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Microstructure in a settling suspension of hard spheres
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We report direct observations of the structure factor in a settling suspension, using numerical simulations
based on a lattice-Boltzmann model of the fluid. We find that the horizontal density fluctuations in bounded
suspensions are strongly suppressed by the settling process, vanistfgtdeng wavelengths. Our mea-
surements of the structure factor confirm the qualitative predictions of one of several competing theories,
although this theory does not yet explain why container walls are so important. Our results contradict the idea
that a settling suspension is inevitably stratified by hydrodynamic dispersion at the suspension-supernatent
interface.
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The dynamics of suspensions at low Reynolds numbersiations in particle concentration have been measured within
are controlled by the distribution of particle positions, which a cylindrical or rectangular windo{ 5], but this only gives
is sufficient to determine the particle velocities at any instantin angle average of the pair distribution. In numerical simu-
of time. In a settling suspension, subtle shifts in the painations it is possible to calculat8k) as a function of both
correlation function can have a dramatic effect on the macyayelength and direction. This is important since some theo-
roscopic behavior. It is well known that the velocity fluctua- rjeg predict that the structure factor becomes highly aniso-
tions in a settling suspension are dependent on container siggic [7], with the horizontal fluctuations vanishing at long
if the particles are randomly distributéti]. However, it has \velengths, while the vertical fluctuations remain finite.
been suggestef2] that there are rearrangements of the sust simylations show that horizontal density fluctuations are
pension microstructure during settling which have the effeci,jeeq strongly suppressed when there are container walls at
of suppressing the long-wavelength density fluctuations. Theyg o5 and bottom, but not when the suspension is periodic
idea of some kind of microstructural rearrangement is NOWy, the vertical direction. This is consistent with our earlier
widely accepted, since there is no other viable explanationsenation9] that the velocity fluctuations are size inde-
for e_xpenmental results shoyvmg that velocity ﬂUCtuat'O”Spendent in bounded containers, but size dependent in peri-
are independent of system sig&4]. However, the mecha- - systems. Our measurements of the structure factor agree
nism for the supposed microstructural rearrangements §ualitatively with the predictions of Levinet al. [7], al-
highly controversia}l. jl'heoret.ical explanatiops include t,hree’[hough their theory does not explain why the container walls
body hydrodynamic interactiong], convection of density e 5o important. Our results contradict the idea that a set-
fluctuations[5-7], and the effects of vertical wallg8]. Re-  ing syspension is inevitably stratified by hydrodynamic dis-
cent numerical simulations have shown that none of thesgggion at the suspension-supernatent interface: we find that
ideas are completely correct, and that the container must Bge particle concentration is uniform in the bulk region to
bounded at the top and bottom in order for the divergence ofyiihin statistical errors, and any possible gradient is too
the velocity fluctuations to be suppresq&il10. However,  gma 1o have a noticeable effect on the velocity fluctuations.
even here there is disagreement; Lgélfihas suggested that rhis qoes not discount the possibility that stratification oc-
the density fluctuations drain to the interfaces, along the lineg ;g 4t very low particle concentrations or in polydisperse
originally proposed by Hincli5] and examined in more de- suspensions.

tail by Levine et al. [7], while Muchaet al. [10,11 have e girycture factors were calculated directly from par-
proposed that there is a weak vertical variation in the particlgjcie hositions obtained in a simulation of 72 000 monodis-
conc_entrat|on(strat|flcat|q|) caused by hy_drodynamlc dis- perse non-Brownian spheres, settling in a tall thin container
persion at the suspension-supernatent interface. Luke ha$ gimensions 58x 50ax 100G. where a is the particle
shown that such a concentration gradient can prevent the, i, The container was bounded at the top and bottom by
divergence of the velocity fluctuations, even when the paifigiq no-slip walls, while periodic conditions were used at
distribution is randon12]. _ the sides. It has been previously shown that the boundaries at
In th's paper we report d'TeCt ob_servatlons_of the_z Structurgyq top and bottom of the cell have a profound effect on the
factor in a settling suspension, using numerical S'mUIat'On%elocity fluctuations in a settling suspensig8i; for com-
based on a lattice-Bolizmann flufd3,14. It has not been  4ison purposes we have also calculated the structure factor
possible to measure the structure factor of a settling SUspej; 5 settling suspension with periodic boundary conditions on
sion of non-Brownian particles experimentally, since the pary| taces. In both cases, the particle volume fraction was set
ticles are too large for light scattering measurements. Flucy; $=13%, so that the mean interparticle spacingy '3 is
almost exactly a. The height of the bounded cell allowed
for lengthy simulations, in excess of 1500 Stokes times,
*Email address: ladd@che.ufl.edu where the Stokes timg=a/U, and Uy is the settling veloc-
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FIG. 1. The particle volume fraction at steady state as a function FIG. 2. Particle velocity fluctuations as a function of height. The

. o ) ) - ertical (solid symbol$ and horizontal(open symbols velocit
of height. The dots indicate the volume fraction at a single instant o{ .( y 3 (op >y s Y
. . luctuations have been averaged over the horizontal plane and over
time, t=120Q,, averaged across the horizontal plane and over g

. . . ti ind f 1006<t/ts<<1400.
height ofa. The data shows that the suspension-supernatent |nteﬁ ime window o s

face is sharp and the density is uniform over the region 200&.500 ) . .
The expanded view of this region shows the density profile averin the inset to Fig. 1 contradicts the recent suggesidi
aged over the steady-state time window 16Q0t.< 1400. The that stratification can be a general explanation for the satu-
density in the viewing window(250—45@) is uniform to within  ration of velocity fluctuations. As can be seen, any mean
statistical uncertainties; any residual density gradient is negligibleyariation in density is well below the statistical noise, even
with a characteristic length in excess of*aDor more than ten after averaging over several hundred Stokes times. Our data
times the height of the container. suggest that any residual density gradient must have a char-
acteristic length of at least 48 or ten times the container
ity of an isolated particle. This is sufficient to establish aheight. Moreover, the stratification theory predicts that the
steady state over a fairly substantial viewing window, at leasvelocity fluctuations vary with heigljtL1], since the density
200a high, located about one-third of the way up the columngradient is largest near the suspension-supernatent interface.
(see Fig. 1. We have checked that the measured structuré\gain this is contradicted by our measured velocity fluctua-
factor is insensitive to the exact location and size of thetions, which are constant throughout the viewing window, as
viewing window. The steady state structure factor was detershown in Fig. 2. Hydrodynamic dispersion does cause a
mined over a time interval 1060t/t,< 1400 from the onset spreading of the interface, but this is compensated by hin-
of the settling process. dered settling, which convects the less dense regions at a
The numerical simulations were based on a lattice-higher velocity than the high density regions and thereby sets
Boltzmann model of the underlying fluid dynamigg3,14,  up a convective flux in opposition to the diffusive flux. Bal-
and include recent improvements to the calculation of theancing the convective and diffusive concentration fluxes with
lubrication forces and to the overall stability of the algorithm respect to a frame moving with the mean settling velocity,
[16]. The simulations were carried out at a Reynolds numbewe estimate an interface thickne€s,/U’ = 3a, at this vol-
Re=0.06, based on the mean settling velocity. Results froame fraction. Here the vertical dispersion coefficieDt,
simulations at a lower Reynolds number, Re=0.03, were in=4.1Us,, was taken from our simulations, and’'=
distinguishable from those at Re=0.06, which is consistent ¢dU/d¢=5¢Uy is the velocity of a density perturbation
with previous observationf9] that inertial effects are negli- Wwith respect to the mean settling speed. Our simulations do
gible in this system when Re0.1. The other key factor not rule out the possible significance of stratification in very
controlling the accuracy of the numerical simulation is thedilute suspensiongp<<1%), such as are commonly used in
number of grid points occupied by each solid particle, whichparticle-image-velocimetry measuremeifiis$,1Q, but they
is a measure of the resolution of the particle surface on thdo exclude it as a general mechanism for hydrodynamic
fluid grid. In these simulations the particle radius was set tscreening.
two grid spacings, since test calculations have shown that the Figure 3 shows the static structure factd®k), in
mean settling velocity is then insensitive to further increasedounded and periodic suspensions steadily settling under
in particle size. gravity. A settling suspension with periodic boundaries in all
Figure 1 shows that the density profile is uniform in thethree directions has a random microstructure at long wave-
bulk, with a sharp interface between the suspension and slengths[S(k— 0) # 0], with a structure factor that is finite at
pernatent fluid. A sharp interface has also been observed eall wavelengths and more or less isotropic; in other words it
perimentally(see Ref[17] for examplg, but recently it has is qualitatively similar to an equilibrium suspension. These
been suggested that hydrodynamic dispersion at thebservations are consistent with previous simulations
suspension-supernatent interface could lead to a weak strafit9,2Q, although in that work the pair distribution function
fication of the particles and a nonuniform density in the bulkwas analyzed rather than the structure factor. On the other
[10,11. Stratification has been suggested as a mechanism fdiand, if rigid boundaries are imposed at the top and bottom
suppressing density fluctuatiofib2], but the density profile of the vessel, the structure factor shows that the long wave-
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FIG. 3. The structure factdg(k) for bounded(solid symbols FIG. 4. Time evolution of density fluctuations in the horizontal

and periodic suspensioispen symbolsat steady state; i.e., aver- hiane The structure facték, ) is shown over different time inter-
aged over the_t!m(_e window 1080t/t < 1400._ The solid line isthe |- (a) (circley 0<t/ts<<200, (b) (squarep 200<t/t;<<400, (c)
averaged equilibrium structure factor obtained by a Monte Carlqyjangleg 400<t/t;< 600. The solid line indicates the equilibrium
simulation with 16 moves per particle. The inset clarifies the long structure factor. The behavior at long wavelength is shown by the

wavelength behavior of the bounded system; the solid lines indicatg,cot The data is an ensemble average over four different starting
quadratic fits to the data(a) horizontal componenttriangles conditions.

Sk,)=0.4ka)? and (b) vertical component(circles S(k;— 0)
~0.17. definitive conclusion to be drawn. Significantly larger sys-
tems sizes will be necessary for a quantitative comparison
length pair correlations are strongly damped, especially irwith the predictions of the theory, with greatly increased
the horizontal direction where the density fluctuations appeacomputational requirements.
to vanish at sufficiently long wavelengths. Although the structure factors measured in the simula-
Levine et al. [7] have proposed that there are two quali- tions are consistent with the predictions of Leviteal. [7],
tatively distinct nonequilibrium phases for settling suspen-their theory postulates that all the important dynamics occurs
sions, an unscreened phase characterized by a random micio-the bulk, independent of the macroscopic boundary con-
structure and a screened phase where the horizontal densiitions. Although this is a logical assumption, our numerical
fluctuations are damped out at long wavelengths. They desimulations show that it is incorrect. Simulations with peri-
rived an expression for the nonequilibrium structure-factor, odic boundary conditions do not show the same damping of
the horizontal density fluctuations, as would be expected if
the model proposed in R€f7] were correct in all essentials.
Instead, our simulations suggest that the container bottom
and the suspension-supernatent interface act as sinks of fluc-
which is consistent in functional form with the structure fac- tuation energy, as suggested earlier by Hifish Random
tor obtained in our numerical simulatioisig. 3. The renor-  density fluctuations convect to one of these two interfaces
malized parameterdl; and D; together with the damping and are absorbed by the density gradient at the interface. The
coefficient y were calculated from coupled field equations data shown in Fig. 4 support this conclusion, albeit not con-
describing the evolution of the particle concentration andclusively. Here we show the structure factor in the viewing
fluid velocity. According to the theory, the phase boundary iswindow during its evolution from an equilibrium state to the
determined by the anisotropy in the renormalized noisesteady state. Despite the limited time averagiagotal of
N, /N, and diffusivity D , /D;. 80Q; for each plo}, the implication is that the long wave-
The structure factor data can be used to extract ratios déngth fluctuations decay fastest. If so, this is evidence for
the parameters that appear in Etj); namelyN, /y=0.42%2,  the immediate convection of large-scale density fluctuations
and N,/D;=0.17. We obtained\, /vy and N,/D; from the [5], rather than the establishment of a density gradient by
low-k behavior of the horizontal and vertical density fluctua- hydrodynamic diffusiof11]. We have previously proposed
tions, but since our data is rather noisy, it is impossible tq9] that there is a transition between the mechanism proposed
extract a meaningful value dd, /vy, which appears as a by Hinch[5], describing the decay of the fluctuation energy
quartic correction to the asymptotk’® dependence of the stored in the initial configuration, to the steady-state behavior
structure factor. Nevertheless, for the sake of completenestescribed by Levinet al.[7]. However, it is not clear how to
we will use our best estimat®,, / y=0.53%, to determine the explain the absence of screening in periodic suspensions
ratio N, /N;=0.7. When combined with tracer-diffusion within the context of this theory. It would be interesting to
measurements @ , /D;=0.14, this suggests we are near thestudy the convection-diffusion model proposed in Réf.in
transition between screened and unscreened plidsddn-  the presence of container walls, although this would almost
fortunately our data is not sufficiently precise to enable acertainly require a numerical calculation.

N, kg +NK?
D, K2 + Dk + 3 k2

Sk) = 1
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It is illuminating to compare the convection-diffusion In this paper we have presented what is, to our knowl-
theory of Ref.[7] with point-particle simulationg10,11], edge, the first determination of the structure factor in a
with which it has much in common. The Oseen velocity fieldsteadily settling suspension. Our results confirm certain pre-
is divergence free, and therefore the steady-state solution @fictions of Ref.[7], in terms of the behavior of both the
the Smoluchowski equation is always a random distributiorhorizontal and vertical density fluctuations. Nevertheless, the
[2]. In Refs.[10,11 the screening is generated by transienttheory does not yet explain why the hydrodynamic interac-
vertical variations in particle concentration, rather than by &jons in spatially homogeneougully periodic) suspensions
steady-state change in pair correlations. The key difference igre not screened. The simulations show that hydrodynamic
that the theory in Refl7] adds strongly anisotropic concen- screening is possible within a homogenous “bulk” region of
tration fluctuations, which are an empirical representation ofy hoynded suspension. Thus they do not support the recent
the supposed effects of the many-body hydrodynamic intereontention11] that hydrodynamic dispersion leads to a mac-
actions. To obtain a hydrodynamically screened phase, thg,scopic density gradient, and that this gradient is necessary
theory requires that small-scale 0conc(gantratlon fluctuationyr hydrodynamic screening. We suggest that it will be fruit-
are largest in the horizontal planid, >Ny [7]. By contrast, ] to explore the connection between the multibody hydro-

in a random suspension the density fluctuations are isotropigynamic interactions in a settling suspension and anisotropic
on all length scales. Our simulations show that there is §qise in a convection-diffusion model.

pronounced change in the anisotropy as the settling proceeds,
so the character of the noise must change as the suspensionThis work was supported by the Microgravity Biological
evolves to steady state. It would be interesting to discoveand Fluids Physics Division of the National Aeronautics and

how this process is affected by container walls. Space Administration.
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