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Recurrent scattering of spontaneous radiation from a randomly occupied optical lattice
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The problem of recurrent scattering of spontaneous radiation from a randomly occupied optical lattice is
discussed herein theoretically. The intensity of the scattered radiation is calculated and averaged over the
random distribution of atoms trapped inside the lattice. From the intensity of the scattered radiation, two
properties of random lasing are derived. First, the random lasing’s strongest oscillation has a wavelength
comparable to the lattice constant and, second, its emission spectrum is discontinuous. In the present paper, a
quantity, the number of multiple scattering channels based on the long-range regularity possessed by an optical
lattice, is defined. This quantity is found to significantly determine the magnitudes of the mean intensity of the
scattered radiation and the wave decay constant.
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[. INTRODUCTION sparsely occupied with an average occupation fraction
around 10%[11]; yet even for such an optical lattice, the
In a random medium, when optical gain is present, sponaverage density of the atoms trapped inside can easily sur-
taneous radiation has a better chance of being rescatterpdss the preceding density in a continuous medium as the
back to the atom from which it was emitted; therefore, alattice constants of a near-resonance optical lattice are only
closed-loop path of light can be formed and then functionsof the order of the half wavelength of the lattice-forming
much like a conventional cavity in an ordinary lagét. In light beams. Therefore, it seems that it is not only more
such a medium, only those oscillation frequencies that ensuriikely to generate random lasing from an optical lattice, but
the phase shift along a closed loop being equal to a multiplalso possible to observe new effects from the random lasing.
of 27 are selected. Clearly, multiple scattering of spontane- Since a thorough understanding of random lasing from an
ous radiation is the physical origin of the observed laserlikeoptical lattice requires systematic analysis of recurrent scat-
radiation from random medi@lso known as random lasing tering of spontaneous radiation from the same lattice, the
[2,3]. Although this effect was predicted by Letokhov in latter problem is addressed in the present paper by calculat-
1968 [4], the current research on this subject was largelying the intensity of spontaneous radiation emitted from and
stimulated by the first observation of laserlike emission fromrecurrently scattered by all of the atoms trapped inside an
a laser dye solution containing microparticles by Lawandyoptical lattice. The multiple scattering approach is used so
et al. [2]. At present, most theoretical formulations describ-that the phase of radiation at each scattering step can be
ing such a phenomenon rely on the diffusion approximatiorcalculated accurately. After the intensity of radiation is aver-
[5,6] or the Monte Carlo simulatiofi7]. In both methods, the aged over the random distribution of the trapped atoms in-
phase of the light wave is neglected. The random media useside the optical lattice, some properties of random lasing
in experiments or modeled after theoretical calculations arghould be able to be obtained from it. Obviously, if each
usually assumed to be continuous; that is, the constituents ¢dittice site of an optical lattice is occupied by an atom
the media are allowed to reach any point in the spacéachievable in a far-off-resonance optical latt[dd]), then
claimed by the media. this lattice ceases to be a random medium. In the present
In addition to continuous random media, there are othepaper, only a near-resonance optical lattice is considered, and
types of random media, such as optical lattices, that possessless stated, all optical lattices are assumed to be near-
a long range of regularity. An optical lattice is a periodic resonance optical lattices. It is also assumed that the lattice is
arrangement of atoms confined in place by laser beams aralsimple cubic lattice with a lattice constamtThe charac-
is the direct result of atom coolir{@]. The randomness of an teristics of a near-resonance optical lattice, including the mo-
optical lattice comes from the often uncontrollable distribu-tion of atoms[12—15, the long range of regulariy16—18,
tion of trapped atoms among lattice sites. Previous pgdPgrs and the number of localized atonj$6,18 are frequently
predicted that the light scattering from an optical lattice hasstudied by analyzing light scattered from the lattice.
many properties which had not been identified from the stud- As light propagates inside an optical lattice, its amplitude
ies of light scattering from a continuous random medium.decays as a result of the destructive multiple scattering by
Additionally, it was revealed through experiments that am-the trapped atoms. The regular distribution of these atoms in
plified spontaneous emission gradually transits to randomgpace permits a definition of a number of multiple scattering
lasing while the density of scattering particles increases bechannelstNMSC), which quantitatively represents the scat-
yond the order of 18cm ™2 [3]. It is commonly known that tering ability of the lattice on a wave traveling inside the
a typical near-resonance optical latti¢d@0] is usually lattice. The present paper illustrates that both the light decay
constant and the intensity of recurrently scattered spontane-
ous radiation depend on this quantity. It is a well-known fact
*Electronic address: weiguoguo@hotmail.com that when the wavelength of a wave is long enough, the
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wave is unable to discern the structure of the medium irwhere dr=dxdydz is the volume element. The kernel
which it travels. By examining the numerical value of Gy(r,r;) is the Green function corresponding to the differ-
NMSC, one can quantitatively determine when the regulaential operatoiv2+kj, and represents a diverging spherical
structure of an optical lattice is invisible to a wave. From itswave radiated by an atom a{ and observed at:
definition, it can be inferred that NMSC is a general concept _
that applies whenever light propagation is inside a discrete glkolrr|
medium with a long range of regularity. Go(r.r1)= Azlr—r,q|

Since the presence of optical gain in a random medium
primarily serves to increase the chance that recurrent scatteFhe spontaneous radiation from a point dipole at position
ing occurs while not shedding much light on the nature ofis simulated approximately with the Green functi@g(r,r )
light propagation inside an optical lattice, such a light-in this formulation, as the first term on the right-hand side
enhancement mechanism is not included in this analysis. E4RHS) of Eq. (1) illustrates. The validity of this approxima-
sentially, a stationary scattering formulation in which sometion comes from the knowledge that the uncertainty of an
dynamic aspects of light propagation inside an active meexcited state is usually small compared to the energy separa-
dium such as laser spikiri®,7] and spectral narrowingl9]  tion between the excited state and the ground state. There-
simply do not appear is presented. fore, the spontaneous radiation can be regarded as mono-

The low occupation of a near-resonance optical latticechromatic. A common factor representing the amplitude of
makes it a good approximation to ignore the near- andpontaneous radiation has been dropped from the RHS of Eq.
intermediate-zone fields when the recurrent scattering praotl) for simplicity. The randomness of the lattice is described
cess is formulated. Support for this approximation comesby each variablgs; , which takes on the value 1 when tith
from the fact that in a light multiple scattering process it issite is occupied and O when that site is vacant. By denoting
the accumulated phase rather than the polarization of lighthe average occupation fraction of each sitedyy the mi-
that controls many interesting scattering phenom@meud-  croscopic number density of the atom@) can be separated
ing enhanced back-scatterif@0,21] and photon localization into an average occupation paig and a fluctuation parén
[22]) in a random medium. It has been observed that if thd9]. Moreover, a linear-integral-operator method can be used
incident light is circularly polarized then the results obtainedto expres<(ry) as a series in ascending powers of the den-
from the scalar- and vector-field approaches are nearly idersity fluctuationg9]:
tical [23]. Therefore, in this formulation, a scalar-field ap-
proximation is used. The same approximation has also been _ . .
employed to describe enhanced back scattering of light from E(rO)_IO(rO'kOHMJ 12(1o.11) ONn(ry)l5(re;Ko)dry
a random mediunh20,21.
_ The paper is structur_ed_as fpllows. In Sec. Il the problgm +sz 1o(rg.rq) 5n(r1)df1f 11(r,F2)6n(r,)
is formulated, the electric field is evaluated at an observation
point in the form of a multiple scattering series, and the
definition of NMSC is introduced. The intensity of the recur-
rently scattered radigtion is then a'lverfe\ged over the randon\w,\—,hereM is used to replace#kéa to simplify notation.
ness of the_ occupation of the Igttlce in Sec. Il In the_ fol-  The first term on the RHS of Eq2), I,, reads
lowing section, the mean intensity of radiation is graphically

Xl3(ra;Ko)dry+ - - -, (2

exhibited and then it is established that light propagation
inside an optical lattice can be characterized by NMSC. Two  lo(ro;Ko) = Bo > Go(ro,Ry)
properties of random lasing from an optical lattice are de- '
rived in Sec. IV. The results are summarized in Sec. V.
+uBos Golro.R)Go(Ri R+, (3

Il. DECOMPOSITION OF RADIATION FIELDS
where{R;} represents the entire set of lattice sites. Under
For simplicity, the atoms trapped inside an optical latticetypical experimental condition§13], the deviation of an
are treated as identical electric dipoles characterized by agom from the lattice site to which it is trapped is extremely
isotropic polarizabilitye and a diminishing physical size. gmall: by writingl , and, thereforeE(r), as an explicit func-
Since the total fieldE(ro) at an observation positiory is  tion of lattice sites, built into Eq(2) is the assumption that
formed by the fields emitted either direCtIy from the atoms Olthe atoms are t|ght|y trapped at the lattice sites. This assump-
first emitted from the atoms and then multiply scattered btion is known as the Lamb-Dicke limit. Moreover, it has
the same atoms, the total field can be expressed in the foheen proven experimentally that the multiple scattering ef-
lowing integral equation in Gaussian units fect is insignificant unless the atoms are so closely trapped to
the lattice sites that the Debye-Waller factor is nonvanishing
[18]. Equation(3) exhibits how the spontaneous radiation
E(fo)zf Go(ro,ryn(ry)dry from each atom trapped inside an evenly occupied lattice
with an average occupation @f, has to be multiply scat-
2 tered by all the atoms before being added to form a resultant
+4Trk°aJ Golfo.r)n(r)E(ry)dry, (1) field at the observational positia. Throughout this paper,
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it is assumed that the surface of the optical lattice facing thevhich can be summed up into closed fof&i

optical detector is th&-y plane andz is in the direction

away from the detector. Since the observation position is
usually distant from the lattice sample, the far-zone approxi-

mation can be applied to transform the propag@&tgin each

final scattering step in Eq3) into a plane wave. The series Where

eliRea(ko) —Ima(kg)][r—ry

: (6)

I1(r,rq)=sg(ko) r—r]

So=114m(1—w;s")?] and a(Ko)

in Eq. (3) subsequently represents the formal multiple scat= vkj+ (W;N,)/(1—w;s’). Equation(6) illustrates that a

tering of a plane wave with a wave vecta= —Kkqrq/rqy by

wave usually gets its wave vector renormalized after being

the uniformly occupied lattice and can be formally re- multiply scattered and the degree of renormalization, as

summed 9] as
ikoro
) kg, (Ny—1)a/2+ikg, (Ny—1)a/2
lo(ro;Ko) 3047_“0/\('(5)9 sk SLYTY

sin(ks; xNxa/2) sin(kg, yN,a/2)
sin(kg, xa/2)  sin(kg, ya/2)
1 — eliReB(kg) —ImB(kg)]aN,

x 1 — eliReB(kg ~ImB(kla

(4)

whereN,, N,, andN, are the numbers of sites in tie ¥,
andz directions, respectively,

ko  1+(s"WiNy)/(1—w;s')

A(kg)= ,
(ks 1—-w;s’ K2+ (WyNp)/(1—w;s')

and B(ke) = VK:,+w;Np/(1—w;s’). Other quantities ap-
pearing inA (kg) andB(ks) are defined in Ref9] and omit-
ted for simplicity. In expressiofd), the notatiork, is used
to represent the projection &f on theX-y plane.

In Ref.[9], the entire spatial frequency space was classi-
fied into two groups{Kg} consisting of those reciprocal

vectors K's for which |k;+K|~ky, and the rest{Kg},

noted from the expression af(ky), is largely dictated by
NMSC. In Sec. IV, the dependence of the decay constant
2Ima(kp) on Ny, is discussed.

After leaving a density fluctuation, the radiation has to be
scattered by the evenly occupied lattice before arriving, at
This multiple scattering process, represented 4§y,,r;) in
Eq. (2), can also be summed (ip] as

eikol’o
A(kg)eke TigilReB(kg) +imB(kg)z

(7)

I2(ro,ry) = 4t
One outcome of separating the number dens{ty) into
an average pamg and a fluctuation partn(r) is that the
spontaneous radiation from each trapped atom formally trav-
els inside a uniform optical lattice before it encounters a
density fluctuation. Since the atom at the location of the den-
sity fluctuation also radiates, the total radiation emitted from
a density fluctuation should, resultingly, include the radiation
which originated from the fluctuation, plus the radiation ap-
proaching the fluctuation. This sum, designated #s;ky),
can be expressed as a multiple scattering series:

1
Is(riko)= 1+M/302i 11(r,R)) |- ®)

wherek, is any vector in the fundamental Brillouin zone. It Since a typical near-resonance optical lattice is sparsely oc-

was noted that the vectois +k,, with K in the former

cupied with an occupation fraction around 10%, the depen-

group represent all possible wave vectors that can result frofience ofl5(r ko) on the location of density fluctuationis

the scattering of radiation with wave vector from a regular

not sensitive, andl;, can, therefore, be treated as a constant.

lattice of atoms, while satisfying Bragg scattering conditions.For this reasonl,; is henceforth referred to as uniform radia-

The number of Brillouin zones ifKg} is the number of

tion. In this approximation, the summation in expressign

multiple scattering channels and is denoted in this paper d§ calculated in tﬁf Appendix, leading to the following
Np. Since, in Ref[9], both the wavelength and the lattice €xpression after.” " is dropped

constant were chosen to be constamg, became a fixed

number and its effects on light propagation inside an optical
lattice were not revealed. In the present paper, the properties
of NMSC are discussed in detail in Sec. IV when the mea

intensity of spontaneous radiation is analyzed. In a o
dimensional situation{G,}, the counterpart ofKs} can be

13(r;Ko) o 14 uBoS(Ko)KoA(27%) 1, (€)

With the physical meanings dfy, 14, 1,, andl; ex-

rblained, it is clear that spontaneous radiation from a ran-
neaomly occupied optical lattice has to be alternatively scat-

tered by the uniform lattice and the density fluctuations

defined as those one-dimensional Brillouin zones which d
not satisfy the conditionG,| ~Ks,.

Between two successive scattering events induced by the
density fluctuations, the radiation field travels inside an
evenly occupied lattice. Such a process, one example of
which is sandwiched between two density fluctuations in the The mean intensity of spontaneous radiation recurrently

second line in Eq(2), is denoted asy(r;,r,), and reads scattered from the lattice and observedgatdenoted asge,

is obtained by multiplyingg(ry) (2) with its complex con-
jugate and then averaging the product over the density fluc-
tuations. When averaging the intensity over the density fluc-
tuations, the general expression of the density fluctuation

bHefore being measured.

Ill. MEAN INTENSITY OF RECURRENTLY
SCATTERED RADIATION

|1(r11r2):Go(r1:r2)+M,302i Go(r1,Ri)Go(Rj,rp)+ -+,
)
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correlation functiorf9] has to be specialized to include only
those configurations for which the phase of the light in each
multiple-scattering term of Ed2) is exactly canceled by the
phase of the complex conjugate of that term. To achieve this
requirement, a field and its complex conjugate can only
travel along the same path or the time-reversed path. There-
fore, only even-order moments of density fluctuations are
needed in the correlation function. It is also required that the
initial scattering steps and the last scattering steps occur at
the same density fluctuation positions so that closed loops
can be formed. What is implied in the second requirement is
that four density fluctuations should share the same lattice
site. In the general expression of the density fluctuation cor-
relation function, the density fluctuations are grouped ac-
cording to a permutation notatid?, , , ..., which indicates
a permutation of a set of lattice sites an atom can reside in,
a different set ok lattice sites an atom can reside in, and so
on, until all n positions are exhausted. With the above- FIG. 1. The third-order recurrent scattering diagram, where
mentioned specialization requirements in mind, the permutaS-fOI'd and dashed grrows indicate, respectively, a light path aqd its
tion notation needs to be specializedRg, . ., so that the time-reversed version. Scatterers are represented by closed circles.
nth-order density fluctuation correlation function becomes It is noted that the first term on the RHS of E@.1)
represents the second-order recurrent scattering event in
(on(ry)---on(ry)) which the spontaneous radiation, when arriving at an atom at
R;, is first emitted fromR; to another atom aR;, gets
_ 4 n—24)/2 scattered back t&; from R;, and is then transmitted to the
=((B=Bo))[Bo(1~Bo)]" {Ep} Paza; . detector fromR; . The foIIoWing terms in Eq(11) represent
higher-order scattering events. Refer to Fig. 1 for an illustra-
tion of the third-order recurrent scattering event. Since the

N

> o(r1—Ry)d(r—R;) waves traveling on either a path or its time-reversed path

P FkeE =1 contribute equally to the measured light intensity, the multi-

X 8(r3—R;)8(r,—R)8(rs—R;) plier 2 appears in each of the third- and higher-order recur-
rent scattering events on the RHS of Etyl) to account for

X 8(rg—Rj)o(r;—Rp)d(rg—Ry) - - -, (10 this effect. If recurrent scattering events are ignored, the

time-reversed paths produce so-called cross terms in a theo-

whereN denotes the total number of the lattice sites. Withretical discussion of light scattering from random media.
the help of Eq.(10), after dropping a common factor These cross terms are responsible for the enhanced back
| 8B~ Bo)[ Bo(1—Bo)] and definingCo= Bo(1—Bo),  Scattering of light, no matter if the random media have opti-
it can be seen that cal gain[24] or not[9,20,21.
From the expressioh, (6), the sums ofi4’s in Eq. (11)
can be transformed into integrals in the spatial frequency

|Reo<i§j [12(ro, R)I?15(Ri ko) I?[11(Ri ,Ry)|*+2Co| ul? domain. Three of these sums are listed as follows:
e~ 2am(ko)Rjj 1 (27 3f )
—— =\ k)dk, 12)
X E A ||2(rO*Ri)|2|I3(Ri;k0)|2||1(RiiRj)|2 iz R? 474\ a Qgg (k) (
i#j,j#1,1#i J
XI13(R; RO PI13(R R)[+2C e~ enllaR - enllay g~ enltaRy
P £, 21 #i Rizj Rﬁ R2
x > 1a(ro,R)I13(R ko) [2[14(Ry ,R)[? .
i#j,j#,1#mm#i 1 . k)dk (13)
=—%\= 9°( :
X“l(Rj!RI)|2||1(RIaRm)|2||1(RmaRi)|2+"'- (12) 8m%\ a Qs

. " . . and
Sincel , depends critically on the observation directjoaefer

to Eqg. (4)] in any experiment, by a suitable specification of e~ amko)Rij @~ am(ko)Rji @~ am(ko)Rim

the observation directiokg, it is possible to make the mag- i 12 . 2 2 2

nitude ofl, null. For this reason, the contribution froky is LI EmmA Rij Ril Rim

excluded in the calculation dfz.. Also used in the deriva- e~ @m(Ko)Rpi 1 (279

tion of the expressiofill) is the assumption that light travels X = — g*(k)dk, (14
R2,; 1678\ a | Jo

along each closed loop only once. mi 3
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wherea,(kg) = 2Ima(ky) is defined. The notatiog(k) (ap- 8 T T T T T T T T T
pearing in the preceding expressipisdefined9] as

2 3fclk L arctan—9__ (15)

— — arcta ,

2 e am(Ko)

where{G} is used to represent the set of three-dimensionalg
reciprocal lattice vectors. Integration over the fundamental
Brillouin zone in the three-dimensional spatial frequency &
space is symbolized by subscript, following an integration
sign.

From the expressioné&l2) to (14), it is found that the
series(11), when the first term is excluded, is actually a
geometrical series in the spatial frequency domain. Based o
this observation| g, yields:

Averaged intensity of radiation

_ elemﬁ(ks)aNZ

2 2 4-3___ ~ 0
|Re°<|A(ks)| ||3| |S(k0)| a l_e72|mﬁ(ks)a

Col ul*[s(ko)|?8ma”>g*(k)

X f dk| g?(k)+ , )
Q3 1—Col u|?s(ko)[*4ma>g(k)

(16 ‘ .
where all proportionality constants that do not dependaon
are ignored. The expression ki, is complicated and a nu- 0 L L L L L L L L L
merical treatment inevitably needs further analysis, whichis 1 11 12 13 14 15 16 17 18 19
presented in Sec. IV. Normalized lattice constant

FIG. 2. Averaged intensity of recurrently scattered spontaneous
IV. GRAPHICAL REPRESENTATION AND DISCUSSION radiation| g, (in arbitrary unit$ against the normalized lattice con-

. . . . . stanta/\y. The data points are represented by closed circles.
When light is scattered from an optical lattice, sidebands

are generated in the scattered light because of the harmonic .
oscillation of the atoms in the potential wells that hold theﬁ}nd:ztt'.n Se'(;. . .V\ﬁoaks b?St V&'hgnoﬁat [QE];.OThe number of
atoms to the lattice sidg44]. However, under the assump- € latlice sites Irz directionN, 1S Set 1o ov. =

tion of Lamb-Dicke limit adopted in this paper the frequency . In Fig. 2 't. Is noted that the_|nte.nsn)ée|n.|t|ally Increases
of the scattered light from an atom becomes identical to thaf'ith the lattice constana to its first maximum arouna

of the light incident on the same atom. Therefore, the process +-24\0, and then decreases to its minimum, followed by

of recurrent scattering of spontaneous radiation can b nother increase to its secondary maximum. The variation of

treated as a process of resonant scattering; that is, an incid me;"’ith a i.n this region is well matched by the variation of
wave can have a frequency identical to the internal oscillal! 3| With & see Fig. 3. This variation is understandable since

tion frequency of the atoms. The polarizabilityof the at- |'sl° by definition, determines the intensity of radiation im-
oms accordingly becomes mediately before a recurrent scattering process begins. On

the other hand, the fact that the variation of the uniform
3 radiation |5 (8) with the lattice constant occurs is expected
a=—. (17)  sincels is formed as superposition of spontaneous radiation
2k8 waves that have traveled through an evenly occupied lattice
from the emitting atoms. Thereforé; must rely on the
After the radiation wavelength is fixed afy=2m/ky, the  phases of these waves to determine its own magnitude. The
average radiation intensity is measured as a function of theariation of|15|? in the following region is also reflected in
lattice constant in the direction normal to the lattice sur- that of | ge.
face:ks=(0,0,—Kkg). This specific choice of the observation  Still, in Fig. 2, it is easy to determine that there are three
direction makespB(ks)=a(kg). To make the analysis as positions,a=1.50\y, a=1.5%,, anda=1.65\, at which
close to experimental realities as possihp=0.1 is se- the magnitude ofg, plummets and the curve b, becomes
lected andlge is plotted froma=1.03\y because the ap- discontinuous. To explain this phenomenon, one needs to
proximation method used to derive the expressions, of ;, realize that in a recurrent scattering process, it is the decay
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1'2 T T T T T T T T T T T T T T T T T T

0.18 B

0.12

0.1

0.08

Decay constant (arb. units)

Intensity of uniform radiation (arb. units)

04 | 1 0.06

0.04 | i
02| i
0.02 | J
0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1
1 11 12 13 14 15 16 17 18 19 1 11 12 13 14 15 16 17 18 19
Normalized lattice constant Normalized lattice constant
FIG. 3. Intensity of uniform radiatiofi 5|2 (in arbitrary unit3 FIG. 4. Decay constant 2l (in arbitrary unity against the
against the normalized lattice constami,. The data points are Normalized lattice constaaf'\o. The data points are represented by
represented by closed circles. closed circles.

can, in some way, characterize the scattering ability of an

constant that determines the strength of the radiation scabptical lattice on the wave traveling in the optical lattice. The
tered back to the atom from which the radiation was previincrease in the magnitude b, means that the radiation will
ously scattered. The phase of the radiationdf&) in Eq.  be scattered more intensively by the lattice resulting in more
(6) is canceled by its complex conjugate and does not play asnergy taken away from the radiation. Consequently, the en-
essential role in determining the intensity of radiation scatergy loss will produce a larger decay constant. In brief, it is
tered back to the starting point of a recurrent scattering proNMSC that controls the main features of light propagation
cess. An examination of the decay constant 2lsfmows, in  inside an optical lattice.
Fig. 4, that ata=1.50\y, a=1.59,, anda=1.65\,, the Since its definition is only based on the Bragg scattering
decay constant is swiftly raised. Therefore, the dramatic reeonditions and the regularity of the medium, it can be in-
duction of the magnitude dfz, can be regarded as a direct ferred that NMSC is, in fact, a general concept that applies as
result of the sudden increment of 2émAdditionally, since  long as wave propagation in a medium with regularity and
the decay constant represents the rate at which energy discretenesgnot merely an optical lattioes concerned. It is
taken away from the radiation as it propagates, the thremteresting to compare a continuous medium with an optical
sudden increments in 2knclearly mean that, at these posi- lattice. In a continuous medium, since all nontrivial values of
tions, the radiation experiences much stronger scattering. reciprocal vectors may be considered infinitely large, there is

To understand the physics behind this change of scatteringnly one scattering channel available. On the other hand, in
strength, one has to realize that near1.50\y, a  an optical lattice, wherny>2a, the vectorK =0 also be-
=1.5%, anda=1.65\, the numbeiN, also changes rap- comes the only element ifKg} sincek, is already in the
idly as Fig. 5 shows: its value jumps first from 26 to 32, thenfundamental Brillouin zone. Physically, this means if a wave
from 32 to 56, and, finally, from 56 to 74. Sindg, repre- has a wavelength larger tham2then the discrete structure
sents the number of a wave's dominant multiple scatteringf the lattice is invisible to the wave. In general, for a con-
channels that satisfy the Bragg scattering conditions in a latinuous mediumN,=1; for an optical latticeN,=1. One
tice and are formed because of the regularity of the lattice, itan state wheiN,=1, a wave cannot distinguish a continu-
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80 T T T T T T T T T (2) Also from Fig. 2, a spectral analysis of random lasing
from an optical lattice reveals a discontinuous spectrum
where the discontinuities are caused bl increments.
Since, in a continuous mediun, is always equal to the
value 1, the random lasing spectrum from a continuous me-
dium is noted to be continuoys].

70 |

60 - V. CONCLUSION

In this paper, the recurrent scattering of spontaneous ra-
diation from a randomly occupied optical lattice was dis-
cussed by following a density fluctuation approach. After
averaging the intensity of the recurrently scattered radiation
over the random distribution of the atoms trapped inside the
lattice, it was found that if random lasing is generated on an
optical lattice, its strongest oscillation will have a wave-
length comparable to the lattice constant and its spectrum
will no longer be continuous. It was also noted that both the
wave decay constant and the mean intensity of radiation de-
pend on the value of NMSC. Clearly, the NMSC studied in
this paper is relevant to additional phenomena regarding
wave propagation inside a medium with regularity and dis-
creteness.

NMSC
'S
(=3
T

20 [ 1

APPENDIX: SUMMATION OF 13

By using the Fourier transform relation

el a(ko)Rjj 1 elki-(Ri—Ry)

0 1 1 1 1 1 1 1 1 1 —=—| dkj ——7—, (Al)
1 11 12 13 14 15 16 17 18 19 47Ri; 843 lkf—az(ko)

Normalized lattice constant

FIG. 5. The number of multiple scattering channblg as a the serial representation of (12) becomes

function of the normalized lattice constaait\ ,. The data points are

i s(k gk (Ri—Ry)
represented by closed circles. 1o(R, kg 1+ Bom (2 0) 2 f dk, e
ous medium from an optical lattice; yet whai>1, it can. 2m” 17 1~ (ko)
The stepwise dependence ldf on Ay, anda can be under- (A2)

stood to be caused by the finite size of a Brillouin zone. . ) 1

Either\, or a has to change a nonzero amount in magnitudéVhere a proportionality constapt™ * has been dropped. A

before, in the spatial frequency space, a different Brillouint€rm withi =] can be added to and subtracted from &®),

zone can be reached. so that the sum in the equation can be expressed in terms of
Since random lasing is closely related to the recurrentinrestricted sum over all lattice sites:

scattering of spontaneous radiation, two properties of ran-

dom lasing from an optical lattice can be inferred which are Bors(Ko)

based on the properties bf. discussed in this section. It is I3(Ri;ko)oc 1+ ?f dk

worth noting that even though optical gain is excluded in this m

analysis requiring the spontaneous radiation with a specific

frequencywy=Kkgc to form a closed loop makes the formu- X

lation equivalent to an experimental reality in that the fre-

uency wq is close to the maximum of the gain spectra. . .

CIOthervzistg, the spontaneous radiation wouldghave F; neinThe use of the Poisson summation formula

gible chance of being rescattered back to its starting point. 5
(1) From Fig. 2, one can infer that the strongest laser 2 eik‘Ri:(_ﬂ-

oscillation from an optical lattice will have a wavelength [ a

close to 0.8. This result is dramatically different from ran-

dom lasing from a continuous medium where the strongestvhere G’s are the reciprocal lattice vectors simplifies the

laser oscillation is noted to occur at a wavelength which isSRHS of Eg.(A3) into a form involving an integral oveb

significantly smaller than the average interparticle separatiofunctions. By evaluating this integral, the following expres-

[3]. sion for I3 may be derived:

ek Ri

e
k- a?(ko)

. (A3)

S emikiR g kiR
]

3
% S(k—G), (A4)
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aky

Boms(Ko)ko 1

I3(Ri; ko) 1+ >

27\ ?
aky

a(ko)

0

2 Ny.Ny.n,

T

Ko

(n+n+n) (

=1+ BoumS(Ko)koA(272) L. (A5)
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