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Rolling and slipping motion of Euler’s disk
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We present an experimental study of the motion of a circular disk spun onto a table. With the help of a high
speed video system, the temporal evolutioripthe inclination angle, (ii) the angular velocity, and(iii)
the precession rat@ are studied. The influence of the mass of the disk as well as the friction between the disk
and the supporting surface are considered. Both inclination angle and angular velocity are observed to decrease
according to a power law. We also show that the precession rate diverges as the motion stops. Measurements
are performed very near the collapse as well as on long range times. Times to collapse have been also
measured. Results are compared with previous theoretical and experimental works. The major source of energy
dissipation is found to be the slipping of the disk on the plane.
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[. INTRODUCTION the dissipation mechanism. Moreover, it should be noticed
that these power laws may be valid only in a limited range of

Acommon straightforward experiment is the_followmg. A time since the major dissipation mechanism may depend on
coin spun onto a table rotates with an increasing precessigjl

rate and a decreasing inclination angle until it abruptly stops he dynamical parameters’ values.
) >INg 9 o pty Stops. Nowadays, no consensus has been found by the physical
This complex motion is known as the Euler’s disk problem.

Within the classical formalism of mechanics, the diskcommumty. Other experiments are thus required in order to

should spinad infinitum Moffatt's work [1,2] emphasized emphasize the major dissipation process leading to the brutal

the necessity of considering energy dissipation in order toStOp of the disk.
avoid such f)(;rever persistin% moti?))r/1 Manpy theoretical and In the following section, we present the experimental
numerical studie§3—6] have been devoted to the finding of setup and procedures. In Sec. lll, we report the experimental

the major dissipation process leading to the stop of the diskresults concerning the temporal evolution of the inclination

However onlv few experimental results can be found in th angle, the precession frequency, and the rotation velocity as
JWEVET, only P Svell as times to collapse. We discuss the results in Sec. IV.
scientific literature[2,7].

For a disk of radiu®, massm, and an inertia momentum Eventually, a summary of our findings is given in Sec. V.
[, the total energy reads

1 Il. EXPERIMENTAL PROCEDURES
E =mgRsin(a) + =102 sir(a), (1) . _ o .

2 The experiment consists of spinning a disk by hand onto a
table and to observe the evolution of the three different dy-

whereq is the inclination angle with respect to the horizontal namical parameters with the help of a high speed video sys-

and Q) is the precession rate. A sketch of the disk is illus-

trated in Fig. 1. Parameters (), and w are emphasized. . i . . :
In order to meet observations, one has to consider that th&avr:]lztléfgd_tgrsefodgfleﬁm iﬁ!gﬁ?}: Sta_'rl]lgf% %IikmherIQF? da

energyE is dissipated with a rated. And the aim is to find ! 2T ie=E » i 5&=1920. ’

the major mechanism responsible for energy dissipation

Considering that the energy is dissipated through a ‘Q

velocity-dependent process, the temporal evolutiom,of), ® >
and w can be described in a general way by ‘

a~ (o=, 2 \

1 \"e
a () o
to—t
and
\p/ﬁ
o~ (to—1)", (4) o

wheren,, ng, andn, are the dynamical exponents to be

determined6]. Depending on the dissipation process, differ-  FIG. 1. Sketch of the disk and its dynamical parameters: the
ent values can be found for these exponents. The prefactoiisclination angle, the precession spedd, and the angular veloc-
of those laws, and hence collapsing timigsalso depend on ity .
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FIG. 2. Experimental setup for the inclination angle measure-
ment. A laser beam is reflected by the disk and creates an “ellipse’
on a screen situated on the other side. A high speed video camera

records images of the pattern. FIG. 3. Path of the laser beam during the disk rotation. The size

- _ ) ) ) of the ellipse decreases with time.
massm,=353.4+0.1 g;(ii) an aluminum disk with a diam-

eter D;=75+£0.01 mm, thickness;=9.9+0.01 mm, and

L : ) i .H i i f he si f
massm,=123.9+0.1 gyiii) an aluminum torus with an in- motion stops. However, direct observations from the side o

. O : the disks showed that a recording rate of 500 frames per
ternal diameter DTi_§3'65iO'01 mm, external diameter secondfps) is large enough for an accurate determination of
D7, =78+0.01 mm, thicknese;=10+£0.02 mm and mass

mr=124.5+0.1 g. The surfaces were 2 mm thick plates of Geometrical arguments give us the relation between the

aluminum, glass, and rough plastic sheets. All these plategze of the ellipse and the inclination angie The main axis

were supported by the same table in order to change only thgngth A of the ellipse and the inclination angieare corre-
surface roughness. Starting from the lowest friction coeffiateq through
cient to the largest one, one finds the glass, the aluminum, _
and the rough plastic surface. 2r sin(2a)
_ : A= : 5
Here, we describe the experimental procedures we used _ cod(y+d)
for the data acquisitions. Note that despite the fact that we sin(y+9) - mtanz(h)
spun the disks by hand, our results are quite reproducible. Y
This has been also mentioned in Rgf]. where § is the angle between the screen and the horizontal
plane and is the distance from the center of the disk to the
A. Inclination angle center of the ellipse. Typically,=0.3 m. This relation is in-
o . vertible for determiningx from the knowledge oA, but has
The inclination angle measurement is based on the reflec- . . ? : .
o X S . a rather complicated formulation. The minor axis case is
tivity of the disks. When a laser beam is directed to a disk : . ) .
. L . . more simple. Calculations lead to the following relation be-
with a finite angley relative to the horizontal plane, one can

o tween the vertical axis lengtB and the inclination angle:
observe an “ellipse” formed by the laser beam on a screen

situated on the opposite side. This ellipse is due to the mo- /B

tion of the disk, which changes the incident angle of the laser 1 1-2 cos2y) +cog 2 arcsv(z)

beam on the disk. In fact, a circle should be observed on the «=—arcco , . (6)
screen. However, the angle between the laser beam and the 4 sirt(y)

horizontal plane induces a deformation of this circle into an  The inclination angle has been obtained from batand

ellipse. In order to minimize this effect, the laser beam isg yalues for each acquisition time. Then, an average over
placed as vertically as possihle=~80°, in practicg its po-  poth values ofx has been taken.
sition being limited by the screen. A sketch of the setup is

illustrated in Fig. 2.

Since the inclination angle of the disk decreases with
time, the size of the ellipse accordingly decreases. Measuring In order to measure the precession r@tewe have pro-
the size of the ellipse gives us the inclination anglef the  ceeded as follows. A laser beam has been horizontally placed
disk as a function of time. In Fig. 3, we present the wholein front of the table in such a way that the beam skims the
path of the laser beam during the last seconds of the distable(see Fig. 4 During the rotating motion of the disk, the
motion. One can observe a spiral pattern due to the decreat&ser beam is intercepted, leading to a fast decrease of the
of a with time. The black circle in the center of the picture is light intensity transmitted on the other side of the table. Such
an artifact due to the width of the trajectory on the picture.a light extinction occurs twice a rotation of the disk. The
Experimentally, the high speed video camera allows us téransmitted light is observed with a high speed video camera
distinguish the trajectories until%610* s before the disk situated at the same height as the laser but on the opposite

B. Precession rate()
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FIG. 4. Sketch of the experimental setup for the measurement of —
the precession rat@. A laser beam skims the supporting surface
and is intercepted by the disk twice a precession. A high speed
<-/

video camera records the intensity of the transmitted beam.

side of the plate. The images are then transferred to a com- FiG. 6. Sketch of the experimental setup for determining the
puter for image analysis of the intensity of the light spotangular velocityw. Two diametrically opposed white dots are glued
created by the laser beam. The images are recorded atoa the disk. Their motions are recorded with the help of a high
frame rate of 500 fps, allowing a high precision for the spotspeed video camera, from the top.

extinction detection.

_ Figure 5 presents a typical curve for the temporal evolurpis corresponds to nine different experimental situations.
tion of the intensityl of the laser spot in arbitrary units. Each \jeasurements have been performed a large number of times
sharp peak corresponds to an interception of the laser beagy, each experimental condition.

by the disk. The peaks are alternatively due to the front and \ye will first consider time to collapsg, and long time

to the back of the disk. Peaks are detected by fitting a Gausghayior of the dynamical parameters. Then, the last stage of

ian curve on each point of the signal. In so doing, timesy,e disk’s motion will be further analyzed.
corresponding to successive minima of the intensity are re-

corded. This method allows a precision of 0.002 s. A. Time to collapset,

Figure 7 presents two typical evolutions of the precession
) i rate() as a function of time. Black lines correspond to fits

We have measured the angular veloaityof the disk by using Eq.(3).
recording the motion of two diametrically opposed white At the beginning of the disk’s motion, a larger dispersion
marks situated on the top face of the disk. The experimentads the measurement is observed due to the way the disk was
setup is illustrated in Fig. 6. The angular position and thersgt into motion. The center of mass of the disk may, for
the angular velocityw are calculated from the displacement example, own some small linear momentum. However, the
of both dots between two consecutive frames. Images havgtion considered in Sec. | is rapidly reached and we have
been recorded at a rate of 125 fps. This has been found to R served that the early stage of motion has no significant

sufficient for detecting the stop of the disk. Top view record-gffect on the results presented hereafter. This was also men-
ings also allowed us to measure the motion of the center ofgned in Ref.[7].

C. Angular velocity w

mass of the disk. One can seen that a power law behavior is consistent with
observations over two decades in times. This means that, as
ll. EXPERIMENTAL RESULTS close as we can approach the collapse, the major mechanism

. . . of energy dissipation remains the same irrespective of its
In this section, we present the results of experiments per- oy P P

formed with three “disks” on the three different surfaces. & "'c"

14 : : , , , 1000 F ' Disk 1/ Glass
Disk 2 / Glass
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FIG. 5. Typical curve of the temporal evolution of the intensity ~ FIG. 7. Temporal evolution of the precession r&eover an
| of the laser beam. A fit using a Gaussian cufglashed curveis entire run in a log-log scale. Two cases are illustrated, as well as fits
also illustrated. using Eq.(3).
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FIG. 8. Temporal evolution of the inclination angtefor the FIG. 9. Temporal evolution of the precession rdlefor the
stainless steel diskdisk 1) case on the aluminum surface. A fit aluminum disk case on the aluminum surface. A fit using @Bgis
using Eq.(2) is also illustrated. also illustrated.

The time to collapséd, is observed to decrease as the

friction between the disk and the surface increases. For thglack curve. small oscillations & are observed. Thev were
aluminum disk spun with an initial inclination angle ’ : y

—23°40.1° isk 1 n th | of alreaz_jy rgported in oth(_ar measureme3s

= 12389+0.007 s Whil)q):g.393tig.16g8ass1§or the same Jisk __Adiusting the data with the power [affeq. (3), we have

on the aluminum surfacesimilar results are obtained for found differentn, values for different experimental condi-

other experimental conditionsSince the geometry of the tons (see Table Il It is observed that the precession rate

system is the same in both cases, the energy dissipation m&§verges as rapidly as the static friction increases. Once

not come from the air drag. Friction seems thus the mairfgain, the torus and the disks behave in similar ways, in the

source of dissipation. sense that the values of, are not so different for these

different coins. This also suggests that the air drag is not a

B. Inclination angle a major source for the energy dissipation.

Figure 8 presents a typical curve of the inclination angle
as a function of time. The angle is observed to decrease and D. Angular velocity e
to vanish quite abruptly at timg=0.571 s. A fit using Eq.
(2) emphasizes the power law behavior.

Values of the exponent, are presented in Table I. De-
spite the error barsy, seems to increase when the friction
coefficient increases. This tends to show that the friction abe
the rolling contact point of the disk may play an important
role in the dissipation process of the disk energy. One shou(lf
also note the small differences between the values obtain
for the three “disks.” Particularly, the torus behaves in nearly0
the same way as both disks. This suggests that the air layer
under the disk is not a major source for the energy dissipa- IV. DISCUSSION
tion. Another observation is that, does not depend on the Assyming the air drag as the main dissipation mechanism
mass of the spinning coin, in agreement with the equations qkading to the singular behavior, Moffatt concluded that
motion derived in Ref[6]. should be 1/3 ana,=1/6. Bildsten pointed out a mistake
in the Moffatt’s calculations and found the valueg=4/9
and ng=2/9. These theoretical previsions are much lower
than the experimental results, suggesting that air drag does

illustrated(continuous curve of Fig.)9 Note that around the

We have measured the angular velocity of the different
coins and reported the values f in Table Ill. A typical
curve as well as a fit using E@) are reported in Fig. 10.

As observed for botlw and (), an increase in the friction

tween the disk and the surface causes a faster energy dis-

ipation. Here, we observe that the different coins give dif-
rent values of the exponent, contrary to the previous
servations.

C. Precession rate{)

The precession rat@ is observed to diverge after a finite
time, as illustrated in Fig. 9. The divergenfEqg. (3)] is

TABLE |. Values of the exponenn, of Eq. (2) for the three TABLE II. Values of the exponent, of Eq. (3) for the three
“disks” on the different surfaces. disks on the three different surfaces.
n, Glass Aluminum Plastic No Glass Aluminum Plastic
Disk 1 0.51+0.01 0.60+0.01 0.56+0.03 Disk 1 0.39+0.03 0.34+0.01 0.39+0.03
Disk 2 0.49+0.01 0.49+0.05 0.59+0.02 Disk 2 0.32+0.01 0.30+0.01 0.34+0.01
Torus 0.52+0.02 0.56+0.03 0.66+0.03 Torus 0.30+0.03 0.31+£0.02 0.35+£0.02
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TABLE lIl. Values of the exponem,, for the three disks on the 0.1 Diek 2

. isk 2/glass ——
different surfaces. D sk 2/aluminum ——o—
n, Glass Aluminum Plastic
Disk 1 0.38+0.07 0.46+0.02 0.41+0.01 .
Disk 2 0.44+0.01 0.53+0.06 0.51+0.02 % 0.01
Torus 0.42+0.01 0.42+0.01 0.65+0.03
not play an important role in the energy dissipation. The
experiments we performed with torus and those previously ; .
released in vacuum conditiorfig] also emphasize the small 0.00 0.01 01
effect of viscous drag. o (rad)

The minor role played by air drag compared to friction in
the dissipation process is also revealed by theoretical predic- FIG. 11. Dissipation rate of energy as a function of the incli-
tions. Considering a viscous dissipation as in H&f, an  nation anglex. Two cases are illustrated.
initial angle ap=0.4 rad, massn=124 g, radiusa=3.75 cm,

and an air kinematic viscosity=0.15 cnfs™, we find that  The disk is observed to dissipate a larger amount of energy
the aluminum disk should spin fap~100 s over all the py time unit on the surface with the largest friction. On the

experiments(see Sec. Ill A and does not depend on the gjssjpation rate due to frictiof7]

solid-solid contact. On the contrary, if we consider a dissipa-
tion at the point of rolling contadt7], we findty~6 s for the o
aluminum disk on the aluminum surface age- 20 s for the Pirct ~ €O ) (2. ™

same disk on the glass surface. In addition to the fact th . .
these predicted times are of good orders of magnitude, th:{-he agreement between experimental and theoretical results

decrease when the friction increases as in the experimentsgmphasIze the role played by friction in the energy dissipa-

From the values of both exponems andnq and from tlorI]n condition of rolling without slipping, a proportionalit
times to collapse, the rolling friction is shown to play an 9 pping, a prop y

- : it . tween the precession rate and the angular velocity is ex-
important role in the energy dissipation mechanism. Indeeabe S )
onz would expecf7] nﬂzgyg andﬁo~10 s in the case of pected[1,6]. This is not so obvious here, even though data

rolling without slipping, which is quite close to our values. are quite dispersecsee Tables Il and )l Moreover, for a

This result is also supported by plots of the real dissipa—ConSIdered surface, the angular velocity exponeptde-

tion rate ¢ of energy during the experiments. From the val- pends on the disk, and therefore on the static friction.
ues ofa andQ we have calculated the total energyof the These observations lead us to believe that the disk may

: o lip while it is rotating. The influence of the slipping of the
disks[EqQ. (1)] and we have deduced the dissipated rate of, ; :
energyd from the derivative of that energ. disk was also suggested in R¢2], but from a theoretical

In Fig. 11, one can find a typical evolution of the dissipa- point of v?evy. This is in cqntfadigtion with Ref8] where the
tion rate ¢ as a function of the inclination angle for the ~ €"<'9Y dissipation by slipping is ruled out. However, these

stainless diskdisk 2) on both glass and aluminum surfaces. preliminary experiments were performed durlng warly
stage of the disk rotation. Indeed, only one experimental con-

dition was measured and moreover at a low frame recording

® rate .
5 _G‘“-Q-x@__‘_g_» | In order to emphasize the slipping of the disk, we have
Rty recorded the motion of the center of mass of the disk with a
4l T 1 high precision(250 fps, 1024 1024 pixels images Figure
N Do 12 illustrates the trajectory of the center of mass within one
R “Q\O 1 and a half angular revolution. One can see that the center of
Y mass moves along a circular path. As noticed, the center of
2 CNE. this circular path has a tendency to move the most at the
early stage of the motion than at the end. In the case of the
Tr LT circular ring, this “stabilization” is less important. We sup-
& pose that the large surface of the disks helps them to get this
0 036 048 04 o042 o044  ods stabilization. It will be interesting to check whether this
t(s) mechanlsm always occurs in vacuum condition, in order to
determine the role of air in this phenomenon.
FIG. 10. Temporal evolution of the angular velocityfor the Another important observation is that the center of mass
stainless steel disk case on the glass surface. A fit using4Eds of the disk exhibits small quasiperiodic excursions around
also plotted. the circular trajectory. These oscillations are not exactly pe-
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contact point of the disk along the surface. The resolution of
our setup does not allows us to determine whether there is
some kind of “stick slip” of this point on the surface. How-
ever, these slips are responsible for the energy dissipation
leading to the final stop of the disk. Since the disk dissipates
in a rolling and slipping motion and not only by friction, we
understand why theoretical times to collapse based on only
one dissipation process are larger than the experimental ones.

V. SUMMARY

We have performed experiments for studying the Euler’s
disk motion. The divergence of the precession rate as the
inclination angle and the angular velocity vanish has been
observed after a finite time. All these parameters follow
power law behaviors. The time to collapse is observed to
decrease with the friction.

Contrary to previous theoretical works, the air is found to
be a minor source of energy dissipation. On the contrary, the
major energy dissipation process is found to be the rolling
and slipping of the disk on the supporting surface.

FIG. 12. Path of the center of mass of disk 1 on the aluminum

surface.
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