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Phase-dependent output of scattering process for traveling breathers
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Scattering process between one-dimensional traveling bredifigsy i.e., oscillatory traveling pulses, for
the complex Ginzburg-Landau equati@@GLE) with external forcing and a three-component activator-
substrate-inhibitor model are studied. The input-output relation depends in general on the phase of two TBs at
collision point, which makes a contrast to the case for the steady traveling pulses. A hidden unstable solution
called the scattor plays a crucial role to understand the scattering dynamics. Stable and unstable manifolds of
the scattor direct the traffic flows of the scattering process. A transition point of the input-output relation in a
parameter space such as from preservation to annihilation corresponds to when the orbit crosses the stable
manifold of the scattor. The phase dependency of input-output relation comes from the fact that the profiles at
collision point make a loop parametrized by the phase and it traverses the stable manifold of the scattor. A
global bifurcation viewpoint is quite useful not only to understand how TBs emerge but also to detect scattors.
It turns out that the scattor for the CGLEespectively the three-component systdmecomes an unstable
time-periodic(respectively stationajysolution.
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I. INTRODUCTION The issue is reduced, to some extent, to finding the scat-

) ) ) ) tors and their dynamic behaviors along unstable manifolds,
Spatially localized moving objects such as pulses angyowever it is in general difficult to detect a scattor even by

spots form a representative class of dynamic patterns in digyymerics, since it is not an attractor. To overcome this diffi-
sipative systems. A qualitative change for the pattern may, ity the following observation turns out to be quite useful
occur either by interaction with other patterns through coII|-[15 1§: when parameters are close to a transition point
sion or due to intrinsic instabilities such as splitting and desynere input-output relation changes qualitatively, the orbit
struction by itself{1-5. There is a variety of collision pro- pecomes very close to the scattor by adjusting an appropriate
cess for particlelike patterns in dissipative systems eveRumper of parameters. Once a scattor is obtained at some
restrlcted to head-on_ ong6—14. A key ISsue Is to classﬁy_ particular point, then it can be continuated to other parameter
the input-output relation before and after collision and Cla”fyregions by using, for instanceuTo software[17]. The aim

its underlying mechanism for the scattering process. One it this paper is to study the scattering process for the
the d|ff.|cult|es.comes from thellarge deformation due ,toosciIlatory-propagating pulses for the complex Ginzburg-
strong interaction. A new viewpoint was presented to clarify| anday equationl) with a parametric forcing terri8—21

the process of head-on collisions among tr,:alvelln.g pulses anglyq the three-component activator-substrate-inhibitor model
spots[15,14: espec_lallyanotlon of spattor was mtroduced_ (3). Since such pulses vary time periodically, the input-
to understand the input-output relation. The scattor itself igytpyt relation in general depends on the phase at collision,
just an unstable steady or time-periodic soluibe., saddlg  \yhich makes a sharp contrast with the nonoscillatory case. It
and its center of mass does not move, however once thef§rs out that the scattor for the Complex Ginzburg-Landau
occurs collision, the solution deforms significantly and aP-equation(CGLE) (respectively the three-component system
proaches a part of the unstable manifold of the scattor and isecomes an unstable time-periodiespectively stationajy
driven by it. The final output is therefore determined by thegqytion. Our goal is to show the existence of such scattors
destination of the unstable manifold. Scattors are in ge”erfﬂumerically and clarify the phase dependency of the input-
highly unstable and a variety of outputs originates from thosg,inyt relation. In what follows we use the terminology
of destinations of unstable manifolds. In REI5] we used  «ayveling breatherfor TB in shor) for the oscillatory-
the terminology “separator” instead of scattor, however Scatpropagating pulse.

tor may be appropriate especially for higher codimension o first model system is the following CGLE with a
case[16]. parametric forcing ternil8—21:

W, = (1 +icg)W+ (1 +icy) Wiy — (1 +ico) [WPW + c;W,
*Present address: Department of Photonics Material Science, Fac- (1)
ulty of Photonics Science and Technology, Chitose Institute of Sci-
ence and Technology, Chitose 066-8655, Japan. wherecgy, ¢, Cy, andc; are real parameters. The last complex
TPresent address: Research Institute for Mathematical Sciencespnjugate term represents an external forcing with almost
Kyoto University, Kyoto 606-8502, Japan. double the natural frequency amg—c, stands for the fre-
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quency misfit. Equationl) becomes bistable in an appropri- (A)

ate parameter region where there exists a pair of stable ha ?.

mogeneous state¥V, and -W,. When c;3 is large, the 80 021 %,

stationary front connecting/, to -\, is stable. Note that the g ) ¢ N

magnitude of 1{W|? (or the modulugW)) is localized in Y] .

space, so we call it a pulse rather than a fr@rt domain g, To) 0.1 i

wall) in the sequel. It was shown by Coullet al. [19] that e = U

Eqg. (1) undergoes a supercritical drift bifurcation of the sta- & ¢

tionary pulse ag; is decreased, i.e., Ising-Bloch bifurcation K

with other parameters being fixed g@s=0.10,c,=-0.10, and 0.0 . - C;

0.140  0.144 0148

c,=0.15. Since it is supercritical, the velocity of bifurcating B
steady traveling pulse is small near the onset and the twc( )
pulses repel each other, therefore the input-output relatior
becomes preservation. In a slightly different parameter set: (a)
ting such asxy=-0.15,¢,=-0.10, andc,=0.10, Ohtaet al. t
[20] found a transition from preservation to annihilationcas

is decreased. This transition can be understood in such a wa
[16] that the orbit crosses the stable manifold of the scattor 0,
of codim 1 at the transition point and the orbits are sorted out {
according to which side of the stable manifold it belongs.
Scattors are in general highly unstafl®,16, and hence not
visible just by solving the evolutions, however, as will be
shown below, they can be detected in a systematic way by
using AUTO. The local dynamics around the scattor and glo-
bal behaviors of their unstable manifolds are the keys to link
input to output during the scattering process. Moreover suct
a saddle is not necessarily a steady state, in fact we will se:
in the sequel that an unstable time-periodic solution plays &
role of scattor for TB. In order to have a TB, we employ here
a particular set of parametecg=1.0,c;,=-0.5,c,=1.1 and
takecs as a bifurcation parameter in the bistable regime. It is
easy to see W,==1 for this setting. The Neumann bound-
ary condition(zero fluy is imposed and we set thx=0.5
and At=10"° and the system size is 64. There exist other FiG. 1. (A) Long-time average of the propagating velocity as a
parameter regions in which traveling breathers are observeglinction ofc,. (B) Transition from reflection to annihilation occurs
for instance, Mizuguchi and Sa$a1] employedcy,=1.0,c; at c3~0.142 429 as; is decreased(a) preservation(reflection
=-0.5,c,=1.0 and found a variety of instabilities by com- when c;=0.144, (b) annihilation whenc;=0.140, and(c) c3
puter simulations, however TBs in this regime always anni=0.142 429. The other parameters are setje1.0,c;=-0.5, and
hilate at collision and no transition occurs for the input-c,=1.1. Here we draw the space-time plot|@f|?.

output relation. In this paper we investigate the input-output

relation of the symmetric head-on collisions for Eq.),
which is equivalent to considering the collision process with
the Neumann wallsee Fig. 1, and reveal the nature of
quasi-time-periodic solution as depicted in Fig. 2.

900

tion from the standing oscillating pulse to the TB is super-
critical as Fig. 1A). The TB bounces off at the wall, there-
fore the input-output relation is preservation, namely an
incoming TB emits an outgoing TB. When is decreased to

[l. ONSET OF TRAVELING BREATHERS 0.140, the velocity of TB becomes larger, and it annihilates
AND BIFURCATIONAL ORIGIN OF SCATTORS at the collision to the Neumann wall as in FigBl(b). It is
clear that transition of input-output relation must occur in

As a route to TB from a stationary pattern, two subse-b 0.140 and 0.148. To d h :
quent bifurcations occur, i.e., Hopf and drift bifurcations. For2€tWeen 0.140 and 0.148. To detect a scattor near the transi-

largercs~0.30, it is easy to obtain a stable stationary pulseion Point, orbital behaviors are traced carefully by changing
as in Fig. 3A)(@). Whencs, is decreased, a Hopf bifurcation Cs with keeping the |n|t|al_cp_nd|t|on being f|xed._ We employ
first occurs at 0.23(see Fig. 88)] and the stationary pulse & Well-settled TB as an initial data for numerics. Here the
starts to oscillate back and forth, but the center of mass doe¥ell-settled TB” means that it is obtained after a long-run
not move. Slightly away from the Hopf bifurcation point, the simulation on a large interval. This makes sense because the
oscillations become strongly anharmonic and zigzag shape@oncerning TB is asymptotically stable. It turns out that the
As c; is decreased further to 0.148, its center of mass starterbit stays very close to a quasi-time-periodic state for cer-
to drift as in Fig. TA), which indicates the onset of TB. The tain time whenc;=~0.142 429 as indicated in Fig. 2. A re-
drift velocity of TB is slow near the onset, since the bifurca- markable thing happens as shown in FigB)(c), namely the
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FIG. 2. Magnified figures of transition from reflectiai) to
annihilation(b) at c3~0.142 429, ag; is slightly decreasedc) A
quasi-time-periodic pulse observed at the transition point. FIG. 3. (A)(a) Stable steady pulse€SSH whenc;=0.30;(b) the

unstable steady pul§&/SP) has only ondreal) unstable eigenvalue
TB is reflected at the first collision, while the annihilation (=0.183 14 and the associated eigenfunctidn (respectively its
occurs at the second collision despite being fixed as adjointd’) whency~0.224 31 is depicted i(c) [respectively(d)].
~0.142 429. This not only makes a sharp contrast with thd he solid, gray, and broken lines indicate the amplitlg, imagi-
steady TB cas¢l5,16, but also implies that the bifurcation nary, and real parts, respective(§) Bifurcation diagram in the
parameterc, is not sufficient to determine the input-output neighborhood of the Hopf bifurcation points? sta_nds for tht_a in-
relation. Such a phase-dependent output occurs over a ran’r:f]'@ral norm of the square of. The black(respectively grayline
of ¢; including 0.141-0.143 and the quasi-time-periodic ob- dicates the t_)ranch continued from U$i%spe_ct|vely SS).DOf
jects such as Fig. 2 are observed for certain time right afte%)(b) [respectively(a)] and black .Ope.meSpeCt'Ve'y gray f.'”e)j
collisions. It indicates the existence otaparameter family ' clcs represent the unstable oscillating puls®P) [respectively
of unstable time-periodic solutions called scattors and thosStable OSC'”at'r.'g pulseSOB]. ©@ [respectlvely(b)_] Response

. . . f USP by adding a small positiieespectively negatiyeconstant-
objects p_Ia_ly a rol_e of separatrix an_d should be responsible 1E%ultiple perturbation in the directio® whenc;=0.227.
the transition of input-output relations for our system.

Although scattors may be obtained approximately by tun-eigenfunction associated with USP denotedlbis shown in
ing the parametecs, this approach has several drawbacks,Fig. 3(A)(c). Note that a Hopf bifurcation occurs supercriti-
for instance, it only works near the transition point of codimcally on SSP(respectively USP near the SN point at;

1, and it does not give a precise profile to study the linearized0.230 75(respectively 0.224 31shown as circles in Fig.
spectrum around it. In what follows we present a more sys4(a). This is the onset of the stableespectively unstabje
tematic and powerful method to detect scattors based on standing breather SQBtable oscillating pulsgrespectively
global bifurcation viewpoint and clarify the origin of phase- unstable oscillating pulseJOP)]. The USP has only one real
dependent output. To control the phase at collision, wepositive eigenvalue even on a whole interval and the associ-
change the distance between the initial pulse and boundargted one-dimensional unstable manifold is connected to the
since it is equivalent to shifting the phase of the initial oscil-SOP and the homogeneous trivial state, respectively. In fact,
latory pulse. taking c3=0.227 in between the above two Hopf bifurcation

First we find stationary solutions for larger valuesogf ~ points, and adding a small perturbation proportionabtdhe
Figure 3A) shows relevant unstable and stable steady solueutput, depending on its sign of the perturbation, is either
tions confirmed numerically fot;=0.30 with the aid of the like Fig. 3C)(a), i.e., changes into a SOP, or like Fig.
Newton method. Once the stationary solution has been de3(C)(b), i.e., a homogeneous state. Actually, besides the USP
tected, we compute the branches globally by continuatiomnd SSP branches, there exists another unstable solution
usingAuTo. Following the branch of the stable steady pulsesbranch, however it does not play an important role here, so
SSP(respectively unstable one denoted by YSRere oc- not shown in these figures. The two Hopf branches SOP and
curs a saddle-nod&N) bifurcation atc;~0.228 59(respec- UOP are extended to the range @f in which numerical
tively 0.223 75 as in Fig. 4a). The profile of the unstable simulations of Figs. 1 and 2 are carried out. The Neimark-
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LZ

(b)

FIG. 4. (a) Global bifurcational origin of the time-periodic scat-
tor. The bifurcation parameter . The black opern(respectively
gray filled) circles indicate the unstable oscillating puldg¢OP)
[respectively stablgSOB] connected to USRrespectively SSP
TB emerges below;~0.148. The solid line at the top of the figure
indicates the stable uniform state) A detail near the NS bifurca- FIG. 5. (a) Spatiotemporal pattern of the scattor with the period
tion point. (¢) The distribution of multipliersy of SOP atcs 1< 12 8730 at,~0.142 429(b) Phase portraits of the scattor: The
~0.148 022. The gray circle showg|=1. solid (respectively grayline indicates the interface wher3T/8

(respectivelyt=5T/8). (c) [respectivelyd)] Response of the scattor
Sacker (NS) bifurcation takes place on the stable Hopf by adding a small constant-multiple perturbationdoto the snap-
branch SOP at;=~0.148 022, namely, a pair of multiplier shot of the unstable orbit a&t=3T/8 (respectivelyt=5T/8). (e)
1 ,=0.955+0.297 crosses the unit circle as depicted in Fig. Phase-dependent response of the scattor.

4(c). The Floquet multipliers. can be used for the criterion We look at the responses of the scattor by perturbing it along

of the stability of a perlo¢c orbit. The S.OP becom_es U"the unstable direction whany~0.142 429. To detect the un-
stable and the stable oscillatory-propagating pulse, i.e., TB

tak instead. T | f the NS poInt is i d stable direction theoretically, we have to solve the mono-
axes over instead. hey value of the point 1s in goo dromy operator associated with the linearized operator
agreement with that of the onset of TB in Figl/A). TBs

e . around the scattor; however, this is not an easy task numeri-
originate from the NS point of the SOP and we can observe,|ly we therefore add a small perturbation to each of

a scattering among them fa;<0.148 022. On the other frames of the periodic orbit in the fixed directidn instead,
hand, the UOP is a hyperbolic saddle of codim 1, so that ifyhich is generically transversal to the stable manifold of
has only one real unstable multipligr>1. It turns out that  preathing scattoBS). One period is discretized into 80
the quasi-time-periodic behaviors such as Fig) 2re real-  frames here. In views of Figs(§-5(e), the destinations of
ized by the UOP. In other words the UOPs are the timethe unstable manifold are homogeneous statihilation),
periodic scattors and their unstable manifolds are connecteg the perturbation is added to a quarter of the period of the

0.140 0.144 0.148 0.152 C3 (C)

to TBs and the homogeneous state as in Fig. 5. scattor betweeiT/4 and T/2. Otherwise they are outgoing
pulses(preservation
IIl. PHASE-DEPENDENT OUTPUTS More quantitatively we can distinguish the behaviors of
FROM THE BREATHING SCATTOR orbits by calculating the distance between the orbit and the

scattor, and its projection along the unstable direction defined
Now we are ready to explain why we have different out-as Eq.(2) where®" is the adjoint function ofP [see Fig.
puts depending on the phase of collision as in Fi@®)k). 3(A))]:
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distance
inner product

10° Dy,

260.0 280.0

time 300.0

FIG. 6. Time evolutions of the inner product and distance to the : 7.0 8.0 9.0 10.0
scattor.(a) The inner product changes the sign from positive to 104 Te
negative whenc; is decreasedsolid black forc;=0.142 42 and
solid gray forc;=0.142 44. The associated broken curves represent  F|G. 8. Phase diagram ifr.x 10, D, x 10F) space starting
the distance to the scattab) For an appropriates, the response  from a single pulse. SRP: self-replicating pattern. STP: stable trav-

depends on the phase of the initial breather as in Fig. 7. The inn&djing pulse. For parameters in SRP, each pulse undergoes
product and associated distance are shown for two typical initiahackfiring.

conditions(black and gray with c3=0.142 44. Solidrespectively
broken curves indicate inner produétespectively distance to the
scattoy.

.
distance = mi{ [W(t) - Wgs(t + 8)[7dt,
5 Jo

1(7 .
inner product :_I—_f (W(t) = Wgg(t+6),d)dt.  (2)
0

Figure 6 shows how those quantities evolve with respect to

LY A BSR4
preservation

(Y A -4 - -4
' 4 / coexistence
Nyt
annihilation

FIG. 7. Schematic picture of the relation for the plot of the
profiles of the orbits right after collisions and the stable manifold of
the time-periodic scattor of codim 1. The rectangle shows a FIG. 9. Symmetric head-on collisions for the three-component
Poincaré section of the scattor. The solid circle indicates the plot oystem(3) (i.e., hitting the boundary with the Neumann condijion
profiles of the orbit as the collision-phase varies from 0 0 & (@ Annihilation D,=2.6x107°, r,=7.52x107*. (b) Preservation
crosses the stable manifold of the scattor transversaltg @ssses D,=3.2X107%, r,=9.72xX 107* (c) The output changes depending
the transition point. Generically there is a nonempty intervakaifi on the phase at collision: the first one is of preservation and the
which the circle belongs to both sides of the stable manifold of thesecond one is of annihilationD,=3.19x 10°°, r,=9.60x 107*
scattor, which explains the outputs of FigBJl(c). Only u component is displayed here.
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9.0

(a) v d

uv,w

(e) ;\
oV

)

P,

4.771.908 X 2.862

(B)

(b) 0y FIG. 11. (A)(@ The profile of the scattor of static type. The
scattor is of codim 2. Note that the profile wfis exactly the same
FIG. 10. The outputs depend on the phase at collision. Thes that ofu. The number of spatial grids is 201C%. (b),(c) The
difference betweega) and(b) is the phase at collision. The phase is unstable eigenfunctiong, and ¢, are depicted. The associated ei-
controlled by tuning the distance of initial position to the boundary.genvalues are 0.046 360 78 and 0.014 041(8%(f) The magni-
The orbits stay close to the scattor for certain time in both caags: fied pictures of central parts ¢&)—(c), respectively. The solid, gray,
preservation(b) annihilation. The output depends on the systemand dotted lines indicate, v, andw components, respectivel{B)
sizel; andl, wherel;=4.77 andl, is slightly larger thar;. The left (right) Outputs from the scattor. A small positi@egative

number of spatial grids is 1:010°, perturbation of¢, is added to the scattor.
time: The sign of the inner product is changed near the mini- b sUfy

i i iti - U, = Dyuy, + -r,u,
mum distance point before and after the transition point = Dulkx (S +sw)(l+sud) 2

~0.142 429, which implies the switching of the orbital be-
havior from one side to the other. If we plot the profiles of
the orbit right after collision in the appropriate phase near the ¥
scattor, then it becomes a closed curve as the phase at colli- vy =Dyvyyt+ by - suv -
sion varies from 0 to 2, moreover the closed curve generi- (Sp+ SW) (1 +5,U°)
cally crosses the stable manifold of USP transversallg;as

varies as shown in Fig. 7. The output after collision is there-

fore determined by looking at on which side of the stable W =r(u—w). (3)
manifold the closed curve belongs. In view of Fig. 7, it is

clear that two different types of outputs come out dependin

on the phase. Accordingly, the coexistence of the annihilatiogr]fhiS model can be regarded as & 3 system by adding the
and preservation for the fixed; value as shown in Fig. effect of the inhibitorw to the 2x 2 activator-substrate sys-

1(B)(c) is caused by the difference of phase at collision. tem such as the Gray-Scott model. For more details, see for
instance Meinhardi22]. We adopt two parameteB, andr,
as bifurcation parameters. Note that steady states do not de-
pend onr.. Other parameters are fixed Bg=1.0x107°,r,
=0.082,r,=0.0123,b,=0.1,s,=1.11,5,=1.55,5.=1.115s
=0.08. For numerical computation, we setAg=0.004 and

The scattor for the CGLIEL) turns out to be time periodic At=0.1 unless otherwise said. Figure 9 shows three typical
as was discussed in previous sections, however this is nttehaviors at symmetric collisions in TB regime of Fig. 8.
always the case. In fact the following three-component sysPreservationrespectively annihilationoccurs in the right-
tem(3) has a TB in an appropriate parameter reg(iFig. 8): upper (respectively left-lower region of TB regime. In

'y,

IV. SCATTORS FOR THE
ACTIVATOR-SUBSTRATE-INHIBITOR SYSTEM
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80 : . . . T . . , V. CONCLUSION

Scattering phenomena of oscillatory-propagating pulses
(TBs) are studied for the CGLEL) and the three-component
reaction diffusion systeni3). The transition of input-output
relation such as from annihilation to preservation can be ex-
plained from the scattor’s viewpoint. The scattor for the
CGLE (1) takes a form of unstable time-periodic solution,
however this is not always the case for the three-component
system(3) as shown in the preceding section. The solution
profile right after collision is a function of the collision
phase, and it makes a closed loop generically. This loop in-
, , , , , , , , tersects transversally with the stable manifold of the scattor
2.0 4.0 6.0 8.0 10.0 near the transition point of input-output relation, which

10° D, causes the phase-dependent output. Such scattors can be
found systematically by adopting a global bifurcation view-

FIG. 12. Continuation of the scatt® corresponding to Fig. point with the aid of the path-tracking software such as

11(A) with D, being a bifurcation parameter amg=9.6x 10°%. AUTO. The origin of a diversity of_ input-output reIation; can
The branch turns back at a saddle-ng8#\) point D, =2.682 54 be reduced to the local dynamics around scattors, in fact,
v=2.

% 1075, when the orbit approaches a scattor right after collision, then
it is sorted out along one of the unstable directions of it.
Here we focused on the symmetric head-on collision, i.e.,
between those regimes, preservation and annihilation occyiitting the boundary with Neumann condition. A collision
simultaneously as in Fig.(8) depending on the collision- process and the associated scattor correspond to the in-phase
phase similar to Fig. (B)(c). Taking a closer look at two gscillations on a whole line. For asymmetric collisions,
collisions of Fig. 9c), we see that the orbits become very namely, the phases of two colliding TBs are different, the
close to a quaSi-Steady'State for certain time before preserV@UtputS become more Compncated and the response of scat-
tion or annihilation as depicted in Flg 10; in fact an UnStabletor for the asymmetric perturbations must be considered,
steady state can be found by the Newton method and it haghich is a part of the ongoing project. Overall the response
two unstable eigenvalues as shown in FigAllbesides the of scattors plays a pivotal role to understand the transient

translation zero eigenvalue. This steady state is deserved {gpect of scattering dynamics in dissipative systems.
be called a scattor, because it emits exactly the same outputs

as observed in Fig. 10see Fig. 11 when it is perturbed

along the first(symmetrig unstable direction[see Fig. ACKNOWLEDGMENTS

11(B)]. Note that Fig. 12 shows that the scat®depends

smoothly onD, in a wider interval. It should be remarked

that the scattor for Eq.3) is not time periodic. The mecha- This work was supported by the Grant-in-Aid for Scien-
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