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Thermodynamics of a dusty plasma

B. P. Pandey*
State University of New York at Buffalo, Buffalo, New York 14214, USA

~Received 10 June 2003; published 27 February 2004!

In the present work, we develop the thermodynamics of a dusty plasma and give an equation of state for two
cases:~a! when the dust forms a stationary background and the charge on the grain does not vary and~b! when
the dust charge fluctuates either due to the fluctuations in the electron and ion number densities or due to the
dust density variation. Application of the results to the various space plasma situations has been indicated.
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I. INTRODUCTION

The dynamics of dusty plasmas have been a subjec
intense investigation in the last decade. The dusty plasm
ubiquitous in the space environment. For example, plane
rings, cometary tails, and the interstellar medium are typ
sites of dusty plasmas@1,2#; the closest examples of natural
occurring dusty plasmas have been noctilucent clouds~at
altitudes of 80–90 km! and magnetospheric dust@1#. Owing
to its large inertia, dust grains bring new spatial and tempo
scales to the plasma dynamics that is manifested in l
frequency oscillations such as dust-acoustic and dust-
acoustic waves. The low-frequency collective behavior o
dusty plasma does not greatly affect the collective beha
of electrons and ions, since over the dust time scale, pla
particles reach statistical equilibrium. The fluctuation of t
charge on the grain introduces novel collective features
the dusty plasma. In the absence of charge dynamics, d
plasmas are more like a rescaled version of the multicom
nent plasma. However, the fluctuation on the grain cha
introduces a ‘‘fast’’ time scale and the collective behavior
the electrons and ions could be altered due to fluctuatio
the grain charge@3#.

The charge on the dust grain can fluctuate due to g
collision with plasma particles, due to the photoionizati
and secondary emission, and due to density fluctuation
the dust grain. A self-consistent charging model has b
utilized recently@4# to study the effect of dust grains o
ion-acoustic waves@5#. The charge on the grain can als
fluctuate due to the orbit-limited plasma current fluctuat
when the dust grain collects plasma particles at a rand
interval.

The ideal gas equation can be applied with sufficient
curacy in many cases. However, for a real gas, when mole
lar interaction is important, there is a considerable depar
from the perfect gas equation, and one must account for s
a departure. In fact, the strength of the molecular interac
is responsible for the phase transition in any thermodyna
system @6#. Furthermore, charged particles bring an ad
tional complication to this picture due to the novel collecti
behavior of a charged system—i.e., due to fluctuation of
charge on dust grains. In the present work, we derive
equation of state for a dusty plasma system.
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II. DERIVATIONS

We shall consider an unmagnetized dusty plasma con
ing of electrons, singly charged ions, and equal-rad
spherical grains carrying identical charges. The dusty plas
as a whole should be electrically neutral and thus

e~ni02ne0!1qdnd050, ~1!

where ne0,i0,d0 are the number densities of electrons, ion
and dust grains andqd5uZdue is the positive/negative charg
on the dust grain.

The charged dust grain in the plasma creates around i
an inhomogeneous charged cloud~on average spherically
symmetrical@6#! of opposite polarity which shields its elec
tric field. The potential energy of the dust-cloud system
uqduw, wherew is the potential of the dust-cloud system. W
shall assume that the electron and ion number densit
given by the Boltzmann distribution

ne5ne0 expS ew

Te
D , ~2!

ni5ni0 expS 2ew

Ti
D , ~3!

where ne0,i0 are the number densities far away from t
charged cloud. Assuming that the dust particles form onl
uniform fixed background due to their great inertia, one m
write Poisson’s equation as

«0¹2w5~ene2eni2qdnd!, ~4!

i.e., the potentialw of the field in the dust cloud is related t
the charge density in it. Generally, it is assumed that
behavior of a dusty plasma deviates only slightly from
ideal gas. This can be valid only if the electrostatic energy
plasma particles in the cloud, caused by the collective in
action, is much less than the average kinetic energy—
ueuw!Te,i . Then, after solving Poisson’s equation~4! by
retaining terms only up to linear inw in ne and ni , in the
background of fixed dust particles, one obtains the Deb
Hückel potential

wDH5
1

4p«0

qd

r
expS 2

r

lD
D , ~5!
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where lD
225lDe

221lDi
22[ne0e2/«0Te1ni0e2/«0Ti . The

ideal gas assumption (ueuw!Te,i) reduces the nonlinea
Poisson equation~4! to a linear equation inw. However,
often, the charge on the grain is large. Therefore, the exp
sionne,i(w) in terms ofw @Eqs.~2! and~3!# should include at
least a term up to the second order—i.e.,ne,i(w)5Aw
1Bw21¯ . The solution of the resulting nonlinear Poiss
equation~4! is @7#

ŵ~r !5
C

r /lD
expS 2

r

lD
D2

C2

4

expS r

lD
D

r /lD
EiS 2

3r

lD
D

1
C2

4

expS 2
r

lD
D

r /lD
EiS 2

r

lD
D . ~6!

Hereŵ[ew/T is the normalized potential and Ei(2r ) is the
exponential integral. In the immediate neighborhood of du
the field must become the Coulomb field of the given cha
qd and thus,C5qde/4p«0TlD . The Debye lengthlD may
be regarded as determining the size of the dust cloud
duced by the given dust. In a dusty plasma, the Debye len
is larger than the interdust distance. In order to obtain
cloud potential—i.e.,wcloud5 lim@wDH2wCoulomb#—we ex-
pand the above potential as a series and find that, for s
r /lD ,

wcloud52Zdgef 2
4

3
Zd

2ge
2f 2. ~7!

Here

ge5
1

4pne0lDe
3 ~8!

is the correlation parameter and is an indicator of the de
tion of a dusty plasma from an ideal gas andf 5(2
1Zdnd0 /ne0)20.5. Equation~7! has been derived by Taylo
expansion of Eq.~6! in the e[r /lD→0 limit. In the e→0
limit, the first term of Eq.~6! @after neglectingO(e2) and
higher-order terms# gives the Coulomb potential and pote
tial due to the Debye cloud. Similary, expansion of the s
ond and third terms gives a correction to the Coulomb
tential and Debye cloud potential, respectively. One no
that use has been made of the leading term of the expone
integral—i.e., Ei(2r )'2exp@21/r #/r—in deriving Eq.~7!.

To calculate the thermodynamic quantities of a du
plasma gas, one must first determine the increase in the C
lomb energyECoul in comparison with the ideal gas, due
the interaction between the plasma particles. The elec
static energy of a system of charged dust grains in the fiel
all other particles is

ECoul5
V

2
Sqdnd0wcloud. ~9!
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Here V is the total volume of the gas. Making use of th
cloud potential, Eq.~7!, one can write the Coulomb energ
as

ECoul52
Zd

2T

2AV
SGeNd0F8F11

4Zd

3AV
GeF8G . ~10!

Here, Na05Vna0 is the total number of particles,Te5Ti

5T, lDe5A«0T/Nee
2, Ge51/4pNe0lDe

3 , and F85(2
1ZdNd0 /Ne0)20.5. It is reasonable to assume that the ele
trons and ions are at the same temperature in the interst
medium @8#. However, in the interplanetary medium, ele
tron and ion temperatures may not be equal to each ot
For example, observational evidence suggests that the
temperature may be an order of magnitude larger than
electron temperature in the Earth’s tail@9#. Thus our assump-
tion of equal plasma temperature will underestimate the C
lomb energy in interplanetary situations. Making use of t
thermodynamic relationE/T252@]/]T(F/T)#, we can ob-
tain the free energy corresponding to the Coulomb ene
ECoul as

F5Fp2
Zd

2T

3AV
SGeNd0F8F11

2Zd

3AV
GeF8G . ~11!

Here Fp is the free energy of a perfect gas. Usin
P52]F/]V, we can calculate the equation of state for
dusty plasma system:

PV5TSNd02
Zd

2T

6AV
SGeNd0F8F11

4Zd

3AV
GeF8G .

~12!

The departure from an ideal gas behavior@the terms in the
square bracket in Eq.~12!# is proportional toZd

2 andZd
3. The

number of chargesZd on the grain may vary from 103 to 104

in the interplanetary environment@10#. In the interstellar me-
dium, grain charge may vary between 1 and 10. For exam
in the H II region, the typical charge on the grain around
circumstellar cloud is about 10@11#. As a result, the depar
ture from an ideal gas behavior in a dusty plasma can be v
strong. One notes that the term proportional toZd

3 in Eq. ~12!
is solely due to the correction in the Debye-Hu¨ckel potential
@the last two terms in Eq.~6!#. It has been pointed out in@7#
that the nonlinear correction may cause the potential
change sign at some criticale. This circumstance leads to
modification of the equation of state for a dusty plasma.
order to see the role of the linear versus nonlinear terms
the equation of state, we plotPV/TSNd0 ~y axis! against the
size of the electronic chargeZd ~x axis! on the dust grain for
correlation parameterg50.001 andZdnd0 /ne051 andNd0
5100. In Fig. 1, curveB represents Eq.~12! in the absence
of the last term and curveA is plotted when all the terms in
Eq. ~12! are retained. Clearly, the departure from the id
gas behavior is severe when proper account of the d
charge field is taken into consideration.

The thermodynamic potential for a dusty plasma can
easily calculated and is given as
0-2
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F5Fp2
Zd

2

6
A PT

SNd0
SGeNd0F8F11

2Zd

3SNd0
GeF8G .

~13!

The generalization of the above equation of state, fo
charge fluctuation model based on orbit-limited moti
~OLM! theory, is straightforward. In the presence of cha
fluctuations, the Poisson equation for stationary grains
comes

«0¹2w5~ene2eni2qd0nd2qd1nd!, ~14!

where the dust number density has been assumed con
and qd1 is the dust charge fluctuation. Making use of t
OLM electron and ion currents and imposingI e1I i50, one
can write dust charge fluctuationqd1 ~where qd1!qd0) as
@12#

qd152
n1

n2
aw, ~15!

where

n15
a

A2p
Fvpe

lDe
expS eqd0

aTe
D1

vpi

lDi
S 12

eqd0

aTe
D G ~16!

and

n25
a

A2p
Fvpe

lDe
expS eqd0

aTe
D1

vpi

lDi
G . ~17!

Here,a is the grain radius andvpa5(nae2/«0ma)1/2 is the
plasma frequency of theath plasma species. In deriving Eq
~16! and~17! it has been assumed that the electrons and
behave like a perfect gas and fluctuation in the grain po
tial energy is much less than the plasma random ene
Making use of Eq.~15!, the Poisson equation~14! may be
recast as Eq.~6! replacing lD

22 with an effective Debye
lengthlc

22, wherelc is

FIG. 1. Equation of state for a constant grain charge, Eq.~12!,
for g50.001,Zdnd0 /ne051, andNd05100. CurveB corresponds
to a situation when the nonlinear effect of the grain charge on
potential @last term, Eq.~12!# is unimportant. CurveA retains the
effect of the nonlinear term as well.
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lc5
lDi

A11S lDi

lDe
D 2

1S lDg

lDi
D 2

, ~18!

with lDg
225«0n2 /nd0an1 . For Te5Ti5T andn25n1 , with

lDe5Af lDi , one may write

lc5
lDe

A11 f 21 f 4S lDg

DDe
D 2

. ~19!

The expression for the cloud potential is

wcloud52ZdgeA11 f 21 f 4S lDg

lDe
D 2

2
4

3
Zd

2ge
2F11 f 21 f 4S lDg

lDe
D 2G . ~20!

In deriving Eq.~20! from Eq. ~6!, we have retained only up
to ;O(e) terms in the expansion. Clearly, then, Eq.~20! is
valid in the e→0 limit only. The e→0 limit captures the
effect of the Coulomb field as well as the effect of the mo
fication to the Coulomb field by the Debye screenin
Defining R5c1b/T, where c511 f 2 and b
5 f 4 (Ne0 /Nd0) (e2/a), one may write the Coulomb energ
as

ECoul52
Zd

2T

2AV
SNd0GeARF11

4Zd

3AV
GeARG . ~21!

Then the free energy of the system can be written as

F5Fp2
Zd

2T

4AV
SNd0GeH R

b/T F12
1

2R

1
1

2Ab/TR1.5
lnUAb1cT2Ab

Ab1cT1Ab
UG1

8Zd

9AV
GeS c1

3b

4TD J .

~22!

From the above equation, one can easily calculate the e
tion of state for a charge-fluctuating dusty plasma, which

PV5TSNd02
Zd

2T

8AV
SNd0GeH R

b/T F12
1

2R

1
1

2Ab/TR1.5
lnUAb1cT2Ab

Ab1cT1Ab
UG

1
16Zd

9AV
Ge ,S c1

3b

4TD J . ~23!

Finally, we shall consider the variation in the dust dens
One can anticipate on physical grounds that the charge on
dust must be related to the number density, which in turn w
be related to the dust surface potential and the plas

e

0-3
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potentialw @13#. The dependence of the plasma potential
the dust density gives rise to an electric force@14#

FW e52qd¹w52qd~nd!
]w

]nd
¹nd . ~24!

As has been noted in@14#, this force is zero for a uniform
density, a situation considered above. However, when
dust density fluctuates—i.e.,nd5nd01nd1—then

qd¹w5qd0

]w0

]nd0
¹nd01¹S qd0

]w0

]nd0
nd1D . ~25!

The last term acts like a pressure with an effective temp
ture Teff5qd0]w0 /]nd0. This ‘‘electrostatic pressure’’ can ex
cite acousticlike modes with a phase velocityvph
5Teff /md)

1/2. It is obvious that such a mode will operate o
the ‘‘slow’’ dust time scale and, therefore, the equation
state of a dusty plasma may be affected by such fluctuat
in the system. In order to be able to consider the cha
fluctuation due to density fluctuations, we can solve Eq.~4!
by replacinglD

22 by lc
22, where@15#

lc
225dtlDe

22. ~26!

Here,d5Zdnd0 /ne0 , t5T/Teff .
The cloud potential is

wcloud52Zdget
0.5d0.52

4

3
Zd

2ge
2td. ~27!

The Coulomb energy of the cloud potential can be written

ECoul52
Zd

2T

2AV
t0.5SNd0d0.5GeS 11

4Zd

3AV
Get

0.5d0.5D .

~28!
s.
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The free energy is given as

F5Fp2
Zd

2T

2AV
t0.5SNd0d0.5GeS 11

2Zd

3AV
Get

0.5d0.5D .

~29!

The corresponding equation of state becomes

PV5TSNd02
Zd

2T

4AV
t0.5SNd0d0.5GeS 11

4Zd

3AV
Get

0.5d0.5D .

~30!

The thermodynamic potential can be similarly constructe

III. SUMMARY

To summarize, the thermodynamic quantities for a du
plasma have been derived for two cases:~a! when the dust
charge fluctuation is unimportant and~b! when the dust
charge fluctuates either due to the fluctuation of the plas
particles or due to the fluctuation in the dust number dens
The departure from the ideal gas behavior is proportiona
the Zd

2 and Zd
3. In the interplanetary environment, a gra

may carry between 10 and 104 electronic charges@10#.
Therefore, in a interplanetary environment, dusty plasma
strongly nonideal gas. In the H I and H II regions as well, the
thermodynamic state of a dusty plasma is a nonideal g
sinceZd;10– 100@11#. Thus one may conclude that in th
space and astrophysical environment, dusty plasma is a
ideal gas and the phase transition in such a gas~viz., crystal
formation, etc.! should be described using the equations
state given in the present work.
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