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Theoretical estimates of the logarithmic phonon spectral moment for monatomic liquids
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We calculate the logarithmic moment of the phonon frequency spectrum at a single density for 29 mon-
atomic liquids using two methods, both suggested by Wallace’s theory of liquid dynamics: The first method
relies on liquid entropy data and the second on neutron scattering data in the crystal phase. This theory predicts
that for a class of elements called “normal melters,” including all 29 of these materials, the two estimates
should closely match, and we find that they agree to within a few percent. We also perform the same calcu-
lations for four “anomalous melters,” for which we expect the two estimates to differ markedly; we find that
they disagree by factors almost up to 3. From our results we conclude that the liquid entropy estimates of the
logarithmic moment, applicable both to normal and anomalous melters, are trustworthy to a few percent, which
makes them reliable for use in estimates of various liquid transport coefficients.
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[. INTRODUCTION experimental data to compute the two estimates, finding that
they match to 7%. Finally, in Sec. IV we consider the sig-
Moments of the phonon frequency distribution of systemsnificance of these results.

in the liquid phase appear to set the time scales on which
certain correlation functions decay, thus affecting the values
of the transport coefficients to which they correspond by 1. TWO ESTIMATES OF O} FOR NORMAL MELTERS
Green-Kubo relationgl,2]; so determining these coefficients o )
requires the reliable estimation of the relevant moments. The The theory of liquid dynamics that we use here was de-
comprehensive theory of monatomic liquids proposed bweloped in response to two trends in the experimental data
Wallace (see Ref[3] for a review allows one to estimate for monatomic liquids at mef3]: (1) The nuclear contribu-
one of these moments, the logarithmic momeérl, from  tion to the specific heat tends to lie nedr ger atom in both
experimental measurements of the liquid entropy, but focrystal and liquid phases; ari@) the entropy of melting data
these applications one would like greater confidence that thigt constant density naturally divides the liquids into two
estimate is a reliable one. In the first paper on this thééfy classes: the “normal melters,” for which the entropy clusters
it was shown that the resulting expression for entropy to-around 0.8 per atom, and the “anomalous melters,” for
gether with the estimat®,~0§, where®§ is the corre- Which the entropy of melting is much higher and which un-
sponding moment in the crystal phaghis estimate is ex- dergoes significant electronic structure chartgey., semi-
plained below reproduced the temperature dependence ofnetal crystal to metal liquidupon melting. The specific heat -
the entropy for six elements to an accuracy of roughly 29gresults suggest that the liquid undergoes collective harmonic
from melt to three times the melting temperature, supportingnotion much as the crystal does, and the entropy of melting
both the general form for the entropy and the approximatiorflata is naturally interpreted to show that the liquid, as op-
for ®). However, for most materials entropy data well Posed to the crystal, moves amomg' potential valleys,
above melting are unavailable, and one must ask a differefthereN is the number of atoms and 0.8, thus contrib-
question: If one compute@{) from only a single entropy uting an extra configurational entropy on melting, with the_
data point near melting, how reliable is the result? We will €XCess for the anomalous melters being due to the electronic
argue that this estimate is very good by considering data fostructure change. These observations led to the following
29 “normal melters”(elements such as the six in Rpf] for two hypotheses. . . . :
which the theory claim@g%'O is a good approximation (l_) T_he poten_tlal Ian_dscape n Wh'Ch. the atqms move in
showing tha'0 computed from entropy data at the density the liquid phase is dominated by approximatefy intersect-

£ the liauid at melt at 1 bar closel 1che ted at ing nearly harmonic valleys, and the atomic motion is a com-
orthe fiquid at meft a ar closely match 5 computed a bination of oscillations in one of these valleys and nearly
the same density from neutron scattering data and oth

. ; hstantaneous transitions from one valley to another called
sources. The internal consistency of these two ways of estz, . <its Transits are responsible for diffusion

mating ©, for normal melters, both provided by the same (2) The valleys fall into three categories: the fewstal-
theory but utilizing independent sources of data, increasefne valleys in which the system exists as a single crystal, the
our confidence that the entropy estimate®gfwill be trust-  more numerousymmetriovalleys corresponding to configu-
worthy even for elements that are not normal melters, angations that retain some of the crystal symmetry, and the
thus are not expected to satisfy tB§~ @, approximation.  overwhelmingly numerically dominantandom valleys,

In Sec. Il we use this theory to deduce the two ways ofwhich retain no remnant symmetry and which all have the
estimating@'o, one of which applies generally and one of same depth and shagend thus the same phonon frequency
which applies only to normal melters, and in Sec. Ill we usespectrum in the largeN limit.
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These hypotheses have been extensively tegtedsum-  liquid, normal or anomalous. Determining whether they do
marized in Ref[3]) and can be used to calculate thermody-in fact match is the subject of the following section.
namic quantities such as entropy per atom; in the classical

limit, where most liquids reside, the result(see Sec. 4 of . COMPARISON OF EXPERIMENTAL ESTIMATES
Ref. [3])
Let p;m, be the density of the liquid at melt at 1 bavith
S=kinw+3k[In(T/@f) + 1]+ S+ Slndy+ S+ Slmagv the exception of Ar; see the AppendiXVe will compare

(1) 05(pim) and 'O(p|m) for 29 normal melters for which ac-
curate data are available.

whereS), ., Shay, Sei, andsS},,, are the contributions to the ~ To compute®g(p;,m), we consult neutron scattering or

entropy from anharmonicity, the presence of boundaries obther data which give u®§(pmead, Wherepmeasis some

the potential valleys, the thermal excitation of the electronsgensity not too far fronp,,,, andy*, the high-temperature

and magnetic effects, respectivelfThe anharmonic and Grineisen parameter. From these two quantities one can cal-

boundary contributions are included in a single term, and theulate ®§(p;,,) from the relation

magnetic contribution is not included at all, in Sec. 4 of Ref.

[3], but Sy, is discussed on pp. 202 and 203 of Réf.) . . pim |7

Thus, if one can computs,,, Sy, Sk, and Sy, at a O6(pim) = O5(Pmeas o 4

1
IN(T/@H)+1+ —

Sharm=kInw+ 3k 0

given density(or argue that they are negligibly smalbne mea

can calculate@'0 from liquid entropy data at that density at a which is highly accurate as long #8;,— pmead iS NOt t00

single temperaturéor a range of temperatures, if data arelarge.

availablg. To compute®{(p;,) from liquid entropy data, we first

While the theory argues that this means of calculafiyg  define the harmonic contribution to the entrogly,, , by

is valid for all monatomic liquids, it also makes another pre-

diction for the value o®},, which applies only to the normal 042

melters, namely, thﬁ)'0 is nearly equal t®®g at the same T/ ®)

density. The prediction comes about as folloisse Sec. 4.4

of Ref.[3]): The entropy per atom of the crystal phase in thewhere'2 is the quadratic moment of the liquid phonon dis-

classical limit is calculated from lattice dynamics to be  tribution. This is the same as the first two terms in &g for
the classical limit of the liquid entropy, carried to the next

S°=3k[IN(T/O5) + 11+ S5nnt St Shag: (2 higher order term ifl ~2. Then if S, is the experimental

value of the liquid entropy at the melting temperattirg at

whereS;,, Sg, andSyg ., represent the contributions from 1 bar,

anharmonicity, the electrons, and magnetic effects, respec-

tively, so the entropy of melting at constant densit§ is S'expt=SLa,m(p|m ,Tm)+S'anh+ S'e,+ S:nag (6)

given by

(again,S, 4, is negligible at melt so to determing, ., (and
AS=8(T,)—SY(Tmw =klInw+3kIn(O/O}) thus®}) we need®), and the remaining three terms on the
right-hand side of Eq(6). The standard approximatidﬂ'2
=e!%@}, is perfectly reasonable here, since @gterm con-
L ) tributes less than 1% to the entropy at the value$ pive
Spay is omitted here because boundary effects are nonggnsider, and we argue that the anharmonic and magnetic
negligible only at temperatures well above melting. For aerms in the liquid at melt will be roughly equal to their
normal melter, the lack of significant change in e|90”0niccounterparts in the crystal just before méRecall that these
structure suggests th&,~Sg,, and assuming that anhar- o terms can be calculated for the crystal, because we have
monic and magnetic effects are smialf at least comparable jndependent data fad¢ and thus we can determine the har-
in the two phases we predictAS~kInw+3kIn(0§Og).  monic contribution to the crystal entropy directly; once the
Experiment shows that for the normal meltexS=0.8<  electronic term is also found from theory, the anharmonic
with a small scatter, which strongly suggests that#0.8  and magnetic parts are simply what is lefthe electronic
(sincew is the only available parameter that is not stronglyterm can be calculated different ways for different materials;
material dependentand that®g~®j, with anharmonicity  see the Appendix for a discussion of h@ly was calculated
and small differences between the two value®gfaccount-  for the materials here.

+(Shon— SSnn) + (Sbi= SE) + (Shag= Shag - (3

ing for the scatter. Thus one should be able to estir@i{e These calculations were performed for 29 normal melters,
for normal melters reasonably closely by determini®§  using the data collected in the Appendix, and the results are
from appropriate data. shown in Table 1.

If this interpretation of the entropy of melting data is cor-  In Fig. 1, '0(p|m) is plotted agains®§(p;,) for all 29
rect, these two estimates @f}, for normal melters should elements, along with the Iiné)'o(p,m)z(ag(p,m) for com-
approximately match, which will in turn increase our confi- parison. First, we note that all 29 points cluster around the
dence in estimates cﬁ)'0 from liquid entropy data for any line to good approximation; second, we note that most of the

031204-2



THEORETICAL ESTIMATES OF THE LOGARITHMC . ..

PHYSICAL REVIEW E 69, 031204 (2004

TABLE I. ©(pim) and®h(pym) for 29 normal melters, together 00— 1 1 T
with their ratios. Less reliable numbers are shown in parentheses; | i
see the Appendix for a discussion of the reliability of data. 953
Element 05 (K) 05 (K) 0,/05§ L |
Cs 26.4 27.2 1.03 200~ qo ® n
Cd 86.6 84 0.97 L ® ]
TI (54.5 55.2 (1.0 Bl 6me A
Li 252 251 1.00 o)
Na 102.2 100 0.98 i i
K 61.9 59.7 0.96 100 — -
Rb 37.7 37.3 0.99 L .
Mg 200.4 181 0.91 sl i
Sr (76.3 70.7 (0.93
Cu 176.9 172 0.97 i T
Ag 113.6 118 1.04 ) 4 S S S S W S [ S —
0 50 100 150 200 250 300

Au 91.5 97.4 1.06 0° K
Zn 129.3 124 0.96
Hg 56.4 52.8 0.94 FIG. 1. O(pim) Vs O5(pm) for the 29 elements in Table I. The
Al 209.0 197 0.94 seven elements indicated by solid circles, all but one of which are
In 74.4 75.0 1.01 transition metals, deviate systematically from the Iiﬁﬂé(mm)
Pb 51.4 54.1 1.05 =05(pim); We believe this is due either to these materials being
Ar 59.1 67.8 1.15 weakly anomalous melters or to uncertainties in the entropy data.
V 212 191 0.90
Nb 169 161 0.95 changes in the interatomic forces, resulting in large changes
Ta 134 121 0.90 in the phonon frequencies. For these materials, the approxi-
Pt 119 123 1.03 mation @{)=®8 would be grossly inaccurate; but as these
Pd 145 (146) (1.01 elements are nearly-free-electron metals in the liquid phase,
Ni 218 209 0.96 we expect the calculation df)'o from entropy data to be
Cr (276) (283 (1.03 quite reliable.
Mo 235 (201 (0.86
w 188 (169 (0.89 IV. CONCLUSIONS
Ti (197 204 (1.09
zr (141 127 (0.90 The theory used here gives us two ways to calcuBlfe

one using liquid entropy data and valid for all monatomic
liquids, and the other one using crystal neutron scattering

scatter is due to the systematic deviation of the seven matelata and applicable only to normal melters, for which the

rials indicated by solid circles, all but one of whigklg) are

crystal and liquid values o®, as a function of density are

transition metals. This could be due either to the larger unexpected to agree approximately. This expectation is amply
certainty in the experimental entropy results for the transitiorfulfilled by data from 29 normal melters, which sh&vg and
metals or to the fact that some of these materials are weakl@'0 agreeing within a few percentOur expectation tha®§
anomalous meltergthe entropy of melting data for Mo and and @} of anomalous melters should strongly disagree is

W particularly suggest this, Ref5]). Our data for all 29

materials show

c
0

atp,,, or equivalently that the rms deviation 6!‘0/(98 from

00
e ~0:97850.063

also verified). This work nicely complements calculations by
Wallace and Clement§6] for pseudopotential sodium, in
which they found ap=0.925 g/cm,

TABLE Il. ©§(p,) and ®'0(p|m) for four anomalous melters,
together with their ratios. As expected, none of the ratios are near
unity, reflecting the changes in the interatomic for¢asd thus
phonon frequencigghat occur at melt for these materials.

1 is 0.067 afp;, - As we explain in the Appendix, given the

quality of our data we expect roughly 3¢t most 4% errors

in this ratio; so as the theory predicts, the two are equal to a

high degree of approximation, and about half of the differ-Ga

ence is accounted for by experimental error. Si

In contrast, if we consider analogous calculations for fourGe
anomalous melters, we find the results shown in Table llgp

Element 05 (K) 0} (K) 0L/0§
169 100 0.59
436 162 0.37
255 91 0.36
94.3 74 0.78

The change in electronic structure at melt results in great
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TABLE Ill. The data used to calcula®}(p;m) and®§(p;m) for the 33 elements in Tables | and II. The units of the data, sources, and
meanings of the various headings and symbols are discussed in the text of the Appendix.

Element  Structure  preas  O5(Pmead y* Pim T Stxpt S Sioh Shag  Sham
Cs bcc 1.91 27.5 1.14 1.84 301.6 11.11 0.09 0 0 11.02
Cd hcp 8.65 103 2.3 8.02 594.2 9.76 0.07 0 0 9.69
TI bcc 11.6 58.3 2] 11.22 577 10.93 0.09 0 0 10.84
Ga ortho 5.91 162 1.5 6.09 302.9 7.18 0.04 0 0 7.14
Si dia 2.34 421 (0.5 2.51 1687 11.05 0.22 0 0 10.83
Ge dia 5.32 245 0.8 5.60 1211 11.72 0.17 0 0 11.55
Sn bct 7.30 103.4 2.2 7.00 505.1 9.66 0.09 0 0 9.57
Li bcc 0.546 265.5 0.88 0.515 453.7 5.66 0.04 0 0 5.62
Na bcc 1.005 113.3 1.24 0.925 371.0 7.78 0.05 0 0 7.73
K bcc 0.904 68.9 1.24 0.829 336.4 9.06 0.07 0 0 8.99
Rb bcc 1.616 42.2 1.26 1.479 312.6 10.26 0.08 0 0 10.18
Mg hcp 1.74 229.4 1.5 1.59 922 8.81 0.12 0 0 8.69
Sr bcc 2.6 80.0 [1] 2.48 1042 12.10 0.23 0 0 11.87
Cu fcc 9.018 225.3 2.02 8.00 1358 10.09 0.09 0 0 10.00
Ag fcc 10.49 150.1 2.42 9.35 1235 10.94 0.10 0 0 10.84
Au fcc 19.27 124.5 2.95 17.36 1338 11.77 0.11 0 0 11.66
Zn hcp 7.270 161 2.2 6.58 692.7 9.04 0.07 0 0 8.97
Hg rhomb 14.46 64.7 25 13.69 234.3 8.31 0.03 0 0 8.28
Al fcc 2.731 283.5 2.25 2.385 9335 8.58 0.11 0 0 8.47
In bct 7.43 85.3 24 7.02 429.8 9.11 0.07 0 0 9.04
Pb fcc 11.55 64.1 2.65 10.63 600.6 11.13 0.11 0 0 11.02
Ar fcc 1.7705 59.1 2.6 1.7705 219 7.33 0 0 0 7.33
\% bcc 6.12 250 1.5 5.49 2202 (12.12 0.98 0 0 (11.19
Nb bcc 8.58 198 1.6 7.76 2744 13.24 0.94 0 0 12.30
Ta bcc 16.68 162 1.6 14.8 3293 14.75 1.03 0 0 13.72
Pt fcc 21.56 163.5 2.6 19.1 2045 13.09 0.85 0 0 12.24
Pd fcc 12.07 200 2.3 10.5 1827 (12.20 0.82 0 0 (11.38
Ni fcc 8.91 275 1.9 7.89 1728 11.54 1.09 0 0.31 10.14
Cr bcc 7.19 338 (1.5 (6.28 2133 11.69 (0.89 (0.6H 0.34 (9.86
Mo bcc 10.22 273 1.6 9.3 2896 (13.26 0.67 (0.79 0 (11.80
W bcc 19.26 225 1.6 17.2 3695 (14.52 (0.79 (0.65 0 (13.12
Ti bcc 4.24 202 [1] 4.14 1945 11.83 1.26 NA 0 10.57
Zr bcc 6.25 147 [1] (6.0 2128 13.39 1.14 NA 0 12.25

©2°=99.65 K, and OL=98.7 K, ®) APPENDIX: DATA AND SOURCES

which agrees very well with the experimental results for Na Al of the data used to C.a|CU|a@|o(P|m) and®g(pm) for
from Table I. These results, supporting the internal consisthe 33 elements we consider are recorded in Table Ill. The
tency of this theory, suggest that estimate@@ffrom liquid entry in the “Structurg” column |nd|cates t.he sctructure of the
entropy data for anomalous melters, such as those in Table [fTyStal at meltpmeasis the density at whict®, was mea-
will be equally trustworthy; coupled with the theoretical re- sured;y* is the highT Gruneisen parametep;y, is the den-
sult given in Eq(8), they also show that theoretical methods Sity of the liquid at melt at 1 bafexcept for Ar; see beloyy

have advanced to the point theafpriori calculations of®,,  Tr, is the corresponding melting temperatuﬁ;xpt is the
which will be important for the computation of transport experimentally measured entropy of the liquid at mSLt,;,
coefficients in the liquid, are also reliable. S.n. andS;,,, are the additional contributions to the total

entropy from Eq(1) (S'Ddy is negligible atT,); andS,,,, is
ACKNOWLEDGMENT the harmonic contribution to the entropy determined from
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k/atom. Data in parentheses are generally less reliable. Special treatment was required for Ar becausgitasis
Most of these data are taken from information collected inthe density at which the neutron scattering data were taken
various tables in Refl5]. For example, the structure infor- and pim is the density of the liquid at melt at 1 bapmeas
mation is taken from Table 19.1, pp. 191ff. Values of —Pim| IS far too large for Eq(4) to be reliable. Thus we
OS%(pmead for materials in the first group were determined decided 10 S€pin=pmeas s shown in Table Ill, and used
using crystal entropy data collected in Problem 19.8, p. 207€ry extensive tabulated data of the Ar melt curve to find t_he
(neutron scattering data are either unavailable or were take?r{o enS]StL;]rii ;ZCCVJ?:;QI; Vtvc?lijrl]?ermtﬁg ?;btlnzté?iq\l/g;igsqfensnyl
in a phase other than the one from which the crystal melts | . . il
the second, third, and fourth groups were determined usin r.]dsexpt’ and from t_hat point the calculations proceeded as
neutron scattering data recorded in Table 15.1, p. 153; an ith the other materials.

. : Finally, a few words are in order concerning the quality
the final tW(.) elements were handled b.y takmg hc-'@h"eu' and accuracy of our data. On the crystal side, by comparing
tron scattering data from Ref3,9] and inferring®; at T hhonon moments computed from Born—vonrian fits to

(see Fig. 9 of Ref[7]). These renormalize®g include an-  various different sources of neutron scattering data, one sees
harmonic contributions, sS'anh was neglected for these ele- that determinations 0®§(pmead are typically accurate to
ments.{The fact that®$ and ©} are so close for these two 0.5%: given that measurements of typically have 10%
materials(see Table )l suggests that the crystal and liquid error or less, an additional error of 2% or so is introduced by
phases have approximately the same anharmonicity; this ihe computation o®§(p,). These errors are independent,
also suggested by the specific heat data from Fig. 1 of Rekg the final error i®§(p;m) lies between 2% and 2.5%. For
[3].} The corresponding values @fieas for all materials  the liquid, comparison of liquid entropy data from separate
were calculated from the experimental temperatures usingigh-quality compendia, such #%0,11] among others, indi-
extensive tables of density-temperature data at 1 bar for thgzies errors of+0.5% for most values 0B, . Various

-
elements. different electronic structure calculations 6{, vary by

The y* data are also _found in Table 19.1 of .RB] (ex- 5-10% at most; these errors will affect our entropy results
cept for the few values in square brackets, which are purely, 51,4t the 0.1% level for the materials in the first two

empirical estimates where data are unavailalaied thep,y, , groups and 1% for those in the last two groups. Finally, we

| X
Tm, and S, data are from Table 21.1, pp. 22d#gain,  egtimate the error i, .+ Shhag t0 be about 0.5% o8, .
except for Ar; see the following paragrapfThe electronic

| : ) ) so the harmonic part of the liquid entrof$,,, (and thus
entropySellwas determined for the e.Iements in the first two(%) will be trustworthy to between 1% and 1.5%. Thus the
groups using a free-electron modé&;, for Ar is zero be-

! error in the ratio is at most 3—4%; this is the source of the
cause Ar is not a metal; and results for the last two groupSror estimate given in Sec. Ill

were computeld using density of states calculations by Eriks- gignt materials which have been studied in connection
sonet al.[7]. Sy, Was computed, as mentioned in the mainyith melting previously but are not included in this analysis
text, by assuming it is equal 8, which is negligible for  are Kr and Xe, for which there are no entropy data along the
all but the last five materials in the ligsee Tables 19.2 and melt curve at sufficiently high compressig¢so they cannot
19.3, pp. 201 and 203 of R¢b]). Anharmonicity in the last  pe treated as Ar wasand Fe, Th, Sb, Bi, Ba, and Ca, for
two is taken into account by the renormaliz€ (see the  which there are no reliable calculations or estimateS.of
preceding paragraphand for Cr, Mo, and WS;,, (and thus  This is a significant problem with Fe and Th, for whigly is
S, Was estimated by combining anharmonic entropy calexpected to be large; it is not such a difficulty with the re-
culations from Ref{7] and Table 19.3 of Ref5] to extrapo-  maining four, but when combined with various other prob-

late S5, to the densities in question. Finallg,, 4 for ferro-  lems with their data(for example, neutron scattering was
magnetic Ni and antiferromagnetic Cr were also taken frondone on Ca in the fcc phase while the crystal actually melts
Table 19.3. from bcg, it is proper to neglect them here as well.
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