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Amplitude death through a Hopf bifurcation in coupled electrochemical oscillators: Experiments
and simulations

Yumei Zhai, Istva Z. Kiss, and John L. Hudsdn
Department of Chemical Engineering, 102 Engineers’ Way, University of Virginia, Charlottesville, Virginia 22904-4741, USA
(Received 9 September 2003; published 27 February)2004

Amplitude death was observed in experiments with two coupled periodic electrochemical oscillators without
time delay. Simulation results confirmed that the observed amplitude death was obtained via a Hopf bifurca-
tion. The two oscillators must have a minimum discrepancy and both be near their individual Hopf bifurcations
for amplitude death to occur. Phase dfifbexisting with unstable asymmetric phase-locked solutjcars-
plitude death, and in-phase synchronization were observed in both the experiments and simulations as coupling
strength was increased. In addition, the simulations showed that a stable asymmetric phase-locked solution
exists between the phase drift and amplitude death regions.
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I. INTRODUCTION its Hopf bifurcation point. If the individual elements in the
system are sufficiently differertl5,29 or the coupling is
Coupled oscillatory systems have been intensively investime delayed 18,30, there is a range of intermediate cou-
tigated in a variety of fieldg1—3]. Examples include coupled pling strengths within which the unstable focus of the system
solid-state laserf4], oscillatory chemical reaction sit¢s], IS stabilized by the coupling via a Hopf bifurcation. Experi-
yeast cells[6], and heart pacemakefg,8]. The effect of mental and model studies on a pair of time-delay coupled
coupling depends on both the coupling strength and the Chapt)e_rmo_-optlcal oscillatorgl9] and electronic circuif20] ex-
acteristics of the individual oscillators in the system. Inhibit this type of AD. _ _ _
weakly coupled systems the coupling is relatively weak com- N this paper, we show amplitude death via a Hopf bifur-
pared with the attraction of the limit cycle. Phase models caffalion in experiments without time delay in a coupled oscil-
describe the dynamical behavior when changes in the ampl atory chemical system. We used two electrochemical oscil-

tudes can be ignored. Phase synchronization and emerginators coupled through external electric circuit. Bifurcation

. OQagrams of a model of two-coupled electrochemical oscilla-
c?hde_rence[é,z,g,lq _ha\I/Ie beedn predu_:ted tb)|/| phise m%de.ltors were analyzed to confirm the experimental findings.
studies and numerically and experimentally observed | omparisons of our work with theoretical predictions of

weakly coupled physical, chemical, and biological SYStems\ ronsonet al. [15] were made.
[11,17. In the case of strong coupling the effects on the

amplitudes play an important role and produce behavior such

as amplitude deatf8,13-21 (AD) and dynamical clustering Il. EXPERIMENT
[22—-24. In amplitude death, oscillations cease due to strong

. A standard three-compartment electrochemical cell con-
coupling.

4 . . isti f ft ickel ki lect

Amplitude death was detected in model studies of couple(zli;rl:gt:r ch?\rr\?v)i/tr? Zy;fmmg pz C;qvg Ilzg—a;%a(-jgj QOT
chemical reaction[13,25-21. More recent studies havg reference electrodéRE) and a Pt mesh counter electrode
shown that there are three different routes through Wh'c!@vas used. A schematic of the experimental setup is shown in
amplitude death can occur. In one route amplitude death IBig. 1(a). The applied potential¥ of the two electrodes were

realized via a saddle-node bifurcation on the limit cyclep i at the same value with a potentiogBE&G Princeton
when the oscillators are out-of-phase entrained with strong

coupling[14]. The new stable steady states are thus created

on or near the old limit cycle and are almost symmetric. AD @ b
has been observed with relaxation oscillators with the Potentiostat
Belousov-Zhabotinsky reaction both numerically and experi-

mentally in two or more coupled oscillatdi$4,28. Another R

type of amplitude death comes from the lack of uniformity of
the local frequency along the limit cycle of the coupled sys-
tem; the coupling causes the system to slow down near som C R
point and the frequency goes to zdi@). This type of AD

was shown to occur in a system of nondiffusively coupled
neural oscillators. The third type of AD is obtained via a
Hopf bifurcation among coupled oscillators with each near

7 d
Pt-clectrode  Ni electrodes Hg/Hg,SO,/K,SO,

Counter Working Reference

*Electronic address: hudson@virginia.edu FIG. 1. Experimental apparat(@ and equivalent circuitb).
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Applied Research, model 2V Experiments were carried out
in 3 mol/dn? H,S0O, solution at a temperature of 11°C. The —
solution was stirred with a magnetic stirrer at a speed of 250_04f e T
rpm. The working electrodes are embedded in epoxy and thé ,// '"‘\;"_._.,
ends of the electrodes, where reaction takes place, are ey~ H ’
posed to the electrolyte. The currents of the electrodes art %2 —= M,M’“’ I
measured independently at a sampling rate of 200 Hz. , ,
The electrodes were connected to the potentiostat throug! 1.05 1.1 1.15 12
two individual parallel resistorsr(,, k=1,2) and through
one series collective resistoR{,) [see Fig. 1a)]. Elektro- b
flex EF-499(Szeged, Hungapycomputer controlled resistors =~ 4,1
were used to change the values of all the resistors during th& -
experiments without opening the circuit. The collective re- % /
sistor couples the electrodes and the ratio of collective to 0,2;/’)'_'{" ‘\Mm-"] i
total resistances was used as a measure of the degree of e e

coupling 1.05 14 115 12
V(V vs RE)

e= (1) FIG. 2. Experiments: anodic polarization curves of two indi-
vidual Ni electrodes in sulfuric acida) Electrode 1(b) Electrode
2. R;=R,=400 (), scan rate=0.2 mV/s. H represents the Hopf

WhereRi = Reo 11l /(11 +12). Fore=0, the external re-  uo ooiion For periodic currents, only maxima and minima are

sistance furnishes no additional coupling; for 1, maximal ¢ /0 The arrows show where the applied potentia 10 mv

external coupling is achieved. _ _ cathodic to the second Hopf bifurcation point.
In experiments, the total external resistance remained a

constant asR,,=R;R,/(R;+R,), whereR; and R, are
equivalent individual resistance and their values are equal t
r(e=0). The couplinge was changed by varying the val-

death near the second Hopf bifurcation. Usually, even with

the same external resistance, the exact values of the Hopf

ues of the collective resistan@®,, and the individual par- _b_ifurcations are so.mgwha.t different because of heterogene-
oll P ities caused by variations in the surface of the electrodes and

allel resistances according R =&R and ry=(1 yonn0r Forinstance, the second Hopf bifurcation occurs at
— )Ry, respectively. We employed this method to alter the =1.208V andv=1.224V for electrode 1 and electrode 2

coupling strength while holding all other parameters constan{. . . : SR
(31]. in Fig. 2, respectively. When the applied potential is within

A simple equivalent circuit of two Ni electrodes in elec- 10 mV cathodic to the second Hopf bifurcatits indicated

S ) X 0
trolyte is shown in Fig. (b). The electrical double layer at by the arrows in Fig. 2 the currents oscillate with a 3.5%

the metal-solution interface is described as a double la E!difference in frequency. Large mismatch of the Hopf bifur-
. ution | : : . : oul Y& ation points of the two electrodes can make the attractions
capacitorCy and a nonlinear Faradaic resistor in parallel.

Th ¢ ina th h the Faradai L to limit cycle of the two oscillations at a same potentstill
e current passing through the Faradaic resislos pro- — \iin the oscillatory regiopquite different. This is unfavor-
portional to the rate of reaction of each electrode, which

| . . .
determined by the reaction kinetics. The individual resistoritaoblfh];or“?nrﬂpguc?ee ?Sea;tehqgﬁgzuioer ab:)etfugf I%Zve;askc;a”t;glgon
r'c and collective resistoR;y are inserted into the circuitry Therefore, different external resistors for the two electrodes
Ywere used when necessary to make the two Hopf bifurcation
rE)gints close to each other.

The applied potential was held constant at 5—-10 mV be-
Jlow the second Hopf bifurcation point. There was a slow
drift of the Hopf bifurcation in the experiments toward
rhigher potentialgabout 1 mV every 3 min, and a typical
experiment lasted for about 3 mirHowever, this drift does
i (o—e) @ not weaken our conclusion of experimental amplitude death
he=(v=ed/ry, by coupling because it only slowly enhances the oscillatory
state of the individual system.

through each electrodg can be directly measured in experi-
ments and thus serves as observable variable. However, t
direct dynamical variable of this system, i.e., that which ap
pears in the governing ordinary differential equati@DE)
model below, is the potential drop through the double laye
e, of the electrode. These two quantities are related by

wherer, is the individual resistor of electrode v is the
potential drop cross the individual resistor and the double

layer[v=V—Rqy(i1+i5)]. . RESULTS

Figures Za) and 2Zb) show polarization curves of two

uncoupled Ni electrodes with the same external resistance of
400 Q. The dynamics of these two individual electrodes are The results of an experiment showing amplitude death of
similar but not identical. Both of the current oscillations starttwo coupled electrochemical oscillators are presented in Fig.
and vanish through two supercritical Hopf bifurcations. In3. In this experiment, the equivalent individual resistances
experiments, we useR; ,~400 Q) and studied amplitude for the two electrodes were adjusted carefully to make the

A. Experimental results
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FIG. 3. Experiments: amplitude death and synchronization of
two coupled oscillators(a), (b) current(i) time series of two elec- FIG. 4. Experiments: effects of coupling strength® e
trodes. Thin curve: electrode B, =378 (). Thick curve: electrode  =0.03, quasiperiodic oscillatioriphase drift. (b) ¢ =0.05, ampli-
2, R,=420 Q. The arrows show the points where the coupling tude death(c) £=0.15, in-phase synchronized oscillations. Upper

strengthe was imposed. The number near each arrow is the valuéurve: electrode 1R,=378 (). Lower curve: electrode 2R,
of £. (c), (d) Time series of potential drops through the double layer=420 €. The arrows show the points where the coupling was
(e) calculated from the currents i@ —(b). turned on.

Hopf bifurcation points close to each other; the differencepling strength both electrodes exhibited quasiperiodic oscil-
was 2 mV. The currents of the two Ni electrodes were intrin-lations on large time scales; this is called a phase drift solu-
sically oscillating without coupling, as shown in Fig@@ tion [15]. At an intermediate coupling strength of 0.05,
during the first 6 s. There were differences of 3% in fre-amplitude death occurred after some transient fiab®ut 10
qguency and 12% in amplitude between the two individualoscillationg, as shown in Fig. é&). The transient to the
oscillations. As the coupling strength was increasedsto steady state was through antiphase damped oscillatidhs.
=0.05, amplitude death was observed for both oscillatorscoupling was imposed to the system at the moment at which
The system remained in a stable steady state until the codlkhe two oscillations were approximately antiphase; this effec-
pling parameter was increased to 0.13, above which it devekively shortened the transient timeNote that the steady
oped into the synchronized oscillatory state as shown irstates still had very small fluctuations; these fluctuations
panel (b) of Fig. 3. Thus amplitude death occurred in the were often seen in experiments and likely caused by some
region of the coupling parameter, 0.658<0.13. Note that inevitable experimental nois€Noise has been shown to
the amplitudes of the synchronized oscillations were largeweaken the oscillator death in coupled limit cycle system
due to the slow drift. [32].) A stronger coupling ok =0.15 resulted in a synchro-
The direct dynamical variable of this system, the potentiahized statg¢Fig. 4(c)]. Again, due to the drift in experiments,
drop through the double layey,, can be obtained from the the synchronized oscillation had larger amplitude compared
measured current with Eq2). It is seen[in Figs. 3c—d)]  with the intrinsic oscillations without coupling.
that the time series of the potentiadg are very similar to When the Hopf bifurcation points of the two electrodes
those of the currents. The difference of the mean potentials iwere somewhat wider separated, the two oscillators had
smaller than that of the mean currents. Further experimenta@reater differences in amplitude at the same applied potential
results are only presented in terms of potential. V near the Hopf bifurcation. Amplitude death also occurred
To examine the effects of coupling on the behavior of theunder such conditions as shown in Fig. 5. With the same
system, longer time series at a specified coupling parametequivalent individual resistance for the two electrodes, the
were obtained. In Fig. (4) we see that at a very weak cou- intrinsic oscillations had a 66% difference in amplitude
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FIG. 5. Experiments: amplitude death for two oscillators with
greater difference in amplitud®,=R,=400 (). The arrow shows
wheree =0.05 was applied.

(while the frequency difference was 2%table steady states
were observed at an intermediate coupling strengthe of

=0.05. 25 3 35 4 G.s 5 55 6
B. Simulations FIG. 6. Simulationse—V bifurcation diagram of a single elec-

Model Simulations on two coupled electrochemical OSC|I—trOOIe R=4.993,I'=0.010 05. SS: stable steady state. US: unstable
steady state. O: stable oscillatory solution, for which only maxima

lators were carried out to confirm the experimental findings
and minima of oscillations are shown.
and to explore the mechanism of amplitude death from bi-
furcation diagrams.
We used a model of anodic electrodissolution of a single The parameter value€,=1600, a=0.3, b=6x10"",
nickel electrode proposed by Haiet al. [33]. The model in  andc=1x10"3 were used33] to obtain dynamical features
a dimensionless form involves two variables: the dimensionsimilar to experimentsR,’s and I','s were taken slightly
less double layer potential dregmnd the surface coverage of different values for each electrode to simulate the heteroge-
NiO+NiOH (6). Based on this kinetic model of a single Nneity. (Other choices also possible, however, these param-
electrode, the following dimensionless equations were de€ters seem to be the most reasonable orwe. employed
rived for two coupled nickel electrodes: XPP bifurcation and continuation package for numerical
analysis.
deq, V—g | 2 € Results Figure 6 shows a one-paramet®t) bifurcation
T R—k_IF‘k( V.80 + mm(efﬂeaﬂ_ €, diagram of a single electrode witlR;=4.993 andT;
3) =0.01005. It resembles the experimental bifurcation dia-
gram(Fig. 2). The potential drop through the double layer
do,  exp(0.5e) bC,, exp(2e,) oscillates within the region set by two supercritical Hopf
e m( —60,)— mak bifurcations. The second Hopf bifurcation occurs Vt
h k h k @ =6.1508. For another electrode with paramefjs-5.005
andI',=0.009 95, the one-parameter bifurcation diagram is
very similar to this one except that its second Hopf bifurca-
tion point is slightly larger ¥=6.1513). The oscillations at
the second Hopf bifurcation points for electrode 1 and 2 have
a difference in frequency of about 1%.
The results of a two-parameteVv{¢) bifurcation analysis
of these two coupled oscillators are presented in Fig. 7. The
Ch exp(0.5ey) +a expey) | (1—6,) inset of the enlargement of the lower coupling region shows
1+Cp expiey) K K that on crossing each Hopf bifurcation line the number of
(5)  eigenvalues of the steady state with positive real parts is
decreased by 2 and eventually becomes 0. On the vertical
€mear— (€11 €2)/2 is the mean potential drop through the line of e=0, whenV is below H1 and H2, both the single
double layer.e is the same coupling parameter as that inelectrodes are in oscillatory states. As some weak coupling is
experiments. added, the system goes into the relatively narrow region with
Equation(3) is for the charge balance in the equivalent4 positive eigenvalues of the steady state where the system
circuit [see Fig. 1b)] of the electrochemical reaction; E@) has two unsynchronized oscillations, viz., the phase-drift so-
is obtained from the simplified mass balance and kineticslution. Stronger coupling moves the system into the region
Since the coupling is electricdthrough resistops it only  with 2 positive eigenvalues where phase-locked oscillations
appears in the equation for the varialelese =0 represents are observed. The “V"-shaped locus of Hopf bifurcation
uncoupled oscillatorsg—1 yields maximum global cou- outlines the region with no eigenvalues with positive real
pling that can completely synchronize the two oscillators. parts where the system is in a stable steady state. It is seen

where the subscripts=1, 2, identify the electrode¥/ is the
dimensionless applied potentiaR, is the dimensionless
equivalent individual resistancé} is the surface capacity;
andig is the Faradaic current

NN
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FIG. 7. Simulations: locus of Hopf bifurcation W& parameter
space. The two electrodes have the parametei®;6f4.993,I";
=0.01005 anR,=5.005,T",=0.009 95. Bold curve: Hopf bifur- H““HHH”H”“\ J({J}“‘ “wm H
cation associated with electrode 1. Thin curve: Hopf bifurcation H“H”HH‘HH H L w\“”w H
associated with electrode 2. H1, H2: Hopf bifurcation points of
uncoupled electrode 1 and electrode 2, respectively. The number _,,
indicate the number of eigenvalues with positive real parts for the

steady state in each region. Inset: enlargement of the region at ver  -1.3
low coupling strength. UHHHHHHHHHHHHHHHHH
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that amplitude death only occurs when the applied potential |, g o6
V is set near the Hopf bifurcation point around 6.151; this is, _;»
consistent with the results in experiments. Xsdecreases
further away from H2, the region for amplitude death be- -2
comes narrower; below 6.1445, the stable steady state n
longer exists in the whole range of coupling strength.
Figure 8a) shows a detailed bifurcation diagram ¥t
=6.146, in which the maximum a; is shown as a function
of e. When there is no coupling, the system consists of two FIG. 8. Simulations(a) Bifurcation diagram ire-maxe; space
independent, inherently slightly different oscillators. As theat V=6.146. The two electrodes have the same parameters as in
two oscillators are weakly coupled with<0.01019, the Fig. 7. US: unstable steady state. SS: stable steady(atafgitude
unstable steady state has 4 positive eigenvalues. Simultgeath. UA: unstable asymmetric oscillation. SA: stable asymmetric
neously, unstable asymmetiidA) phase-locked oscillatory phase-locked oscillation. SI: stable in-phase oscillation. PD: phase-
solutions are obtained. There are two of the UA because diift solution (quasiperiodic oscillation (b) Time series of the po-
the symmetry of the system. The stable state in ¢hisgion tential (e)_ in three os_cnlato_ry regions of panel a. Tap=0.0073, _
is a torus in four-dimensional state space; thus a quasiperp_hase-drn‘t(PD) sqlutlpn. Middle:e=0.013 76, stable. asymmetric
odic oscillation or phase drift solution is observed for eachPhase-locked oscillatio8A). Bottom:e=0.15, stable in-phase os-
subsystenfFig. 8(b) top]. As the coupling strength is further cillation (SI). Thick line: electrode 1. Thin line: electrode 2.
increased, the torus is destroyed through a torus bifurcation
at £=0.01019 and one stable asymmetric phase-locked sdudes. The two synchronized states, before and after the am-
lution appears. From Fig.(B) (middle) we see that the two plitude death, correspond to the region with 2 positive eigen-
elements oscillate with the same frequency while there revalues of Fig. 7.
mains a relatively large difference in their amplitudes. The In experiments the two oscillators are inherently different
amplitudes of both oscillators in this synchronized state debecause of heterogeneity and because of the different indi-
crease with coupling until a Hopf bifurcation occurs st vidual resistors. In simulations, we model the nonidentical
=0.01655. Amplitude death occurs within 0.01655  nature of the oscillators by using different values for the
<0.05014, corresponding to the region of 0 eigenvalueparameter® andI’. To investigate the effect of heterogene-
with positive real parts in Fig. 7 at this applied potential. ity on amplitude death, a heterogeneity parameter was
Above the Hopf bifurcation at=0.050 14, the system os- used to change botR andI’ for the two oscillators simulta-
cillates in synchrony again. This later synchronized state isieously as R;,=Ry*AHXAR, Flz—FO+AH><AF
different from that seen before amplitude death. As seemhere Ry=4.999, AR=6x10"3 T,=0.01, AT
from the time series at=0.15[Fig. 8(b) bottom] the system =5x10"°. AH=1 is the case for WhICh results have been
now exhibits in-phase synchronization with similar ampli- shown in Figs. 6—8. WheAH =0, the two oscillators are

1.92
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T T O O T O O O T O O O Y O

-1.4

1.95 1.96 1.97 1.98 1.99 2
1074t
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02 death is obtained via a Hopf bifurcation. The coupling shifts
the supercritical Hopf bifurcation of the whole system with
respect to those of the individual oscillators so that a stable
steady state is obtained at applied potentials lower than the
individual Hopf bifurcation points. The two oscillators must
have a minimum discrepancy and both be near their indi-
vidual Hopf bifurcations for amplitude death to occur. Her-
reroet al. [19] and Reddyet al.[20] studied similar type of
0 amplitude death experimentally with a pair of thermo-optical
oAy e e 4 2 oscillators and a pair of nonlinear electronic circuits, respec-
tively, but these systems are coupled with time delay. Her-
FIG. 9. Simulations{a) Effect of heterogeneity paramet&H  rerg et al. pointed out that the transient to the stable steady
on oscillations(with fixed V=6.148). SquareAf, the relative dif-  state was through antiphase damped oscillations in their ex-
ference in frequency. Clr_clelA,_ thg relative difference in ampli- periments. This is also true in our chemical system.
tude. (b) Locus of Hopf bifurcation inAH-¢ parameter space. As expected from the results of a theoretical study on this
type of amplitude deatlil5], phase drift(coexisting with
unstable asymmetric phase-locked solutjpnamplitude
death, and in-phase synchronization were observed both in
experiments and in simulations as the coupling strength was
: X < . increased. However, an “additional state,” the stable asym-
bifurcations atV=6.148. The limit of the amplitude death \oyjc phase-locked solution, exists between phase drift and

region on the left part of the diagram indicates a minimumg o hityde death regions in our simulations. This shows that
difference of the two oscillators for amplitude death. At dif- o asymmetric phase-locked solution which is always un-

ferent applied potentials, the two-parameter bifurcation diagapie in a simplified system with identical oscillator ampli-

gram inAH-e space are similar to the one shown here buty,qes studied by Aronsoet al. [15] can become stable in
the minimumAH for amplitude death is larger when the (5| coupled systems. In the electrochemical system studied
applied potential is smaller than 6.148. Two factors mighthere as in experiments in general, the individual oscillators
contribute to this: the attraction to limit cycle is stronger paye somewhat different amplitudes as well as frequencies
when the applied potential is lower and thus conditions foryn the system is influenced by inherent noise and slow drift.
amplitude death are less favorable. Also, the frequencies and Nevertheless, the amplitude death via a Hopf bifurcation
amplitudes of the two oscillators are more similar at appliedyiscyssed analytically by Aronsat al.[15] does exist in an
potentials further away from th.eir Hopf bifurcation .points electrochemical oscillatory system. The coupled electro-
and thus a greater value dfH is required for amplitude cpemical oscillators provide a model experimental system
death. for the study of amplitude death without time delay.

0.15

0.2
Oscillatory State

0.1 w

Afor AA

0.1

0.05 Steady State

identical. The greateiH, the greater difference both in fre-
quency and in amplitude as shown in Figa® From the
bifurcation diagram imMH-¢ space[Fig. 9b)], we see that
amplitude death occurs within a<”-shape locus of Hopf
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