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The dependency of the self-similar Rayleigh-Taylor bubble acceleration consgésf(amplitude/2]
X (displacementx (Atwood numbey) on the initial perturbation amplitudiey, is described with a model in
which the exponential growth of a small amplitude packet of modes makes a continuous nonlinear transition to
its “terminal” bubble velocity=Fr[equal to(Froude numbe#’?]. Then, by applying self-similaritydiameter
o« amplitudg, «y, is found to increase proportional to Fr and logarithmically wigh. The model has two free
parameters that are determined from experiments and simulations. The augmentation of long wavelength
perturbations by mode coupling is also evaluated. This is found to decrease the sensitigjtyrothe initial
perturbations when they are smaller than the saturation amplitude of the most unstable modes. These results
show thatay, can vary by a factor of 2—3 with initial conditions in reasonable agreement with experiments and

simulations.
DOI: 10.1103/PhysRevE.69.056305 PACS nund)erd7.20.Bp
. INTRODUCTION F3pD, (
. . o ap=——7—", 3)
The Rayleigh-Taylo(RT) instability [1,2] occurs when a 8 pn hy

fluid of densityp, accelerates another fluid of density> p,.
If the un;table perturbgtions are broadpand in_yvave nuikberynere Sp=pn—p1, Sp=pn+p and Fr is a constant equal to
and attain large ampl|tudd13<>1_/k, the instability evolves_ (Froude numbet2. For A=1, potential flow models and
self—S|m|I§\rIy such that the dominant Wavelength grows W'thexperiments yield Fr0.5 for a bubble in a cylinder
the amplitude. Then, for a constant acceleragonhe light  30_34 37 and Fr~2/3 for a lenticular bubble in an infi-
fluid penetrates the heavy fluid as bubbles with amplitud&,ite fluid [31,36. For A<1, Eq.(2) can be obtained by
[3-29 equating buoyancy(spg) and drag (Cdphvﬁl D,) forces
hy = o, A, 1) such that Fr1/\Cy _[26,30,4(]. In general, Fr depends on
the shape and environment of the bubble since they form
where A=(pn,—p))/ (pn+p)) is the Atwood number. Experi- the streamlines in the heavy fluj@1,32,34. These issues
ments [7-14] with immiscible liquids obtain «, are discussed further in in Secs. Il and IlI.
~0.04—0.07 vereas numerical simulatio®S) initial- The more complex and unresolved issue is associated
ized with only short wavelength perturbatiofs5,16,29  With the self-similar evolution of the bubbles to successively
obtain a,~0.03. Glimmet al. [17] obtain a larger value longer wavelength. This can proceed in two limiting ways,
a,~0.05 that increases to 0.08 when front-trackiig) is ~ namely, by(1) the nonlinear coupling of saturated shorter
employed thereby suggesting that numerical diffusion couldvavelength modes, a2) the exponential amplification and
reduce a,, However, other NS with FT[18] obtain a,  Saturation of ambient modes.
~0.05 and N§29] with and without interface reconstruction ~ The first mechanism is invoked in bubble merger models
(IR) obtain a,~0.03 because the fluid entrainment with IR [21-26,18 and leads to am, that depends primarily on the
is found to be similar to the numerical diffusion without IR. merger rate since it determin&/hy, in Eq. (3). Since the
Thus the numerics may not be responsible for all of the dif-node-coupling or merger process is nonlinear and involves
ferences ina,. For example, may depend on the initial saturated modes of intrinsic scal@gg ~ 1/k), the associated
conditions[3-6,11,14,19,2[7since NS[11] show that adding  a, is insensitive to the initial conditions and perhaps univer-
an initial long wavelength component as small as B.6an  sal. However, if one uses the observieg/h,~ 0.55,/p
double ay, [13,14 and Fr~1/ym for a periodic array, then Eq3)

A strict analytical theory foray, is not yet available to Yields a,~0.022, which is smaller than observed. In the
clarify these issues, but E¢l) can be obtained by combin- second process, the longer wavelength modes are produced
ing the two key characteristics of RT bubbles, namely, thaby the unstable amplification and nonlinear saturation of the
(1) their characteristic velocity is proportional to that of a initial perturbations. Since the linear growth is exponential,

single bubblg30-5Q a, may depend logarithmically on the initial conditions
[3—-6,11,14,19,2[/but the dependence has not yet been quan-
Sp gDy tified.
Vp=Fr ET (2 In this paper, the effect of initial conditions oam, is

evaluated quantitatively using simple model calculations.
and(2) their diameter grows self-similarp,ch,. Then, Eq. The model has two free parameters that are determined by
(2) yields Eq.(1) with comparing the results with published experiments and NS. It
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is important to clarify these issues quantitatively because so- Il. BASIC MODEL

called “mix models”[8,21-26,51-5Pare calibrated withw,, . . . . .
X [ oP ! WD The basic model is obtained by adapting the evolution of

The dependence af, on the initial perturbations is ob- a single-mode to a multimode wave packet centered at the
tained from known single mode dynamics, namely, by meld- 9 P

. ) : ’ wave number of the dominant bubble. The single-mode so-
ing the classical RT exponential growth at small amplitude tqution [3] grows exponentially at small amplituc?e and with

the terminal bubble velocity at large amplitude. To preserve : . .
S ; . he terminal bubble velocity at large amplitude. As was done
continuity in amplitude and growth rate, the nonlinear tran-Successfully in the bean¥-plasrr?a ins?abili[@O 61, the

sition (attributed to Fermi in Ref[32] is taken to be when single-mode solution is attributed to the root-mean-square

the linear velocity equals the terminal velocity and this OC'(rms) amplitude of a multimode bubble wave packgt] but

curs nearh,~1/k when the growth rate is classicdl . ! . .
—_ . . R with an evolving dominant waveleng{8] for the RT insta-
~ yAkg The resulting equations are similar in form to thosebility

introduced by Birkhoff{3] and extended by Cherfils and Mi-
kaelian[4] for single modes. However, in the turbulent RT
instability, the wave spectrum is broad and nearby modes can A. Single-mode solution
interfere constructively as described by Hd&d,57. As a . o
result, nonlinear saturation occurs when the root-mean- At small amp_l|tudekhk<1, itis well known that RT un-
square(rms) amplitude of the wave packet is comparable toStable perturbations grow as

its average wavelength and the saturation amplitude of the
individual components are reduced by a phase-space factor
to h,~ 1/K°L in three dimensiong3D), wherel is the sys-
tem width. Such a suppression in a multimode system wa
observed directly in the beam-plasma instabil[§0,61.
More importantly, the rms amplitude of the multimode wave
packet was found to evolve into the nonlinear regime just hy ~ Nk expIt), (5)
like a single mode until the beam electrons resolved the 2

spectral width. This implies that bubbles with a spectral

width &k can be represented on a rms basis as a single domivith <1% error and this simplifies the algebra.

nant bubble for an autocorrelation timel /V, 5k after satu- Generally, the linear growth rate I5~ yAkgat low k and
ration. This approach is used here to adapt Birkhoff’s soluis limited by various microscopic processes at higf62].
tion for individual modes to the bubble wavepacket, and forFor example, liquids with an interfacial surface tension
arbitrary A and initial perturbation spectra. Then, by invok- have

ing self-similarity, we obtainy, and D,/hy, in terms of the

initial perturbations and Fr. Fr is then obtained by analyzing k3

images of RT bubbles in the linear electric mottiEM) ['=+/Akg-——, (6)
experiment§12—14. The initial amplitudes on the LEM are PI Ph

inferred from early-time images taken with laser inducedWhiCh has a peak valuE~0 82\*‘rkpg at wave numbek
Oy P

fluorescencéLIF). N sy ; ; X .
The augmentation of the long wavelength perturbationﬁ,_;‘tgp gﬁf: OF |;13_ikvpv$tr;takv5805s(%;§\1/g ?nplegllg g;glv;'fh
By n~ 0. : ,

aue t(,) mode c_ouplmg 'S alsc_) evaluated in Sec. V by a_pplquion at the capsule surface produces an outward stabilizing
aan’'s analysi$52] to describe the nonlinear production of flow [63,64 with velocity v, and a peak growth raté
—_— a

long wavelength~L modes by the most unstable modes. The J P .
; ; ; ~0.5Vkyg at k,~0.1g/v;. Modes withk>2-3k, are sta-
mode coupling component is then added in quadralseg o004y n U o\ rface tension and ablation flow, but only

o the amplified ambient perturbations to obtain anthat partially by viscosity because the viscous retarding force
the t limiti i LA teg,is f t . - . .
spans the two limiting regimes. As expectegis found to requires a finite velocity~I'h,. Eventually, modes with

be insensitive to the initial conditions when the ambient long — k. will dominat d thei th rate E~ VAKG
wavelength modes are smaller than the saturation amplitudé AthWI omlT?S andt ellr grow d'rat? bbl \ ttg'
of the most unstable modes. Coincidentally, many publishe(iier arge amplitude, a singléor periodig bubble attains a

L : ; inal velocity that increases witA. For A=1, Hecht
NS [16-2Q are initialized with such perturbations and the mina ; - ’
present model is able to describe their results. Mode code‘log Iag% ?hvarts[34] extep((jj(_ad bin))ézlers pOth(t'al flgw
pling is found to have a minor effect for relatively large and model [33] to a square periodic bubble arrdis=k,) an

broadband initial perturbations. It should be pointed out thaPPtained
the mode-coupling contribution described here is not a gen-

h = ho, coshI't). (4)

the number ofe-foldings isI't= 2.3 (amplification=10),
g. (4) can be represented by

eral theory of mode coupling since it does not describe the dh, /g gr
; : = ~0.56 . (7)
usual progression to longer wavelength by a cascading pro- dt k 2
cess. The latter is done better by the merger models
[21-26,18. Their result is equivalent to Layzer’'s +10.51 for abubble

Please note that this paper considers only 3D perturban a cylinder with radiusR=3.83k (3.83 isfirst zero of
tions with a total wave numbee=\k;+kJ wherek, andk,  Bessel functionl). Goncharo{40] extended this analysis
are the components in two directions transversgzo to A<1 and obtained
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Given these ambiguities, the bubble velocity is taken to
have the form of Eq(9) in developing the present model, but
C is a free parameter and is related to Fr as follows:

[SpD [ 2 D
C=Fry L2 oy -2 Do (11)
Ph A 1+A XN

As indicated previously, Eq(2) leads to Eq.(9) if D,
~\pp/2p and Eq.(8) if D,~ \. This will be discussed fur-
ther in Secs. Ill and V.

The linear and nonlinear single-mode solutions are then
combined simply by making a transition between them when
the linear velocityl'h, equals the bubble velocity. This is
attributed to Fermi and occurs when

0.6

0.5

>

«Q

>
TTT T T [T T T T [T @1

lllllllllllllllllll

o

0.2 0.4 0.6 0.8 1
A I'h
Atwood number Cq/ % ~I'hy~ TOk exp(I'ty,) (12

FIG. 1. Scaled bubble terminal velocity for a single 3D mode vs

Atwood number. The solid line represents Eg) and the dashed atatime

line is Eq.(9). Points are taken from the following publications;, 1 ( 2C \/Tgk)

Trygvasson and Unverd#?2]; @, Li [43,44; ¥, Hecht[45]; &, He tne ~ Il =/ — |- (13
[46]; ¢, Calder[47]; ¢, Alpha group[26]. I A Tho 2

At t=ty,, the solution transitions from Ed4) to

dhy . 2A g | 2A g\ [agh] 1
dt 1.02 1+AKk 0.58 1+A 2" ® h=C %[f"‘t_tm} (14

which is consistent with Eq2) and a buoyancy-drag model
l[.zfl] I;I [.)gw)‘d Sct))hn'[413 assumed a different potential in the 4 Mikaelian[4]. As shown in Fig. 2, it also agrees with a
ight fluid and obtaine single-mode 3D simulation by Weber in the Alpha group
dh, /_@ Collaboration[29] with 32 zonesk on each side andig,

2 L

This is similar to the solution of Birkhoff3] and Cherfils

—~C (9) =0.00\. The linear growth rate is nearly classichl

dt ~0.95/Akg limited by numerical dissipation and the ter-
which is consistent with Eq(2) if D,~\(1+A)/2. Itis also ~ Minal velocity isV,=1.34 cm/scorresponding to € 0.6.
similar to the scaling suggested by Glimm and21]andin  The model solution(dashed ling fits the simulation re-
numerical single studigg5-47. Both Egs.(8) and(9) have sults W|t_h|n <1 %_|n thg Imear regime and within 21% in
the same limiting values a=0 and 1, but potential flow the nonlinear regime similar to that in Ref82,42. The
ignores the vortical motion surrounding the bubbledag1 ~ WOrst agreement occurs near the transition=8 s when
and this may affect the Atwood dependence. In particular, it"€ amplitude is1.72 cm in the simlations and éh,
is surprising that both Gonchar@40] and Sohrj41] find the =~ ~0.36 cmlarger in the model. The model amplitude is
radius of curvature to be independentAfnamely, 3.35k  21% larger because the simulation begins the transition
and 4k, respectively. about onee-folding beforety, and then approache¥,

A comparison of Eqs(8) and(9) with published 3D simu- More gradually. This also seen in Fig. 9 of Ré48].
lations seems to favor E¢8) but not conclusively. In Fig. 1, However, as we shall see below, this mode is expected to
the scaled velocity,/ VAg\/2 from the simulationgpointy ~ dominate  when h,~2\ and the discrepancy éhy
seems to decrease withas suggested by E). Analogous ~ ~0-41 cm isdh/h, <3%, which is smaller than the £5%
agreement with Eq(8) in 2D was reported by Alonet al. ~ Scatter inC exhibited in the simulations in Fig. 1.

[26] and Mikaelian[42]. However, there is considerable scat-

ter in the simulations and there is some ambiguity between B. Multimode bubble wave packet
D, and\. For example, 2D simulations by Da found . . . .
th%\t P y Dalgd] It is now possible to describe the broadbgiRY) insta-
bility by applying the single-mode solution to thibubble
3p 2 wave packet of modes centered at the dominant wavelength
A~ Db; - Dbl A (10 as suggested by DeNef0] for the beam-plasma instability

and Haan[51] for the RT instability. In the beam-plasma
which is physically reasonable since the spikes are very naiinstability, a single mode grows exponentially until its am-
row atA=1 so that\ ~ Dy and they are identical to bubbles plitude is large enough to trap the beam electrons and then
at A=0 so that\ ~ 2Dy, This is inconsistent with 3D poten- the amplitude oscillates as the electrons slosh in the sinu-
tial flow calculations[40,41] that obtain\ ~ D, independent soidal potential. When experiments were repeated with a fi-
of A. nite band of mode$60,61], it was found that theotal wave
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- N P d o~ \ -/ -
- b) dh/dt 157G E FIG. 3. Schematic representation of the perturbation spectrum at
127 (cmfs) Y 7 various times 6<t; <t,. Dominant bubbles have wave numbegr
L ! 4 and modes saturate & when they exceed the Haan saturation
08 » 1 amplitude Eq(25) (dashed ling
C ] k>ks. Bubbles are associated with the spectral peak,at
0.4 - with amplitudeh,=¢hy). At the early timet;, the bubbles are
C i comprised of the fastest growing wavies~ k. As time in-
s 4 creases td,, slower-growing longer-wavelength modes over-
0 oo e 1o take the initially saturated modes and all scalekg11/k;
0 8 12 16 andh, grow self-similarly. In this picture, the wave packet is
Time (s) comprised of the dominant bubbles that have just become

nonlinear with an effective widtdk o k, -k,

Within this picture, the single mode solution in Sec. Il A
is adapted to the multimode RT instability by assignimg
=(hy. Then, the Fermi transition is applied to the wave
packet(h,) by equating the linear and nonlinear velocities

energy(modes added in quadratyrevolved identically to Agh,
that of a single modantil the electrons resolved the spectral I'h,=C o

spread, namely, for an autocorrelation time after saturation.

For the broadband RT instability, Hagb1,52 made the The fastest growing modés~ k, will saturate first and they
similar argument that saturation occurs when the overall amhave I'<\Akg, but the longer wavelength modés<k,
plitude of the entire band of dominant modes becomes conthat dominate the later stages have a nearly classical
parable to their average wavelength. The idea is that modagowth ratel’~ VAkg The classical modes transition at an
within this bubble wave packet can interfere constructivelyamplitude

to produce a net amplitude that greatly exceeds the indi- —

vidual modal amplitudes. In both cases, the hypothesis is that kphp = k(hy) ~ Cyr (17

the rms amplitude of a multimode wave packet

FIG. 2. (@) Amplitude and(b) velocity for a 3D single mode
with A=0.5,g=2 cm/$, and\=10 cm. The solid line from simu-
lations by Weber in Ref26] and the dashed line given by Eqé)
and (14) with T'=0.95/Akg andC=0.6.

(16)

and a time

hy { L2 J‘k+5kdk h }1/2 5 1 ocir
W=\ d'd W 15 I ( \77)
27 e e VAK,g " ko(hoi / (19
evolves_ simillarly.to the single_mode so_lution for some au.to'FortBtb, the solution to Eq(9) can then be written as
correlation time into the nonlinear regime. Thus saturation
occurs when¢h,) becomes comparable to the dominant —l 1 Ag
wavelength, but the individual mode amplitudes are smaller hp=Cyr| =+ [ (=t | (19
by the phase space factét in 3D, i.e., h,=1/k’L This 0 L
suppression was observed directly in the beam-plasma inst&he evolution ofh, is exemplified for constant mode num-
bility [60,61). bersn=kL/2# by the dashed lines in Figs(a} and 4b) for
The effective width of the wave packék will be esti-  k(hg)=10"° and 103 Fr=2/3 andA=1. Each mode tran-
mated in Sec. Il B, but it is first useful to review the ex- sitions from an initial exponential growth to a terminal
pected evolution of an RT unstable spectrum. This is shownelocity with a continuous slope &g, indicated by solid
schematically in Fig. 3 for a k? initial spectrum and two points. A key finding is that the envelogthick solid line)
times. The nonlinear modes are those that exceed the Haabeys Eq.(1) as fast growing highe modes saturate and
saturation amplitudé, = 1/k’L (dashed lingand these have are overtaken by slower growing lokw-modes.(Please
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VX L A A mAgE
ks A k(hok) =107 /,f_:" Ap orn > (21)
: s 2l )
L 03 Pt Ko(how
45 ,"i.-/ % 3 Inserting Eq.(21) into Eq.(19) yields Eq.(1) with
: P A 3 — —
#Z 2+ 3 cm{ (20%) r
0.1 ‘/..v:’/e ) , ] ap 2 In kothoy 1 (22
0 s N Loy | 4 4 4 4 T L .
L B e e e e e B Enam e and a self-similarity ratio
- # — [ -1
0.8 b)k(hgy) =107 /—_ By = Ao 2\_77{”](20_\77) - 1} _ (23)
06:— s s 3 h, C k(hoi)
E E /—:,.-:"" ] This analysis extends that of Birkhoff in two simple ways.
0.4:— // & = First, Birkhoff considered onlyA=1 since the nonlinear so-
- P T ] lution was obtained from potential flow whereas this is ex-
0.2 /.’—-—"" o1 _: tended toA<1 based a buoyancy-drag description. Second,
e ] Birkhoff [3] ascribed the solution to individual modes and
.4 e e assumed thaty, ~ k™! to keepkhy, constant. Here, the solu-

C N tion is ascribed to the bubble envelope in an esse and

08k © ] k(hgo is constant only whemg,~k™? as suggested by In-

E ] ogamov[5,6]. However, to his credit, Birkhoff appears to
)”—bo.e_— k(hok)=10_3 —E be the first to have predicted the self-similar behavior
L - . embodied in Egs(1), (22), and(23), and based on what

04— = was thought to be practicddhy,~ 1073, he predicted an

C ] ap,~0.12 andB,~1 close to what was measured decades
0.2~ 10° - later.
" C _____‘__‘_,_,1—‘—'_:_'_; However, in generalg, and 8, can depend ofikhy,) as

exemplified in Fig. 5 from Eqs(22) and (23) for C=0.56
and 0.95. The behavior can be understood by noting that the
dominant modes are those just beyond saturation. Since the

FIG. 4. Scaled solutions to E(LO) (broken linefor A=1 and  {iMe to saturatiorty, decreases as the initial amplitude in-
k(hed =108 (a) and 102 (b). The envelope of modegray solid ~ Creasesa, and g, increase with{hy,), but only logarithmi-
line) follows Eg. (1). (c) Wavelength of the dominant mode that cally because the initial growth is exponential, increases
comprises the envelope. with C because it increases the terminal velocity Bytde-

creases withC because a mode must be amplified further to

note that when a mode is the dominant mode, the mode reach the larger terminal velocity. Please note that inégia
n/4 has just become nonlinear as indicated by the pgintsis neglected when applying self-similarity or bubble merger
Thus, Eq.(1) can be thought of as a nonlinear progressionto a constant terminal velocity, but the associated error in Eq.
to successively longer wavelength packets or like a com¢22) is 2a,~ 10 %.

petition of noninteracting bubbles. This process results in

o

5 10 15 20
gt?/L

a self-similar evolution as seen in Fig(c} since the Ill. MODEL CONSTANTS

wavelength of the dominant bubblg, also increases as

gt2. It is noteworthy that the dependence @mn,) is weak The model has two unknown constatsndey,. The two
since ap,~0.022 and\,/h,~0.36 atk(hy)=10° and a, output parameters vary at},t?CC and ﬂbocllc and increase
~0.045 and\,/hy~1.12 atk(hg)=1073. logarithmically withe,. Physically,C is related to Fr by Eqg.

(11) and determines the bubble “terminal” velocity. In this
odel, it also absorbs possible uncertainties in the transition
etween the linear and nonlinear solutions. The relative spec-

tral width ¢, defines the spectral content of the bubbles and

is used to relate the bubble rms mplitude to the initial Fourier

hy L{ \/Et . |n< o7 )} o oo spectrum of the perturbations.
INp 2wl V 2\ kp(hoi) ’

A. Bubble velocity «<C

The value ofC~0.95 required to describe the LEM re-
assuming thahg,~ k™ because that makeghg) indepen-  sults(Sec. IV) is larger than the classic result of £6.5 for
dent ofk. The solution to Eq(20) is a single bubble in a tube with=1 [30-32 but it is compa-

Following Birkhoff [3], the self-similar evolution of the
dominant bubbles can be obtained by seeking the waveleng
that maximizes Eq(19). This is done by setting
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FIG. 5. Variation ofay, and gy, with k(hg from Egs.(13) and
(14) for C=0.95(solid lineg and 0.56(dashed lines Ellipses sig-
nify LEM results.

FIG. 6. Schematic ofa) a bubble bounded in a cylinder aria)
a lenticular bubble in an extended fluid.

For individual RT bubbles, the scaled velocities were
measured to be 0.7-1[21,22,14 similar to that for plumes
~1.2[35]. Indeed, by comparing the images in Figs. 1-3 of

ef.[35] and Fig. 11 in Sec. IV, one sees that plumes and RT

rable to Fr~1 obtained for RT bubble$43,21,22,14 and

Fr~ 1.2 for plumegq35]. This was first pointed out by Lewis
[43] and clarified further by Glimm and collaborators
[21-24. The uncertainty arises because the velocity of

bubble is determined by its shape and environnjggt35 ubbles appear to be long gnd unbounded. And both features
since they form the streamlines of the flow and they ard€nd to increase Fr. The importance of the length can be
complex in the chaotic RT bubble front. understood from the drag constant of an ellipsoid of revolu-

The two classic configurations cited in the RT literaturefion [66], which yields an FrL,/Dy,. Of course, this is in-
are shown in Fig. 6(a) long columnar bubble bounded in a tuitively clear to those who draft behind vehicles in bicycle
cylinder of diameteD and(b) a short lenticular bubble in an and automobile races.
extended fluid. The shape of a bubble is approximated by its The RT bubble front has been approximated by a square
radius of curvature near the ap& and its vertical extent periodic lattice of bubbles. As seen in Table Il, potential flow
L,. The environment is characterized by the area around thealculations reproduce the resuli® ~1.04D/2 and Fr
bubble that accommodates the counterflow of the “heavy™~0.51 of Collins for a bounded bubble ¥,~D and 3D
fluid. Namely, to counter the upward flow of the bubble, thesimulations obtain slightly higher values of +0.5-0.74.
downward velocity of the displaced “heavy” flui{dnd dragy ~ However, a perfectly periodic configuration is not an accu-
is larger for a bounded bubble than for an unbounded bubbleate representation of a chaotic RT bubble front since it un-
because the surrounding area is smaller. derestimates Fr and thus,.

The scaled velocities for individual bubbles are summa- This discrepancy may by due to the unstable nature of a
rized in Table I. Experiments and potential flow calculationsuniform periodic latticef21-24. For example, suppose that
yield a velocity 0.5/gD/2 for a bubble bounded in a cylinder bubbles 2 and 4 in the uniform frorgsolid) in Fig. 7 are
and 0.6%gR. for an unbounded lenticular bubble. Collins perturbed forward slightly. These bubbles may experience a
[36] consolidated these results by considering the effect of amaller counterflow of the “heavy” fluid like an unbounded
cylindrical boundary of arbitraryD/2R.. For the bounded bubble and the reduced drag will further increase their ve-
bubble, the cylinder is found to deform the bubble so thatocity ahead of their neighbors. To quantify this effect,
R:.~1.04D/2 and Fr0.51. For the unbounded bubble, he Glimm and Li[21] suggested a superposition hypothesis in
uses the last closed circular streamline to define an effectiverhich “the effective bubble velocity is the sum of the single
sphere for the lenticular bubble with,~ 2R, and obtains bubble velocity and the single bubble velocity of the enve-
Fr~2/3 similar to Davies and TayldB1]. lope.” For example, if the chaotic bubble front is modulated
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TABLE I. Scaled bubble velocity from single-mode experiments, potential flow models and 3D nu-
merical simulations, and in RT experiments.

A Vp Vi Vp
JgD/2 VOR, \9.5Dp0p/ pn
Bubble in cylinder
Experiment[30] 1 0.48
Potential flow[30] 1 0.49
Experiment[31] 1 0.48
Potential flow[31] 1 0.46
Potential flow[32] 1 0.51
Potential flow[36] 1 0.5 0.51
Bubble in large bath
Lenticular bubbleg31] 1 0.67
Potential flow[36] 1 0.65
Plumes[35] <1 1.2
Bubbles in RT experiments
Lewis [43] 1 11
“Rocket rig” [7,8,21-24 0.5-0.99 0.7-1.2
LEM [13,14 0.2-0.96 0.7-1.0

at 2\, as shown in Fig. 7, the hypotheS|s suggests that therder to calculatéhy,) from the spectral amplitudés,, such
leading bubble velocity is augmented bg to that observed as from an ICF capsule or a simulation, it is first necessary to
Fr~0. 5](1+\2)~1 2. Cheng, Glimm and Sharj24] ex-  obtain the effective spectral widibk for the integral in Eq.
tended this analysis to 3D and obtaingg~~0.05—-0.06 and (15). This can be done by defining a second free parameter
Dy/hy~1/3 independent of. However, rather than invok-
ing bubble interactions, the leading RT bubbles may simply
behave like plumes in an extended bath and they have Fr
~ 1 because they are unbounded and long vertidéigj.
Independent of this model, it is important to haver
because then Eq(3) yields a,~0.06 for the observed
Dy/hy~0.50,/2p [Fig. 13b)] instead ofa,~0.024 for Fr
~0.56. Oronet al. [18] increasede, by increasing the
bubble merger rate so that/h,~ 1, but this is 2—3 times
larger than observed in Fig. @8. Cheng, Glimm and Sharp
[24] were able to obtaiay,~ 0.05—-0.06 wittD,/h,~1/3 by
invoking an envelope instability for a chaotic bubble array.

&y = kik (29
that describes the spectral width of the dominant bubbles. In
the following, we estimate,~ 3/8 and this is similar to the
effective spectral width obtained in the bubble merger model
[Fig. 6(c)] of Oronet al.[18]. In any case, the model results
are not very sensitive te, becausen;, and 8, depend only
logarithmically on(hg,) = Ve,. Thus, for a given initial spec-
trum hg,, decreasing, by a factor of 4 would effectively
reduce(hy by a factor of 2. From Fig. 5, this would reduce
) ay, and B, by only 8% for LEM conditions.
B. Bubble spectral width «g,,

The model in Sec. Il depends primarily @nif written in

terms of the bubbléy, or rms amplitudegh,). However, in

TABLE II. Scaled bubble velocity aA=1 from 3D potential
flow models. The last two entries, marked with an astersisk,
extended the analysis #<<1, but with different results.

Vp 2R, Vi,
VgNy/2 Ao VgR; - o

Bubble in cylinder[30-3§ ~0.5 1 ) k i
Hecht, Alon, Shvart§34] 0.56 122 051 1 5 3
Inogamov and Abarzhi37] 0.56 1.02 0.55 E i | g : i
Abarzhi[39] 0.59 1.27 0.52 ; : 5 'l :
Goncharov+[40] 0.58 1.07 0.56 ' '
Sohn*[41] 0.56 1.27 0.50 FIG. 7. Schematic of a periodic bubbles array in dashed lines
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gp can be estimated by representing the nonlinear wave 107 LR RRL | T
packet(modes above dashed line in Fig.\Bith a spectrum
peaked ak, and bounded symmetrically by the newly satu-
rated modek,, such thaisk~ (k,—kg)/2. This is similar to the
bubble distribution in Fig. @) in Oronet al.[18]. Then, 5k 102
is obtained by identifyingk at the time that the dominant
bubble hask,, but this must be done self-consistently be-
cause the saturation amplitude

Cr |k
g L2 \/; (25 ._
itself depends on the spectral width. Equati{@b) resembles 10* N Lttt
the Haar{51] result and is obtained using Ed45) and(17) Mod:eo— KL/om 100
by assumingsk?/k?<1. -
From self-similarity, the dominant bubble hak, FIG. 8. Measured spectrugsolid) for a glass ICF capsule and
=2l Byhy, at a timetyy27/ AgByanky. The modeks that has  effective k(hy,) (dashedl for £,=3/8. Thedotted line indicate& >

just saturated at=t, is obtained by combining Eq¢5) and  variation.
(25). This yields

hg (um)

| A Y
111y [ NN

103

k(h(ﬁ)

N -

LI lIllll'

—

(26) is reduced by a factor of 4, then the corresponding values of
k(hgo would be 50% smaller than the dashed line for this

measured spectrum, but the valuesagfwould be reduced

2h
VAkgt = In(—ks
hOkS
Using Eqgs.(21)—(23), this can be rewritten as

) observed degradation of neutron yi¢&¥]. If the value ofey,

by <10 %.
[ky _ In(2C\m/k{hg) — 1
T [ ’ (27)
4ks |n(2C7Tv’k/5k/Lk2h0k) IV. COMPARISON WITH LEM EXPERIMENTS
where the right-hand sid&kHS) is evaluated ak=ks. Equa- A more direct comparison can be made with the planar
tion (27) has a simple solution for an initial spectrum of the and incompressible experiments on the LEM. The initial am-
form plitudes are evaluated here by analyzing the early LIF im-
he = v/LI2 (29) ages[12-14 before strong nonlinearities develop. A sample
Ok = X bilevel image taken with a thin laser sheet at 16 ms is shown
because in Fig. 9a) over the central 4 cm regiofL=7.3 cm for
—_— pn=1.57 g/cm, p=1.04 g/cm, g~ 70 g, (go=Earth’s grav-
k(hoi ~ x oK/ k (29) ity), and o~ 4 dyn/cm. The corresponding interface profile

and the arguments on the right-hand siB#S) of Eq. (27) is shown in Fig. @) with a magnifieql vertipal scale ar_1d
are both~2C7-r/X\s‘“s—b. Then, forX\s’s_t,«ZCw/e, the RHS averaged ovetx=0.03 cm to _reduc_e pixel noise. Its_ Fourier
~1 and the solution i&~ k,/4. [This is similar to Fig. 4 POWer spectrum, shown in Fig. (9, is dominated
in which a packet at mode/4 becomes nonlinegpoint) ~ (~80% _?f energy by a group of modes centered At
when moden is dominani] This result suggests that ~38 cn™and an rms amplitudéhy ~0.045 cm withinok
dk/k~ (1-ks/kb)/2~3/8, which is consistent with the ~*12 cnil. The central wave number can also be obtained
bubble distribution obtained by Oraet al.[18] [Fig. 6(c)].  PY counting bubbleg24 in 4 cm and from correlation analy-
In order to demonstrate the sensitivity of the modekgo  SiS- This data is used to infer the initial rms amplitutig,)
and the spectral shape, consider the measured initial spely inverting Eqs(5) or (19). If modes neak~38 cni* grew
trum of a glass ICF capsule shown in Fig.Fg, (solid line) ~ €xponentially throughout, they would havel'dt~10.4
decreases a2 until mode 20 and then remains fairly flat €-foldings and an amplification of ep'dt~16000. Then,
out past mode 100. The corresponding valuek@f,) for  inverting Eq. (5) implies (hgy~2.7X 107 cm. However,
&,=3/8 isalso shown as a dashed line and it is relatively flatsince k(hy~1.7 in Fig. 9, this wave packet has become
only whenhg, = k2. Physically, this occurs because the num-weakly nonlinear and exceeds E{7) and it is more valid to
ber of e-foldings required for a wave packet to reach saturainvert Eq.(19). This can be done using the bubble velocity
tion is independent ok. For modes>20, k(hy,) increases EQ. (9) while k(hy)=1 (assume Fr=0.56 for a maximal ef-
with k because the spectrum exceeds ki@ extrapolation fect) and exponential growth Eq5) for k(hgy<1. This
from smallk. Since the high mode numbers dominate earlyyields a 50% larger value ofhg)~3.8X10°° cm. Given
in time, the initial growth is expected to havg~0.08 for  this uncertainty, the data implies thahg)~(1-1.5
k(hgw ~0.01. Later, if the self-similar evolution reaches x 104,
mode 20, thena, will remain constant at~0.05 since A similar analysis of 20 data points under a variety of
k(hg ~0.0004. When such a value ef, was used to cali- conditions suggests that the perturbations are seeded by the
brate a turbulence mix model, the calculation reproduced thenitial vibrations on the LEM because&hg,) is found to in-
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k(hgy=(4+2.7x10% for g~(30-100g, and k{hy)

p, = 1.57 g/em? ~(3.6+£2.9x10°2 for g~500g, These initial perturba-
tions are indeed small but greatly exceed the thermal fluc-
- 2 o S tuations[51]:
p, = 1.04 g/lem? . raT =0
. 50'502-22F 0k L 5P go + O_kzl

wherekg is Boltzmann’s constant anflis temperature. The
expected rms thermal amplitude ighg) ~ VkgT/o
~10" cm with a fastest growing mode d¢,~50 cni™.
Thus, the thermal fluctuations hakg(hg) ~5x 108 and

are much smaller than those inferred on the LEM by a
factor ofg/ gy and this suggests vibrations as a source. The
large scatter in the data may be due to the uncertainty in

(=]
N
“'L'”I'
o
-

-
"
L]
Cl
bl
1

[l

1

1

|

Amplitude (cm)
o

O ITH
-
N
w
~

AF 3 amplification because a 10% error iIn translates to a
< 33— = factor of 3 uncertainty ifhg,). This would require d400%
s F g uncertainty ino, which is unlikely because it was mea-
g 2 — sured[13] in situ to 20% using the capillary method. A
= = second source of error may be due to the 30% spre&d in
=N = in Fig. 9(c) becausd’ varies by 10% in this spectral range.
ot 7 This may be mitigated by the fact that the modes become
0 80

correlated in the nonlinear phase. In addition, the initial
spectrum is assumed to He? with the same value of
FIG. 9. Analysis of LIF images from the LEM taken at 16 ms to k{hoi) thrOUghOUt each eXperime_nt. This is ccl)nsi.stent with
obtain effective initial amplitude(a) Bilevel image,(b) transverse ~ the observation$13,14 that a; is constant in time for
interface profile, andc) Fourier power spectrum. The dashed line MOst cases. For these various reasons, our reported values
represents a Gaussian wave packet centered at the dominant mo@é.k(hgo for LEM experiments should be regarded as ap-
proximate~exp(+1) and more direct early time measure-
crease withg as shown in Fig. 10. The open diamonds arements would be useful. This may require laser scattering
obtained assuming exponential growth Es).and the closed because the amplitudes are small.
diamonds use Eq19) to account for the slight nonlinearity The LEM measurementd2-14 of a,~0.05+10% and
during the final~1 ms and are 50% higher. In these initial 38,~0.55+25% and (at A=1) were obtained withg
data, the observed wave number is typicallk  ~(30-100g, for which k(hg)~4+2.7x10% With these
~25-45cm* and the inferred amplification i§1-16  values, it can be seen in Fig. 5 that the present model is able
X 10°. The results can be clustered into two groups withto describe the LEM observations ef, and B, with C
~0.95 (solid line. The data is inconsistent with th€

k (cm™)

10'2_ HERILRALLL BENLALEURLLLY IR 40 ~0.56 (dashed ling expected from potential flow for a
E ® 3 square latticd34] even with the large experimental uncer-
- 36+27x10° K ] tainty in k(hy) becausexy, and 3, vary differently with C.
10° - With C=0.56, the agreement far, would be improved by
3 % E increasing«hg) tenfold but it would be degraded fgk, and
kho) F 40x27x10% é . vice versa ifk(h) is decreased.

Q The value of Fr can be obtained independent of this model

10'e E by analyzing individual bubbles in RT experiments
c Thermal 3 [21-24,43,44 This is exemplified here with a bilevel LIF
B fluctuations 4 image in Fig. 11 for the same conditions of Fig. 9 but at
10 __/ - gt?/2~90 cm. The five bubbles comprising the front have
EX vl v vnd s v Dp~0.6+£0.23 cm. Inserting this into Eq2) with their ve-
1 10 100 108 locity taken asV,~ 2a,Agt yields Fr~0.81+0.16.D,, was

/% also measured at different Atwood numbers with LIF and

FIG. 10. Inferred initial amplitude on the LEM for various ac- Packlit photography14]. Applying the above analysis to this
celerations using the same analysis as in Fig. 9. Open diamondi@t@ yields the solid points in Fig. 12 which have an average
assume exponential growt&q. (4)] throughout and solid diamonds value of Fr~0.88+0.15. This value is-20% smaller than
assume the full nonlinear solutidiq. (19)]. The thermal fluctua- Obtained in a similar way by Lewigt3] and Glimm[21,22
tions are estimated from Eq30). The group atg/g,~30—100 and Li[41] (open circle$ for the “rocket rig” experiments
represents the data used to measmgeand Dy/hy, and it has an  [7,8]. Scorer[35] analyzed plumes and found +11.2 when
average value ok(hg)~4.0£2.7x 1074, he accounted for the density dilution as they spread. The
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D,=0.75 0.45 0.35 09 0.5cm 007 " T T - T
- -=-.C=095
% L — Fr=0.82 ]
0.06 "_
_______ _———— |
E -
(3] N NS _
o 0.051- . ® o ]
I - ® o [
N 5 AL _
0.04 L PRNTER SN BTN S T T TN NN N S TN B M A ]
0.7 [T Vv r [T 17T T [ rTrrrrrrprrr>
06F
6x=5.3 cm C ]
Dy, 05 =]
FIG. 11. Bilevel image from LIF for the same conditions as in E C g
Fig. 9 atgt?®~90 cm. The black region hgs,~ 1.57 gm/cm and 04F 3
the white region hap,~1.04 gm/cm. The diameters of five lead- > e E
ing bubblesDy, are indicated in cm. 03 C ® o-- _—
' :_ - -7 ® .
values of Fr inferred from the LEM may be low because .-~ ® .
such a dilution due to entrainment is not taken into account. 02t 1 14' L (;6' . '0'8' — y
The LIF images[13,14 like those in Fig. 11 exhibit some 0 0.2 Atsv. g .b )
entrainment but the laser beam is too thick to quantify this 00d number
accurately. FIG. 13. Variation ofay, andD,/ hy, vs A for LEM measurements

The LEM data[14] is compared with the present model [14] (points and model withC=0.95(dashetl and C=0.82(solid).
over a comprehensive range Afin Fig. 13. Ihe lines from
the model are obtained witk(hg) ~4x 10 but there is ., oty —0.052 and a linearly increasiry/h, with A,
ax70% uncertainty ifk(hgg. «y, is compared directly i) | the second calculatione;, decreases slightly withA
but the self-similarity ratio in(b) is represented b¥op/hy,  \whereadD,/h, increases slightly wittA. Both are consistent
since that is what was measured on the LEM. However, th¢ith the data within the experimental scatter.
model is based on,/h, and a transformation betweddy, In both cases, the experimental data show that the leading
andy, is required to relate Eqs2), (8), and(9) as discussed  RT pubbles have an Fr that exceeds that of a sirgkeobIC
in Sec. Il A. Thus two model calculations are shown in Fig. array of bubbles, either directly in Fig. 12 and cited refer-
13. The dashed lines are with a const@0.95 in EQ.(9)  ences or within the context of this model in Figs. 5 and 13.
or, equivalently, with Fr=0.95 in Eq2) and assuming the Thijs realization caused Glimm and collaboratf2$—24 to
Daly hypothesisD,=A,(1+A)/2. The solid lines are with - syggest an envelope instability in which bubbles in a chaotic
C=0.82/2/(1+A) in Eq. (9) or, equivalently, with Fr=0.82 array are catapulted by their neighbors. They proposed aug-
in Eqg. (2) and assumingd,=\,. The first case obtains a menting the single bubble velocity with the corresponding
velocity for a modulated envelope ahRand obtainedy,

14T 7171 v rryrrryprrorjprora X i .
- ~0.05-0.06 withDy/h,~1/3. However, as discussed in
i ] Sec. Il A, this may not be necessary because any bubble that
1.2+ BB Plumes Q is perturbed forward will behave more like an unbounded
fro[ '0) <> plume with Fr~1 than a bounded periodic array with Fr
r i 7 ~1/2. Oronet al. [18] tried to compensate for the small Fr
1.0k @ @ pA of a periodic array by increasing the bubble merger rate, but
- ‘ i G this made their\py/hy,~ 1, which is ~3X larger than ob-
C L 4: served in Fig. 13.
0.8 ® 'S
- L d V. AUGMENTATION OF LONG-WAVELENGTH
A S P TP B B PERTURBATIONS BY MODE COUPLING
o 0.2 0.4 0.6 0.8 1

In many experiments and simulations, the growth rate
is reported near the end of the time domain in order to mini-
FIG. 12. Fr obtained by analyzing individual bubbles in RT mize any initial transients. In this limit, the value of, is
experiments using Eq2): ®, LEM [14]; O, Rocket rig[21]; ¢,  determined primarily by the long-wavelength initial pertur-
Lewis [40]; I, Plumes[32). bations becausk,~L/2 and they can be augemented by the

Atwood number
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nonlinear mode coupling of the most unstable modes at short 102
wavelengths. This is expected to reduce the sensitivity,of

on initial conditions[4,46] and it is important in most mul- 10°
timode NS[15-2Q because they have been initialized with
perturbations primarily in a high wavenumber bdge oK. 10#
In such a case, lolk-modesk= 6k, are produced through

the nonlinear coupling of the more unstable higimodes 105
that have saturated. This effect can be incorporated into the

present model by calculating the ldwproducts using Eqg. 10
(15) from Ref.[52]:

L2 (kotdko

HE — A2k22_ dk/k/hﬁ” (31) 0.08
T k=g 0.07F  b) ap({nok))
where(capita) Hy is the mode coupling product. The parent 0.06
waves neak, saturate first at a time given by E@{.8) and an ’
amplitude given by Eq(25) so that 0.05
C4 3 k,/k=10
H2 ~ A2 272 Ko (32) 0.04 P
Lo &Ko
0.03]
Using Eq.(15), the amplitude of the lovi- wave packet is
then 0.02" ; ‘ } ;
107 10° 105 104 108 10?2
K2 k
(H) ~ C2aA . (33) o)

ko FIG. 14. The total effective initial amplitudk(q, including
This amplitude is generated by mode coupling after the mogie mode coupling product using Eq84) and(35). The accelera-
unstable modes have become nonlinear, i.e.tfoty, (ko). tion constanty, is obtained by substitutink 7q.) for k(hg in Eq.
However, to incorporate the mode coupling product into the22-
present model, it is first necessary to compensate for the
equivalent exponential growth from 0 tQ (ko). Thus, the initial amplitude. In fact, the minimunay, depends primarily
equivalent initial amplitude due to mode coupling is obtained®n k/K, and this translates to an asymptotic dependence of

by inverting Eq.(5) with exp VAKkgiy (ko)]. This yields a, on Reynolds number for a system in whikhis deter-
o mined by viscosity and~ 27/L.
) K [ Ko(hoi(k = ko)) Vkikg Since this lower bound o#y, is thought to be its most
k(Hgo ~ C TfAk_g N (34)  fundamental value because it is most insensitive to initial

conditions, the NS were designed to accentuate mode cou-
Typically, the dominant term i&%/k3 and the term in paren- Pling. This is done with initial perturbations peaked at a fi-
thesis is of order 20—50%. Hadb2] suggests adding the hite ky and deficient at lonk. Some high resolution 3D NS

ambient and mode Coup”ng amp”tudes in quadrature asare summarized in Table Il and most are initialized robustly
with modes numbers,>10 that are nearly nonlinear, i.e.,

(10 = ((ho? + (HoH) M2, (35 ko(hge) ~0.1-1. When the initial spectrum is a shell in k
hsepace[16], the lowk modes are produced entirely by mode
coupling and the analysis differs slightly from that associated
with Fig. 14. A crude attempt at evaluating mode coupling is

A, . hown in Fig. 15. For the annular spectra, the kowroduct
another that peaks at a finitg like those used in the NS. S . . .l -
For a broad spectrum that decreases smoothly kyithe k(Hoo is evaluated by Eq34) with C=0.95 andA=0.5. The

initial saturation occurs for modes near the peak growth ratdS haveA=0.5 except that of Youngt al. [20] which uses
50 thatk, [ k, andk(Hq, depends ofk/k,. This is exempli- the Boussmesq approximation and is most valid Aok 1. .
fied in Fig. 14 for the spectrum of Eq28) wherek(h,y 1€ most important uncertainty in evaluating these NS is

: . identifying which lowk mode dominates at the late time
* X When the ampht.uq.e of the ambient ldwmodes(hgy wheng, is determined. The points in Fig. 15 are obtained by
exceeds that of the initially saturated mode§/k, mode

ing i . v olh assuming the lowest mode=27/L as a limiting case. This
coupling is not important ankk 7o) depends only oi(hoy.  seems reasonable since the more detailed calculation by

From Egs.(34) and (35, mode coupling dominates when Haan[52] shows in his Fig. 3 that the mode coupling product
(g <(Ho» ~0.1k*/k; and this sets a lower bound on jncreases only2—3) fold from mode 1 to 5. However, these
k(700 that depends ok®/ k3 rather thark(hgy). Then, ifapis  values ofk(Hy) should be regarded as minimum valgese
determined from the total amplitud&7y), as shown in Fig.  error barg except for Ref.[20] for A<1. Even with this
14(b) a, approaches a lower bound that is insensitive to thdarge uncertainty, the solid points exhibit a slow increase in

nox depends on both the amplitude and spectral shape of t
initial perturbations as will be exemplified below for two
spectra: one that decreases wiktgiven by Eq.(28) and
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TABLE lll. Summary of recent high resolution NS of multi- the turbulent RT instability and can be inhibited by an ag-
mode RT: average initial modes numbers, rms initial amplitude, angyressive front-tracking scheme or with a high surface tension
acceleration constant, all done witt0.5 excep{20], which uses  [14]. Clearly, more NS are needed to clarify these issues but

the Boussinesq approximation and is most validdet 1. NS using  with precisely reported initial conditions and self-similarity
front tracking are designated with FT. parameters,.

Simulation/zoning Ny ko(hok,,) ay
VI. SUMMARY AND DISCUSSION

(1) Youngs[16]
160X 160X 270 30 0.08 0.03
(2) Cook and Dimotakig19]

A model has been presented here to quantify the effect of
initial conditions on the bubble acceleration constapand
the self-similarity ratiog,, for arbitrary Atwood number. The

256X 256x 512 model has two free parameters related to the terminal veloc-
Case A 4 0.3 0.05-0.08 ity (Fr or C) and the spectral distributiofx;,) of the domi-
Case B 9 0.6 0.03-0.05 nant bubbles. The coefficients are determined from numeri-
Case C 13 0.9 0.02-0.03 cal simulations and experiments. In particular, the initial
(3) Young et al. [20] perturbations in the LEM experiments are estimated by ana-
256X 256X 512 13 0.9 0.03 lyzing the early time LIF images and Fr is determined from

individual bubble dynamics in late time images. It is found

4) Gli tal[1
(4) Glimm et al. [17] that RT bubbles have Fr1 more like plumes or unbounded

H2x112x 224 12 0.4 0.05 bubbles than a periodic bubble array in which-F/2. The
12 0.4 0.08 FT model finds thaty,«C and 8, 1/C and that both increase
(5) Oronet al. [18] o logarithmically with the initial perturbation amplitude. The
80x80x 80 V300 0.05 FT weak logarithmic dependence may be responsible for the

small variation in the measured values @f~ 0.04—0.08

) o ) ) since such a variation imy, corresponds to a factor of 100
ap With k(Hgg similar to the present modelines) with C \5riation in initial amplitude. The effect of mode coupling is
=0.95 (solid) and 0.56(dashegl The 3 cases of Cook and ajso evaluated and found to reduce the sensitivityypbn
Dimotakis [19] are interesting because they have the samene initial perturbations when the long wavelength modes are
initial rms amplitude(hg,)~0.01L, yet they show an in-  smaller than the saturation amplitude of the most unstable
crease iny, as the initial peak, is reduced. The solid points  modes. The model and results are described in more detail in
favor the smaller value o€, but this may be due to the large the following.

species diffusiorj16]. Indeed, the open circles representing  The model is based on Birkhoff3] adaptation of Fer-
the NS using front-tracking exhibit a larger value @f.  mi’s single mode solutiofi32] of the RT instability atA=1.
(Please note thaty(hy ) was not reported in Refl18] and  The exponential growth at small amplitude is taken to tran-
was taken as 0.5 here since they initialize with bubbliéss  sition to the bubble terminal velocity at large amplitude with
thought that front-tracking inhibits numerical diffusion a continuous slope and amplitude. This occurs near
which can dilute the bubbles and reduce their effective buoy- 1/k when the growth rate is classical. To describe the mul-
ancy. However, entrainmefi28,29 may be fundamental to timode case, Birkhoff3] allowed the dominant mode in the
nonlinear solutionh, to vary by settingoh,/oN=0. This

01 yielded self-similar solutions witly, ~0.12 andg,~ 1.0 for
an assumed initial perturbatidn, ~ 1073/k, within a factor
0.08 of 2 of measurements made decades later.
ay, The present model makes two simple extensions to
0.06 Birkhoff’s analysis to arbitraryA and initial perturbations.
] The extension to alA depends on how the bubble terminal
0.04 7 velocity varies withA. Since the result of Aloet al.[26] and
- ] Goncharov{40] [Eq. (8)] differs from that of Sohrj41] and
u _ @ ';— i Glimm and Li[21] [Eq. (9)] by a factor of \(1+A)/2, the
0.02F === "1 2C - velocity was taken to have the form of E) but with a
0 C T T AT ] constantC that can very slowly withA to accommodate Eq.
109 10° 104 109 102 (8). Both formulations can be obtained from the classic result

k{Hox) Eq. (2) by changing the relation betwe&y, and\,, and they

are consistent with 3 simulations(Fig. 1) within their scat-
FIG. 15. The effect of mode coupling for an annular spectrumter. The second extension is related to how a single mode
like the NS in Table Ill. Here the mode-coupling prodiétly,) is solution can be applled to the more realistic multimode en-
evaluated using Eq34) assumingk=2/L for each NS in Table Il Vironment. This was done here using the model of DeNeef

(points with designation in Table )l The lines are obtained by [60] for the beam-plasma instability and Haf@i,52 for the

substitutingk(zg for kihg) in Eq. (22) for C=0.95 (solid) and  RT instability in which the rms amplitude of a multimode

0.56 (dashegl wave packet is found to evolve just like that of a single mode
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until an autocorrelatiorfresolution) time after the onset of excited in transit. For the Atwood variation experiments with
nonlinearity. This implies that individual modes saturate atg(30—100g,, it was found thak(hy)=(4+2.7) X 10°*in the
smaller amplitudesh,~1/k’L than suggested by Birkhoff rangek~25-45 cm®. This value is used at all wavelengths
hk"" 1/k and that the Simplest self-similar solution occurs forwhich assumes that the initial spectrum Variek‘&sbut this
initial perturbations of the forng ~ 1/k* as suggested by should be measured in future experiments. However, by ana-
Inogamov([5,6] rather tharhg,~ 1/k suggested by Birkhoff yzing individual bubbles in RT experiments, it is clear that
[3]. This mode suppression was measured directly in a beanihey have Fr-0.8—1.2 as indicated in Ref@3,21,22,14,24
plasma experimer{61]. _ in Table | and Fig. 12 here. This exceeds the-Fx56 for a

The most important model paramet€rdetermines the periodic array in Table 1[34,37—41 but it is comparable to
terminal bubble velocity as defined by E§) and it can vary  the Fr~1.2 for plumes[36].
slowly with A to accommodate Eq8). C can be related to The present model is also compared with published mul-
the more basic constant Fr in E@) on a physical basis by timode NS summarized in Table Iil. Since the NS had an
defining a relation betweed, and\,, [Eq. (11)], butit may jpjtial spectrum peaked at a finite and devoid of lowk
also absorb additional uncertainties in this model. The modehodes that dominate asymptotically wheg is typically
is able to describe the LEM data with~0.95 or F~0.8  measured, it is necessary to evaluate the generation or aug-
which is similar to that obtained in Fig. 12 by analyzing mentation of long wavelenth perturbations by mode cou-
individual RT bubbles[43,21,22,14,24 This is important  pling. This was done using Haan’s formulatifB2] and the
because using the anticipated value of-Rr/ \ for a square  results depend on the effective spectral widkh-3/8k. The
periodic bubble array and the observBg/h,~0.5%,/Zp  contribution of mode coupling is found to be important when
in Eq. (3) yields ana,~0.022 that is smaller than observed. the product waves from saturated highlmodes exceed the
This led Glimm and collaboratoff21-24 to suggest an en- ambient perturbations at lok As shown in Fig. 14, the net
velope instability that augments the Fr in a chaotic RTeffect of mode coupling is to produce a lower boundyjpat
bubble front and obtained,~0.05-0.06 and,/h,~1/3  small initial amplitude that is insensitive to the initial condi-
independent ofA. Others[23,24,18 have tried to compen-  tions. The present model is consistent with previous NS, but
sate for the small Fr of a periodic array by increasing thesince their initial conditions were somewhat unclear and
merger rate, but this makeg,/h,~1 in 3D [18] which is  more complex thargy~ 1/k?, the results could not distin-
~3X larger than observe(Fig. 13. These results suggest guish betweerC~0.56 and 0.95. More 3D NS with well
that RT bubbles behave as a chaotic array with-Erand  specified initial conditions are required to clarify these is-
Dp/hp~1/3-1/2 rather than a periodic array with Fr syes. It should be repeated that the mode-coupling contribu-
~0.56 andDy/h,~1. tion described here is not a general theory of mode coupling

The second model parametey describes the effective since it does not describe the usual progression to longer
SpeCtral width of the dominant bubbles and is used to Obtaima\/e|ength by a Cascading process. The latter is done better
k{hgo from the measured initial spectrum. As suefy,and by merger model§21-2§.
Bp depend only logarithmically on@‘;b. By calculating the

just saturated modk, relative to the dominant modg,, we ACKNOWLEDGMENTS
estimates,~ 3/8 which is consistent with the spectral width
obtained in a 3D bubble merger modéB]. I would to like to express my gratitude to David Youngs,
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