that is, there was no more bed deposi-
tion or erosion over a sufficiently long time
interval.

(iii ) In order to make the bed line parallel with the chan-
nel base, the water discharge was then adjusted. After several
iterations, we arrived at the configuration of a bed that con-
sisted of two to three almost stationary bead layers along the
channel, for which the bed line slope matched the channel
base inclination. Average equilibrium conditions were sus-
tained over long time periods, basically as long as 30 min.
The water discharge was set to 3.85310−3 m2/s for bottom
C versus 5.39310−3 m2/s for bottom D: bed equilibrium
was reached for significantly different water discharges(rela-
tive difference of 40%). This provided preliminary evidence
of the substantial effect of particle arrangement on particle
transport.

Once bed equilibrium was reached, the particles and the
water stream were filmed using a Pulnix partial scan video
camera(progressive scan TM-6705AN). The camera was
placed perpendicular to the glass panes at a distance of
115 cm from the channel, approximately 80 cm upstream
from the channel outlet. It was inclined at the same angle as
the channel. Lights were positioned in the backside of the
channel. An area of approximately 25 cm in length and 8 cm
in height was filmed and later reduced to accelerate image
processing.

The camera resolution was 6403192 pixels for a frame
rate of f =129.2 fps(exposure time: 0.2 ms, 256 gray levels).
Each sequence was limited to 8000 images due to limited
computer memory; this corresponded to an observation du-
ration of approximately 1 minute. Figure 2 shows typical
images for experiments A–D. Examining the short sequence
of experiment D makes it possible to identify particles in a
saltating or rolling motion.

E. Image processing

Images were analyzed using theWIMA software, provided
by the Traitement du Signal et Instrumentation laboratory in
Saint-Etienne(France). Positions of the bead mass centers
were detected by means of an algorithm combining several
image-processing operations. It compared the filmed images
with the image of a model bead and calculated the correla-
tion maxima to obtain the bead positions. The water-free
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surface(averaged in the direction perpendicular to the chan-
nel walls) was detected using its slim form; missing portions
were interpolated or extrapolated. The resulting uncertainty
in the bead and water line position was less than 1 pixel or
0.4 mm.

F. Data processing

Data obtained from the image sequences were analyzed to
obtain the particle trajectories. For this purpose, we devel-
oped a particle-tracking algorithm, which was integrated into
the WIMA software. This algorithm compared the bead posi-
tions of two consecutive images to determine the trajectory
of each bead step by step. Since the particle movement was
nearly two dimensional and the displacement of a particle
between two images was always smaller than a particle di-
ameter, the trajectories(approximately 700 per sequence)
could be calculated with no significant error. Problems oc-
curring at the entrance and exit of the observation zone
prompted us to calculate variables such as the solid discharge
in a reduced window 580 pixels in length.

Next the state of movement of a particle was defined by
considering that each bead was always either in a resting,
rolling, or saltating regime(see Fig. 3). Such partitioning
posed several difficulties from the algorithmic viewpoint.
The three states of movement were distinguished as follows.

(i) The resting beads formed the bed: they were in sus-
tained contact with their neighbors. They were not expected
to move or, more precisely, their possible drift velocities(to-
gether with fluctuating velocities) were lower than a thresh-
old velocity ut: uupu,ut, whereup denotes the bead velocity
averaged over five consecutive frames.

(ii ) The beads in the rolling regime were located above
the beads at rest: they remained in close contact with the bed
and moved at a certain velocity. Our algorithm used two

criteria to distinguish rolling beads:uupuùut (bead in mo-
tion) anddn/dø« (particles in the vicinity), wheredn is the
distance to the next neighbor(averaged over five consecutive
frames) and« is a threshold.

(iii ) The beads in saltation leaped above the others. They
had no close neighbors except when they collided with other
beads. The algorithm distinguished saltating beads using the
criteria uupuùut anddn/d.«.

The values of the threshold parametersut and « were
adjusted by trial and error to minimize the differences be-
tween the state determined by the algorithm and the state
determined by the naked eye. Good agreement was obtained
for ut=0.025 m/s and«=1.07.

For the experiments with a fixed bed(A and B), the water
depth was directly computed by measuring the position of
the water line with respect to the channel base. For the ex-
periments with a mobile bed(C and D), the water depth was
defined as the difference between the free surface and the
bed surface elevation. This involved defining the bed surface.
Arbitrarily, we considered that the bed surface profile is the
dashed line linking the top points of the uppermost resting or
rolling beads. Figure 3 depicts such a dashed line at a given
time.

III. EXPERIMENTAL RESULTS

A. Overview

Since the primary objective was to understand the origins
of the solid-discharge fluctuations, we paid particular atten-
tion to distinguishing between fluctuations intrinsic to the
phenomenon and those coming from the measurement sys-
tem (finite size of the observation of the window, acquisition
rate, etc.). The solid dischargeQs is usually defined as the
flux of particles through a flow cross sectionS: Qs
=eS dSup·k, wherek is the unit normal toS. This definition,
suitable to continuum fields, is not well suited to discrete
elements. A more convenient definition is to introduce the
flow rate in terms of the probabilityPfupux ,tg that a particle
crosses the control surfaceS at positionx and timet with
velocity up:

Qs =E
S
E

R2
udxudupPfupux,tgup ·k . s2d

Under steady conditionss]P/]t=0d, this definition can be
worked out as

Qs = lim
V→`

1

V o
i=1

N

uivS = lim
L→`

v
L o

i=1

N

ui , s3d

in which the ensemble average has been replaced by a vol-
ume average. The integration has been made on a control
volume V=S3L of length L and volumeV. We have also
usedv=4pa3/3, the particle volume;ui =up·k, the stream-
wise velocity component of particlei; andN, the number of
particles in motion in the control volume. Therefore, in the
following, we shall define the flow rateṅ=Qs/v as

FIG. 3. Sketch defining the state of motion and the bed line.
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ṅ =
1

L
o
i=1

N

ui . s4d

An ideal experimental setup would be based on(i) an obser-
vation window with a lengthL that outweighs the mean dis-
tancel between two moving particles and(ii ) an acquisition
rate much larger than the inverse of the typical particle time
scale, computed as the time needed for the particle to move
across the window.

In our laboratory experiments, the typical acquisition rate
f, particle velocityup, and window lengthL were approxi-
mately 130 Hz, 0.3 m/s, and 25 cm, respectively. The sup-
ply rate of particles beingṅ0=8 beads/s, we deduce that the
interparticle length scale is on the order ofl=up/8
<38 mm and the mean time for a particle to move across the
window is on the order oftc=L /up=0.8 s. These estimates
lead to the ratioL /l<7 and f / s1/tcd=104, which means
that condition(ii ) above is met whereas condition(i) is not.
Resulting from the finite size of the observation window and
the channel, artificial fluctuations were generated in the time
records of solid discharge. Another source of fluctuations
comes from the solid supply system. The bead supply system
was designed to ensure a constant injection rate. However,
we observed slight variations in the bead position and veloc-
ity at the moment of the release from the transport wheel.
The beads thus impacted on different points of the channel,
which led to nonuniform distances between two consecutive
beads. For the experiments with a fixed bed(A and B), this
deficiency was reflected by a strong variation in the number
of beads in the window. In contrast, for the mobile bed ex-
periments, we expected that the influence of the supply sys-
tem on the flow in the observation window was weak be-
cause of the buffer effect of the bed: since the observation
window was located 1.2 m from the channel inlet, an in-
jected bead was likely to experience several jumps and/or
transitions to rest before reaching the observation window; it
is thus unlikely that this bead kept memory of its initial
conditions.

The time records of the solid discharge were analyzed by
taking a closer look at its empirical probability distribution
and its correlation function. In addition, we carefully exam-
ined the features of the particle trajectories such as the types
of motion as well as the leap length and height of saltating
particles. To synthesize this information, we reported the par-
ticle movements in a space-time diagram. We further studied
the structure of the bed arrangement. The main results are
reported in Fig. 4(flow-rate variation with time), Fig. 5
(autocorrelation ofṅ), and in Fig. 6(probability distribution
of ṅ); they are analyzed in the following sections.

B. Smooth bottom (experiment A)

The simplest configuration is a water stream over a flat
surface. In this case, it is expected that particles roll or slide
quickly as a result of the driving force exerted by gravity and
water drag. Assuming that a test particle reaches a steady
regime, we can express the momentum equation as a balance
between the streamwise component of gravity acceleration
m8g sin u and the mean water drag forceCDr fpa2uup

−ufu2/2. We used the following notation:m8=4pa3srp

−r fd /3 is the buoyant particle mass andCD the drag coeffi-
cient; typically for high particle Reynolds numbers and con-
fined flows, the drag coefficient is close to unity[10]. The
mean particle velocity is then

ūp = ūf −Î8

3

rp − r f

r f

sin u

CD
ag.

As shown in Table I, the mean fluid velocity was 0.77 m/s
and particle velocity should have been close to 0.61 m/s.
The interparticle distance was thenl= 1

8 0.61<7.7 cm and
thus, in the observation window(580 pixels or equivalently
L=22.5 cm), we must count 2.94 particles on average or, to
be more specific, 6% of the recorded frames should include
two particles and 94% should contain three particles. As a

FIG. 4. Variation in the measured solid discharge with time for
experiments A–D.

FIG. 5. Autocorrelation functions for experiments A–D.
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result, the solid discharge should oscillate with two possible
states:ṅ=5.45 beads/s andṅ=8.17 beads/s.

Time variations inṅ are plotted in Fig. 4(a). The autocor-
relation of the signal are reported in Fig. 5. The time varia-
tions in solid discharge were step shaped, which means that
the solid-discharge function was valued over a finite set of
possible values and thusṅ behaved as a discrete random
variable. This is probably best seen in the probability density
function (pdf) plot: Figure 7 shows the scaled histogram of
the recorded values and the expected probability distribution
deduced using heuristic arguments. As expected, two peaks
are found in theṅ pdf, but marginal spikes are also present.
As shown in the inset of Fig. 7, although there is not much
difference between the measured and expected average num-
ber of particles contained in the observation window(2.66
against 2.94), the probability density function of the particle
number was much wider than expected: on rare occasions,
up to seven particles could be observed in the window. This
difference between the expected and observed values mainly
resulted from small irregularities in bead supply at the chan-
nel inlet.

Another striking result is that there was not much differ-
ence between the probability distributions ofN and ṅ in

terms of their shape, demonstrating that the particle velocity
was fairly constant and close to the mean value. Experimen-
tally, we found that the mean value ofūp was 0.65 m/s,
while our heuristical approach gives an estimate of 0.61 m/s,
in fairly good agreement with the observed value.

Figure 8 reports the intercorrelation function of the solid
discharge. It was obtained by dividing the observing window
vertically into two halves and calculating the time evolution
of the solid discharge for either half[see Eq.(4)]. The inter-
correlation function was computed by taking normalized sig-

nals fṅstd− n̄̇g /sṅ.
For experiment A, this yields a spike function with a

maximum at the characteristic time oftA=0.17 s. This time
is consistent with the travel time of a particle: since the av-
erage velocity was 0.65 m/s, the time required for a particle
to cross half the window wast=0.174 s. The high value
reached by the maximum shows that the signal changed only
slightly between the two window halves because the inter-
particle distances once established at the channel inlet did
not change along the channel. The channel base did not in-
troduce any significant perturbation to the particle move-
ment.

In short, we have found that, for smooth beds, the ob-
served fluctuations in solid discharge essentially came from
the finite size of the observation window compared to the
particle diameter. In such experiments, solid-discharge fluc-
tuations induced by water turbulence were low.

C. Corrugated bottom (experiment B)

In order to test the influence of the bottom roughness, we
conducted a further experiment replacing the smooth base by
a corrugated surface. A wider range of the particle velocity
was expected as a result of collisions with the corrugated
bottom. This should generate larger fluctuations in the solid
discharge than in the previous case. To compute the probabil-
ity density function of the flow rate, we used the following
assumptions:(1) the number of particles included in the ob-
servation window is distributed according to a Poisson dis-
tribution, (2) the streamwise components of particle velocity
is Maxwellian, and(3) the particle velocity distribution is

FIG. 6. Empirical probability density functions for experiments
A–D.

FIG. 7. Probability density function(pdf) of the solid discharge
ṅ. The white histogram gives the empirical pdf of the observed
values while the bold lines(here two peaks) stand for the theoretical
mass distribution ofṅ. In the panel, the probability distribution of
the numberN of particles counted in the observation window is
reported.

FIG. 8. The normalized intercorrelation functions of the solid
dischargeṅ computed over either half window for experiments
A–D.
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independent of the particle number(because flow is dilute).
Under these assumptions, it can be shown(see the Appendix)
that

PṅsṅuLd = o
k=1

`
e−mmk

k ! Î2pk

L

su
expF−

sLṅ − kūd2

2ks u
2 G ,

wheresu
2 is the particle velocity variance(streamwise com-

ponent), ū its average, andm is the average number of par-
ticles moving in the observation window. No closed analyti-
cal expression was found, but numerical estimations can
easily be made because of the rapid convergence of the sum
and the moments ofPṅ can be analytically determined(see
the Appendix). Notably it is shown that the average flow rate
is mū/L, as expected, and its variance isms u

2/L2. As previ-
ously, the mean number of particles contained in the obser-
vation window can be estimated from the mean interparticle
distancel imposed by the particle supply frequencyv0 (here
v0=8 Hz) and particle velocity:m=L /l with l=v0

−1ūp.
Therefore, we find that the mean flow rate equals the sup-
plied flow rateṅ0 and its variance is

VarfPṅg =
1

L

s u
2

ūp

. s5d

From a theoretical viewpoint, solid discharge fluctuations re-
sult from the finite size of the channel(factor L−1) and ve-
locity fluctuations of individual particles(factor s u

2/ ūp).
Note that if we replace the values ofL, su, and ūp by the
measured values, we find that the variance ofṅ0 is substan-
tially affected byL.

Experimentally, the water discharge was unchanged com-
pared to run A, but the water level rose considerably due to
the higher dissipation rate at the bottom(see Table I). The
injection rate being unchanged, the beads were mostly in
saltation; rolling motion occurred marginally(it contributed
to the solid discharge at less than 1.5%). We counted 2321
leaps, with a mean length and height of 6.5 and 1.2 particle
diameters, respectively. The values of the dimensionless leap
length and height for our experiment B are nevertheless con-
sistent with the work of Niñoet al. [15], despite the substan-
tial differences in the two experimental configurations. Be-
cause of the variability induced by the collisions with the
channel bottom, the particle velocity varied within a wider
range: the average valueūp and the standard derivationsu
were 0.44 m/s and 0.10 m/s, respectively. The number of
particles in the window(see Fig. 9) ranged from 0 to 10
(versus 0 to 7 for the smooth base). As a consequence, the
pdf plot of the solid discharge was continuous and bell
shaped at first sight. A closer look reveals that there were
several local maxima in the histogram but they were less
pronounced than those observed in experiment A. As shown
in Fig. 10, the empirical distribution is in fairly good agree-
ment with the theoretical expression: the local peak posi-
tions and the tail behavior are reasonably described by the
theoretical predictions.

The autocorrelation of the signal has been reported in Fig.
5. Note that there are slight differences between the autocor-
relation functions pertaining to experiments A and B. Easier

to interpret is the intercorrelation function. Here the intercor-
relation function of the solid discharges was computed in
either window half. The resulting function has been plotted
in Fig. 8. For experiment B, the correlation maximum was
situated attB=0.25 s. This characteristic time is consistent
with the mean time a bead takes to travel half of the window:
t=L / s2 ūpd=0.26 s. Compared to experiment A, the peak of
the function was slightly less acute and spread out more
widely. This shows that particle flow was not only advected
with mean velocityūp, but there was also a diffusive process
induced by particle velocity fluctuations.

In short, experimental results provide evidence that solid-
discharge fluctuations come from both finite-size effects
of the observation window and, to a lesser extent, particle
velocity fluctuations.

D. Ordered mobile bed (experiment C)

The next step was to study the interaction between the
particles and a mobile bed(see Sec. II A). Compared to ex-

FIG. 9. Probability distributions of the numberN of particles
counted in the observation window. The white histogram represents
experiment B and the black lines a theoretical distribution(Poisson
distribution).

FIG. 10. Probability density functions(pdf) of the solid dis-
charge ṅ. The white histogram and the black line represent the
empirical and the theoretical pdf, respectively.
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periments A and B, the chief difference is that the moving
solid phase can exchange particles with the mobile bed. The
assumptions used in the heuristic model described in Sec.
II C are no longer valid, notably because the particle velocity
fluctuations cannot be described by a Maxwellian distribu-
tion, since particles experienced different types of motion
(rolling, saltating, entrainment-deposition). A problem in in-
terpreting experiment C results(and afterwards experiment
D) is that, as far as we know, there is currently no micro-
structural theoretical work on the particle exchanges between
a mobile bed and a turbulent stream transporting coarse par-
ticles. Compared to simple experimental configurations A
and B, it is more difficult to distinguish between artificial and
intrinsic fluctuations of solid discharge. This led us to thor-
oughly examine the flow features by relating the solid dis-
charge to particle trajectories.

Experimentally, because of the interplay between solid
and fluid phases, solid and water discharges could no longer
be set independently. In order to enforce bed load equilib-
rium, the water discharge was set to a considerably lower
value for experiment C than for the other experiments. How-
ever, the water level was only slightly lower than in experi-
ment B (see Table I), as a result of energy dissipation in-
duced by particle collisions. Beads were observed in the
saltating, the rolling, and the resting regimes. This is why the
number of leaps counted(1437) was lower than for experi-
ment B. The mean leap length and height reduced to 3.7 and
0.37 particle diameters, respectively, which is significantly
lower than values found by other authors because the trajec-
tories of saltating particles were extremely constrained by the
water-free surface and the mobile bed.

Figure 11 shows a fairly compact probability distribution
for the flow rateṅ. The small spike at approximately 0 indi-
cates that there were phases without bed load transport. The
distribution showed a large plateau between the values ofṅ
<3 beads/s andṅ<11 beads/s, as though the flow rate was
uniformly distributed within this range.

The autocorrelation of the solid discharge has been re-
ported in Fig. 5. Compared to experiments A and B, the time
correlation was increased. This enhanced memory effect can
result from (i) the increased number of particles in the ob-

servation window and(ii ) decreased mean particle velocities
for experiment C compared to runs A and B. Note that there
was not much difference between experiments C and D, de-
spite their significant differences as regards the solid-
discharge probability distribution. We have also computed
the intercorrelation function(see Fig. 8). The characteristic
time of the intercorrelation functiontC=0.36 s was longer
than for the previous experiments. We measured a mean ve-
locity for the beads in the rolling regimesur =0.062 m/sd and
another one for the beads in saltationsus=0.30 m/sd. Only
the latter yields a travel timeft=L / s2usd=0.38 sg that was
consistent with the time given by the intercorrelation func-
tion. The peak was wider and lower than that observed for
the previous experiments, which reveals a substantial diffu-
sion of the flow rate in the streamwise direction. In this ex-
periment, intermittent motion was frequent: a number of
beads experienced different rolling and resting regimes.
These beads needed much more time than the characteristic
time tC to travel half of the window, which contributed to
increasing the tail of the intercorrelation function.

In order to gain insight into the properties ofṅ, we exam-
ined how the flow rateṅ was distributed in the vertical di-
rection. The background of Fig. 12 was obtained by super-
imposing all the images of the filmed sequence. In the lower
part of the figure, beads can be clearly distinguished because
they did not move during the sequence. Above this stationary
bed, intermittent movements of beads can be observed. Far
from the stationary layers, the image becomes blurred and
lighter because fast-moving beads left only fuzzy traces. In
experiment C, the layer structure of the bed is obvious. This
can also be seen in the curve of the time-averaged solid
discharge as a function of the flow depth reported in the
same figure. In addition, we plotted the individual contribu-
tion of saltating, rolling, and resting phases to the total dis-
charge. The diagram reveals a splitting of the solid discharge
into three fractions across they axis. The small peaks aty
=6 mm and 12 mm mainly represent transport at very low
velocities—i.e., beads in the resting regime. The peak aty
=18 mm reflects the predominance of the rolling regime,
whereas the peak aty=25 mm represents the saltating frac-
tion. The distance between two peaks corresponds to the par-

FIG. 11. Probability density function(pdf) of the solid discharge
ṅ for experiment C.

FIG. 12. The solid dischargeṅ in function of they coordinate,
divided into the fractions of the state of movement, for experiment
C. In the background the cumulated image of the sequence are
plotted.
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ticle diameterd. The formation of sharp peaks in the diagram
provides evidence that the structure of horizontal bead layers
in experiment C influenced a great deal the transport. The
solid discharge can thus be decomposed mainly into the sal-
tating regimes41.4%d and the rolling regimes46.6%d; the
contribution of the beads at rest(moving at low drift veloci-
ties) was low s10.0%d.

These solid-discharge properties depend to some extent
on the particle arrangement of the bed. To study the structure
of the two-dimensional bed more precisely, we calculated the
packing fractionCp of the beads at rest. For this purpose, we
calculated the border polygon in thesx,yd plane that in-
cluded all the centers of the beads at rest. The packing frac-
tion was defined as the ratio between the part of the surface
occupied by beads to the total surface of the polygon. The
time-averaged value wasCp=0.846, which lay midway be-
tween the values of a square latticesCp=0.785d and a trian-
gular lattice, the densest packingsCp=0.906d. The packing
fraction parameter was not sufficient to describe the bed
structure given that it differed only slightly between experi-
ments C and D(see also Sec. III E). We therefore examined
the local order of the arrangement considering neighboring
particles. This leads to introducing the contact angle: The
contact anglew is defined as the angle between thex direc-
tion and the line linking the centers of mass of two beads in
sustained contact. Figure 13 plots the time-averaged prob-
ability density function of contact angles for all the beads
constituting the bed(solid line for experiment C). A polar
plot was used for an easier comparison with the images of
Fig. 2; a bin size of 5° was chosen. Only the range 0–180°
of the function is shown. It can be seen that contacts were
found most frequently in the horizontal direction. This het-
erogeneity in the contact angle distribution results from the
statistical computation being made on a collection of beads,
which spanned nearly 40 particle diameters in thex direc-
tion, but only approximately 3 in they direction. There is a
second maximum near 120° and a third one at 60°, revealing
that the bed structure was not too far from a crystalline struc-
ture (triangular lattice). Contacts in the 120° direction were
more frequent than those in the 60° direction. This indicates
that beads in the upper part of the bed frequently came to a
halt against a bead in the downstream direction, at an angle
of 120°. There were almost no contacts between these peaks.

Since the bed was permanently rearranged as a result of
interactions with moving particles, it tended to build up regu-
lar structures. The disorder imposed by the channel base was
not sufficient to prevent formation of horizontal layers. The

order in the bed implied an intermittent movement of fairly
long series of particles. The fluctuations of the solid dis-
charge were, to some extent, influenced by the bed arrange-
ment.

E. Disordered mobile bed (experiment D)

Our intention was to reduce artificial ordering effects of a
two-dimensional particle arrangement as much as possible.
To limit the formation of horizontal bead layers, we con-
structed another channel base[see Fig. 2(D)]. Similarly to
experiment C, beads were observed in a saltating-rolling re-
gime. However, the bead arrangement of the bed changed the
characteristics of the transport considerably. We counted
1461 leaps with a mean length and height of 4.4 and 0.50
particle diameters, respectively. The augmentation with re-
spect to experiment C was due to the increase in the water
depth. The water discharge when bed load equilibrium con-
ditions were achieved was considerably higher than for ex-
periment C; the water depth value was thus higher as well.
The pdf plot of the solid discharge was bell shaped and
nearly symmetric(see Fig. 14). There was, however, an ac-
cumulation of phases with low transport ratessṅ
<1 bead/sd.

The characteristic time of the intercorrelation function
was tD=0.33 s(see Fig. 8) and differed only slightly from
that of experiment C. The mean velocity of the saltating
beadssus=0.30 m/sd was very close to the velocity found
for experiment C. As previously, the characteristic time can
be directly related to this saltating particle velocity, but not
the rolling particle velocitysur =0.062 m/sd.

As for experiment C, we calculated the time-averaged
solid discharge as a function of they coordinate(see Fig.
15). Here, rolling and saltating phases appeared in wider,
overlapping zones. Both saltation and rolling zones showed a
peak aty=26 mm; the rolling zone had an additional peak at
y=19 mm. While the peaks were less pronounced than for
experiment C, the distance between them still corresponded
to d. The solid discharge could be broken down into three
contributions: 56.9% ofṅ resulted from saltating particles,

FIG. 13. The pdf of the contact anglew between the beads in
rest. Experiments C and D.

FIG. 14. Probability density function(pdf) of the solid discharge
ṅ for experiment D.
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36.1% from rolling beads, and 7.0% from creeping beads of
the bed(versus 41.4%, 46.6%, and 10.0%, respectively, for
experiment C). Compared to experiment C, the rolling move-
ment was less frequent. This can be shown by looking at the
superimposed images of the sequence in the background of
Fig. 15: there was more disorder in the bead arrangement,
which prevented long layers of beads from sliding. In other
words, to reach the imposed total solid discharge, the water
stream was more intense than for experiment C(flow rate
40% higher than for experiment C) and therefore could trans-
port more saltating particles. This reveals the tremendous
interplay between the water flow rate, the bed arrangement,
and the moving solid phase: small changes in the bed con-
figuration led to substantial variations in the water flow rate
and solid phase features.

The changes in the bed configuration mainly resulted
from the particle arrangement. Indeed, the packing fraction
of the resting beadsCp=0.827 was only slightly lower than
the value obtained for experiment C. Differences in the bead
arrangement could be seen in the pdf of the contact angles
shown in Fig. 13(dashed line for experiment D), which was
more evenly distributed than for experiment C. The maxima
were lower and the minima less pronounced. However, the
crystalline symmetry was not completely broken.

To relate solid-discharge fluctuations to particle trajecto-
ries, it is interesting to examine the spatiotemporal bead
propagation by reporting the particle movement in thesx,td
plane. Figure 16 shows the bead propagation, including a
sketch of how the diagram was obtained. Only beads in sal-
tation (black lines) and rolling (gray lines) are presented;
beads at rest have been omitted for the sake of clarity. Beads
entered the observation window on the left and left it on the
right. The time propagation is downwards. Since thex com-
ponent of the velocity of a bead is the ratio between thex
displacement and the elapsed time, it is equivalent to the
slope of the trace. Given that beads usually moved faster in
the saltating regime than in the rolling regime, theDx/Dt
quotient was larger, which can be seen in the diagram. Note
as well that the beads in saltation typically traveled distances
as long as the window length before coming to rest, whereas
beads in the rolling regime often moved only a few bead
diameters before stopping again.

Furthermore, different events(at a certainx position and a
certain time; see Fig. 16) could be observed, for example:

(i) A bead in saltation overtook another one in the rolling
regime and the traces intersected(see Fig. 16 atx<80 mm,
t<0.1 s).

(ii ) A series of four particles was set into rolling move-
ment (see Fig. 16 atx<150 mm,t<0.4 s).

(iii ) A bead in saltation was decelerated suddenly because
of a collision with another bead. It switched into a rolling
regime but returned to saltation a few images later. The bead
that had been hit moved about one diameter then came back
to rest(see Fig. 16 atx<150 mm,t<1.5 s).

Note that, in the diagram of Fig. 16, we show only 4 s of
the sequence, whose total duration exceeded 60 s. The cited
events were nevertheless typical of the experiment and re-
produced with modifications over the whole sequence.

The diagram shows that there were beads frequently
switching between rest and rolling; others were switching
between the rolling and saltating regimes, whereas the tran-
sition from rest to saltation via rolling(or from saltation to
rest) was rare. We studied these cases of a bead liftoff and
settling more precisely. This first required defining the re-
gime transitions more accurately. A bead that stayed at least
five imagess0.039 sd at rest and then(at least) five images in
saltation (with a rolling phase of arbitrary duration in be-
tween) was defined as liftoff; settling was defined in the
same way. In the diagram of Fig. 16, we marked the transi-
tion from rest to rolling(from rolling to rest) of the liftoff
events(the settling events) by triangles(squares). A striking
feature is that the liftoff and settling events often occurred in
tight ranges ofx. We observed, for example, seven liftoffs in

FIG. 15. The solid dischargeṅ as a function of they coordinate
(total solid discharge and elementary contributions) for experiment
D. In the background the cumulated images of the sequence are
plotted.

FIG. 16. From the image sequence to the bead propagation in
the planesx,td. Experiment D.

FLUCTUATIONS OF THE SOLID DISCHARGE OF… PHYSICAL REVIEW E 69, 061307(2004)

061307-11



the range of 10 mm,x,40 mm in the time period
0 s, t,3 s and eight settling events in the range of
140 mm,x,170 mm in the period 1.5 s, t,4 s. This ba-
sically resulted from bed structures, as shown in Fig. 17: A
downward step in the bed forced the ejection of beads and an
upward step made beads in saltation collide and come to rest.
These structures were typically active for several seconds
until the bed rearranged.

IV. CONCLUDING REMARKS

In this paper, the dynamics of particle transport in a tur-
bulent water stream was investigated experimentally. We
used an inclined channel in which the particle and water
supplies at the inlet were controlled accurately and the move-
ment of each particle was measured. This facility was in-
tended to idealize the sediment transport in steep gravel-bed
rivers. Consistently with field observations, preliminary ex-
periments revealed substantial fluctuations in the measured
solid discharge, whereas the flow conditions were kept sta-
tionary on average.

We ran a series of four experiments(A–D) with a growing
number of processes involved, to understand and discrimi-
nate the origins of these fluctuations. Experiments provided
clear evidence that these fluctuations resulted, to a large ex-
tent, from the finite size of the observation window. Experi-
ments A and B done with a fixed bed showed that solid
discharge also inherited stochastic properties exhibited by
individual particles. Fluctuations were exacerbated when the
bed was mobile(runs C and D); that is, deposition and en-
trainment of particles were made possible. Mobile bed ex-
periments were also characterized by a spectacular change in
particle transport behavior, notably in the occurrence of roll-
ing and saltating regimes. Solid-discharge variations with
time were intercorrelated to obtain a characteristic time of
particle motion. For fixed bed experiments, the characteristic
time was nothing but the average time for a particle to travel
the length of the observation window. For mobile bed experi-
ments, the characteristic times were found to be larger; it was
mainly related to the mean downstream velocity of the sal-
tating phase. A striking result is that, although the probability
density function of the solid discharge differed significantly
between runs C and D, there was not much difference be-
tween their intercorrelation functions. Another notable result
is that solid discharge depended a great deal on bed arrange-
ment. Although the solid discharge was kept constant for
either experiment, the water discharge at equilibrium was
40% higher for experiment D than for experiment C; more-
over, the saltating movement was more frequent for run D
compared to run C. Regime transitions(rolling from rest,

saltation from rolling) depended a great deal on the bed ar-
rangement: It was shown that(i) the local dynamics(liftoff,
settling) was largely dependent on the bed arrangement and
(ii ) there were space and time correlations in the regime tran-
sitions, implying collective changes in particle behavior. This
observation is of fundamental importance from the theoreti-
cal viewpoint because it emphasizes the importance of taking
into account particle arrangement in the study of regime tran-
sition. Apart from a few recent experimental investigations
[16], there are very few theoretical or experimental works
that have been devoted to this topic.

Compared to a usual laboratory channel used for sedimen-
tation studies[15], our experimental setup differed by sev-
eral characteristics. The main drawbacks were the small
channel width and the particles, which were spherical and
fairly monosized. They were necessary limitations that al-
lowed us to capture the entire movement of a set of particles
(on the order of 100 individuals). To our knowledge, this
microstructural investigation has never been conducted pre-
viously and experiments helpfully supplement numerical
simulations[17].

Further investigations are under way to study the particle
movement under different flow conditions. For this purpose,
a number of experiments have to be run by varying control
parameters such as the solid and liquid discharges at the
channel inlet as well as the channel slope.
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APPENDIX

Using simple assumptions makes it possible to obtain the
probability density functionPṅ of the flow rateṅ. These as-
sumptions are the following.

(i) The number of particles is distributed according to a
Poisson distribution; that is, we have

PNsNid =
e−mmNi

Ni!
,

wherem is the average number of particles contained in the
observation window:m=EfNig.

(ii ) The particle velocity is Maxwellian; that is, its varia-
tions around the mean velocity are normally distributed:

Pusuid =
1

Î2psu

expF−
sui − ūd2

2s u
2 G ,

whereū is the mean velocity ands u
2 the velocity variance.

(iii ) The velocity probability is independent of(i) the par-
ticle number as well as(ii ) the velocity of close particles
because flow is dilute.

FIG. 17. A single image of the sequence att=2.0 s. It shows a
downward and an upward step which provoke the liftoff and the
settling of beads respectively. Experiment D.
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We introduceU=oi=1
Ni ui the sum of particle velocities

(streamwise components) for the Ni particles included in the
window. Sinceṅ=U /L, the pdfPU of U is related to that of
ṅ by Pṅ=LPvsLṅd. Thus computingPU is tantamount to
computingPṅ. The probabilityPU is obtained by summing
the elementary probabilities of observingk particles whose
velocity sum equalsU—that is,

PU = o
k=1

`
e−mmk

k!
PksUd,

where Pk denotes the probability of observing the velocity
sum (for k particles) equal toU:

Pk =E
−`

`

du1du2 ¯ dukPusu1dPusu2d ¯ Pusukd

3d fU − su1 + u2 + ¯ + ukdg,

Pk =E
−`

`

du1du2 ¯ duk−1Pusu1dPusu2d ¯ Pu

3fU − su1 + u2 + ¯ + uk−1dg.

Taking the Fourier transform ofPk leads to

F fPkgsvd = „F fPugsvd…k,

whereF fPkgsvd=eeivUPksUddU. The Fourier transform can
be expanded into an infinite series:

F fPkgsvd = o
j=0

` cj
sPkd

j !
sivdn,

wherecj
sPkd=s−1d jsdj ln F fPkg /dv jdv=0 are called the cumu-

lants. For a normal distribution, the two first cumulants cor-
respond to the mean and variance while the cumulants of
order larger than 2 are zero. Here we find that:

cj
sPkd = 2cj

sPud for j = 1,2,

cj
sPkd = 0 for j ù 3.

Finally we deduce thatPk is a normal distribution of meankū
and varianceks u

2:Pk=N fkū,Îksug. One finally obtains

Pṅ = o
k=1

`
e−mmk

k ! Î2pk

L

su
expF−

sLṅ − kūd2

2ks u
2 G .

Expressing this result as

Pṅ = o
k=1

`
e−mmk

k!
N Fkū

L
,
Îksu

L
G ,

it is straightforward to deduce the mean and variance ofPṅ:

EfPṅg =
mū

L
,

VarfPṅg =
ms u

2

L2 .
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