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Thermodynamic properties of He-H, fluid mixtures over a wide range
of temperatures and pressures
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The effect of pressur® and temperatur@ on the properties of mixing of helium-hydrogéHe-H,) fluid
mixture is studied based on statistical mechanical perturbation theory. The constituent species are considered to
be interacting via a pair potential consisting of short range repulsion and a long range attraction which has been
included through a double YukawB®Y) potential. He and Kare the lightest elements; therefore, the quantum
effect is included via first-order quantum correction in the framework of Wigner-Kirkwood expansion. The
dimerization of the H molecule is treated as a hard convex body fluid for which the equation of(&&®
can be derived from hard sphere system based on scaled particle theory. An advanced and most recent EOS has
been used for our investigation. The use of the DY potential, which can readily be simulated to empirical
potentials, has enabled us to obtain analytical expressions for attractive and quantum energy contributions in
terms of Laplace transforms. With a view to ensure internal consistency of the various thermodynamic func-
tions to extract information on segregation and order in the mixture, different functions, such as compressibility
factor, Gibbs free energy of mixing, entropy of mixing, and concentration fluctuations in the long wavelength
limit, have been calculated as functions of composition of the mixture over an extended regian@f. The
results suggest that segregation, heterocoordination, or both may occur in the rHigttite depending upon
its composition, pressure, and temperature.
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I. INTRODUCTION molecules with square wells. Comparison with R¢&9]

and computer simulation resulf$0] shows that the scheme

- . . . is as good as, or even better than, other mixture theories,

sition, temperature, and pressure in a mixture Is extremelguch as the Percus-Yevick theory. One of the foremost ad-

useful either to design a separation equipment or 10 Synthg;, o qes is that the hard sphere diameter can be made de-

size a homogeneous phase. Conditions involving eXtremEendent on temperature and, hence, the solubility of He-H

temperatureT and _pressureP are aiso usefu_l to investigate iyire can be investigated over a wide range of temperature
condensed explosions. At extremiendP a direct measure- pressure

ment is not feasible due to unfavorable experimental condi- The short range repulsive potential is treated here as the

tions. Therefore, a theoretical approach based on the theofy, o rhed reference system of the hard sphere mixture
of m|xtu_r$] |fs \ﬁery much neeéigd phrovf|ded tlhe eﬁeﬁtﬂ’afnd which is appropriately improved through a first-order pertur-
P are rightiully incorporated in the formalism. T € presentyyaiion contribution due to long range attractive potential.
work is an attempt in this direction with an application {0 1o |ater is treated within the framework of the double
stu_lqlz thhe ?OIUbr']“g of HeHang Hat low Tdan_d eIevatec_P.l Yukawa (DY) potential. There is ample evidence in the lit-
he helium-hydrogeriHe-H,) system derives special at- o 4y,re111-13 that the DY potential provides accurate ther-
tention because the mixture carries enormous significancéoqynamic properties of fluids. The advantage of using the
[1-3] from both theoretical and cosmological points of view. by potential is that it gives analytical expressions for the
The component species are known to exhibit characteristigye|mnoltz free energy and hence for other thermodynamic
phenomena at extrenfeandT, whereas the mixture exhibits nctions. We will see that the DY potential can readily be
fluid-fluid phase separation up to very high pressures. Both,rametrized to simulate the exponential-6 potential, which
He and b have complex attractive and repulsive interactions,, o< peen used by R&8] to perform the Monte Carlo calcu-

[4]. Therefore, the forces between unlike molecules in thations on He-H mixture, yielding a satisfactory result over
mixture play significan{5,6] roles on its properties. Also, oytanded density and temperatures ranges.

the masses are light making quantum effects important at The quantum effect is included via a first-order quantum
low temperatures. o , __correction in the Wigner-Kirkwood expansidfi4,15. The
We consider here the statistical mechanical perturbatiopyerization of H molecule is treated as a hard convex body
theory [7] of a binary hard sphere mixture with necessary yg) fiyid for which an equation of state can be derived
correction for attractive forces and quantum effects. The app;5ed on scaled particle thediy,17). Taking into account
proach is versatile and has been used successfully 10 COfye yarious contributions, we have been able to suggest an
struct the phase diagram of a binary mixture of hard corgmy oved version of the equation of state to study the com-
pressibility factorZ, the excess Gibbs free ener@y, the
excess entrop$,s, and the concentration fluctuatioSg/(0),
*Corresponding author: Email address: issam@squ.edu.om in the long wavelength limit. These are used to investigate

The problem of mutual solubility as a function of compo-
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the effects ofP and T on the thermodynamic properties of =~ TABLE I. DY potential parameters for He-He, jHH,, and
He-H, mixture over a wide range of densities and composi-He-H, pairwise interactions. Exp-6 potentialRee[5]) have been
tion. The major thrust is to examine the deviation of theused to fit the DY parameters.

He-H, mixture from the ideal mixing conditions to investi-
gate the heterocoordination or segregatioinase separation He-He H-H; He-H,
of the mixture.

The equation of state of He-t$ystem, duly improved for "3 1.1 2,2 1.2
long range correlations and quantum effects, is derived ir{ii (A) 2.63 2.98 il
Sec. Il. Yukawa potentials for the component interactionsij/k (K) 10.57 36.4 155
(H,-H,, He-He, and He-k) are obtained. The computed val- Ajj 2.548 3.179 2.801
ues ofZ in the low and high density regions, the impactfof  \; 12.204 9.083 10.954
and T, and the role of the radial distribution function are v 3.336 3.211 3.386

discussed in Sec. lll. Expressions for the Gibbs free energy
are given in Sec. IV. These expressions are used to compute

the excess free energy over a wide rang@aindT. Section  cally less appropriateAb initio quantum mechanical calcu-
V deals with excess entropy of mixing. Concentration fluc-jations and the analysis of data on He angddnform to the
tuations and the thermodynamic stability are discussed ighoice of the exp-6 potential. We have, therefore, simulated
Sec. VI. We then follow with Sec. VII, dealing with sum- our DY potential to Ree’'$5] exp-6 potential. The emerging

mary and conclusions. parameters for DY potential are given in Table I.
The intermolecular or interatomic force is a fundamental
Il. PAIRWISE INTERACTIONS AND EQUATION issue to study the properties of matter. It has always been a
OF STATE OF He-H, MIXTURE subject of great interest to determine the forces between un-
) like molecules from the knowledge of the forces between the
A. Potentials for the He-H, system like molecules. In the absence of reference potentials, the
The equation of stat¢EOS of the He-H, mixture, which ~ parameterse;, Ajj, \jj, j, and o) are considered additive

will be obtained here on the basis of statistical mechanical€ro=Ver1€ A= (A11+Ax0)/2; N1p=(N11+A)/2; g5
perturbation theory, is at the center of our investigation. OUF (vy1+v2,)/2; a5,=(0%;+05)/2] as per the Lorentz-
major improvement in writing the EOS concerns the inclu-Berthelot rule of mixing. However, with reference to Ree’s
sion of long range correlations and quantum correction fof5] exp-6 potentials, we observe that these parameters are
the energy, which, in turn, depend on the interaction potentiatiose to the additive rule, but, deviates considerably. The
and the distribution functions. The constituent elements ar@aonadditive energy parametery, is described in terms of the
assumed to be mteractmg via a pair potertjgk) consisting  factor «, i.e.,
of short range repulsmu S(r) (usually the hard sphere po-

tentia) and a long range attractlalﬁj(r) €12= AV €€ 3
(r) = uS(r) + Ut (r). (1) « signifies the relative strength of the unlike pairwise inter-
i ui Ui actions in the mixture. The data of Table | suggest that

ugS(r) |s treated as the unperturbed reference system ofr0.79. Therole of « in probing phase separation and com-
which uj(r) acts as a perturbation. The long range attracound formation in binary mixtures, in general, has been
tion forces have been included through the DY potentialdiscussed at length by Osman and SirgB,19.
given by

0 B. Equation of state
o r
u:J?Y(r)=eiinj—'l{exp[—)\”(—o—1” The elemental components, He and, Hre treated as
r Tij monomers and dimers, respectively. The complexities of the
r intermolecular interactions and the geometrical shapes of
—eXp Ty o 1 (2) dimers make it difficult to use theoretical models to investi-
ij

gate the properties of mixing of monomer-dimer binary mix-
€; represent the strengths of potential minima ajﬁdthe tures. There are many real monomer-dimer systems, includ-
value ofr at which the potential is effectively zeréy;, \jj, ~ ing He-H, mixtures, which are of considerable significance
and y;; are controlling parameters of the potential. The ad-for practical applications. Good progress has been made in
vantage of using the DY potential is that the related integratecent years to develop a realistic equation of state EOS for
equation of the Helmholtz free energy and, hence, the conmronspherical hard body fluids such as hard convex body HB
pressibility factor can be solved analytically. The parameter$luids [16,17.
can be chosen to reproduce the various available empirical The major limitation to the EOS of HB fluids is that it
potentials which are often used in simulation work. does not incorporate the contribution from the long range
Ree [5] performed Monte Carlo simulations on the correlations and the quantum effects of energy which are
He-H, mixture with exponential-6(exp-6 potential and important for systems such as He:Haking into account
found it satisfactory over an extended range of density anthe quantum term and the contribution to the EOS from long
temperature, where the other conventional model is physirange correlations, the compressibility facto=P/pkT, p is
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density andk is Boltzmann constaiptcan be expressed, to 1
i isti - i x= o2 Go Vi (12)
first-order statistical mechanical perturbation theory, as Amix < GG Via,
mix  ij
—7HB t Q )
Z=Z2"B+7t4+7°, (4) with

Z "B is the compressibility factor of HBhard body fluid .
mixture, Z arises due to long range correlations, ah@ Vmix:Z CiCjVﬁ- (12)
incorporates the first-order quantum correction, which is ”

quite .significaHnl;[ in the lower temperature region. An ex-The parametervﬁ-f and aﬁf are related to the average mo-
pression forZ™ has been developed based on the scalegecylar volume and the shape factor of a mixture dimer
particle theory{16,17]. It can be expressed in terms of the mojecule, respectively,

EOS of hard sphere mixtur@lS) through the nonspheric-

ity parameteray, —

ity p mix Vﬁf: goﬁvij ) (13
Z HB — 1 +amix(z HS+ 7 nonadd__ l), (5)

whereZ HS is the compressibility factor of an additive HS o 1 VEY (Ve

system. The correction terr,"°"24 ariseq 7] due to non- aj = 377_JFJ_’ (14)

additivity. Boublik [20] and Mansooriet al. [21] (denoted ]
here by BMCSI) have suggested an improved version of thewhere

EOS for additive HS. Barrio and Solafia2] used the con-

sistency conditions to improve the contact values of the pair — _ 3
correlation function and suggested a correction t&#s to Vij=1+(n - D{E(
the EOS of BMCSL. This satisfies the thermodynamic con-

sistency conditions vis-a-vis standardized fourth and fifth

virial coefficients. With these improvemeni™S can be ex-

o 1 ai \?
1+_g' L|_§L|3_3H|J0|J _u' .

Tji Tii
(15

Vj; is the volume factor for the average molecular volume,

pressed as is the number of elemental sphei@s=2 for H,), each with
ZHS=7zBMCSL 78BS (6) diametero;; and center to center diametein the molecule
[17], and
with
1
H..:— s 2_|2 1/2’
7 BMCSL — 1 + 3mn, + 753 = 75) ) 1T 20, [(gi + op)" = 1]

(1-73) mo(l-m)* mo(l-13)°

and (9” = Sin_l|: Ii j| ,

28BS M0 a2y + MoZ;)

. (8)
1-179)? I
(- L= (16)
7 andz stand for Tii
- _ _ (") and (") in Eq. (14) refer to the first and second deriva-
7= EP(CNJn* Co0%)), tives, respectively, with respect tg;, i.e.,
Ve Ve
R (Vﬁf)'=<7'L) +<—La ) : (17)
2= 201020'110'22< 11 22), 9) Tii / o Tii/ o
ont oy
PV AV PV
f\rr i 1] 1]
2= €1C201105,(0%1 = 05)). (Vi)"= ( dah ), ’ 2(9 0ij 0} ’ J szj o

¢ (=pi/p) are mole fractions andy; are hard sphere diam-
eters of the componemt For a one-component systdipure
fluid), oy,=0p,=0, ZB5—-0, and Z"S reduces to the

For monomergn— 1), Ve'=V=70%/6 anday,=1, hence,
the compressibility factor in Eq(5) reduces to that of

HB H
Carnahan-StarlingCS) [23] EOS, hard sphere¢z "2 —Z 1), _ -
z"nadlin Eq. (5) is the correction term arising due to
SHS = 7CS2 1+p+7°-7° 10 nonadditivity [ (oq1+090) /2 # o45] Of the hard sphere d'iam-
1-7° eters. Leonarcet al. [7] have used the first-order statistical
mechanical perturbation theory to obtain an expression for
where »=mpa?/6 is the packing fraction. the Helmholtz free energly "°"2d[see Sec. IV, Eq43)] due
amix in Eq. (5) is the nonsphericity parameter for the scal- to nonadditivity. We have used it to obtain an expression for
ing theory[24], Z "onaddthroygh the thermodynamic relation
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d BF 2mp ., o,
V4 :P<W> ; (19 z'= T[Ci(kn"‘l? ki) + 2C102a\/;_7(k12+ p ki)
2— *10
where 3=1/kT. This gives * Coexlkaz+ p ko))l, (25
znonadd— _ 4.~ o 52 HS( ) - ((991 8(012)> 7TQp* 201C2a’\ X3
=~ AmpLia0iA i) 10 ap el z%= 6T cilyy+p'Li) + _A (Lio+p'L1)
Y
(20)
Ze

with _A(Lzz"' P Lzz) (26)

— _ontoy _— ;

O12= T and A(le— 012~ 012 (21) with

: : o9 a? kT €
o;; have been calculated using the integral equaftign p=po y=—2 =L 7= =2
. 011 011 €11 €11
{1 - exg- Bu;(n]idr. (22)
0 — m
A= &2, A=—2 my,=cym +cm,

Equation(22) relatess;; to the pairwise interaction potential Mt Mt
u;(r) for which we useuDY(r) in Eqg. (2). We may recall
that o;; determine the statlc structure factors and, thereand
fore, a suitable link between structure and forces has been
established. Further, E¢22) allows gj; to be temperature NLR2
dependent, which is desirable on a more realistic basis to Q= +02_ (27)
examine the mixing and demixing of mixtures as func- A€l My 075

tions of T. Osman and Singhl9] have discussed at length

the T dependence ofr; emerging from Eq.(22) for a  his Planck’s constant\, is Avogadro’s number, andy; are

Lennard-Jones system. the atomic masses. The coefﬁueh;sk,], Lij. andL’ in Egs.
S((rlz) in Eq. (20) refers to the radial distribution func- (25) and(26) involve the Laplace transforms of the RDF and

t|on (RDF) atr=o,, the contact point. It has been empha- are defined as

sized[25,24 that the inclusion of contact values improves

the performance of the RDF and yields exact asymptotic ex- ki :Vij Aij[ef\ijGij(f”) -G (1],

pressions for the thermodynamic properties. Based on the

consistency conditions of these properties, Barrio and Solana

[22] improved the existing BMCSL expression as aG; ()\, ) 3 G;i(vii)
= VA | €= - e poanll
ap p
95 (o1 = 955 Moo + 95010, (23
with = VA N e}\JGIJ()\IJ) vie'iGy(ny)],
BACS ) = 1 3Dy,  2D%n
(012 = ~ et % 9 Gji (N Gij
ng  (1-3) (1-m3) ( ) V2 el 9 G;j (%))
VIJAIJ vj€ ap . (28
3
BS, 01105011~ 020) M,
O12(010) = : where
2 40'%2 (1_773)2
— — — A . 2
oo N S T o
D=2 (24) ’
20'12
D is the reduced collision parameter. The derivative, flz_)\—f, 712=V:12_ (29
8975(a1)1 dp, can readily be obtained from the above rela- Y

tions. _
The expressions faZ t andZ Q are obtained fronftand ~ The values of the Yukawa potential parametays A;j, vij,

F Q [see Eqs(45) and(47), Sec. IV through Eq.(19). The  ande; for the He-H, system are listed in Table G;;(\;) are
resulting expressions are the Laplace transforms of the RDF,
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FIG. 1. Various terms of the compressibility factofg "B,
znonadd 7t andZ Q) vs p” (=payy for equiatomic(Cye=cyy,=0.5

He-H, mixture: (a) T=15 K, (b) T=100 K.

Gj (fij) = J rgf S(r)exp(- E] r)dr.
Tij

(30)

Similar expressions exist fdB;;(v;). FoIIOﬂing the work of
Tang and Lu27], the expressions foB;;(\;;) can be found

analytically.

Ill. COMPRESSIBILITY FACTOR

PHYSICAL REVIEW E 69, 056104(2004)

and Xb), respectively. The required inputs are taken from
Table I. The various components Bf as well as its gradient
dZldp", depend strongly on density in the lower temperature
range(T~15 K). ZM"B and ZQ are positive at all densities
with Z Q being the most significant contribution at low tem-
perature. For densitiep”<1.1, Z' contributes negatively
and then rises sharply to positive values as density increases.
The contribution of the nonadditive hard sphere t&f{"add

is negligible forp" < 1.0, in comparison with other contribu-
tions, but decreases sharply as density increasesT At
=100 K, however, the main contribution @ arises from
Z"B, The impact of all other contribution€Z®, z*, and
Z"onadq js small[Fig. 1(b)] in comparison taz S,

With regard to the impact of the distribution function
gi'fs(r), it enters directly into the expressions of andZ ©,
through energy equatidisee Eqs(44) and(46)] and, hence,
affectsZ. From the viewpoint of mathematical simplicity, it
is often preferred to perform the integral equations of the free
energy analytically in the dilute limitg;(r, oj,p) — 1. This
simplifies 2t and Z © considerably, at the cost of a realistic
g(r). We found thatZ calculated from hard sphere values of
gi'?S(r) is larger than that calculated from the condition
gij(r)=1. At low temperaturgT~ 15 K), g(r) influenceszZ
considerably, being maximum towards the high density re-
gion. The impact of realistig(r) on Z at high temperature
(T=100 K) is quite minimal. It can be inferred thagtr)=1
for He-H, system can be appropriate only at high tempera-
tures.

We have compared in Table Il our theoretical values of
the pressure and the excess internal energy to the Monte

It is evident from the preceding section that dengity Carlo simulation result§5] of He-H, mixture at different
plays a vital role in the evaluation of compressibility factor compositions and temperatures. R@& performed Monte
Z. At low densitiesZ tends to its ideal value of 1. For ex- Carlo (MC) simulations on the He-Hmixture as a van der
ample, asp—0 thenZ!'—0,ZQ—0Q, znonadd_,g 7zHE_,q
and, therefore, from Eq4) one hasZ—1. On the other
hand, at very high densitieZ, increases sharply witp. All
terms(Z "B, ZQ, Zt, andZ "°"% tend to infinity asp— .

The variation of the various terms d@ffor He-H, mixture
at equiatomic compositio(t,e= cH2=O.5) with respect to re-
duced densityp” at 15 K and 100 K is shown in Figs(d)

Waals one-fluid model for exp-6 potential. The stiffness of

the intermolecular repulsion of the different constituent spe-

cies was included. The MC results were recommended to be
“exact” and quite appropriate for the thermodynamic inves-

tigations for extended regions ®fandP. Theoretical values

of P have been obtained from the respective compressibility
factor contributions, i.e.P=pkT(Z"B+Z'+Z Q). The com-

TABLE Il. Comparison of pressur and excess internal energ® from this study to MC result§5], Pyc andEj;., for He-H, mixture
at different temperatures and He compositions,.. The corresponding reduced densifyand packing fraction; are also listed.

T Puc [5] P (this study Exic [5] EXS (this study
(K) Che P 7 (GP3 (GP3 (kJ mor?) (kJ mor?)
50 0.50 0.550 0.265 0.0473 0.0491 -0.755 -0.593
100 0.50 0.786 0.346 0.3380 0.2570 -0.354 -0.466
300 0.25 1.101 0.433 2.3090 1.9664 2.790 2.741
300 0.50 1.101 0.400 1.8560 1.5729 3.490 2.166
300 0.75 1.101 0.367 1.4240 1.3160 2.008 1.737
1000 0.25 1.223 0.363 5.2250 4.8622 8.860 10.416
1000 0.50 1.223 0.335 4.5100 4.1094 10.88 8.315
1000 0.75 1.223 0.307 3.7150 3.5904 6.790 6.474
4000 0.50 1.376 0.247 12.4300 12.1014 25.120 24.871
4000 0.50 1.572 0.282 16.3300 16.4720 31.400 32.832
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puted values are in reasonable agreement with MC results us_ malfi+ (2 - m3)f5] 73f3

over a wide range of andP. This suggests that our formal- BF = 1- 79 (1 - 7)?

ism of equation of state for He-Hnixture is quite good and 3 3

can be used to derive and investigate other thermodynamic +(f3+2f, = D)In(1 - 73), (39

functions, such as Gibbs free energy of mixing, entropy of .

mixing, and concentration fluctuations in the long Wave-Wlth
length limit as functions of compositiores T, and P, which 3y,V,
we obtain in the following sections. fi= v (39
0Y3
IV. GIBBS FREE ENERGY OF MIXING V1Y
_ Y12
Gibbs energy of mixingGy, plays a vital role in deter- f2= y2 (VaZy +Yoz2), (40)
mining the thermodynamic stability of the phases in a binary
mixture. It is convenient to describe the thermodynamic be- ¥
havior in terms of the excess free energy of mixifg, fa= —23 (41)
defined as YoY3
Gy=Gy-NkTX ¢ Inc;, (31) moom .
- C %= =g e oz, (42)

with The contributionF "°"24d which arises by the virtue of non-
o~ 0 additivity of the hard sphere diameters, is the first-order
Gu=G ; GG (32 perturbation correctiofi7],

dd_ _ — HS
G is the Gibbs free energy of the mixture a@f=G(c; B M= = AmpeaCo0,A01.015(0719). (43

—1) are the free energies of the constituent species. A, and Aoy, are defined in Eq(21). The expression for
explicit expression forG can be written in terms of the the radial distribution functiorgf’S(a1,) is given in Eq.
Helmholtz free energy and the pressurg, (23).

Ft, in Eq.(35), which is the first-order perturbation con-
£:L+i_ (33)  tribution due to long range attractions, is of considerable
NKT NKT  pkT significance. We have used the statistical mechanical theory
to evaluateF ' from the integral equations containing the

Having defined the compressibility factdrin Eq. (4), it edistribution functionsgy(r) andu (1), i.e.

is now possible to obtain an analytical expression for th

Helmholtz free energy from the integral equation o .

BF t= BEE Ciij o ui[j)Y(r)gi'}'S(r,a'ij,p)47rr2Vij dr.
ij

oo
]

F Xs P d

:f z-1-L. (34)

NkT Jo p (44

F s stands for the excess Helmholtz free energy. In conThe integral above has been obtained analyticallyufr)

formity with Eq. (4), F for the mixture can be written as given in Eq.(2) using the BMCSL[20,21] expression for
g;S(r); we obtain

F
——FdyFHBLEtLLFEQ (35) 2mp’
0 =2
N BF = ?[Cikn +2C1Cokspa\ ey + Cokppye].  (45)

The subscripts carry the same meaning as in (j. The X X _ _ o _
extra termF ' arises due to the ideal gas mixture term, i.e.,p andT are defined in Eq(27) and the coefficients;; in

Eq. (29).
q_3 h? The last termF ©, in Eq. (35) is the first-order quantum
BF "= 5'” 2 Ty +Inp+ E ¢lInci—-1. correction to the free energy. The Wigner-Kirkwopidt,15
1hez ' expansion for a one-component fluid can be conveniently
(36)  generalized to a binary mixture as
The Helmholtz free energl HB for hard convex body be- h?8Np" « cc [ _
FQ=———— '—if V2u; (N giS(r)4mr2v; dr.

comes B 96,2 Ej m ., i (g (N 4mraV;

BF HB — amixB(F HS+ F nonadrj, (37) (46)

wherea,,, is defined in Eq.(11). Equations(6) and (34)  On using the double Yukawa potential from E8) for u;(r)
yield and carrying out the Laplacian operator one gets
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FIG. 2. Effect of temperatur€l =10 K, 30 K, 50 K, and 100 K
on excess Gibbs free energ,/NkT) at P=0.5 GPa for He-H

Helium Concentration, ¢,

mixture as a function of helium concentratioge.

pF Q=

(28).

In view of the energy, Eq.35), one can readily obtain the

mQp’
6T

C%Lll"' —— Lot

ol

2c,Ca\ € co€.

vA

equation for pressure, i.e.,

as

sition ¢y, T, and P. The effect of temperature 06, is 14
depicted in Fig. 2 for a given pressuR=0.5 GPa.G,, is
quite asymmetric aroundcty.=0.5, which is more pro-
nounced at low temperatures. For example al0K, G, is
positive towards the Krich side. As the composition of He
in the mixture increase$,s becomes negative implying or-
der and greater thermodynamic stability. The role of tem-
perature orG,q is more dominant towards the He-rich side.
G, Of the mixture increases considerably with increasing

P=P9+ PB4+ Pty pQ

BP _ ‘9<F>
p dp '

NKT

for rich compositions of He.

The pressure effect 08, is shown in Figs. @) and 3b)
for T=15 K and in Figs. éa) and 4b) for T=100 K. The
computed values o6, in the megapascal rangé.0 MPa,
5.0 MPa, and 10.0 MBaand in the gigapascal range
(0.1 GPa, 0.5 GPa, 1.0 GPa, and 2.0 8fapressures are

%Lzz . (47

(48)

(49)

Helium Concentration, ¢,

Helium Concentration, ¢,

FIG. 3. Effect of pressure o6,s/NKT at 15 K for He-H, mix-
ture as a function o€ (@) gigapascalGPg range of pressures,
(b) megapascalMPa) range of pressures.

H,-rich end to large negative values towards He-rich end for

larger pressures of GPa range. The general trend of the effect

of pressure aT=100 K is also similar, but the magnitude of
G, at 100 K is much smaller than that at 15 K.
The various terms have the same meaning as defined in Eq.

V. EXCESS ENTROPY OF MIXING

It is quite evident from the previous discussion tixgg of

the He-H mixture depends strongly on temperature and,

therefore, we have investigated the excess entropy which is a

derivative of G, with respect toT. The excess entropy of

The equations for the different contributions to pressure camixing, S;;, can be obtained from
be straightforwardly obtained from the respective free energy

Ss=S-(;S +,S) +Nk X ¢ In ¢

(50

The various entropy terms on the right-hand side of the

above equation are obtained by taking the temperature de-

rivative of the different Gibbs free energy terms as they ap-

We have used the inputs of Table | in these relations tdear in Eq.(31),
computeG, for He-H, mixture as a function of He compo-

displayed. In the MPa range of pressuf@s 15 K), G, is
positive and increases with increasiiRy However, in the

GPa range of pressureS, decreases with increasing pres-

Helium Concentration, C

L L | T T 03 ! L | T ]
124 (a) 01GPa (b) ~~100MPa 1
5 10l 0.5GPa 1 o324 -
E 1 100K
e 08 4 0281 4
2 06 1
a1 1.0GPa 0.24 -
g 047 . E 1 1
T ™ 1 o204 g
g ] 5.0MPa J
iCL 00 0.16 - -
2 02 1
a 0.12 4 -
O o4
@ 047 2.0GPa/ | :
2 6] 1 o008+ -
i 084 100K 1 0044 1.0MPa
1.0 4 1
AL L DAL AL 0.00 — 7T v T 1 1"
00 02 04 08 08 10 00 02 04 06 08 10

Helium Concentration, Co

sures.G,s also exhibits a crossover from positive values atof pressures(b) MPa range of pressures.
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0‘08 T T T T 0'050 T T T 1
0.0 @
0.04 0.045 -
. 0.4 . oo 0.040 4
< < 000 0.035 4
~, -0.8- Y
)
« ] @ 0.030
3 ., éi: -0.02-
a 124 J
8 £ 0.025
€ W -0.04-
"] -
L:: 164 8 0.020
7] ] -0.08 -
§ = 0.015
2.0 0,084
w 008 0.010 4
2.4 -0.10 < 0.005 4
224+———1+7+—+1+— o0 ¥V
T T T T T T T T T 00 02 04 06 08 10 00 02 04 06 08 10
0.0 0.2 0.4 0.6 08 10

Helium Concentration, ¢, Helium Concentration, ¢,
Helium Concentration, Ce
FIG. 7. S.¢/Nk as a function ot at T=100 K: (a) GPa range

FIG. 5. Excess entropy of mixin@,s/ Nk) for He-H, mixture as ¢ pressures(b) MPa range of pressures.

function of helium concentrationye at 0.5 GPa for different tem-

peraturesT=10 K, 30 K, 50 K, and 100 K. . -, .
its strong asymmetry and changes from positive to negative

G P _ Plap values as the concentration of He increases.
S:—() :_(Fld+FHB+Ft+FQ)P+2< )
aT/p aT p\IT/p VI. CONCENTRATION FLUCTUATIONS AND
(51 THERMODYNAMIC STABILITY

We may recall that the various's andP’s are functions The long wavelength limit[{g(=2#/\)—0] of the
of a3;, which in our scheme arg dependenfsee Eq(22)], concentration-concentration structure fadi@8] S..(0) pro-
and hence contribute to entropy. The temperature effect ovides valuable insight of the binary mixture at the atomic

S is shown in Fig. 5 for a giverlP=0.5 GPa.S; is quite  level (see, for example, Ref29]). S.(0) is defined as
asymmetric and attains a lowest value towards the He-rich

side. S increases with increasinfy The impact of pressure So(0) = N((Ac)?), (52
on S is shown in Fig. 6 forT=15 K and in Fig. 7 forT
=100 K. The impact of MPa and GPa pressuresis
quite different. As pressure increases from 1.0 MPa t
10.0 MPa(T=15 K) the asymmetry inS, shifts from the

where{(Ac)?) represents the mean square fluctuations in the
concentration. These can be derived from statistical mechan-
Y¢s in terms of the Gibbs free energy,

H,-rich side to the He-rich side and, in additio8, de- PG\t
creases with increasing pressure.7A&t100 K, howeverSq Se0) = Nk 02) (53)
is small and positive in the MPa region and increases with 1ITPN
increasing pressure. In the GPa range of press8ggsxhib-  For an ideal mixturéG=3,¢;G>+NKTZ;c; In ¢;) one simply
obtains
> 1 She=CiCo- (54)
°'°_ -0.14 Any deviation of S.(0) from the ideal values is of great
§ 05 976 interest to visualize the degree of order and the thermody-
W g % 024 namic stability of the mixture. The significance &.(0)
s T ]18K % emerges due to the curvatufé?G/dci)y p ., Which under-
§ -154 ;“ { goes a distinct transition at the extreme physicochemical
'; 20 ?Pg 1 <4 conditions of the mixture. If, at a given compositidi(0)
8 ] % >Scdc(0) then there is a tendency of segregatibke at-
W 25+ ¥ 1 -05- oms tend to pair as nearest neighbpmsr phase separa-
30 ) tion. On the other hand,(0) <S%(0) is an indication of
1 @ | 981 heterocoordinatior{unlike atoms tend to pair as nearest
=351 1 o neighborg. In the limiting cases,S..(0)—« for phase

00 02 04 06 08 1.0 00 02 04 06 08 10 separationdemixing and §..— 0 for complete heteroco-
Helium Concentration, c,,, Helium Concentration, ¢, ordination.
S..(0) is directly related to the excess stability function
FIG. 6. S/Nkas a function ot at T=15 K: (a) GParange of E,g originally introduced by Darkeii30] to study the ther-
pressures(b) MPa range of pressures. modynamic stability of mixtures,

056104-8



THERMODYNAMIC PROPERTIES OF He-HFLUID... PHYSICAL REVIEW E 69, 056104(2004)

c - RT< 1 1 ) 55 4 v T v T . T v T
* Sd0)  ciCp/ J 10K
. [=)
For a binary ideal mixtureE';‘S:O. 5;8 3 ]
One can also estimate froi§,(0) the Warren-Cowley
[31,37 short range order parametey, which helps to quan- & J 0.5GPa
tify the degree of segregation or heterocoordination. Phas3 30K
separation is an extreme condition of segregation. By virtueg 24 .
of the basic thermodynamic relations, and taking the proba-"'é
bilistic approach, Bhatia and Singi&3] showed that the lim- % 50K 100K
iting values ofa; lie in the range €;/c,< ;<1 forc;<0.5 € /
and ¢,/c;< ;=<1 for ¢c;=0.5. Obviously, for equiatomic g ! Z4
(c1=0.5 binary mixture the limiting values tend to <la; o
< 1. For heterocoordination in the mixture; <0, with the 1 “J
minimum value of —1 rendering complete order of unlike 0 . : - . _ . . . -
pairs as nearest neighbors. For segregatqrvaries from 0O 0.0 02 04 08 08 10
to +1, wherea;(max =1 suggests total segregation, or phase Helium Concentration, ¢,

separation.
For a mixture where size effects are relatively small, there FIG. 8. Effect of temperatur€f=10 K, 30 K, 50 K, and 100 K

exists (see Refs[34,35) an exact relation betwee8..(0) on concentration fluctuations in the long wavelength Ii[ﬂ@c(o)
and ¢ for different shells, :SCC(O)/SCdC(O)] for He-H, mixture as a function of helium compo-
sition cye at P=0.5 GPa.
Sc(0)

gcdc =1 +2|: a0, (56) in the segregation region is quite distinct. Even at low tem-
perature(T~ 15 K) the mixture exhibits a good deal of seg-
wherez and ¢, are the coordination number and the shortregation over an extended region of composition for the MPa
range ordefSRO parameter for théth shell(l varies from  pressures. For the GPa pressures, however, the ordered phase
first neighbor shell to higher shellsFor the nearest neighbor dominates as the He concentration increases in the mixture.
shell (1=1), Eq. (56) simplifies considerably to The results foiT=100 K are shown in Fig. 1@) for the MPa
. pressures and Fig. {8 for the GPa pressures. For the MPa
r = SCC(O*) -1 ' pressuresS,(0) > 1(a;,>0), i.e., segregation, at all compo-
(z-1DS(0) +1

sitions, which increases with increasing pressure from
1.0 MPato 10.0 MPa. But, in the GPa range of pressures, the
where mixture transforms from segregation to ordered phase with
increasing pressure.
Sc(0)

Sd0) = S0 (58) VII. SUMMARY AND CONCLUSIONS
C

(57)

A theory of mixtures is developed on the basis of statisti-

As stated earlier, one of the basic advantages of the ) )
al mechanical perturbation scheme to study the compress-

present approach is that it allows us to study the effect of

temperature and pressure 8§n(0), and, hence, on SRO pa- .0 .0

rametera;. The nature of nearest neighbor pairs in the mix- I v @l T u

ture, such as kH,, He-He; and He-H can be readily in- g 354 35 0.1GPa 15K

ferred. The effect off on S.(0) is depicted in Fig. 8 aP o 1 1

=0.5 GPa. At low temperatur@ =10 K) the mixture exhib- & *°7 0 T

its two important regionsii) segregateqszc(0)>1, ie., £ .5l 25 |+—-0.56Pa

a,>0] region in the composition range<0c,,o<0.2, where § 1 ]

like atoms(H,-H, and He-Hg tend to t*)e preferred as nearest L 204 2.0+ 1.0GPa

neighbors andii) heterocoordinatefis (0) <1, i.e., a; <0] 2 's 15‘

region in the composition range GsX.<1, where unlke £ ] -] ]

atoms(He-H,) tend to pair as nearest neighbors. With de- & 10 10

creasingT, S;C(O) increases in the segregated region whereasS 4 10.0MPa 1 J

it decreases in the heterocoordinated region. In the orderer 05 q 054

phase of the mixtur&.(0) exhibits flat minima over a wide 1 1 ] ]

. 0.0 +——T—+—T—+—T—"+—T"— 0O t—T—T—T—T T

range of composition af~ 10 K. 00 02 04 06 08 10 00 02 04 06 08 10
The impaCt of pressure in the MPa rangle.o MPa, Helium Concentration, ¢ Helium Concentration, ¢,

5.0 MPa, and 10.0 MPand GPa rang€0.1 GPa, 0.5 GPa,

and 1.0 GPpat T=15 K is shown in Figs. @ and *Slb), FIG. 9. S.{(0) for He-H, mixture as a function ofye at T

respectively. The effect of MPa and GPa pressureS.g0) =15 K: (a) MPa range of pressurefy) GPa range of pressures.
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given. The parameters of the double Yukawa potential are

s " (e) 100K ®) 1??:% simulated to the exp-6 potential, which conforms satisfacto-
T 108 {0.0MPa 1 121 1 rily to the ab initio quantum mechanical calculations of He
'f,» and H, energy data. The role of the various componentzg of
% 105 1 w0 and its dependence on the radial distribution function at low
g 1,04 5.0MPa ] and high _de_n3|ty regions have been critically examined. The
i ) { os characteristic behaviors db,s, S, and S.((0) have been
§ 1084 1 studied both in the MPa and GPa ranges of pressures with a
E 102 1 os view to investigate the segregation and heterocoordination
8 for thermodynamic stability in the mixture. Some of the im-
S 1014 1.0MPa 04 portant conclusions of the present work are as follows.
1.00 (@) The contributions from the long range correlations
{ o2 Z'and the quantum correction teffiR to the compressibil-
00 02 04 08 08 10 00 02 04 08 08 10 ity factor Z are quite dominant at low temperatures. Simi-
Helium Concentration, ,, Helium Concentration, ,, larly, the impact of the distribution function oB is quite

. substantial at low temperatures. The dilute lifigitr)=1] is
FIG. 10. S,(0) for He-H, mixture as a function oty at T only valid at high temperatures.
=100 K: (a) MPa range of pressuref)) GPa range of pressures. (b) The computed values of pressure agree very well
with computer simulation results over an extended

entropy S of mixing, and the long wavelength limit of the region of temperature (50 K-4000 K and  pressure
concentration fluctuationkS.(0)] of He-H, mixture over a  (0-05 GPa—16 Gha o
wide range of pressure and temperature. Hettiktures en- _(0) Segregation, heterocoordination, or both may oc-
joy special significance due to their cosmological relevancéUr in the He-H mixture depending upon its composition,
and the challenge they pose due to the complex nature ¢gmperature, and pressure.
interactions among the constituent species. The long range  (d) Though the results from all the three thermody-
correlations among the mixture species have been includedfmic functiongdG,s, S5, andS;(0)] are consistent,((0) is
through the double Yukawa potential, which acts as a perturhost useful and sensitive to study the phase separation or
bation to the hard sphere reference mixture. The dimerizatioghemical order in the mixture.
of the H, molecule is accounted for as a hard sphere convex At low temperature,T=15 K, segregation occurs for
body fluid for which an equation of state can be derivedthe MPa pressure¢l.0 MPa, 5.0 MPa, and 10.0 Mpa
based on the scaled particle theory. which increases with increasing pressures. For the GPa range
Taking into account the quantum energy term and the con©.1 GPa, 0.5 GPa, 1.0 GPa, and 2.0 &Peterocoordina-
tributions from long range correlations, an analytical exprestion (orden prevails, which increases as the composition of
sion for the equation of state of He,Hystem is presented. He increases. AT=100 K, however, there is a noticeable
This, in turn, is used to obtain the Helmholtz free energy,increase of segregation with increasing MPa pressures. As
entropy, andS,(0). At a givenT, the equation of state has the pressure tendg to the GPa range, a reversal of_the trend is
been solved numerically to give density as a function ofobserved. The mixture transforms from segregation to or-
pressure enabling us to expreds Gy, S and S.(0) as dered phase with increasing GPa pressures.
funphons of pressure._As a re_sult, internal consistency of the ACKNOWLEDGMENT
various thermodynamic functions has been ensured.
The values ofZ, G,,, S, and S.((0) computed for He This work was supported by the Sultan Qaboos Univer-
-H, as functions of composition at differe® and T are  sity, Grant No. IG/SCI/PHYS/01/03.
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