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A high resolutions1.5 meVd inelastic neutron scattering experiment was carried out, aiming at an accurate
investigation of the high frequency and low momentum dynamic response in heavy water. The experimental
data confirm the existence of a dispersionless mode, besides the ordinary longitudinal collective dynamics. A
simplified model, based on the interaction of two vibrational branches, is proposed to interpret the observed
features of the dynamic spectra. The validity extent of this scheme is proved by applying it to room tempera-
ture neutron and x-ray data, to temperature and pressure dependent x-ray data, and to room temperature
neutron data of vibrational density of states. The overall successfull results provided by this model, in con-
junction with the combined analysis of the x-ray and neutron data on collective dynamics, enable a deeper
insight into the complex mechanisms of the water dynamics and provide a simple phenomenological explana-
tion for the transition from ordinary to fast sound.
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I. INTRODUCTION

In a recent paper[1] we reported an accurate inelastic
neutron scattering investigation of the collective dynamics of
heavy water over an extended dynamic range, which was
optimized to study the so-calledfast sound[2–5]. The ex-
periment in Ref.[1] was carried out on a top performance
three-axis spectrometer installed at the High Flux Reactor of
the Institut Laue-Langevin(ILL, Grenoble). The results of
that investigation revealed that the fast sound could be un-
ambiguously observed by inelastic neutron scattering, and,
more interestingly, that a second mode, which is almost dis-
persionless and behaves like an optic mode, was present.
Originally, the dispersionless mode had been observed by
inelastic x-ray scattering in the experiment described in Ref.
[5]. However, later x-ray scattering measurements[6,7] were
interpreted in terms of a single mode with a simple linear
dispersion. That seeming contradiction is probably related to
the experimental difficulties in observing the dispersionless
mode by means of an x-ray probe. Indeed, the intensity as-
sociated to this mode is smaller than in the neutron case[1],
and its contribution to the x-ray dynamic structure factor can
be neglected when analyzing the fast sound. The neutron and
x-ray findings were first interpreted by us[1] as an indication
for the dispersionless mode being mainly located on the hy-
drogen (deuterium) atoms, which are much less visible in
photon scattering. The conclusion about the presence of an
additional mode was also strongly supported by the results of
the incoherent neutron scattering experiment in light water
reported in Ref.[8], where a well defined peak at the same
energy as the dispersionless collective mode was observed in
the measured density of states. We emphasize that the experi-
ment of Ref.[8] provides the measurement of the spectrum
projected onto the hydrogen nuclei, that is it is a very sensi-
tive probe of the dispersionless mode. The experimental situ-
ation is summarized in Fig. 1, where the excitation energies
"vsQd associated to the fast sound and to the hydrodynamic

isothermal sound are shown versus the wave vectorQ and in
comparison with the density of states measured over the
same energy region. There is a clear correspondence between
the peak at,6 meV in the density of states and the average
energy values associated to the dispersionless mode mea-
sured in Refs.[1,5].

In the x-ray investigations of Refs.[6,7], the transition
from the hydrodynamicordinary sound at low wave-vector
transfer to thefast sound at large wave-vector transfers was
described as due to a structural relaxation process. The oc-
currence of different dynamic regimes, characterized by fast
and ordinary sound velocities, was explained in terms of the
relaxation time being larger or shorter than the time scale

FIG. 1. Summary of the excitation energies observed in water
by inelastic neutron scattering experiments(triangles from Ref.[1],
dots from Ref.[2]), and by inelastic x-ray scattering experiments
(circles from Ref.[5]). The solid lines are the dispersion relations
associated to the fast soundsc`=3200 ms−1d and to the hydrody-
namic soundsc0=1320 ms−1d, with the dashed lines representing
the continuations. The dot-dashed line is the dispersionless mode
discussed in Ref.[1]. The curve with crosses on the right is the
experimental density of states of light water measured in Ref.[8],
and shown over the same energy scale. We note the correspondence
between the peak in the density of states and the energy associated
to the dispersionless mode.
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associated to the density fluctuations[9]. The proposed
Q-dependent relaxation model was also successfully applied
to the interpretation of the pressure- and temperature-
dependent x-ray data[6,7]. However, we observe that, de-
spite the satisfactory overall description of the water collec-
tive dynamics under different thermodynamic conditions,
this model does not take into account the additional intensity
at ,6 meV observed in the neutron scattering experiments
[1,8].

An alternative description of the complex features of the
water dynamics is that provided by the phenomenological
interaction model proposed in Ref.[1]. The model is based
on the idea that leaving an elementary excitation, with an
associated linear dispersion, to interact with a dispersionless
mode brings about a splitting of the low-frequency from the
high-frequency branches. In Ref.[1] it was shown that the
interaction model, although in a rather crude and extremely
simplified manner with respect to the richness and complex-
ity of the water dynamics, is able to account for the observed
excitations and their dispersion, namely the dispersionless
mode and the linearly dispersing acousticlike mode which is
associated to a low propagation velocity at low wave-vector
transfer and to a high velocity at large wave-vector transfer.

The relaxation and the two-mode interaction schemes are
both phenomenological, although a larger degree of com-
plexity remains associated to the relaxation model, and both
suggest possible interaction mechanisms of the density fluc-
tuation mode with the system as a whole, as a key to explain
the sound propagation in water. In the structural relaxation
model, the relaxation time is related to formation and break-
ing of hydrogen bonds, and the collective mode propagates
in a medium which may appear as a solidlike network of
molecules or as the ordinary liquid structure, depending on
the mode frequency[9]. In the interaction model, the inter-
action between the collective mode and the system dynamics
is essentially confined to the 6-meV band. Under both the
interpretation schemes, the interactions of the collective ex-
citation are treated on an empirical basis, although the dif-
ferent microscopic mechanisms lead to a different interpre-
tation of the ordinary to fast sound transition in water. The
main difference between the two models remains, in our
opinion, the relaxation model not accounting for the disper-
sionless excitation at,6 meV, whose existence is proved by
the incoherent neutron scattering experiment[8] and by the
Brillouin neutron scattering experiment of Ref.[1]. The ex-
perimental information available at present is not enough to
assess the validity of one model against the other and both
could be used as a starting point for interpreting the complex
features of the water dynamics.

Additional data come from molecular dynamics simula-
tions that, recently, provided convincing evidence for the
presence of two vibrational modes[10], which were related
to longitudinal and transverse dynamics in water. Although
the simulation result applies to the motion of the center of
mass only, it gives further ground to the picture of a two
mode dynamics possibly existing in water. Of course, the
analysis of the center of mass motion cannot be directly ap-
plied to interpret the neutron scattering data. The neutron
data are remarkably affected by the deuterium motion, which
is likely going to be different from the oxygen motion. In the

end, we mention an even more recent molecular dynamics
simulation study[11] on the hydration water of a protein
crystal, where it was reported that the dynamics of hydration
water share many of the spectral features of bulk water. This
investigation, demonstrating the central role of the dynamics
of hydration water, proved, once again, the importance of
accessing to a deeper understanding of the water dynamics,
either in itself or for the impact it has in fields like life
science[11].

Here, we present the results of a different inelastic scat-
tering experiment on heavy water, again using neutrons
which are more sensitive to the presence of the additional
dynamics at 6 meV. The experiment was designed to con-
firm and more deeply investigate the presence of the disper-
sionless mode and its interaction with the acousticlike mode.
Therefore it was carried out at higher energy resolution and
with better statistics. Referring to the data collected previ-
ously [1], we judged that 1.5-meV energy resolution was
adequate to determine the dynamic structure factor with suf-
ficiently high accuracy. Indeed, such a resolution is quite
adequate to deal with the rather broad features of the water
spectra and it has the advantage of being comparable with-
that employed in the high resolution x-ray experiments. This
would enable a meaningful comparison of neutron and x-ray
data, despite the different analytic functions describing the
instrument resolution.

II. EXPERIMENT

The preferred choice for carrying out the present experi-
ment was the three-axis neutron spectrometer IN1 on the hot
source at the ILL, where inelastic scans were collected in the
fixed final wave-vector configuration, namelykF=6.2 Å−1 as
selected by a vertically focusing(400) Cu crystal analyzer.
The low d-spacing(331) vertically focusing Cu monochro-
mator was mounted. Very tight collimations of 258, 208, 208,
and 308 were employed from the reactor to the detector. This
spectrometer configuration, in combination with the low
background from an evacuated flight path around the sample,
1 m in diameter, enabled the collection of high quality data
down to 1° scattering angle, and, despite the tight collima-
tions, a sufficiently high intensity was available at the
sample. The elastic energy resolution, corresponding to such
a configuration, was determined by inelastic scans on a va-
nadium standard at the exchanged wave vectorsQ=0.2 Å−1

andQ=0.4 Å−1, and it turned out to be 1.5 meV. Consider-
ing the rather high value of final energy, i.e., 80 meV, a
relative energy resolution better than 2% was quite a good
achievement. The kinematic regionsQ,"vd spanned in the
present experiment is sketched in Fig. 2 in comparison with
that accessible to the previous neutron experiment[1], and
together with the dispersion relations associated to the col-
lective modes, as measured in Ref.[1]. This figure shows
that thesQ,"vd region covered by the two experiments was
appropriate to investigate the propagation of collective exci-
tations in water.

The sample was D2O, 99.99% deuterium rich, with a
large size matching the full cross section of the incoming
beam and an optimal thickness appropriate to reduce the
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multiple scattering(MS) contribution in the scattered inten-
sity. The geometric characteristics of the sample container
had been optimized in the experiment of Ref.[1], and hence
the same sample cell was used for the present measurements.
It was a slab shapeds8 cm34 cm30.8 cmd pure aluminium
cell with a window thickness of 0.5 mm. To reduce MS, the
same honeycomb shaped cadmium grid, successfully used in
Ref. [1], was mounted inside the cell. Each hexagonal hol-
low of the grid had an edge length of 0.6 cm and the same
depth as the cell thickness, i.e., 0.8 cm.

The intensity scattered from the heavy water sample was
measured at 293 K at seven wave-vector transfer values,
namelyQ=0.2, 0.25, 0.3, 0.35, 0.4, 0.45, and 0.5 Å−1. Care-
ful measurements of all possible background contributions
were carried out. This was necessary to accomplish good
quality data after the background subtraction, especially on
the tails of the scattering function. Indeed, at a givenQ, the
highest energy transfers, which correspond to the tails, are
attained at the smallest scattering angles, that is in configu-
rations of the analyzer-detector next to the incident beam and
resulting in a higher background. The scattering from the
empty cell was measured at the sameQ values as the sample,
while the background produced outside the sample region
was measured atQ=0.25 and 0.3 Å−1 with the sample sub-
stituted by a highly absorbing 2-mm-thick Cd plate. Addi-
tional measurements atQ=0.3 Å−1 were collected on both
the sample and the empty cell after removing the cadmium
honeycomb grid. The purpose of these measurements was
that of having an experimental check for the subtraction of
the MS contribution.

As anticipated, the elastic resolution of the instrument
was measured by inelastic scans atQ=0.2 and 0.4 Å−1 on a
2-mm-thick vanadium plate inserted into the sample cell.
The vanadium spectra, which are shown in Fig. 3, were very
well reproduced by the theoretical resolution function calcu-
lated according to the standard Cooper and Nathans proce-
dure [12] for the specific three-axis configuration. The
present experimental resolution was very well described by a
Gaussian function with 1.5 meV full width at half maximum
(FWHM).

The procedure applied to correct the experimental data,
which schematically consists of monitor normalization,
background subtraction, MS and attenuation corrections, and
absolute normalization was described in detail in Ref.[1].
Here, we briefly comment only on the measurements de-
signed to test the accuracy of the MS subtraction. The MS
contribution was obtained by a simulation procedure and the
quality and reliability of the calculation were checked
against the experimental data of the sample measured with
and without the honeycomb grid. Indeed, the effect of the Cd
grid is that of decomposing the whole available volume into
many almost cylindrical little volumes and its insertion in-
side the cell amounts to an MS reduction that the simulation
must account for properly. The intensity scattered from the
water sample in the two configurations, with and without the
grid, was simulated at the wave-vector transferQ=0.3 Å−1.
The difference between the two calculated intensities was
convoluted with the four-dimensionalsQ ,vd-dependent
resolution function of the spectrometer and normalized to the
energy-integrated intensity scattered without the Cd grid.
The resulting curve is compared with the corresponding ex-
perimental difference in Fig. 4, where it is apparent that the
MS simulation accounts for the measured data very well.
This result is even more notable considering that no free
adjustable parameters are introduced to work out the com-
parison.

Having assessed the reliability of the MS simulation, ex-
tended calculations were carried out to correct the data at

FIG. 2. Kinematic regionsQ,"vd accessible to the present in-
vestigation(80-meV final neutron energy and 1° scattering angle)
and to the neutron experiment of Ref.[1] (120-meV final neutron
energy and 1° scattering angle). The dashed lines are the dispersion
relations associated to the collective excitations in water, as de-
scribed in Ref.[1].

FIG. 3. Intensity of the vanadium standard versus energy trans-
fer, measured atQ=0.2 and 0.4 Å−1 (dots). The solid lines are
Gaussian curves with 1.5 meV FWHM describing the instrument
resolution function[12].

FIG. 4. Intensity from the water sample collected withsIgd and
without sId the honeycomb Cd grid(see text). The relative intensity
difference at thekth energy point,DI=sIk−Ik

gd /ok Ik, is shown
versus the energy transfer atQ=0.3 Å−1. Dots: experimental data.
Full line: curve calculated with the present MS simulation.
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every wave-vector transferQ. The MS intensity was convo-
luted with the spectrometer resolution function and it was
subtracted from the measured data. The resulting intensity
was normalized imposing the condition that the integral of
the experimental dynamic structure factorSexpsQ,"vd be
equal to f4pb2SsQd+sincg / f4pb2+sincg, SsQd being the
static structure factor[13], b andsinc the coherent scattering
length and the incoherent cross section of the bound mol-
ecule. This normalization procedure produced the same re-
sults, within the experimental errors, as the standard normal-
ization to vanadium.

An overall view of the experimental dynamic structure
factor is presented in Figs. 5 and 6 versus energy and at the
wave-vector transfers of the measurements. A close inspec-
tion of the figures reveals that, apart from a resolution lim-

ited quasielastic peak, purely inelastic features are present.
The energy resolution of this experiment, which is sharper
than that of Ref.[1], enables us to better define the disper-
sion of the collective mode and to investigate the contribu-
tion below the extended wings of the quasielastic peak, as
discussed in the next section.

III. DATA ANALYSIS

The quantitative analysis of the present data proceeded
from the two-mode model introduced in Ref.[1] to describe
the data there collected. Due to the complexity of the water
spectrum, which resembles that of hexagonal ice(Ih) [14],
the two-mode model has an overall validity which is con-
fined to the energy band below 15−20 meV. Over the win-
dow 0−15 meV, the main feature of the energy spectrum is
the ,6-meV peak for liquid water and an optic phonon at
about the same energy for ice Ih. Higher frequency modes
are present, however, their contributions to the propagating
longitudinal density fluctuations in liquid water are not in the
energy window here investigated. By the present model, we
are not suggesting that all the optic modes in ice Ih collapse
into just one opticlike mode in the liquid, but we are exploit-
ing at most the experimental evidence of a density of states
peaked at,6 meV. Therefore the assumption of a single
dispersionless mode should be regarded as representative of
a set of closely spaced modes falling within the same energy
band, the width of which is brought about by the envelope of
the modes or by some intrinsic damping mechanism. Over
the investigated frequency region, the dispersionless mode
can be expected to interact with acoustic modes.

Quite schematically, the model amounts to the simplifying
assumption that the inelastic dynamics of water at high fre-
quency and low momentum can be described by two mutu-
ally interacting modes: an almost dispersionless mode and an
acousticlike mode. As a result of the interaction, the linear
dispersion remains associated with a low velocityc0 at low
wave vectors and a high velocityc` at large wave vectors.
We observe that similar predictions about the velocity come
out from the study of Ref.[15] on the fast sound in a crys-
talline system made by disparate-mass components, which
has the theoretical support of the linearized hydrodynamics.

According to the model, the calculated dispersion rela-
tions v±sQd associated to the two interacting modes turn out
to be [1]

v±
2sQd =

va
2 + v0

2 ± Îsva
2 − v0

2d2 + 4b2

2
,

where v0 is the frequency of the dispersionless mode,va
=c`Q is the dispersion of the unperturbed acousticlike mode
andbsQd describes the coupling between the modes. As de-
scribed in Ref.[1], a sensitive choice forbsQd is bsQd
=Q b0 exps−lQd, that is, the interaction is assumed to in-
crease linearly at lowQ and to decay exponentially at large
Q values. An appealing characteristic of this model is the
simple and straightforward interpretation of the transition
from the ordinary sound, associated to the low-

FIG. 5. Dynamic structure factorSexpsQ"vd of heavy water ver-
sus energy transfer and at the lowest wave vectors measured in the
present neutron experiment. The experimental data(dots) and the
best-fitting curves(lines), calculated according to the two-mode in-
teraction model described in the text, are shown also on an ex-
panded scale.

FIG. 6. Same as Fig. 5, but at the largest wave vectors measured
in the present neutron experiment. The bottom right panel shows,
on an expanded scale, the experimental data(dots) in comparison
with the resolution function(solid line) at Q=0.4 Å−1, to emphasize
the effect of the instrument resolution on the side structures of the
inelastic peak.
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Q velocity c0, to the fast sound, associated to the high-Q
velocity c`. Indeed, in the low-Q limit one has

v+sQd = v0

and

v−sQd = Qc0 = QÎc`
2 −

b0
2

v0
2 . s1d

It is interesting to observe that, within this model, the unper-
turbed sound velocity isc`, that is the velocity associated to
the fast sound. On the other hand, the alternative interpreta-
tion of the transition from ordinary to fast sound in terms of
viscous relaxation[6,9] refers toc0 as the unperturbed mode
velocity with the fast sound resulting from the relaxation of
the sound mode through its interaction with a random field
inside the system.

The experimental dynamic structure factorSexpsQ,"vd, as
obtained from the data reduction procedure described in Sec.
II, consists of the cross-section-weighted sum of the dynamic
structure factor and its self-term. The empirical two-mode
model was exploited to describe the purely inelastic coherent
component of the response related to the collective mode,
while the quasielastic scattering due to both coherent and
incoherent cross sections was modeled by Lorentzian func-
tions. The optimal choice for the model functionSmodsQ,vd
to be fitted to the experimental data, after convolution with
the resolution function of the spectrometer, was then

SmodsQ,vd = S0
LsQ,vd + S1

LsQ,vd + S−sQ,vd + S+sQ,vd
s2d

with

S0
LsQ,vd =

"v/kBT

1 − exps− "v/kBTd
a0sQd

p

G0sQd
v2 + G0

2sQd
,

S1
LsQ,vd =

"v/kBT

1 − exps− "v/kBTd
a1sQd

p

G1sQd
v2 + G1

2sQd
,

S−sQ,vd =
1

1 − exps− "v/kBTd
a+sQdG+sQ,vd

fv2 − v+
2sQdg2 + G+

2sQ,vd
,

S+sQ,vd =
1

1 − exps− "v/kBTd
a−sQdG−sQ,vd

fv2 − v−
2sQdg2 + G−

2sQ,vd
,

G0sQd=DQ2/ s1+tDQ2d, D being the measured self-
diffusion coefficient of water[16] sD=2.2310−5 cm2 s−1d
and t the residence time with the value given in Ref.[17].
G1sQd, G±sQ,vd, a0sQd, a1sQd, anda±sQd were left as free
parameters. With this choice, the number of free parameters
of the fit was rather large and to reduce it we used the same
assumption as in Ref.[1], namely the damping function
G±sQ,vd given by"G±sQ,vd=a±Qv.

We comment that, as in Ref.[1], the purely inelastic con-
tributions are fitted by two damped harmonic oscillators
(DHOs). Although the use of two DHO could appear rather
restrictive, it is just an easy to handle tool which provides

good quality empirical fits to the experimental data. More-
over, in the two-mode model, the meaningful quantities are
the frequenciesv±sQd, which represent the effective disper-
sion relations. They are obtained from the set of the best fit
parameters accordingly to the model and to the numerical
procedure described in the following.

To prove the capabilities of this fitting model, the data
measured in the present experiment were fitted simulta-
neously with those collected in the previous neutron experi-
ment [1] using the same set of parameters. The only excep-
tion was allowing the amplitude parametersa0sQd anda±sQd
to be different for the two sets of data, which reflects the
different experimental conditions of the two measurements.
The overall fit of theSexpsQ,"vd data by means of Eq.(2)
was found to be of satisfactory quality for all the measured
wave-vector transfers and for both sets of data. Indeed, the
reducedx2 values were about the same, namely 1.6 for the
present set of data and 1.8 for the data of Ref.[1]. The
number of free parameters of the fit can be further reduced
by observing thatG1sQd shows a negligibly small, if any,Q
dependence. Then, a meaningful assumption was consistent
with keepingG1sQd=G1, that is constant. With this position,
the fit of all the measured neutron spectra was carried out
using seven nonlinearQ-independent parameters, namelyG1,
c`, v0, b0, l anda±, and the four amplitudesa0sQd, a1sQd,
and a±sQd, which are linear fitting parameters. The number
of nonlinear parameters could be further reduced to five by
using the condition of Eq.(1) with c0 bound to be equal to
the value measured at ultrasound frequency, i.e., 1320 ms−1,
and by assuminga−sQd=a+sQd. In the end, since the data of
Ref. [1] were not sensible to the presence of the broader
LorentzianS1

LsQ,vd in the fit, because of the rather coarse
resolution of that experiments2.6 meVd, the same values for
a1sQd were assumed for the two sets of data. The following
best fit values were obtained for theQ-independent param-
eters: "G1=1.5±0.1 meV, "c`=20.0±0.5 meV/Å−1, i.e.,
c`=3040±80 m/s, "v0=6.0±0.5 meV, i.e., v0/2p
=1.45±0.15 THz,l=3.3±0.5 Å, anda±=120±1.0 meV Å.
We observe that the combined fit of the present and the Ref.
[1] data provided parameters with values identical, within the
quoted errors, to those found in Ref.[1]. This result gives

FIG. 7. Wave-vector dependence of the strength integralZ1sQd
of the broad Lorentzian componentS1

LsQ,vd of the neutron fit. The
continuous line is the model functionf = f0f1−sinsQdd / sQddg fitting
the Z1sQd data(see text).
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support to the reliability of the whole procedure. The only
difference between the present fitting model and that of Ref.
[1] was the addition of the second broader Lorentzian to
model the quasielastic peak. Such a Lorentzian was neces-
sary to obtain a good quality fit of the present data, which are
at higher resolution although spanning a slightly smaller dy-
namic range. It was not required to fit the previous data,
because of their lower resolution, although it was compatible
with them.

The weigths of the four components which comprise the
dynamic structure factor, and the analysis of the mode
strengths can be obtained by calculating the following inte-
grated intensities:

Z0/1sQd =E
−`

+`

dv S0/1
L sQ,vd,

Z±sQd =E
−`

+`

dv S±sQ,vd.

The values here obtained for theZ integrals agree, within
normalization errors, with those calculated in Ref.[1]. As to
their Q dependence,Z1sQd is an increasing function of the
wave vectorQ, as apparent from Fig. 7. This behavior,
coupled to theQ independence ofG1 over the presentQ
range, suggests that the quasielastic scattering in water at low
Q is mostly accounted for by the two contributions modeled
by the Lorentzian functions of the fit. The first contribution,
described by the narrow Lorentzian functionS0

LsQ,vd with
associated widthG0sQd, can reasonably represent the self-
diffusion of water molecules, whereas the second much
broader LorentzianS1

LsQ,vd embodies the dynamics of fast
processes, possibly related to confined motions, as it is sug-
gested by the value of theQ-independent widthG1=2.28
31012 s−1. The range of the conjectured confined motion can
be deduced by fitting the experimentalZ1sQd data with the
low-Q limit of the simple model function fsQd= f0f1
−sinsQdd / sQddg, f0 andd free parameters. We found a dis-
tanced,4 Å, that is, a size of the confinement region com-
parable with the size of the tetrahedral network of the water
molecules.

The integralsZ±sQd are shown in Fig. 8 as a function ofQ

for the present and the old set of neutron data, and, notwith-
standing the quite different experimental conditions, a sub-
stantial overall agreement between the two sets of corre-
sponding data is apparent. As to theQ dependence ofZ±sQd,
it is roughly found thatZ−sQd is a decreasing function ofQ,
while Z+sQd is an increasing one. It is interesting to note that
the sum ofZ−sQd andZ+sQd is smaller than the overall con-
tribution expected for coherent scattering from the static
structure factor estimate. This proves that coherent scattering
also is contributing to the quasielastic peak, as expected over
the present wave-vector region, and in agreement with the
observation of a remarkable quasi elastic peak in the always
fully coherent x-ray measurements.

Finally, the dispersion curves associated to the fitting pa-
rameters"v−sQd and "v+sQd, which again compare quite
well with the results quoted in Ref.[1], are shown in Fig. 9
for sake of completeness. In this figure, the results of the
x-ray experiment of Ref.[5], obtained by the fit there de-
scribed, are also shown. Although the fitting procedures ap-
plied to the analysis of the x-ray and the neutron data are
different, Fig. 9 emphasizes the excellent agreement between
the results of the two experiments.

IV. VALIDATION OF THE INTERACTION MODEL
AGAINST THE LITERATURE DATA

The analysis performed so far has been applied to treat the
data of two coherent neutron scattering experiments, both
carried out at room temperature. The simple model of two
coupled modes accounts simultaneously for all the features
observed in the spectra. Nonetheless, the validity of such a
model should be scrutinized against a wider set of experi-
mental data on the atomic dynamics in water. In the follow-
ing, we apply the present model to the analysis of the ex-
tended set of x-ray inelastic scattering data reported in Ref.
[6] and of the density of states data measured by incoherent
inelastic neutron scattering in liquid light water and reported
in Ref. [6].

FIG. 8. Wave-vector dependence of the strength integralsZ−sQd
andZ+sQd associated to thes−d and thes+d vibrational modes, and
described byS−sQ,vd andS+sQ,vd in the fit to the present neutron
data (filled symbols). The results obtained in the neutron experi-
ment of Ref.[1] are also shown by open symbols, for comparison
purposes. The dashed lines are a guide to the eye.

FIG. 9. Dispersion relations of the collective excitation in water.
The continuous lines are the dispersion curves associated to"v−sQd
and "v+sQd obtained by a global fit of the two-mode interaction
model to the neutron data of the present and Ref.[1] experiments.
The neutron data, that necessarily lie on the calculated curves, are
identified by open circles. The x-ray data resulting from the experi-
ment and the analysis described in Ref.[5] are also shown for
comparison purposes(dots).
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A. Analysis of the x-ray data at 277 K

The large body of inelastic x-ray scattering data reported
in Ref. [6] represents an ideal ground to test the capability of
the present model to interpret the features of the water dy-
namics. A first set of x-ray data are those measured at 277 K
and normal pressure, that is in thermodynamic conditions
quite similar to those of the neutron scattering experiments.
The same dynamic behavior, apart from a probably small
isotopic effect, is expected to be observed in the two experi-
ments, once the different probe-to-sample coupling is taken
into account. The direct coupling of neutrons to the atomic
nuclei, via a short range potential, makes them a perfectly
suited probe of the dynamics of nuclei, whilst this is ob-
served via the electron-nucleus coupling when probing the
system with photons. In water, the electron cloud is mostly
centered on the oxygen atom and the dynamics probed by
x-ray scattering is largely dominated by the oxygen motion,
that is it is closely related to the motion of the center of mass
of the water molecule. The large coherent cross section of
deuterium makes, on the other hand, the neutron scattering
experiment in heavy water especially sensitive to the deute-
rium dynamics.

We carried out a new fit to the x-ray data at 277 K and
normal pressure, reported in Ref.[6], by using the model
function given in Eq.(2). To make the x-ray versus neutron
comparison independent of data-reduction related effects, the
x-ray dynamic structure factor was normalized as in the neu-
tron case, that is imposing the integral ofSexpsQ,"vd be
equal to the static structure factorSsQd. The accurate x-ray
static structure factor measured in Ref.[18] was used. The so
normalizedSexpsQ,"vd, after convolution with the experi-
mental resolution function of the x-ray instrument[6], were
fitted to the x-ray data.

On the assumption that the same dynamics is probed by
the two experiments, the fit was performed by keeping the
parametersG1, v0, c`, a±, andl fixed and equal to the values
provided by the neutron fit. These constraints amount to
leaving the amplitudesa0sQd, a1sQd, and a±sQd, which are
linear parameters, as the only free parameters of the x-ray fit.
This ultimately reflects the different coupling of the two
probes to the system. The results are shown in Fig. 10 where
the high quality of the fit is apparent. We observe that the
broad Lorentzian functionS1

LsQ,vd of the model function
[Eq. (2)], which was necessary to accurately fit the neutron
data, had a negligible effect on the fit of the x-ray data.
Indeed, a fit of the same quality as that shown in Fig. 10 was
obtained neglecting this contribution. This result is brought
about by the extended wings of the x-ray almost-Lorentzian
resolution function which mask possible contributions from
the broad LorentzianS1

LsQ,vd of the model.
The relative weight of the various contributions to the

x-ray dynamic structure factor was given by theZ integrals
calculated with the parameters resulting from the fit to the
x-ray data. Smooth dependences were obtained forZ0sQd
and Z1sQd. In Fig. 11,Z−sQd and Z+sQd, resulting from the
integration of the x-ray data, are shown as a function ofQ.
The observed decreasing trend ofZ−sQd vs Q is consistent
with the behavior expected from a continuous transition of

the correspondings−d mode from acousticlike to opticlike,
while the opposite increasing trend ofZ+sQd reflects the tran-
sition of the s+d mode from an opticlike to an acousticlike
character.

The overall results obtained by applying the present inter-
action model to the analysis of the x-ray data, which are
mostly sensitive to the dynamics of the water molecule cen-
ter of mass, are not in contradiction with the simple picture
of two interacting modes, one with a well-defined acoustic-
like character and the other with opticlike characteristics.

To discuss photon and neutron data on a quantitative base,
we exploited the representation of the dynamic structure fac-
tor by means of the three partial atom-atom correlation func-
tions which can be defined in water, namelySOOsQ,vd,
SOHsQ,vd, andSHHsQ,vd. The coherent contribution to the

FIG. 10. Dynamic structure factorSexpsQ,"vd of light water at
T=277 K and normal pressure, versus energy transfer and at the
wave vectors measured in the x-ray experiment reported in Ref.[6].
The solid lines are the best-fitting curves resulting from the fitting
of the x-ray data by means of the present interaction model, with all
the nonlinear parameters already fixed by the companion fit to the
neutron data(see text). The data and the calculated curves are
shown also on an expanded scale.

FIG. 11. Wave-vector dependence of the strength integrals
Z−sQd and Z+sQd associated to thes−d and s+d vibrational modes,
described byS−sQ,vd andS+sQ,vd in the fit to the x-ray data[6].
The solid lines are a guide to the eye.
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dynamic structure factor probed in neutron scattering experi-
ments, i.e.,SsndsQ,vd, can be written as

SsndsQ,vd =
oab

babbSabsQ,vd

2bD
2 + bO

2 , s3d

where the sums run over the atoms of the water molecule and
bD=6.67 fm andbO=5.45 fm are the scattering lengths of
deuterium and oxygen, respectively. The three partial corre-
lation functions have similar weights and the corresponding
dynamic correlations are expected to equally contribute to
the neutron cross section. In the case of x-ray scattering,
since the motion of each nucleus has a complex and distrib-
uted effect on the electron cloud, only an approximate ver-
sion of Eq.(3), with validity confined to low wave vectors,
can be written. The dynamic structure factorSsxdsQ,vd,
which is always coherent at low wave-vector transfers, is
then written as

SsxdsQ,vd =
oab

ZaZbSabsQ,vd

2ZH
2 + ZO

2 , s4d

whereZH and ZO are the atomic numbers of hydrogen and
oxygen, respectively.SsxdsQ,vd is dominated almost com-
pletely from the oxygen-oxygen term, while the oxygen-
hydrogen term contributes by about 25% and the hydrogen-
hydrogen term by less than 2%. Although Eq.(4) has a
limited validity, it suggests that x-ray scattering experiments
probe mainly the oxygen contribution, with the other two
correlation functions hardly detectable. These characteristics
make the comparison of neutron and x-ray scattering experi-
ments extremely appealing, since a wealth of information
about the water dynamics can be obtained from the simulta-
neous and common analysis of the data.

The independent knowledge of theZ integrals for both
neutron and x-ray data can be exploited to distinguish the
dynamic features related to oxygen and hydrogen atoms. In-
deed, under the assumption of a solidlike behavior of the
system, the integrals can be written as

Z±sQd = h2nfv±sQdg + 1j
"Q2

v±sQdoab

wawbFa
±sQdFb

±sQd,

s5d

wherensvd is the Bose factor, the sums run over the hydro-
gen and the oxygen atoms, the weightswa are related to
neutron and photon scattering amplitudes through

wa =
fa

Îoa
fa
2

with fa equal toba for neutrons and toZa for photons. The
partial structure factorsFH

± sQd andFO
± sQd, associated to the

two modes and distinct for the two atoms, can be obtained
from the combined analysis of neutron and x-ray data
through Eq.(5). The structure factors so deduced are shown
in Fig. 12. The hydrogen structure factor was found to be
larger than that of oxygen, as expected. In particular,FH

± sQd

exceedsFO
± sQd by about a factor 3 on average, that is by a

value which is close to the square root of the oxygen to
hydrogen(deuterium) mass ratio. Although the structure fac-
tors were obtained under several approximations, including
the use of data measured on light and heavy water, the over-
all trend here found is perfectly meaningful. The observed
wave-vector transfer dependence of the structure factors is
generally simple, and, together with the prevailing hydrogen
contribution at large wave vectors, gives further account for
the scarce visibility of the dispersionless opticlike mode by
x-ray scattering.

B. Analysis of temperature- and pressure-dependent
x-ray data

The analysis applied so far to the x-ray data at 277 K and
normal pressure can be equally applied to the temperature-
and pressure-dependent x-ray data, also reported in Ref.[6].
In particular, the data at the thermodynamic conditions sum-
marized in Table I were selected for the analysis. Since the
set of parameters deduced from the fit to the room tempera-
ture data cannot be used here, the fit of the complete set of
x-ray data was carried out by letting all the parameters freely
change. The same normalization as for the normal condition
experiment was applied. The quality of all the fits was found
to be comparable with that at 277 K and normal pressure.
The most relevant parameters of the fit, namelyc` and v0,
and the correspondingx2 values, are also listed in Table I.

The results show that at 3000 bars and 277 K there is a
small effect onc`, although the ratioc` /c0 is equal to
1.58±0.04, whereas it is equal to 2.13±0.05 at 277 K and
normal pressure. This finding is consistent with the increase
of the interaction parameterb0 from 98±3 to
106±3 meV2 Å when the pressure is increased from 1 to
3000 bars. The resulting picture is that an increase of pres-
sure at fixed temperature, which in turn produces an increase
of density, gives rise to an increase of the interaction be-
tween the two modes, while the energy of the mode is only
marginally affected. This behavior can be explained by ob-
serving that the water dynamics at short wavelength is domi-
nated by the local atomic arrangement, which does not ap-
preciably change on changing the density over the present
limited range(less than 10%). On the other hand, the in-
crease of density produces a corresponding increase ofc0.

FIG. 12. Wave-vector dependence of the structure factors of
hydrogen(filled and open circles) and oxygen(filled and open tri-
angles), separately associated to the low-lyings−d and the upper
s+d vibrational modes. The solid lines are analytic expressions for
the hydrogen structure factors associated to the two modes.
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The dependence ofc0 on the compressibility, which is an
extended property of the system, reduces the effects of the
local atomic arrangement. The interaction between the two
modes, which accounts for the transition fromc0 to c`, also
can be considered an extended property of the system and
hence it is expected to depend on the density. A similar trend
for c` was observed in Ref.[7], where the data were ana-
lyzed using a single DHO. This is an indication that the
behavior ofc` is, as expected, only marginally model depen-
dent and seems to be an intrinsic feature of the water dynam-
ics.

Further information can be gained from the temperature-
dependent data. As an example, the results of the present fit
to the x-ray data are compared with the experiment in Fig.
13. The excellent quality of all these fits suggests that the
interaction model can be successfully applied over the whole
thermodynamic range which was investigated by x-ray scat-
tering, and not only to treat the neutron data at normal con-
ditions. An effect worth to note is the appreciable decrease,

from 6 to 3.5 meV, ofv0 when increasing the temperature at
almost constant density. A neutron scattering experiment de-
voted to the study of the hydrogen spectrum over the same
thermodynamic conditions would be extremely desirable to
verify the shift of the peak towards lower energy.

C. Hydrogen density of states

The inelastic incoherent neutron scattering experiment on
light water, presented in Ref.[8], can be interpreted by
means of the two-mode model with parameters determined
by the fits discussed so far. Indeed, the density of states,
which is measured by the experiment of Ref.[8], can be
calculated by using thev±sQd dispersion relations and the
experimental atomic structure factors associated to the two
modes, as obtained from theZ integrals through Eq.(5). This
procedure is appropriate to treat a quasiharmonic solid in the
incoherent approximation. Actually, the incoherent approxi-
mation is also a suitable scheme to describe the dynamics of
the light water sample because of the large incoherent cross
section of the proton, which dominates the response. In the
harmonic solid, theH-weighted density of states of ansth
eigenmode is given by

gssvd = o
BZ

d„v − vssqd…fFH
s sqdg2, s6d

where the sum runs over theq values within the first Bril-
louin zone andvssqd is the eigenfrequency of thess,qd
mode. Equation(6) can be applied to a liquid system by
making, however, some assumptions. First of all, a damping
mechanism of the crystal modes has to be brought in, which
for the present interaction model is contained into the
S±sQ,vd functions and results into

g±svd = o
q

S±sq,vd
Z±sqd

fFH
s sqdg2 s7d

with g±svd the densities of states associated with the"v±sQd
modes. To carry out the sum over the Brillouin zone in the

TABLE I. Thermodynamic temperaturesTd and pressurespd conditions associated to the inelastic x-ray
scattering measurements of Ref.[6], here reanalyzed by applying the two-mode interaction model(see text).
The mass densityr and the hydrodynamic sound velocityc0, corresponding to thesT,pd points, after Ref.[6],
are also listed. The parametersc`, associated to the fast sound velocity, and"v0, that is the energy of the
dispersionless mode, obtained by the present fit to the x-ray data are reported together with the corresponding
x2 values.

T p r c0 c` "v0

(K) (bars) sg cm−3d sm s−1d sm s−1d (meV) x2

277 1.00 1.000 1430±20 3040±80 6.0±0.5 1.68

277 3010 1.109 2020±40 3200±80 6.0±0.5 1.17

273 900 1.042 1567±6 3040±80 6.0±1.0 0.90

300 1.00 0.977 1510±20 2740±80 5.0±1.0 0.88

333 400 1.000 1627±8 2580±80 3.2±1.0 0.90

373 1020 1.001 1742±7 2430±80 3.2±1.0 0.76

413 1530 0.993 1801±2 2280±80 4.0±1.0 1.17

453 1550 0.965 1760±10 2050±80 4.0±1.0 0.80

FIG. 13. Dynamic structure factorSexpsQ,"vd of light water
versus energy transfer, at constant density and at three temperature
values. The x-ray experimental data(dots) are from Ref.[6]. The
solid lines are the best-fitting curves to the x-ray data obtained by
applying the present interaction model.
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liquid system, we made the ansatz that the Brillouin zone is
approximated by a spherical region with a radius equal to
Q0/2, Q0 being the wave vector corresponding to the first
maximum of the static structure factor, which is,1.97 Å in
heavy water[13]. The sum in Eq.(7) was then converted into
the spherical integral from 0 toQ0/2, and the hydrogen
structure factorFH

s was approximated by means of the simple
interpolation function shown in Fig. 12. The so calculated
density of states is shown in Fig. 14 against the experimental
data of Ref.[8], which were normalized by a scale factor to
make the comparison clear.

Considering the approximations contained in this proce-
dure, which heavily relies on the solid state approach out-
lined in Eqs.(6) and(7), the resulting agreement between the
curve calculated with the present model and the experimental
data is excellent. We believe that the observed agreement is a
further, and rather convincing, argument in support of the
interaction model as an interpretation scheme of the water
dynamics, which favors a solidlike picture of the collective
modes in liquid water, over the high frequency range ex-
plored by neutron and x-ray techniques. In Fig. 14 the spe-
cific contributions arising from the two modes used in the
present model of water dynamics are also plotted. The de-
composition of the density of states shows that the peak ob-
served in the experimental data should be linked to"v−sQd.
The "v−sQd branch contributes mainly over theQ region
close toQ0/2, where it approaches"v0. As a consequence,
the dispersionless mode appears to play an important role for
interpreting the peak observed in the energy spectrum. The
good agreement observed in Fig. 14 indicates also that there
is only a very small effect due to the mass difference(hydro-
gen vs deuterium) on the position of the peak located at
,6 meV. Therefore the dispersionless mode should be at-
tributed to the water molecule complex and hence to the
local tetrahedral arrangement present in liquid water at room
temperature. Finally, we remark that these conclusions have
been achieved by making use of both neutron and x-ray data
which were both necessary for refining the parameters of the
present model.

V. CONCLUSION

The primary conclusion we can draw from the present
analysis is that the interaction model provides an adequate
description of the whole set of spectra available from neutron
and x-ray inelastic scattering experiments in the energy re-
gion below 20 meV. The most appealing result is the deter-
mination of the hydrogen and oxygen structure factors, a
result made possible by the combined use of x-ray and neu-
tron data within the same model, and which enables a deeper
insight into the water dynamics at an atomic level. Within a
solidlike model, the atomic structure factors provide an esti-
mate of the water density of states in good agreement with
that measured by incoherent neutron scattering. Unfortu-
nately, there are no molecular dynamics simulations provid-
ing the independent dynamics of both hydrogen and oxygen
in water, and therefore suitable for a comparison with the
results of the present work. Carrying out such a comparison
would represent a stringent test for the details of the inter-
molecular potentials employed in the simulations.

The validity of the interaction model to describe the water
dynamics in thermodynamic conditions different from the
standard ones has been proved by the successful fit of the
temperature and pressure dependent x-ray data. A systematic
trend of the fitting parameters as a function of temperature at
almostconstant density was found. In particular, a systematic
decrease of bothc` andv0 when increasing the temperature
was observed. This trend is visible in Fig. 15 where the two
parameters are shown as a function of the temperature. It is
interesting to note that the ratio between the two parameters
is almost constant. These characteristics suggest that the fre-
quencies of the two modes are related to the same intermo-
lecular force field, which softens on increasing the tempera-
ture, i.e., a behavior consistent with a solidlike interpretation
of the high frequency dynamics is suggested. We note also
that the interaction parameterb0, as determined from the
x-ray data, rapidly decreases from 106±3 meV2 Å at 277 K
to 42±3 meV2Å at 333 K and then more slowly down to
28±3 meV2 Å at 453 K. This trend is probably related to a
more localized nature of the opticlike mode, brought about
by the progressive disentanglement of the long range hydro-
gen bond network, occurring at higher temperatures. A fur-
ther effect is related to the growth of defects and interstitial

FIG. 14. Density of vibrational states in light water versus en-
ergy. The experimental neutron data(dots) from Ref.[8] are shown
in comparison with the curve(solid line) calculated in the frame-
work of the interaction model(see text). The two contributions to
the calculated density of states, originating from the"v−sQd mode
(short-dashed line) and the"v+sQd mode (long-dashed line) are
also plotted to emphasize the different wave-vector dependence of
the two contributions.

FIG. 15. Temperature dependence of the fitting parametersc`

(dots) and"v0 (triangles) obtained by fitting the present interaction
model to the temperature-dependent x-ray data of Ref.[6].
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water molecules in the hydrogen bond network with increas-
ing pressure, which disrupts the tetrahedral local structure
and weakens the hydrogen bonds. Indeed, the decrease of
bothc` andv0 was observed with increasing the temperature
at constant density, that is with increasing also the pressure.
This behavior is in agreement with the picture sketched
above, which was established by the recent accurate molecu-
lar dynamic simulation of Ref.[19].

In summary, we want to remark once more the empirical
nature of the interaction model used to rationalize the entire
large set of experimental observations coming from neutron
and x-ray measurements. The model has the merit of point-

ing out the fundamental features of the water dynamics out
of the extremely complex spectra in a rather intuitive fash-
ion. Notwithstanding the appealing simplicity of this solid-
like model, we remind that its validity should not be ex-
tended beyond the limits of an empirical realm. Indeed, the
complexity of the water dynamics cannot be fully accounted
for by a limited set of phenomenological parameters. We also
believe that the investigation of other prototypical hydrogen-
bonded liquids would help to assess the ability of the inter-
action model in describing a class of systems and not simply
water.
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