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NMR experiments on a three-dimensional vibrofluidized granular medium
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A three-dimensional granular system fluidized by vertical container vibrations was studied using pulsed field
gradient NMR coupled with one-dimensional magnetic resonance imaging. The system consisted of mustard
seeds vibrated vertically at 50 Hz, and the number of lajgrs 4 was sufficiently low to achieve a nearly
time-independent granular fluid. Using NMR, the vertical profiles of density and granular temperature were
directly measured, along with the distributions of vertical and horizontal grain velocities. The velocity distri-
butions showed modest deviations from Maxwell-Boltzmann statistics, except for the vertical velocity distri-
bution near the sample bottom, which was highly skewed and non-Gaussian. Data taken for three Wjues of
and two dimensionless acceleratiohis-15,18 were fitted to a hydrodynamic theory, which successfully
models the density and temperature profiles away from the vibrating container bottom. A temperature inversion
near the free upper surface is observed, in agreement with predictions based on the hydrodynamic parameter
which is nonzero only in inelastic systems.
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[. INTRODUCTION Such comparisons are significant as the applicability of
hydrodynamics to granular systems is questionable. In a vi-
One of the basic granular flow phenomena is the creatiobrofluidized state with energy injection from below, as stud-
of a fluidized state by vibration of the container that holdsied here, the granular temperature varies sharply with height
the granular medium. If the container is vibrated verticallyover distances comparable to the mean free path. Hence the
with a sinusoidal wave fornz(t)=z,cos(t), the dimen-  separation between microscopic and macrosc@pidrody-
sionless acceleration amplitude relative to gravity Iis  namig length scales is marginal, and hydrodynamics may or
= w?zy/g, andT'=1 is required to set the granular system may not provide an accurate description of the sysi&&+-
into motion. A second key dimensionless parameteXis 17].
=N¢(1—e€), wheree is the velocity restitution coefficient Previous experiments have createdquasijtwo-
for grain-grain collisiond1] andN, is the number of grain  dimensionalsystems by confining grains between vertical
layers(the height of the granular bed at rest divided by theplates or on a horizontal or tilted surface, enabling data col-
grain diameter Experiments and simulations suggest thatlection by high-speed vide¢18-25. Three-dimensional
X<X; with X;~1 is required to reach aniformly fluidized granular systems have been studied experimentally by aggre-
state, in which the stochastic motions of the grains exceedate probes such as capacitaf@@, mutual inductancg27],
motions that are harmonically or subharmonically related taand diffusing-wave spectrosco28]. The distributions of
the container vibratiofi2—4]. For largerX>X; inelastic col-  single-particle properties in three-dimensional granular flows
lisions rapidly quench stochastic grain motion and the granuhave been probed noninvasively using NMB9-34 and
lar bed moves as a coherent mass over much of the vibratigoositron-emission patrticle trackind®’EPT) [35]. The PEPT
cycle[5,6]. method has been used to measure the granular temperature
In this paper we report an experimental study of the uniprofile of a vibrofluidized bed at volume filling fractions up
formly fluidized state in three dimensions, using NMR tech-to 0.15[35]. In the present study using NMR, we have mea-
nigues to probe the grain density profile and velocity distri-sured granular temperature profiles at much higher densities,
bution. Many authors have applied the methods of statisticalip to 0.45 volume filling fraction. Density is a key parameter
mechanics to the fluidized granular stde-14]. Typically,  for granular flows, as studies suggest the existence of long-
one defines a “granular temperature” proportional to the randived fluctuations and glassy, out-of-equilibrium behavior as
dom kinetic energy per degree of freedom of the grains anthe density increases toward the random-close-packed vol-
hopes to apply hydrodynamic concepts such as thermal comme filling fraction~0.6, signaling a breakdown of conven-
ductivity and viscosity to the granular fluid. Using NMR we tional hydrodynamics[36—39. Even in the absence of
are able to directly measure the density and granular tenglassiness there are precollision velocity correlations which
perature profiles in a dense, three-dimensional sample fancrease with densitj14,40]; these correlations are included
comparison with hydrodynamic theory. in some hydrodynamic theorigd1] but ignored in others
(“molecular chaos” assumption 13].
Other workers have used NMR to study the dense granu-
*Present address: USA Instruments, Inc., 1515 Danner Drive, Aular flows that occur in a rotating drup29,34], for quasistatic
rora, OH 44202. tapping[30], in a period-doubled arching floj81], and in a
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Couette shear apparafl83]. In contrast to these earlier stud- 21 21
ies, we probe a fully fluidized system sufficiently simple to
be described by first-principles granular hydrodynamics. In
addition, we use rapid gradient pulse sequences to prob 004
deep within the ballistic regime, which has not been possible F oz = . time
for these very dense systems. trigger Vf\

In the experiments described here, small samples consist o5 signal
ing of 45—80 mustard seeds of mean diameter 1.84 mm wer:
confined to a cylindrical sample tube with 9 mm inside di- 13 13

‘3”1?65’8 aTnhd V'bralted vertically at”/f%.”.: 5? HZI’I r FIG. 1. Pulse sequence used for PFG/MRI data acquisition. This
=15-18. The sample container was sufficiently tall to preg 5 gimyjated-echo PFG sequence followed by one-dimensional

vent grain .coIIisions'with the cont_ainer top. The total numberfrequency_encoded MRI. The three solid vertical bars af2 rf
of grains is small in our experimentgompared, for ex-  ,ises; the boxes with horizontal hatching are gradient pulses in the
ample, with the number of particles in recent molecular-gisplacement-resolutiofPFG direction, and the open boxes are
dynamics simulation$6]). However, these physical experi- gradient pulses in the position-resolutitvRI) direction. The gra-
ments include effects present in practical applications but nadient pulses are labeled with the gradient strengths in T/m, while
usually addressed by simulations: irregular and variableumbers on the time axis indicate durations of intervals in micro-
grain size, grain rotation, realistic inelastic collisions, and theseconds. The start of the sequence was triggered at a fixed phase of
effect of interstitial gas. the sample vibration, and the delay tifBl was varied over the
The granular systems studied here were small both horirange 1-20 ms to select the time in the vibration cycle at which
zontally (5 grain diametepsand vertically N,<4), and thus NMR data were acquired. The displacement measurementAime
it may be surprising that they can be successfully describei$ equal to the time between PFG gradient pulses plus one-third the
by a hydrodynamic theory. The small sample diameter waguration of the gradient pulses; for the sequence shawnD2
simply a consequence of the inner diameter of the NMR+380us. An eight-sequence phase cycle was used to suppress
apparatus that was available, and could be increased in futuk@de_sired coherences and to enable acquisition of both real and
studies. Conversely, the sample depth is inherently limited tdmaginary parts of the complex PFG propagator.

a small number of layers by the fluidization condititip(1 A loudspeaker connected to the chamber by a fiberglass
—€)=1. Thereforephysicalvibrofluidized systemswhich  sypport tube and driven by a function generator and audio
typically havee<0.9) are limited toN,<10 and the appli- amplifier was used to vibrate the sample container vertically
cability of granular hydrodynamics is a nontrivial question towith a sinusoidal wave form. The amplitude and phase of the
be tested by experiment. container motion were precisely measured by fitting the digi-
A short report of some of this work was published in Ref.tized output of a micromachined accelerométenalog De-
[41], using a single set di,,I" values. For the present re- vices ADXL50 mounted to the support tube just below the
port, both N, and I' were varied. In addition, improved NMR magnet. The gradient coils used for posititviRI)
methods were developed for calibrating the NMR gradien@nd displacementPFG measurements were calibrated by
coils, resulting in more accurate granular temperature procombining data from measurements on phantoms of known
files. In particular, better agreement is found with hydrody-dimensions, along with diffusion measurements on a water

namic predictions for the “temperature inversion” that oc- S@mple. In this way we obtained calibration maps for each
curs at the free upper surface. gradient coil of both the gradient in the designed direction

and the total gradient magnitude including components or-

thogonal to the designed direction. The accelerometer and

vertical gradient calibrations were cross-checked by measur-

l. EXPERIMENTAL METHODS ing the displacement wave form for a granular sample con-

A. Experimental setup for NMR of vibrated media solidated with epoxy. The dimensionless acceleration values

. . . . I" reported here are accurate to withirD.1.
The experiments were carried out in a vertical-bore super-

conducting magnet with a lab-built 40 MHz NMR probe
equipped with gradient coils for pulsed field gradi€REQ
and magnetic resonance imagiigiRI) studies. The low Previous NMR studies of granular media used plant seeds
static field valug(0.94 T) was chosen to minimize magnetic or liquid-filled capsules to take advantage of the long-lived
field gradients in the sample due to the susceptibility differ-NMR signals produced by liquid29—-34. For the present
ence between grains and voids. This permitted the use of gtudy, we chose mustard sedd®], which showed no ten-
simple unipolar PFG sequencEig. 1) for the fastest pos- dency to static charging. The seeds were ellipsoidal, with
sible time resolution. The 9 mm inside diameter, 6.5 cm highthree unequal major diameters and eccentrigit®0%. The
sample chamber had a glass sidewall to minimize energgverage of all three diameters measured for a sample of ten
transfers between grains and the sidewall. The Teflon bottorseeds wasl=1.84 mm with a standard deviation of 5%, and
wall was pierced by an array of 30 0.46 mm diameter holesthe average mass was=4.98 mg/seed. These average val-
making it possible to evacuate the sample container. An exdes ofd andm are used below for comparison with a hydro-
ternal vacuum gauge registered less than 200 mtorr durindynamic theory which is formulated for samples of identical
experiments with evacuated samples. grains.

B. Granular samples
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. To roughly measure the normal restitution coe:fficiema number density. Botm(v) and Au,,{v) can be obtained
video camera was used to record the bounce height when thgrectly from the NMR datdbefore it is Fourier transformed
seeds were dropped onto a stone surface. As some linegy yield the propagatorusing
kinetic energy is converted to rotational energy upon impact,
this gives a lower bound oa. Furthermoreg in real mate- n(v)=h(0p),
rials varies with impact velocity43,44], and the smallest
drop velocity that could readily be uséd4 cm/g was larger 1 *h(qy.v) 1

than the typical rms velocity in our vibrofluidized experi- Auppdv)=| — n(v) T . €)
ments &30 cm/s). Thee value deduced from the highest A q,=0

rebound over 15 dropping trials on each of five seeds ranged ) ) ) ) )
from 0.83 to 0.92, with an average of 0.86. For optimum signal-to-noise ratio we evaluated the right-
hand side of these expressions by fitting the cer(salall
|gu]) portion of h(q,,v) to a function including constant,
] quadratic, and higher terms.
Proton NMR signals from the mustard-seed sample were
acquired using the PFG/MRI sequence shown in Fig. 1. After

C. Data acquisition

Ill. EXPERIMENTAL RESULTS: DENSITY AND

F_ourier transfo_r_mation with respect to time, t_his sequence DISPLACEMENT DISTRIBUTIONS
yields the position-dependent PFG sigiiahe-dimensional
image In the present experiments, all measured quantities de-
pended strongly on heiglaf due to gravity and the localiza-
_ iq,Au tion of energy injection at the sample bottom. Therefore,
h(Gy.v) f P(Auv)etidau, @ most data were taken with the MRI axis=z. As both ver-

tical and horizontal grain motion were of interest, for the
wherev =X, y, or zis the direction of the MRI gradient and PFG axis bothu=z andu=x were used. We assume density
u=x, y, or z is the direction of the PFG gradient. In this @nd velocity distributions are the same in the two horizontal

equationq, is proportional to the area of the PFG gradiemdirectionsx,y f(_)r the uniformly fluidized state s_tudied here,
pulse, which is varied through an array of regularly spacediue to the cylindrical symmetry of the experimental setup
values(Fig. 1). Here the “propagator’p(Au,v) is the joint about the vgrucal axis. Thus, Fhe primary experimental data
probability that a grairfmore precisely, an oil molecule in a Shown in this paper are the height-dependent number density
grain) is located at positiom and moves a distancku dur-  N(2), the vertical and horizontal displacement propagators
ing the time interval\t set by the pulse sequenets). From  P(AZz,z) and p(Ax,z), and the vertical and horizontal rms
Eq. (1), the propagatop(Au,v) can be obtained by Fourier dlsplacementé_‘zrmgz) and_Axrms(_z). In addition, some data_
transforming the NMR signah(q,,v) with respect toq, . were taken_usmg a two—dlmensm_nal MRI sequence to verlfy
With the gradient values used in these experiments th&hat the grain density was approximately uniform in the hori-
propagator was obtained with resolutions of 50 in the ~ Zontal plane and to calibrate the number of layigs(Ap-

position variablev and 42um in the displacement variable Pendix A. _
u. The granular state withl,=3.0, I'=15, and sample cell

This type of NMR experiment does not determine the®vacuated was selected as a reference state measured in

positions or displacements of individual grains. Rather, ardreatest detail, and other states were selected by varying a
ensemble average, the propagator, is obtained. Provided thélfgle parameter from the reference value. The following
the propagator has a well defined time average at each pha¥@'iations were carried outa) increase of ambient air pres-

of the vibration cycle, the NMR acquisition can be repeatecfUr® up to 1 atm(b) variation ofN, from 2.2 to 4.0, andc)

as many times as necessary to build up a good signal-to/ariation ofI" up to 18. The upper limit ofi" was set by the
noise ratio. Allowing full longitudinal relaxation between ac- apparatus, while the lower limit ofi and the upper limit on

quisitions(the simplest but not the fastest way to take pata N¢ Were set by the requirement that the sample fully and
the acquisition time for a time-resolved propagatorconsistently fluidize, when observed visually outside of the

p(Au,v,t) was 21 h. NMR apparatus. For smalldrf or largerN, we observe a
complex, hysteretic transition to a partially fluidized, par-

. tially jammed state which is beyond the scope of the present
D. Measurement of rms displacement study.

For some purposes, the full propagatiAu,v) is of
interest, while for other purposés.g., measuring the granu- A. Effects of interstitial air
lar temperatureonly the position-dependent rms displace-

. X Most of our data were taken with the sample container
ment is required,

evacuated. Some of the measurements were repeated in nor-
1 12 mal atmospheric conditions, to determine how large the in-
Aurms(u)z(—f p(Au,v)(Au)®d(Au)| . (2) terstitial gas effects could be. Experimentally, the effect of
n(v) air is unobservably smalFig. 2). This agrees with the fol-
lowing rough estimate of viscous energy losses due to air
Here n(v)=[p(Au,v)d(Au) is the position-dependent drag. The mean free path varies widely with height in our
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FIG. 3. (Color online Un-normalized number density of grains
n as a function of height and time in the vibration cyclefor the
0.00 L— . ‘ . ‘ . ) . reference vibrofluidized statél,=3.0, I'=15. The thick black
) 1.0 15 2.0 25 curve shows the container vibration wave form, obtained by fitting
z(cm) the digitized accelerometer output. For this figure the curve is
drawn to show the motion of the container bottom, which impacts

FIG. 2. Effect of cell evacuation. Un-normalized number densitythe sample bottom dt=12 ms. Apart from the disturbance caused
(top) and rms vertical displacement in time intendat=1.38 ms by this impact, the density profile is largely independent. of

bottom as functions of heighk for N,=3.0 layers of mustard .. .
( m g ¢ Y the sample, this disturbance damps @hermalize$ over a

seeds vibrated ab/27=50 Hz and acceleration amplitude relative * L
to gravity T'=15. The data labeled “Air” were taken in normal {me span of less than 10 ms, and above the bottom layer it is

atmospheric conditions, while for the data labeled “Vacuum” the hardly evident at all. Similarly, in the rms displacement pro-
cell was evacuated so that an external pressure gauge registered 184S (Fig. 4) a large transient Is visible in the ve_rtlcal dis-
than 200 mtorr. The small differences between the Air and VacuunPlacement due to grains impacted by the container bottom,

data are comparable to the typical experimental repeatability an#hile the horizontal displacement transient is much smaller
therefore are not significant. relative to the time-average value.
Over most of the cycle the sample “floats” well above the

system but a typical value ~0.3d (Appendix B. Simi- vibrating container flooFig. 3), illustrating two important
larly, a typical grain velocity is on the order of 20 cmis. points about the vibrofluidization procesa) It is possible to

Using these values and the drag force on a sphere in fchieve a nearly time-independent fluidlike granular state

unbounded medium, we compute that the fraction of kinetic€Ven though the driving vibration amplitude is much greater
ithan typical stochastic motion within the sample. The re-

energy lost to viscous drag over one mean free path iS'™ > N 12 .

9x 104 for p=1 atm and X 10°* for p=200 mtorr. quired condltlon_s aréi) o* =w(d/g) >1, whlgh ensures

These energy losses are negligible compared to the fractiotHat the sample itself falls only a grain-scale distance in one

of kinetic energy lost in an intergrain collision, —1e2 vibration period no matter how large is the container oscil-
’ lation amplitude, andii) X=N,(1—-¢€)=<1, allowing the

~0.24. . . >
sample to fully fluidize. For the experiments described here
. . . . w*=4.3 and 0.2%X<0.52. (b) For realistic multilayer
B. Time-resolved density and displacement profiles . .
granular systems, the primary contact between the grains and

In Sec. IV below the NMR data are fitted to a hydrody- the vibrating cell bottom occurs near the top of the vibration
namic theory which models the granular system as a fluigtroke, when the cell bottom velocity is much less than its
with time-independentbut spatially varying grain velocity  rms value. Therefore, the energy transfer into the granular
distribution. In this picture, the vibrating container bottom medium cannot be estimated, even roughly, from the rms
serves to inject energigranular “heat’) into the system. For  driver velocity. This is because the energy transfer depends
such a picture to make sense, the overall state of the granulapon the mean cell bottom velocitguring grain impacts

system must be nearly independent of time within the vibraf{46].
tion cycle. Apart from Figs. 3 and 4 the data shown in this paper

We have taken some NMR data as a functiort wfithin  have all been averaged over the vibration cycle for improved
the 20 ms container vibration periaéfigs. 3 and 4 The  signal-to-noise ratio. It should be borne in mind that the state
density profile(Fig. 3 is indeed largely independent of of the system is not, in fact time independent very near the
over most of the sample, except for a noticeable disturbanceample bottom and that the complex process of energy trans-
at smallz for t near the top of the container’s motion, when fer from the vibrating base is not captured by the time aver-

the container floor impacts the sample. In the bottom layer ofges.
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FIG. 4. (Color onling Profiles of the verticalleft) and horizontalright) rms grain displacementsz,,,s and Ax,,s in a time interval
At=1.38 ms, as functions of the heightand the time in the vibration cycle The experimental conditions are the same as for Fig. 3.

C. Short time displacements: Crossover to the ballistic regime D. Horizontal and vertical velocity distributions: Deviations

Figure 5 shows the rms vertical and horizontal grain mo- from Gaussian

tion in the reference staté,= 3.0, I'=15 as functions of the Figures 6 and 7 show the distributions of vertical and
displacement measurement ticg, for slices at three differ- horizontal displacements, respectively, for the reference vi-
ent heightsz within the sample. At each height there is a brofluidized stateN,=3.0, I'=15 and displacement obser-
crossover at shorit to the power lawAz, s, AX;ms* At, vation time At=1.38 ms within the ballistic regime. These
which indicates ballistic behaviofdisplacements propor- propagators should be good approximations to the distribu-
tional to timeg. For longerAt the data fall below the ballistic tions of vertical and horizontal velocitiep(v,y,z) with
power law, possibly crossing over to a diffusive power lawv,,=Az,Ax/At.
AZmss AXme* (A1) Y2 [47]. The crossover time, which is an In some previous experimenf20,21,23,24 and simula-
estimate of a typical grain collision time, ranges from 5 mstions [48] of granular fluids(mostly in reduced dimensions
in the dense, lower portion of the sample to 10 ms in the lessignificant deviations have been found between the measured
dense, upper portion of the sample. In Appendix B, it isvelocity distribution, and the Gaussian(Maxwell-
shown that the crossover time agrees well with the grairBoltzmann distribution that describes an elastic fluid in
collision time computed from the mean free path and theequilibrium, p(v;)*exp(—mv?/2T) (setting Boltzmann’s
measured granular temperature. constant to unity For example, Rouyer and Mend23]

A key feature of our experiments is the ability to take datafound that the distribution of horizontal velocities in a two-
for displacement intervaldt much less than the grain colli- dimensional vibrofluidized media robustly obeyed
sion time, i.e., deep within the ballistic regime. The rms dis-

placement data shown in the remainder of this paper were P(vy) < expl—|vy/a4|%) (4)
taken withAt=1.38 ms, well within the ballistic regime for
all values ofN,,I" used. with @«=1.55+0.1. Using kinetic theory it has been shown

0.1}

Az (cm)

Ax .

0.01 |

At (mms)

FIG. 5. Root-mean-square verticaircles and horizontal(squarey grain displacementdz,,,s and Ax,,s versus the displacement
measurement timat for a sample wittiN,=3.0, I'=15. The data are shown for three different horizontal slieesiGge$, which may be
correlated with the density profile in Fig. 3. In each log-log plot, the solid line has a slope of(tmiydisplacement proportional to tijne
while the dashed line has a slope of 1/2.
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FIG. 6. (Color online Propagator, or distributiop(Az,z) of vertical displacementdz during time intervalAt=1.38 ms, as a function
of height z for the reference vibrofluidized staté,=3.0]'=15. As At is well within the ballistic regimep(Az,z) approximates the
distribution of vertical velocitiep(v,,z) with v,=Az/At. The same data are shown from two different viewpoints in the left and right plots.
Near the bottom of the sampismallz, most visible in the left plgtthe velocity distribution is highly skewed, with a wide tail on thg
>0 side due to particles traveling upward with large velocity after impacting the vibrating container bottom. Well away from the bottom
(right plot), the velocity distribution is nearly symmetric.

that thetails of the velocity distribution should follow Eq. In previous work the measured velocity distribution typi-
(4) with a=1 for a freely cooling granular gas, andd  cally has been scaled by the rms veloaity(note o # o).
=3/2 for a granular gas with stochastic forcing applied toThis is possible for simulations and for video experiments in
every grain[49]. However, for the freely cooling case the which every particle is tracked, allowing to be computed
centralpart of the distribution is nearly Gaussiam£2) and  unambiguously. In NMR experiments there is a noise floor,
the crossover tar=1 occurs very far out in the tails0]. visible in Figs. 6 and 7, which could conceal tails of the
In the present experiments and those of R28] a steady  distribution contributing too. One possibility would be to
state was achieved by supplying energy from the boundariesse direct measurement of the rms velocity fropspace
of the system, which corresponds neither to the freely cooldata, described in Sec. Il D and used below to measure the
ing nor to the uniformly heated case. A few recent theoreticagranular temperature. Here we have taken the simpler ap-
and simulation studies have treated the two-dimensiongbroach of directly fitting the experimental velocity distribu-
granular fluid with a strong thermal gradient, as occurs intions to Eq.(4), allowing the width parameter,, to vary.
vibrofluidization experiments, and have found features such The results of these fits are shown in Fig. 8. The fitted
as anisotropic granular temperature, asymmetric velocity disstretching exponents for vertical and horizontal velocity dis-
tributions, and nonuniversal values of the velocity-stretchingributions «, , a, generally lie between 1.5 and 2.0, with val-
exponenta [48,51-53. ues closer to 2.0Gaussiannear the top of the sample. Two

0.5

Ax (cm) 0.025
-0.05 0.05

FIG. 7. (Color onling Two views of the propagatqu(Ax,z) for horizontal displacementsx in the same conditions as in Fig. 6. The
distribution of horizontal velocities is symmetric at all heightsonsistent with the symmetry of the experimental arrangement. A noise floor
of approximately 2% of the peak value is visible here and in Fig. 6: the apparent vaiudoets not go precisely to zero for very larfyea.
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FIG. 8. Fitted stretching exponenis , for the vertical and hori- &

zontal velocity distributions versus height for N,=3.0]'=15.

The Gaussian and exp(®?) cases are shown by the dashed lines.

The large uncertainties fag, at smallz indicate a poor fit of the L

stretched-exponential function, which is symmetric, to the highly y ' .

asymmetric velocity distributiofFig. 6). -0.05 Axo (Oc?n) 0.05

of the stretched-exponential fits to the horizontal displace- £ 9. Horizontal displacement propagat@(Ax,z) and

ment data are shown in Fig. 9. As may be seen in this figureyyetched-Gaussian fits for two different heigtsThe data are a
the deviations from a Gaussian distribution are small bukypset of the data plotted in Fig. N{=3.0I'=15), with fitted

significant near the bottom of the sample; near the top of th@ackgrounds subtracted. The dotted lines show fits with the stretch-
sample the distribution is indistinguishable from a Gaussiafing exponentx variable, while for the solid linea was fixed at 2

to within the resolution of our measurements. Although  (Gaussian value The deviation from Gaussian is small but signifi-
anda, are not significantly different, the large error bars for cant near the sample bottothottom graph, while the data from

a, near the sample bottom reflect the fact that the experihigher up in the sampléop graph are indistinguishable from a
mental velocity distribution, Fig. 6, is asymmetric near theGaussian distribution.

sample bottom and hence does not fit E4).well.

The present results fax, in a three-dimensional system in which the average velocity field(r,t) vanishes and the
appear marginally different from the two-dimensional resultshumber density fielah(r,t) and temperature field@(r,t) are
of Ref.[23]. Our results agree more closely with the two- independent of and depend upon only via the height co-
dimensional simulations of Ref48], which found that de- ordinatez. With these assumptions, the presspig) and

viations from Gaussian are most pronounced near the bottomumber densityi(z) satisfy a hydrostatic equilibrium equa-
of the system. In common with Ref48] our system has a tion

free upper surface; in the experiments of R28] the system

was confined and driven at much highieby both lower and dp/dz=—mgn, ()
upper walls.
and the upward heat flux,(z) obeys an energy flux balance
IV. FIT TO AHYDRODYNAMIC THEORY equation
A. Granular hydrodynamics for a stationary dq,/dz=—P, (6)

vibrofluidized state

Granular hydrodynamic equations have been derived byhereP, is the rate of kinetic energy loss per unit volume,
many groups, using increasingly sophisticated approximatiodue to inelastic collisions. The heat flux is
schemeg7-13. In this section we show how any of these

theories may be numerically integrated for comparison with g,= — k(dT/dz) — u(dn/dz), (7
experiments. Section IV B shows this comparison between
the theory of Ref[13] and our experimental results. wherek is the conventional thermal conductivity, apdis a

We consider a system df identical spherical grains of transport coefficient that is nonzero only for inelastic sys-
diameterd and massn, for which the granular temperature is tems[9]. Due to the second term in E(), it is possible to
defined byT=m(v?)/3. In Ref.[6] granular hydrodynamics have a flow of heat from colder regions to warmer ones.
was successfully used to describaanstationarysimulation  Although a number of authors have calculajed9,12,13
with large variations of the density profile over the course ofand discussed the consequencesuef0 [54-56, to our
a vibration cycle. Here, we specialize to the simpler situatiorknowledge no heuristic explanation has been proposed for
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the existence of a heat current driven by density gradientshe molecular chaos assumption that the precollision grain
This density-driven heat current has a marked effect in the@elocities are uncorrelated. Precollision velocity correlations

present experiments.
Equations(5)—(7) are simply the results of momentum
and energy conservation and the definitionscofnd p. A

are known to exist in inelastic hard-sphere flUid4,40 and
can be treated theoretically using “ring kinetic theofy’1].
It is doubtful whether fits to the present data could distin-

hydrodynamic theory closes this set of equations by providguish between these various hydrodynamic theories. We

ing expressions fop(n,T) (the equation of stajeP., «,

chose to compare our data to REF3] because this calcula-

andu. Itis convenient to nondimensionalize variables usingtjon is nominally valid for wide ranges of density and inelas-

the grain diameted, grain massn, and gravityg,
Z*=(z—1z,)/d,
n*=nd?®,
T*=T/mgd, (8)
p*=pd*/mg,
a3 =q,(d/g)>%/m.

Here z, is the height of the bottom of the sample, corre-
sponding toz* =0. Physically,z, is expected to be in the
vicinity of the peak container floor positiaifrig. 3).

ticity, and because the theoretical resultsffd?., «, andu
are presented in an algebraic form convenient for numerical
integration. In this theory the granular temperature is as-
sumed to be isotropid;,=T,=T,, whereT;=m(v?), but it
is not assumed that the velocity distribution is Gaussian. Ex-
perimentally, we find modest differencésf order 20% or
lesg between the horizontal and vertical granular tempera-
tures, T, ,#T,, and more generalized formulations of hy-
drodynamics may be able to treat this anisotrfpy,52,51.
For comparison with the isotropic-temperature theory the
measured vertical temperatufe and horizontal temperature
T, were averaged usin§=3T,+3T,.

Using our convention, the dimensionle&tarred forms

For a hard-sphere system with constant restitution coeffiof EGs.(5—(10) and the boundary conditions are obtained by

cient the equation of state takes the form
p/nT=f(n*). (9

Using Egs.(5)—(7) and (9), the following expression is de-
rived for the density gradient:

dn g,/ k—mg/f
dz  (T/n)[1+n*/f)(df/dn*)]— u/k

(10

Equations(5), (6), and (10) are coupled first-order ordi-
nary differential equations fofp,q,,n} that can be numeri-
cally integrated from the sample bottomzgtto z= +. The

boundary conditions are as follows. For a system in gravity

with no upper wall, the pressure and heat current satisfy
(+)=0, g,(+»)=0. Using Eq. (5 this gives p(z,)
=mgn,, Where nA=fZ+b°°n(z)dz is the total number of
grains in the sample per unit horizontal cross section. Th
heat current into the system at the bottgp(z,) is an input
parameter determined by the vibration amplitude and th
system response. For given valuesggfz,) andp(z,), the
density at the bottorm(z,) must be adjusted to satisfy the
upper boundary conditiog,(+ ) =0.

B. Fit of the experimental results to the GarzeDufty
hydrodynamic theory

settingm=g=d=1. We have carried out the integrations in
this dimensionless form, using a simple first-order numerical
scheme and a bisection searchrn(0) to meet the upper
boundary condition.

Figures 10—13 show a joint fit to the GarRuifty theory
of our data for three different values of the dimensionless
bed heightN, and two different values of . For these fits
the height of the sample bottory was allowed to be differ-
ent for each data set, since the sample “floats” above the
vibration center by an amount that depends upon the dy-
namic interplay between energy input and gravig. 3).
Similarly, the energy inputj; (0) was a separate fitting pa-
rameter for each data set. Conversely, a single value of the
restitution coefficiente was used to fit all four data sets.
Thus the only fitting parameters arg, q; (0), ande. All
other quantities entering the fits shown in Figs. 10-13 are
measured experimentally, including all of the axis variables

fh the figures.

The fitted value of the restitution coefficientds-0.87, in

feasonable agreement with the approximate measurement de-

scribed in Sec. Il B. The fitted values of the dimensionless
heat flux at the sample bottoni (0) are listed in Table I.
The total power input is computed &s=(7D?/4)q,, where
D=8.7 mm is the measured effective sample diamé&ipr
pendix A). By equating the rate of momentum transfer to the
total sample weighlNmg the input power is rigorously re-

In this section, we show fits of our experimental data to alated to the average over grain impacts of the container bot-
calculation of granular hydrodynamic coefficients by Garzotom velocity (v;) by P=2Nmgv;) [46]. Table I lists(v;)

and Dufty [13]. This calculation is based on the “revised
Enskog theory,” which is accurate falastic fluids over a
wide range of densities and is extended in R&8] to arbi-
trary values of the restitution coefficieat Some other theo-

derived in this way from the fitted heat current, along with
the ratio of(v;) to the peak container velocity,= wz,.

The fitted power input; (0) is an increasing function of
I', as expected on physical grounds. The power input also

ries of granular hydrodynamics have been derived as expatncreases with bed heigiN,, which is expected from the

sions in powers of + €2 [12], and thus may be accurate only
for e~1. On the other hand, the GarPfty theory makes

momentum-balance argument, but the increase is very slow.
One caveat is that thesg values are derived from the hy-
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FIG. 10. Experimental density and granular temperature profiles FIG. 11. Density and temperature profiles fdg=2.2, with
(symbols and fit to the hydrodynamic theory of R¢f.3] (curves other conditions the same as in Fig. 10. Under these conditions, a
for N,=3.0 layers of grains vibrated at dimensionless acceleratiorgignificant discrepancy can be seen between the experimental and
amplitudeI’=15. Dimensionless variables defined in Eg) are  theoretical granular temperatures in the lower portion of the sample,
used. In the top graph the symbols labefg show the density Zz* <3. We observe this discrepancy in conditions such that the
profile n* (z*) derived from the data set used to measure verticadensity in the lower portion of the sample is well below the peak
displacements, while the symbols labelgH show the same quan- density (upper graph
tity _derlved from the h(_)rlzontal-d_lsplacement data set,_these two In both the data and the hydrodynamic fits in Figs. 10-13
profiles should be identical and differences reflect experimental ac

curacy. In the bottom graph; andT; are the granular temperature there is a *temperature inversion"—the temperature in-
Y. ; grapr, X 9 P creases with height near the free upper surface of the sample.
profiles for vertical and horizontal displacements, respectively, me

sured using the observation intervat=1.38 ms. It is expected “in the hydrodynamic theory the heat flux is strictly upward

that T3 >T5 , at least near the bottom of the sample, as energy iSO the temperature inversion is made possible only by the

x, . . -
input only to the vertical degrees of freedom by the container viﬁerm in g in Eq. (7). Furthermore, the heat current vanishes

: . t the sample togas it must, as there is no energy source at
bration. The theory should be compared with the symbols Iabele@1e free uprp))er SLIE?faMiespite the roughly linear ?r?/crease of
T*, which are computed from the measured temperatures usinﬁ]

THT* 34 2T /3 e temperature with height. This also is made possible by
Tz X the w(dn/dz) term in Eq.(7), which cancels the conven-
tional thermal current ternk(dT/TZ2). Even though there is
drodynamic fits, which tend to fail where the density at thea temperature inversion, the hydrodynamic theory predicts
sample bottom is much less than the peak der(§ilgs. 11  that the density should fall off nearly exponentially with
and 13. In these cases particularly, the fittgdl represents height near the free upper surfalcss]. To show the expo-
an effectivepower input reflecting the bottom boundary con- Néntial falloff clearly, the experimental and theoretical den-
dition, which is greater than thactual power input because sity profiles are replotted on log-linear axes in Fig. 14.

2 The temperature inversion may be visible in some of the
the hydrodynamic fit has larger granular temperature than thgarliest experiments on quasi-two-dimensional systems

experimental data and hence greater collision losses in tt‘[q&lq and has been extensively discussed theoretically

lower part of the sample. [54-56. The results presented here are perhaps the first
One robust conclusion from Table | is that the averagejemonstration that the temperature inversion in a physical

container-grain impact velocity is much less than the pealkystem can be quantitatively explained by granular hydrody-

container velocity,(v;)<<v, (substituting the actual input namics. As such, these experiments provide evidence that the

power for the effective power only strengthens this re@sult w term in the transport equation is necessary for an accurate

This conclusion corresponds to the experimental observatiodescription of real granular materials.

that the sample “floats” above the vibrating container bot-

tom (Fig. 3), so that most container-grain impacts occur near V. CONCLUSIONS

the top of the vibration stroke where the container velocity is  One conclusion of this work is that it is possible, under

much less than its peak value. certain conditions, to quantitatively model a physical vibro-
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z* z*

FIG. 12. Density and temperature profiles fdg=4.0, with FIG. 13. Density and temperature profiles for 18, with other
other conditions the same as in Fig. 10. The peak density conditions the same as in Fig. 10. As in Fig. 11 the density at the
=0.85 observed in these conditions corresponds to volume-fillindottom of the sample is much less than the peak density, and the
fraction ¢=(w/6)n*=0.45, about 75% of the random-close- measured granular temperature does not agree well with the theo-
packed value. retical granular temperature near the sample bottom. Note that this

situation is achieved here by increasihigelative to the reference
fluidized granular system using granular hydrodynamicsstate, while in Fig. 11 it was achieved by decreadihg
This is true despite the small sizes of the systems measured

in grain diameters: th_e systems were small horizontally du‘?nents(Appendix B, which will be true in general for dense
to apparatus constraints, and in any case were necessar|iitormly fluidized systems unless very high vibration fre-
small vertically in order to meet the fIU|d|zat|9n con(j|t|9n quencies are used. One possibility for deriving the power
X=1. The overall success of the hydrodynamic descnpuonimjut theoretically might be to uséme-dependerttydrody-

demonstrated by the fits in Figs. 10-13, can probably b amics to model the formation and dissipation of shocks, as
attributed to the fact that hydrodynamics breaks down only, ref. [6].

when the mean free path becomes much larger than other g it appears that current granular hydrodynamic theory
relevant length scales. It may appear paradoxical that thgan accurately describe the uniformly vibrofluidized state
agreement with theory is best near the top of the samplgye|| away from the vibrating energy source, but that deriva-
where the mean free path is longest. However, this simplyjon of the time-averaged boundary condition for realistic
reflects the inability of the hydrodynamic theory to accu-y;pration wave forms remains an unsolved problem. If that
rately describe the complex, time-dependent state of thBrobIem can be solved, a complete first-principles hydrody-

sample near the vibrating container flabigs. 3and % The  amic description of the vibrofluidized state applicable to
actual velocity distribution is highly skewed and anisotropic g, granular systems will be in hand.

near the sample bottokifrig. 6), and a discrepancy develops
between the theoretical and measured granular temperatures _ . . :
when the vibrational power input is large enough to deplete TABLE |. Fitted dimensionless heat flux into the bottom of the
the particle density near the sample bott@figs. 11 and 1B sampleq; (0) as a function of dimensionless vibration acceleration

For these reasons, present theory canno.t adequately dl(“a_and bed heighN, . Also listed are the average container impact
scribe the process of Zenergy transfer from the container floo\(femdtﬂvi> derived fromg; (0) and the ratio ofv;) to the peak

- . : tai locity .

to the sample. To calculate the power input, typically it has ontainer velothbo

b_een _assumed that the mean free_ path is much Iarger than the N, q% (0) (v;) (cm/9 ()M
vibration stroke, or that the vibration wave form is sawtooth

or triangular[46,55. Such wave forms are unrealistic since 15 2.2 3.3 8.7 0.185
they require infinite acceleration at the peak of the vibrationis 3.0 3.4 6.7 0.143
stroke, which is precisely the point at which energy transfens 4.0 35 5.3 0.110
to the grains occuréFig. 3). Similarly, the mean free path is 18 3.0 4.8 9.4 0.168

much less than the vibration stroke in the current experi-
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lem——————————7——7 3 j T j T j T
N,=3.0f
r=15 |

p (arb. units)

p (arb. units)

0 ) L 1 L 1 L
-10 -5 0 5 10

x (mm)

FIG. 15. Horizontal density profilgs(x,z) for z=1.75 cm(top)
) ) ) . and z=1.55 cm(bottom), for the N,=3.0, I'=15 reference state.
FIG. 14. Density profiles for the four different experimental 1o sojid curves show fits to the profile for a uniform distribution of
conditions plotted on log-linear axes. Tht_ase graphs shc_)w the Sa%int-source grains in a cylindrical volume. The dashed curves
data as are shown in the top graphs of Figs. 1013, using the sani§y fits assuming the grain centers are uniformly distributed, but
symbols. The hydrodynamic theofyurves predicts a nearly €xpo-  yhat the NMR signal source is a sphere with the full grain diameter.

nential falloff of density with heighz* near the free upper surface e gifference in the fitted cylinder diameter between the two fits is
(large z*), resulting in straight lines on these semilog plots. Thenot significant.

data(circles and trianglesgenerally agree with this prediction, but
curve away from the theory curves at very low valuesibfdue to
the noise floor.
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APPENDIX A: HORIZONTAL DENSITY PROFILES AND *
CALIBRATION OF THE BED HEIGHT 6l |
The hydrodynamic model to which we have fitted our E
data assumes that all quantities depend only upon the height E
coordinatez. This is not strictly true due to boundary effects 4r T
at the vertical wall, as demonstrated by previous experiments
[35]. The boundary condition also affects the effective cross L i
sectional area of the sample tube, which is needed to com-
pute the number of grain layei$, for a given number of
grainsN. To address these issues we have taken some two- 0 . ! . ! . L .
dimensional MRI datgFig. 15 to examine the horizontal 0.5 1.0 L5 20 25
density profile of the vibrofluidized system, z (cm)

FIG. 16. Fitted effective tube diametBras a function of height
p(x,z):J' n(x,y,z)dy. (A1) z for the N,=3.0, I'=15 reference state. The error bars become
large at the top and bottom of the sample where the density is low.
The dashed line shows the average vdlue8.7 mm used to ana-
If the NMR signal from each grain comes precisely from thelyze the data.
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. Jooserandom

TABLE Il. Three measures of the sizes of the granular samples %
used in this study. The number of graiNswas counted precisely. I
The dimensionless area density was computed fron, the mea-
sured average grain diameter, and the fitted effective sample tube
diameter from MRI experiments on the reference vibrofluidized
state. The number of layefd, depends additionally upon the as-
sumed volume filling fraction of the bed at rest. The quanKty
which characterizes the possibility of fully fluidizing the samples is
also listed, using the value=0.87 resulting from the hydrody- 01
namic fits. :

(%

A*=nd

N nK N{ X:N((l_E)

45 2.56 2.2 0.29

60 3.42 3.0 0.39 0.01 -0'1

80 456 4.0 0.52 n* =nd’

FIG. 17. Mean free path as a function of number density

grain center and the grain centers are uniformly distribute@®mPuted from Eq(B1). Both quantities are nondimensionalized
horizontally over a cylinder of diametér, the profile has the 0¥ the grain diameted.

form dynamic fields vary. Therefore it is important to estimate
f(z)[1—(2x/D)2]¥2 if |x|<D/2, for the experimental conditions, and this also provides a con-
p(x,z)= 0 otherwise 2) sistency check for the measured ballistic-to-diffusive cross-

over time. Extending the estimate of R¢Lt0] to three di-

We also considered the possibility that the NMR signal fromMeNSIONS gIves

a grain comes from a sphere of diamedetd, in which case A(NE —n*)
the profile of Eq.(A2) must be convoluted with the profile AN =Nd= —2 (B1)
for a single grain. We find that the fitted sample diameter is n*(B—n*)
not significantly changed by varying over the entire pos-
sible range, Fig. 15. In this figure some systematic deviatiovhereA andB are constants chosen to give the exact dilute
between the data and fit is visible, hinting that the densityimit A*=1/(m\2n*) for n*—0 and the heuristic dense
may be slightly depressed in the sample cef®&. How-  limit A* =(1—n*/ng)/3 for n* —ng . Hereng = (6/7) ¢ is
ever, these data are too noisy to be directly inverted to yieldhe density at which the grains come into contact, which we
the radial density profile. The fitted diameter is consisten@rbitrarily assume occurs at the volume filling fraction for
with a constant valu®=8.7 mm(Fig. 16). This is less than loose random packing,=0.60.
the actual inside diameté® mm) but by less than the grain The mean free path*(n*) computed from Eq(B1) is
diameter(1.84 mn), suggesting a slight density enhancementshown in Fig. 17. At the peak density* =0.85 that occurs
at the walls due to the dynamic boundary condition. in our experiment$Fig. 12, Eq.(B1) gives\* ~0.1. Hence

For the fits to the hydrodynamic theory, the height of theit is hardly surprising that the hydrodynamic theory can ex-
granular bed is specified by the dimensionless number demplain the spatial dependence of the density and granular tem-
sity nx =n,d?=Nd?/ (7D?/4). A second measure of the bed perature in the high-density regions of the sample. Con-
depth is the number of layels, , defined as the height of the Vversely, the data fit the hydrodynamic theory well for
bed at rest divided by the grain diameter. The valudNpf ~densities extending below* =0.1, which corresponds to
depends on the assumed volume filling fraction of the bed ak*>2. Thus, the theory continues to work for mean free
rest ¢ via N,=(7/6¢o)n% . For theN, values quoted in paths comparable to or even somewhat greater than the scale
this paper, shown in Table I, we have usgg=0.60 corre- OVer which the temperature and density change.
sponding to a “loose random packing58]. It should be The mean free path calculation can also be used to check
emphasized that the hydrodynamic fits are independent dhe consistency of the observed ballistic crossover time, Fig.

the assumed value fap,, as they are based arf and not - For example, the center panel in this figure corresponds to
N, . an average dimensionless heigfit=5.2, and at this height

the measured dimensionless density and temperatune*are
=0.41, T*=0.5 (Fig. 10. Using A=d\*(n*) and v s
=(3T*gd)*? we calculate[59] the ballistic-to-diffusive

For hydrodynamics to be valid, the mean free patinust ~ crossover timetg,=(32/37) Y\ /v, me=6.3 ms, in excellent
not be too large relative to distances over which the hydroagreement with the observed val(igg. 5).

APPENDIX B: THE MEAN FREE PATH
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