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Thermodynamics of a dusty plasma
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In the present work, we develop the thermodynamics of a dusty plasma and give an equation of state for two
cases(a) when the dust forms a stationary background and the charge on the grain does not é@)ywareh
the dust charge fluctuates either due to the fluctuations in the electron and ion number densities or due to the
dust density variation. Application of the results to the various space plasma situations has been indicated.
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I. INTRODUCTION Il. DERIVATIONS

. . We shall consider an unmagnetized dusty plasma consist-
The dynamics of dusty plasmas have been a subject %g of electrons, singly charged ions, and equal-radius

mtgnsp mvgstlgatlon in the .Iast decade. The dusty plasma t:,s‘pherical grains carrying identical charges. The dusty plasma
u_blqunous in the space environment. For example, plane_taré{S a whole should be electrically neutral and thus
rings, cometary tails, and the interstellar medium are typical

sites of dusty plasmd4,2]; the closest examples of naturally e(Nig—Ngo) + gNgo=0, (1)
occurring dusty plasmas have been noctilucent clofads

altitudes of 80—90 kmand magnetospheric dust]. Owing  where ng ;040 are the number densities of electrons, ions,
to its large inertia, dust grains bring new spatial and temporahnd dust grains angy=|Z|e is the positive/negative charge
scales to the plasma dynamics that is manifested in lowpn the dust grain.

frequency oscillations such as dust-acoustic and dust-ion- The charged dust grain in the plasma creates around itself
acoustic waves. The |0W'frequency collective behavior of aan inhomogeneous Charged C|0(mh average Spherica”y
dusty plasma does not greatly affect the collective behaviogymmetrical[6]) of opposite polarity which shields its elec-

of electrons and ions, since over the dust time scale, plasmg@c field. The potential energy of the dust-cloud system is
particles reach statistical equilibrium. The fluctuation of the|q,|¢, whereg is the potential of the dust-cloud system. We

charge on the grain introduces novel collective features t@hall assume that the electron and ion number density is
the dusty plasma. In the absence of charge dynamics, dusgjiven by the Boltzmann distribution

plasmas are more like a rescaled version of the multicompo-

nent plasma. However, the fluctuation on the grain charge ep
introduces a “fast” time scale and the collective behavior of Ne=Neo eXF{-r— ' 2
the electrons and ions could be altered due to fluctuation of ©
the grain chargé3]. B

The charge on the dust grain can fluctuate due to grain niznioeXF< ﬂ)’ 3)
collision with plasma particles, due to the photoionization T

and secondary emission, and due to density fluctuations of N

the dust grain. A self-consistent charging model has beeWhere nejo are the number densities far away from the

utilized recently[4] to study the effect of dust grains on charged cloud. Assuming that the dust particles form only a

ion-acoustic waveg5]. The charge on the grain can also uniform fixed background due to their great inertia, one may

fluctuate due to the orbit-limited plasma current fluctuationWrite Poisson’s equation as

when the dust grain collects plasma particles at a random )

interval. g0V p=(ene—en—dgng), (4)
The ideal gas equation can be applied with sufficient ac-

curacy in many cases. However, for a real gas, when molecd:S+ tr;e pote(;malo_ of _the_ f'eCI;d In thﬁ dL.JSt. cloud is ru:jlatﬁd toh
lar interaction is important, there is a considerable departur e charge density In it. Generally, it Is assumed that the
havior of a dusty plasma deviates only slightly from an

from the perfect gas equation, and one must account for su I Thi b lid onlv if the el : f
a departure. In fact, the strength of the molecular interactiofd €' 98S- This can be valid only if the electrostatic energy o

is responsible for the phase transition in any thermodynami@l"".Sma _partlclis Im thehclou?], caused bykt.he f:ollectlve Inter-
system|[6]. Furthermore, charged particles bring an addj-action, Is mur(]: es? t anlt_e average X Inetic gnergg—l.e.,
tional complication to this picture due to the novel collective |€/@<Tei- Then, after solving Poisson’s equati¢4) by

behavior of a charged system—i.e., due to fluctuation of th&€t@ining terms only up to linear ip in n. andn;, in the
charge on dust grains. In the present work, we derive a ackground of fixed dust particles, one obtains the Debye-

equation of state for a dusty plasma system. Huckel potential

1 qq r
. POHT g X — | (5
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where Ap2=A\p2+\pP=nee€%eqTe+Nige?/soTi. The HereV is the total volume of the gas. Making use of the
ideal gas assumption|d|@<T,;) reduces the nonlinear cloud potential, Eq(7), one can write the Coulomb energy
Poisson equatiort4) to a linear equation inp. However, as
often, the charge on the grain is large. Therefore, the expan-

sionng;(¢) in terms ofp [Egs.(2) and(3)] should include at Z3T ) 474 ,
least a term up to the second order—i.aei(¢)=A¢ ECOUlz_mEGeNdoF 1+ WGEF . (10
+Bg?+---. The solution of the resulting nonlinear Poisson
equation(4) is [7] Here, N,o=Vn,, is the total number of particles =T,
=T, Ape=1VeqT/Ne€?, Gg=1/4mNg ., and F'=(2
r +Z4Ngo/Neo) ~%°. It is reasonable to assume that the elec-
C r c? ex E 3r trons and ions are at the same temperature in the interstellar
o(r)=rn—e p(—)\—)—ZT ( —)\—) medium[8]. However, in the interplanetary medium, elec-
P P D tron and ion temperatures may not be equal to each other.
r For example, observational evidence suggests that the ion
c? ex;{ - E) r temperature may be an order of magnitude larger than the
+—— ( - —) . (6)  electron temperature in the Earth’s @]. Thus our assump-
4 N Ao tion of equal plasma temperature will underestimate the Cou-

lomb energy in interplanetary situations. Making use of the
Heregp=eq/T is the normalized potential and Ei() isthe  thermodynamic relatiofe/ T?= —[d/aT(F/T)], we can ob-
exponential integral. In the immediate neighborhood of dUSttain the free energy Corresponding to the Coulomb energy
the field must become the Coulomb field of the given charge=_. | as
0q and thusC=qqe/4meoTAp. The Debye lengthhp may

be regarded as determining the size of the dust cloud pro- Z3T 27,
duced by the given dust. In a dusty plasma, the Debye length F=F,— —=2GNgoF'| 1+ —=G¢F’|. (11
is larger than the interdust distance. In order to obtain the 3\/\7 3\/V

cloud potential—i.e.,¢¢ou= IM[ ©pH— ©coulomp—We €ex-

pand the above potential as a series and find that, for sm ere Fp is the free energy of a perfect gas. Using

=—JF/9dV, we can calculate the equation of state for a

Mo, dusty plasma system:
4 2
_ 2,2¢2 Z5T 47
®cloud™ ~ ZdFef — §ngef : @) PV=T3Ngyo— LEGeNdOF, 1+ —dGeF/ .
6V 3W
Here 42

The departure from an ideal gas behayitre terms in the
1 square bracket in Eq12)] is proportional taz andZ3. The
(8) number of charge&, on the grain may vary from £ao 1¢*
in the interplanetary environmeft0]. In the interstellar me-
dium, grain charge may vary between 1 and 10. For example,
&h the H I region, the typical charge on the grain around a
circumstellar cloud is about 1{A1]. As a result, the depar-
ture from an ideal gas behavior in a dusty plasma can be very
strong. One notes that the term proportionazﬁdn Eq. (12

limit, the first term of Eq.(6) [after neglectingO(e?) and | S . .
higher-order term]sgivesqtrge) C[oulombgpotentgjl(anzj poten- |[shsollely due to the corr;cgl]on 'E thebDebye{HteI deter{“?l
. S . the last two terms in Eq6)]. It has been pointed out {7
gildd:r? dt?htirr](? t[e)zfrg)s/eg(i:\l/zgdé ?:I(;?r"eac?i/é)r?xt?)a'c?lselo(r:locjlct)rrlr?bsggihat the nonlinear correction may cause the potential to
tential and Debye cloud potential, respectively. One noteChange sign at some critical This circumstance leads to a

that use has been made of the leading term of the exponenti odification of the equation of state for a dusty plasma. In
: . ) 9 o P Bider to see the role of the linear versus nonlinear terms on
integral—i.e., Ei(-r)~ —exd —1/r |/r—in deriving Eq.(7).

the equation of state, we pl&tV/TX Ny, (y axis) against the

To calculate the the_:rmodynan_wlc quantities Of. a dustysize of the electronic chargg; (x axis) on the dust grain for
plasma gas, one must first determine the increase in the Col-

: . . . correlation parameteg=0.001 andZ4nyo/Nep=1 andNyq
lomb energyEcoy in comparison with the ideal gas, due to =100. In Fig. 1, curveB represents Eq12) in the absence

the interaction between the plasma particles. The electro-f the last term and curva is plotted when all the terms in
static energy of a system of charged dust grains in the field q. (12) are retained. Clearly, the departure from the ideal

all other particles is gas behavior is severe when proper account of the dust
charge field is taken into consideration.

The thermodynamic potential for a dusty plasma can be
easily calculated and is given as

9e™ 4mnaoh .

is the correlation parameter and is an indicator of the devi
tion of a dusty plasma from an ideal gas arier(2
+Z4Ngo/Neg) ~*°. Equation(7) has been derived by Taylor
expansion of Eq(6) in the e=r/A\p—0 limit. In the e—~0

\Y/
ECouIZEEqdndO@cloud- 9
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Api
AC: 2 21 (18)
)\Di )\Dg
08| I+ —] Yl
)\De 7\Di
z'o
= with \pi=gova/Ngoars. For Te=T;=T and v,= v, with
& 0e- be=\fApi, one may write
Ape
04+ A= ok (19
2, ¢4 Mg
1+f24 14 =2
0 5 20 15 20 Dpe
d

The expression for the cloud potential is
m)z
Ape
b )2
Ape/ |

effect of the nonlinear term as well.
\/ EG eNaoF’ BEN < C F'} In deriving Eq.(20) from Eq. (6), we have retained only up
do (13) to ~O(e€) terms in the expansion. Clearly, then, ERO) is
valid in the e—~0 limit only. The e—0 limit captures the
The generalization of the above equation of state, for affect of the Coulomb field as well as the effect of the modi-
charge fluctuation model based on orbit-limited motionfication to the Coulomb field by the Debye screening.
(OLM) theory, is straightforward. In the presence of chargeDefining R=c+b/T, where c¢=1+f> and b
fluctuations, the Poisson equation for stationary grains be=f* (Ng/Ngo) (€%/a), one may write the Coulomb energy

FIG. 1. Equation of state for a constant grain charge, (£8),
for g=0.001,Z4ng4o/Ngg=1, andNy,=100. CurveB corresponds 2 e
to a situation when the nonlinear effect of the grain charge on the @cloud= ~ZdGe \/ 1+ o+ 1
potential[last term, Eq.(12)] is unimportant. CurveA retains the

4
——nge 1+f2+f4 (20)

comes as
£0V?@=(en,—en—qgoNg—dqg1Na), (14) ziT 4z,
| cou=~ 5 5 NwwGe VR 1+ T GeR | (2D
where the dust number density has been assumed constant

and qq; is the dust charge fluctuation. Making use of theThen the free energy of the system can be written as
OLM electron and ion currents and imposihgt1;=0, on

can write dust charge fluctuatiagy, (where qq;<<qqg) as ZZT R 1
[12] F=F,— 4\/_2NdOG o711 3R
V1
Qo= 2%, (15 . [ vbreT— b (H @)
2VoI TR | ybroTrb| | o AT ]
where (22
_a | wpe €0do| , wpi €0do From the above equation, one can easily calculate the equa-
—_— X —|1- (16)
i V27 | Mpe aT Api aTe tion of state for a charge-fluctuating dusty plasma, which is
and g 1
PV:TENdO 8\/—2Nd0G b/T 1 ﬁ
a |wpe F{eqdo wpi
Vy=—|—€exX +—. 1 e
2 2 )\De aTe )\Di ( 7) + 1 b+cT \/_‘
2R | JbToT+ b
Here,a is the grain radius ane,,=(n,e%e,m,)*?is the
plasma frequency of theth plasma species. In deriving Egs. 1624 3b
(16) and(17) it has been assumed that the electrons and ions + _9\/V Ge.| Ct a7/ [ (23

behave like a perfect gas and fluctuation in the grain poten-
tial energy is much less than the plasma random energ¥inally, we shall consider the variation in the dust density.
Making use of Eq(15), the POiSSOﬂ equatiofl4) may be  QOne can anticipate on physical grounds that the charge on the
recast as Eq(6) replacmg Ap> with an effective Debye dust must be related to the number density, which in turn will
Iength)\ , where\ . be related to the dust surface potential and the plasma
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potential ¢ [13]. The dependence of the plasma potential onThe free energy is given as
the dust density gives rise to an electric fofdd]

2

= dp T 274
Fe: - qu(ID: - qd(nd) and Vnd . (24) F = Fp_ 2 ,—V 7'0'52 NdodO'SGe< 1+ ﬁ_ Ge'TO'SdO'5 .
(29

As has been noted ifil4], this force is zero for a uniform
density, a situation considered above. However, when the

dust density fluctuates—i.eng=ngo+ng;—then The corresponding equation of state becomes
deo ( dpo 2
Vo=qgo—Vng+V —Ngq |- 25 Z5T 47
qaVe qdoando do qdoando di ( ) PVZTENdO_ d 7'0'52Nd0d0'5Ge 1+ d GeTO'5d0'5 .
4V 3W
The last term acts like a pressure with an effective tempera- (30

ture Te=0qyodpe/dNge- This “electrostatic pressure” can ex-
cite acousticlike modes with a phase velocityy,
=T«/my)*2 It is obvious that such a mode will operate on
the “slow” dust time scale and, therefore, the equation of

The thermodynamic potential can be similarly constructed.

state of a dusty plasma may be affected by such fluctuations 1. SUMMARY
in the system. In order to be able to consider the charge
fluctuation due to density fluctuations, we can solve @j. To summarize, the thermodynamic quantities for a dusty
by replacingh 52 by \ 2, where[15] plasma have been derived for two case) when the dust
charge fluctuation is unimportant ariy) when the dust
A 2=dmp2. (26)  charge fluctuates either due to the fluctuation of the plasma
particles or due to the fluctuation in the dust number density.
Here,d=Z4ngo/Ngg, 7=T/Tgg. The departure from the ideal gas behavior is proportional to
The cloud potential is the Z5 and Z3. In the interplanetary environment, a grain
may carry between 10 and “Celectronic chargeg10].
Peioud™ — ZaGe® 05— gzégﬁrd. (27)  Therefore, in a interplanetary environment, dusty plasma is a
strongly nonideal gas. InéH | and H Il regions as well, the

. . thermodynamic state of a dusty plasma is a nonideal gas,
The Coulomb energy of the cloud potential can be written a%incezd~10— 100[11]. Thus one may conclude that in the
Z§T 47, space and astrophysical envirpnmgnt, dusty p!asma is a non-
Ecou=— TO'SENdodO'SGe( 1+ —Ger°-5d°-5) ' ideal gas and the phase transition in su_ch a(yas, cry_stal
2V 3W formation, etc. should be described using the equations of
(28)  state given in the present work.
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