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Grain-boundary free energy in an assembly of elastic disks
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Grain-boundary free energy is estimated as a function of misoriention for symmetric tilt boundaries in an
assembly of nearly hard disks. Fluctuating cell theory is used to accomplish this since the most common
techniques for calculating interfacial free energy cannot be applied to such assemblies. The results are analo-
gous to those obtained using a Leonard-Jones potential, but in this case the interfacial energy is dominated by
an entropic contribution. Disk assemblies colorized with free and specific volume elucidate differences be-
tween these two characteristics of boundary structure. Profiles are also provided of the Helmholtz and Gibbs
free energies as a function of distance from the grain boundaries. Low angle grain boundaries are shown to
follow the classical relationship between dislocation orientation/spacing and misorientation angle.
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I. INTRODUCTION

The bulk, thermodynamic properties of hard disk a
sphere assemblies have been considered for more tha
years@1#, and free energies have been estimated both a
lytically @2–8# and computationally@9–12#. We are not
aware of any efforts, though, to characterize the interfa
free energy associated with grain boundaries in such
tems. The present work represents a first step along this
through the consideration of symmetric tilt boundaries in
riodic assemblies of near hard elastic disks.

The grain boundary free energyg is defined to be the
reversible work required to form a unit area of interface b
tween two grains@13#:

dU5TdS2PdV1(
i

m iNi1gdA. ~1!

The following equivalent expressions follow directly fro
this:

g5
]U

]A U
S,V,Ni

5
]F

]AU
T,V,Ni

,

5
]G

]A U
T,P,Ni

5
]V

]AU
T,V,m i

, ~2!

whereU, F, G, and V, are the internal energy, Helmholt
function, Gibbs function, and grand potential, respective
We consider a periodicNVT system and therefore measu
the interfacial free energy in terms of the difference betwe
two Helmholtz values.

*Electronic address: mlusk@mines.edu
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For classical solid-state systems, the properties of g
boundaries continue to be an active research topic. The
ternal energy of a grain boundary at zero temperature ca
estimated by a single, static relaxation. The grain-bound
internal energy is the difference between the energy of
relaxed state and that of a perfect crystal at zero tempera
Finite temperature thermodynamic properties of gr
boundaries are more difficult to estimate computationa
Thermodynamic integration techniques must start at a s
for which the boundary is fully characterized and follow
path that avoids all bulk and boundary phase transiti
@11,12#. Alternatively, estimates may be constructed using
self-consistentlocal harmonic approximationto efficiently
estimate grain-boundary free energies@14–17#. In classical
systems, however, the entropic contribution~TS! to grain-
boundary free energy is relatively small and can sometim
be disregarded. For instance, this entropic contribution is
timated to be no more than 16% for@001# twist boundaries in
gold @17#, and bicrystal, molecular dynamics simulations c
be used to measure the grain-boundary internal energ
constant temperature and zero pressure@18#.

Most of these approaches are applicable only to syst
governed by an attractive potential. In an assembly of h
disks a local harmonic approximation is not reasonable,
the prominently figuring entropic component of free ener
cannot be disregarded. In fact, for a system of hard disks,
grain-boundary Helmholtz free energy is shown to be pur
entropic—i.e., it is simply the negative of the product
temperature and interfacial entropy. Thermodynamic integ
tion techniques might be adapted to study grain bounda
in such assemblies, but this is computationally intense, m
contend with grain-boundary phase transitions, and has
yet been attempted to the best of our knowledge.

In this paper we present a method for estimating the th
modynamic properties of steric grain boundaries using
concept of free volume. The method is used to quantify
grain-boundary free energy as a function of misorientat
for a two-dimensional tilt boundary associated with nea
hard, elastic disks.
©2004 The American Physical Society17-1
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II. HOMOGENEOUS ASSEMBLIES OF DISKS

A. Free volume

A quantity central to our work is the free volume asso
ated with each disk. In an assembly of densely packed, h
disks, the free volume of a given disk is simply the area t
the center of the disk sweeps out in exploring all its poss
configurations while holding all other disks fixed. For sy
tems governed by a pair potentialu(r 1

W ,r 2
W ), the potential

energy of a single disk atr 1
W is given by

F~r 1
W !5(

iÞ1
u~r 1

W ,r i
W !,

where, again, all other disks are held fixed. The free volu
v f is then defined as

v f5e2bF0/2E drW e2b[F(rW)2F0] ~3!

whereb51/kT and F0 is the potential energy of the dis
when it is in its equilibrium position@2#. The free volume of
each disk in an assembly is determined using Monte C
integration. However, for a homogeneous assembly of eve
spaced, hard disks, the free volume of each disk,v f

(H) , can
be determined analytically@23#:

v f
(H)

s2
5

3a2A3

2
2

3a

2
A42a226 arcsinS a

2D1p. ~4!

Here

as5A 2

rA3
~5!

is the distance between disk centers expressed in units os,
the diameter of one disk, andr, the number density.

B. Simple cell theory

In cell theory, the partition function for a homogeneo
assembly of disks is approximated by@2#

Q(sc)5L22N~v f
(H)!N ~6!

where, as usual,L5hAb/(2pm) is the mean thermal wave
length. With the Helmholtz function denoted byF, the re-
duced Helmholtz free energy per unit disk,f (sc)* 5bF/N,
can be written as a function of the free volume:

f (sc)* 5
21

N
ln@Q(sc)#52 lnFLs G2 lnFv f

(H)

s2 G . ~7!

It is convenient to work with the excess Helmholtz free e
ergy per disk, the configurational contribution to the fr
energy:
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f (sc)5 f (sc)* 22 lnFLs G52 lnFv f
(H)

s2 G . ~8!

Then the pressure is given by

bP(sc)

r
5r

d f (sc)

dr
5

2r

v f

dv f
(H)

dr
. ~9!

Equations~4!, ~5!, and~9!, provide a means of estimatin
the thermodynamic properties of a homogeneous assem
of disks using simple cell theory. In the high density lim
simple cell pressure is well approximated by the so cal
crystal equation of state@19#:

bP(crys)

r
511

1

Armax/r21
, ~10!

where

rmax5
2

A3
, rmin51.080 68 ~11!

gives the range of number density over which the assem
is in the solid state. This pressure relation can be integra
to give an approximation to the Helmholtz function valid
high densities. Usingd f /dr5bP/r2, the excess Helmholtz
free energy per disk is

f (crys)522 lnS 211Armax

r D 20.9531. ~12!

The integration constant is determined using the free ene
of the simple cell theory associated with Eq.~4!.

C. Fluctuating cell theory

In an attempt to improve on simple cell theory, Hoov
et al. @7,8# considered an average of the free volumes of e
disk associated with thermal fluctuations of the surround
cage of neighboring disks, so that Eq.~8! is replaced by

f (fc)52 lnF ^v f&

s2 G . ~13!

Equation~3! is then used to calculate the free volume of ea
disk numerically. For a homogeneous assembly, the temp
and ensemble averages may be interchanged, so that the
positions at a single time can be used to estimate the ex
Helmholtz free energy:

f (fc,H)52 lnF(
i 51

N
v f ,i

Ns2G . ~14!

Within the homogeneous setting, the fluctuating cell meth
actually provides an estimate for the Helmholtz function th
is not as good as that of the simple cell theory. As will
shown, however, there appears to be a simple relation
between the simple cell and fluctuating cell measures of
7-2
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GRAIN-BOUNDARY FREE ENERGY IN AN ASSEMBLY . . . PHYSICAL REVIEW E69, 026117 ~2004!
volume that can be exploited, so that the fluctuating c
method gives free energy estimates that are as accurate a
simple cell approach. Thus calibrated, the fluctuating c
method can be applied to assemblies that are
homogeneous—in particular, to consider the free energy
sociated with a grain boundary.

D. Other approaches

The thermodynamics of hard disk assemblies have b
estimated using a variety of free volume methods, but
include the results of just two approaches for compari
with both the simple cell method and our own numeric
calculation of bulk properties. In both cases, free volu
formulas are offered in place of Eq.~4!. Barker@5,6# applied
the Bethe approximation@20#, also known as the quasichem
cal approximation@21#, to obtain

f (B)52 lnFv f
(B)

s2 G ,

v f
(B)

s2
5S a21

0.5231D
2

, ~15!

while Salsburget al. @22# used a simple cell approach to giv

f (S)52 lnFv f
(S)

s2 G ,

v f
(S)

s2
5S a21

0.5373D
2

. ~16!

Figure 1 compares the pressure for these two methods
the results of simple cell theory and the crystal equation
state.

FIG. 1. Comparison of pressure functions for simple cell theo
Barker, Lennard-Jones/Devonshire, and the crystal equation
state.
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E. Application of the fluctuating cell method
to homogeneous assemblies

A molecular dynamics~MD! model was developed an
used to study the thermodynamics of the elastic disk ass
blies. The pair potential used is

u~r 1
W ,r 2

W !5
K

2
~ ur 2
W2r 1

W u22s!2 ~17!

for ur 2
W2r 1

W u,2s and zero otherwise. A Verlet algorithm wa
used to integrate the equations of motion, periodic bound
conditions were enforced, and both the volume and temp
ture were held constant. The temperature was maintaine
periodically normalizing the total kinetic energy.

The simulation was nondimensionalized using disk m
m, disk diameters, and characteristic timet. Disks were
given an initial velocity with components randomly chos
between220s/t and 20s/t. For an infinite, hard disk as
sembly, this fixesb51/(kT)50.0075t2/(ms2). The stiff-
ness parameterK was set so thatbKs253e7. As shown in
Fig. 2, this gives fluctuating cell free volumes that are with
2% of those predicted by simple cell theory for hard dis
The data for this plot were generated in association wit
single disk caged by six neighbors on a hexagonal latt
Equation~4! was used to calculate the free volume nume
cally, and Eq.~4! was used to generate the asymptote.

As has been reported elsewhere, the effect of finite size
free volume follows a ln(N)/N decay, and this is shown in
Fig. 3. The results were used to establish a minimum ass
bly size of 2000 disks for all simulations used estimate gra
boundary free energy.

Calibration of the fluctuating cell method

It would seem reasonable to suppose that the ave
value of the fluctuating cell free volume would be the simp
cell free volume, but this is not the case@10,23,24#. This
issue was investigated using 17 periodic assemblies of 2
disks having densities that ranged from 1.08~near the fluid
limit ! to 1.15 ~near the close-packed limit!. The fluctuating

:
of FIG. 2. Simple cell free volume of a single disk in a hexagon
cage is calculated using Eq.~3! and Monte Carlo integration. The
result is plotted as a function of elastic stiffnessK. As K increases,
the free volume approaches that predicted by Eq.~4!.
7-3
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cell free volume was then measured for each disk and th
values were normalized using the simple cell free volu
formula of Eq.~4!. The results, shown in Fig. 4, indicate th
the normalized size distributions do not vary with dens
and have, collectively, an average value of 0.673. The n
malized simple cell value is, of course, 1.00, so the f
volume from fluctuating cell theory must be multiplied b
1.486 in order to obtain the simple cell value.

This calibration issue was further investigated to see h
the calibration factor varies with number density with t
results summarized in Fig. 5. As is clear from the plot, t
ratio of fluctuating cell and simple cell free volumes is e
sentially constant up to a number density of 1.12. From th
it falls off, and this is most likely due to errors in fluctuatin
cell free volume measurement takes into account the
elasticity while the simple cell model does not. The hi
density results were therefore disregarded in calculatin
final calibration factor of 1.502~see Fig. 6!. Such a constan
calibration factor amounts to a vertical shift of the Helmho
free energy, as shown in Eq.~13!.

With a calibration in place, the Helmholtz free energy c
be estimated using the fluctuating cell method and compa
with the analytical predictions of simple cell theory of E
~4!, the crystal equation of state, the Bethe approximation

FIG. 3. Finite size effect for homogeneous assemblies of ne
hard disks. Fluctuating cell theory and Monte Carlo integrat
were used to calculate the average free volume of nine assem
of varying sizes.

FIG. 4. ~Color! Histogram of free volumes for 17 homogeneo
assemblies covering a number density of 1.08 to 1.15. The resu
each simulation were normalized by the simple cell free volume
the associated number density.
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Barker, and simple cell approximation of Salsburget al.
Simulations were run with 2500 disks at the temperature
elastic stiffness prescribed above. Five time slices were c
sidered for each assembly, so the average free volume
mates were based on 12 500 individual free volume calc
tions. The results shown in Fig. 7 indicate that the fr
energy calculated using the calibrated fluctuating cell mo
is consistent with the four other approaches. A basic prem
of this work is that the fluctuating cell method can be appl
to inhomogeneous distributions of disks as well as bein
means of estimating the grain boundary free energy.

III. MODELING SYMMETRIC TILT BOUNDARIES

An algorithm, summarized in the following steps, w
developed to determine tilt boundaries that give a perio
cally repeating structure in both directions. Given a hexa
nal lattice with one of the close-packed directions align
vertically, find all disks a distanceX from the lower left disk,
where 49s<X<51s. Draw a line between one of the disk
and the lower left disk. The angle between this line and
horizontal is u/2—i.e., one-half of the grain-boundary ti
angle that will have a horizontal period ofX. From this set of
angles, select a subset for which a line can be drawn a
angle of p/22u/2 from the origin to a disk located at
distance 45s<Y<100s. This subset of angles will have

ly

ies

of
r

FIG. 5. The ratio of free volumes as predicted by simple c
theory and as measured by fluctuating cell theory. The solid lin
at a ratio51.502.

FIG. 6. Calibration of the fluctuating cell method using simp
cell theory. A fitted calibration ratio of 1.502 was used.
7-4
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GRAIN-BOUNDARY FREE ENERGY IN AN ASSEMBLY . . . PHYSICAL REVIEW E69, 026117 ~2004!
vertical period ofY for the tilted grain. Figure 8 illustrate
this idea. There are 55 misorientation angles distributed
relatively even manner in the range 0<u,60°.

Within the periodic domain, bicrystals were construct
with two vertical tilt boundaries as shown in Fig. 9.

For each bicrystal, three simulations were performed.
ter allowing for the system to reach a dynamic equilibriu
five time slices were chosen from the first two simulatio
and ten time slices were chosen from the third simulat
~which was twice as long!. For each of these time slices, th
free volume of each disk was calculated. An average f
volume was obtained by constructing 51 vertical bins—e
with a width of one disk diameter. For a given angle
bicrystal misorientation and a given bin, the average f
volume within the bin was calculated using all 20 time slic
It was implicitly assumed, therefore, that each disk within
given bin is in a state that might be achieved by any ot
disk in the same bin. This seems reasonable since the
boundaries are parallel to the grain boundaries. Equation~13!
was then used to derive the excess Helmholtz free energ

FIG. 7. The Helmholtz free energy functions of simple c
theory of Eq.~4!, the Bethe approximation of Barker, the simp
cell approximation of Salsburg, and the crystal equation of s
compared with the free energy estimate of the calibrated fluctua
cell method. The fluctuating cell data was generated using ass
blies with 2000 disks and five time slices, so the free volume e
mates were based on the average free volume of 10 000 disks

FIG. 8. Illustration of the algorithm for choosing angles f
symmetric tilt boundaries such that the horizontal and vertical
mains are periodic.
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the assembly by adding up the contribution from all bins

f i
(fc)52Ni lnF ^v f& i

s2 G . ~18!

The thermal average was taken over the 20 time slices c
sen.

The binning data for free volume and Helmholtz free e
ergy were supplemented with data for the average spe
volume v i for each disk within bini. This is the average
space assigned to each disk and is equal to the inverse o
number densityr; it was calculated using a Voronoi algo
rithm @25#. The specific volume allows an estimate to
made of the average Gibbs free energy per disk associ
with each bin:

gi
(fc)5 f i

(fc)1Pv i . ~19!

The pressureP is obtained from the crystal equation of stat
Eq. ~10!, using the average number density of the disks
sociated with the bulk phases.

A typical result is shown in Fig. 10 and illustrates the w
in which these quantities vary along a line perpendicular
the grain boundaries. Within the hard disk,NVT ensemble,
the temperature and internal energy are the same with
without grain boundaries. The spatial variation in the Hel
holtz function is therefore due to the fact that disks with
the grain-boundary region have a higher entropy than th
within the bulk. The figure also shows a horizontal line at t
value of Helmholtz free energy for the assembly without a
grain boundaries. Grain-boundary formation clearly cau
the Helmholtz free energy of the bulk disks to go up wh
decreasing the free energy of the disks in the vicinity of
boundaries. The rise in the bulk Helmholtz energy offsets
decrease in the Helmholtz energy associated with the g
boundaries, and so the total Helmholtz free energy of
assembly is higher with grain boundaries than without.

As indicated by Eq.~2!, the increase in the Helmholtz fre
energy of the bulk is a consequence of maintaining a c

te
g

m-
i-

-

FIG. 9. ~Color! Initial condition for a symmetric tilt boundary
system with a misorientation of 35.56°. Portions of the upper a
right periodic replicas are shown to illustrate that the algorithm u
makes a perfect match on all periodic boundaries.
7-5



m
p

N
de

ific

M. T. LUSK AND P. D. BEALE PHYSICAL REVIEW E69, 026117 ~2004!
FIG. 10. A typical Helmholtz free energy profile in the asse
bly. The dashed line indicates the excess Helmholtz free energy
disk for a homogeneous assembly of the same number density.
that the Helmholtz free energy within the grain boundaries
creases while the overall Helmholtz function increases.

FIG. 11. ~Color! Low angle grain boundary.
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FIG. 12. ~Color! High angle grain boundary.

FIG. 13. ~Color! Transition through theS7 coincidence site
lattice, showing how the structure of the free volume and spec
volume vary with position across grain boundaries.
7-6
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GRAIN-BOUNDARY FREE ENERGY IN AN ASSEMBLY . . . PHYSICAL REVIEW E69, 026117 ~2004!
stant volume. The formation of a grain boundary theref
causes the system pressure to increase while the specific
ume of the bulk decreases. These effects combine in
Gibbs function to give a localized picture of the grai
boundary free energy. If the Gibbs free energy of the ass
bly is compared with that of a homogeneous assembly at
same final pressure, the change in free energy is localize
the grain boundary. This is shown in Fig. 10. The spikes
the Gibbs function reflect the increase in free energy of
isobaric, isothermal assembly due to the presence of g
boundaries. Formation of an identical grain boundary wit
a larger assembly will give a different grain-boundary e
ergy, though, because the final pressure of the system wi
lower. Grain-boundary formation for sufficiently large a
semblies may be viewed as isobaric, but this is not the c
for the assemblies of the current study.

IV. GRAIN-BOUNDARY STRUCTURE

For each of the 55 misorientations considered, the gr
boundary structure was plotted by using color maps of

FIG. 14. Transition through theS7 coincidence site lattice
showing how specific volume, Helmholtz free energy, and Gib
free energy vary with position across grain boundaries.
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free and specific volume of each disk. These images o
structural information that is lost in the binning algorithm
The hues are associated with the average values of vol
for all 20 time slices mapped onto positions associated w
one arbitrary time slice. Each plot is individually normalize
so as to best exhibit relative variations. As is typical
atomic bicrystals, the grain-boundary structure exhibits
spatial periodicity that increases with misorientation. T
packets merge at misorientations near 15°. Typical low a
high angle grain boundaries are shown in Figs. 11 and 1

The most pronounced difference between free and spe
volume plots is the 38.2° boundary of Fig. 13—very nearly
S7 boundary. The free volume shows almost no variat
between bulk and boundary disks while the specific volu
exhibits a spike across grain boundaries that is similar to
of boundaries that are not coincidence site lattices. A v
similar result is obtained for a misorientation o
21.787°—close to the otherS7 boundary.

The color plots can be compared with the binning d
shown in Fig. 14, where it is clear that the three misorien
tions have a nearly identical variation in specific volum
However, theS7 boundary exhibits a strikingly homoge
neous free volume, implying that the bulk and grai
boundary disks have almost the same Helmholtz free ene
for the coincidence site lattice~CSL!. This is shown in the
second plot and is in sharp contrast to the large variation
the Helmholtz function for misorientations that are on
slightly different. The third plot shows that the Gibbs fre
energy of theS7 boundary is much lower than that of th
non-CSL grain boundaries, but the relative heights of
grain-boundary spikes are the same.

At misorientation angles close to either 0° or 60° t
grain boundaries are composed, as expected, of regu
spaced dislocations. This is highlighted for two cases in F
15.

As with classical solid-state systems, the dislocation o
entation and spacing can be related to the misorienta
angle@26#. The relations are

uunear 0°52 sin21S b cos~30°!

2D D ,

uunear 60°56022 sin21S b

2D D , ~20!

and the table below indicates that these provide reason
approximations to the misorientation angles for several
the grain boundaries simulated. Input for the estima
angles was obtained by counting the spacing between d
cations.

uactual
° uestimate

°

3.48 3.42

4.56 4.51

5.80 5.52

51.9 52.64

53.99 53.98

55.95 56.11

s

7-7
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M. T. LUSK AND P. D. BEALE PHYSICAL REVIEW E69, 026117 ~2004!
As the misorientation between grains moves from th
extremes, individual dislocations can no longer be discern
However, regular patterns still exist in both the free volum
and specific volume color plots, and these are qualitativ
distinct. Most of the free volume plots clearly show a pe
odic pattern demarcated by disks that bridge adjacent gr
without exhibiting a free volume different than that asso
ated with the bulk disks. Free volume bridges are in a diff
ent state of stress than adjacent regions within the g
boundary and may play a dominant role in the transfer
force from one grain to another. This is similar to the ja
ming and force chain phenomena observed in colloidal s
pensions of hard particles@27#. These features are illustrate
in Fig. 16 for a misorientation of 51.9°. Bridging is als
clear in the high angle boundary of Fig. 12 and in the th
pair of boundaries of Fig. 13.

Grain boundaries typically contain disks with free vo
umes much larger than those associated with the bulk. T
can be seen in the color plots of Figs. 11, 12, and 13 and
Eq. ~13!, through the Helmholtz function profiles of Figs. 1

FIG. 15. ~Color! Low angle grain boundaries are composed o
series of dislocations, but the structure is different for misorien
tions near 0°~left! than near 60°~right!.
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and 14. This suggests that the distribution of free volume
most likely different between bulk and interfacial disks.
order to quantify this, the histograms were constructed of
collective free volume for each bin for 500 grain bounda
simulations covering the 55 tilt boundary misorientation
Three such bin histograms are shown in Fig. 17.

Bins located symmetrically on either side of the rig
grain boundary were found to have essentially the same
volume distribution as that of the homogeneous assemb
of Fig. 4, while bins that included the grain-boundary regi
exhibit a much wider variation in free volumes. In fact, th
transition was found to vary smoothly as a function of b
location. The grain-boundary distribution also includes
long tail out to free volumes a factor of 200 times that of t
simple cell prediction. This tail is not shown in order to mo
easily see that the distributions away from grain bounda
have essentially no free volumes with a relative value gre
than 4.

The grain boundary distribution in free volumes shown
Fig. 17 is derived from 55 misorientations and suggests
there is a general nature to the free volume distribution
inhomogeneously packed disks that is exhibited by consid
ing a wide range of such packings via tilt boundaries. W

-

FIG. 16. ~Color! Bridging networks in the free and specific vo
umes are typical of most grain boundaries but are particularly c
in this 51.9° misorientation.
v-
-

r,
FIG. 17. ~Color! Free volume distributions for
three vertical bins based on 500 simulations co
ering all 55 misorientations. The two similar dis
tributions ~red and black! are 17 and27 bins
from the right grain boundary, while the lowe
wider distribution is for a bin coincident with the
boundary itself.
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the exception of a very rapid rise near zero free volume,
distribution shows an exponential decay in probability de
sity with increasing free volume, and it is likely that th
rapid rise for very small free volumes is associated with d
elasticity and would not be present for disks that were tr
hard. This effect was already noted in the discussion on fl
tuating cell calibration associated with Fig. 5. Interestingly
similar exponential distribution is observed in free volum
of assemblies of pairs of fused hard disks@28#.

V. GRAIN-BOUNDARY FREE ENERGY AS A FUNCTION
OF MISORIENTATION

The Helmholtz free energy of each bin can be added
order to obtain the total Helmholtz free energy as a funct
of misorientation angle. In particular, Eq.~18! was used to
derive the excess Helmholtz free energy of each assemb

f (fc)5(
i 50

50

f i
(fc)52(

i 50

50

Ni lnF ^v f& i

s2 G . ~21!

Since the domain sizeV is known for each bicrystal, the
simple cell result of Eq.~8! can be used to calculate th
Helmholtz function without any interface:

f H
(fc)52N lnFv f

(H)

s2 G . ~22!

Here the homogeneous free volumev f
(H) , a function only of

number densityr5N/V, was obtained using Eqs.~4! and
~5!. For the simulations, the initial state of the assembly w
constructed such that the average number density was
at r51.120 44. Using Eq.~2!, the dimensionless grain
boundary free energy is then

bsg5
b~ f (fc)2 f H

(fc)!

2h/s
. ~23!

Here h is the height of the domain, and the factor of 2
required because there are actually two grain boundaries
tributing to the change in the Helmholtz function. Note th
Eqs. ~21!, ~22!, and ~3! imply that, for an assembly of har
disks, the right-hand side of Eq.~23! is not a function of
temperature. Since the grain-boundary entropy is define
Sgb52(]g/]T)uN,V , the grain-boundary free energy is jus

g52TSgb ~24!

in the limiting case of hard disks—i.e., the free energy
purely entropic. In an assembly of nearly hard, elastic dis
this is the dominant contribution to the grain-boundary fr
energy, and in the hard disk case it is the only contributi
This term is often neglected in solid-state systems.

Figure 18 shows the final plot of interfacial free energy
a function of misorientation for symmetric tilt boundaries

Of particular interest was whether or not coincidence s
lattices exhibit distinctive free energies in the same man
as for classical solid-state grain boundaries@29–31#. All four
S7 and S13 boundaries show dips in the grain-bounda
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free energy with, possibly, small dips for theS19 boundaries
as well. As far as we are aware, this plot represents the
estimate of grain-boundary free energy as a function of m
orientation for any steric system. These results can be c
pared with the energy plot of Fig. 19 obtained for a tw
dimensional system governed by a Lennard-Jones
potential:

F~r i j !5«F S r 0

r i j
D 12

22S r 0

r i j
D 6G . ~25!

Periodic, zero pressure boundary conditions were enfor
and isothermal conditions maintained. A half-loop, bicrys
geometry was used, so that any dependence on interface
entation was averaged. The entropic contribution was
sumed to be negligible@18#.

Two alternate methods for estimating grain-boundary
free energy

The result obtained for grain-boundary free energy
based on a binning strategy in which the free energy of v

FIG. 18. The interfacial free energy of an assembly of nea
hard, elastic disks is plotted as a function of misorientation.

FIG. 19. Molecular dynamics prediction of the variation in gra
boundary internal energy with misorientation for a tilt boundary.
Lennard-Jones potential was used for the two-dimensional sys
7-9
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tical slices of the assembly is calculated using the aver
free volume of disks in each bin. An implicit assumption
that the average free volume of disks in a bin represents
thermally averaged free volume of any one disk in that b
In addition, the measured free volume of each disk is mu
plied by a correction factor of 1.502 in order to better ma
the free volumes of homogeneous assemblies. Alternative
the binning approach and the free volume calibration fac
were also considered as explained below. These other
proaches were considered because the application of flu
ating cell theory to inhomogeneous assemblies has not b
justified, and it was thought that other strategies of accou
ing for assembly inhomogeneity might lead to different fr
energy results. However, the alternate methods were foun
give essentially the same results as the original method,
this lends a measure of support for the application of fluc
ating cell theory to assemblies with grain boundaries.

The vertical binning strategy can be replaced by an
proach that groups disks according to their free volume
stead of lateral position. The underlying assumption beh
such a strategy is that disks with a similar free volume r
resent configurations that any one such member of the g
will eventually find itself in. As has already been discuss
in association with Fig. 17, grain-boundary structures w
found to be relatively stable and typically had a number
disks which maintained a stable free volume that was m
times greater than that of the disks in the bulk. Remova
these larger disks from the calculation results in a renorm
ized distribution that is more closely aligned with that of t
bulk and suggests that some improvement in the free en
estimate might be obtained by treating the larger disks se
rately. Disks were therefore binned according to size wit
bin dividing point atv f

(fc)/v f
(sc)54:

f (fc,H)52
1

N S Nsmall lnF ^v f&small

s2 G2Nlarge lnF ^v f& large

s2 G D .

An analysis showed that this free energy estimate was
sensitive to variations in the cutoff size between 3 and
This equation was used in place of Eq.~14! to generate a plo
of grain-boundary free energy.

A third method was also considered that is based o
different way of calibrating the fluctuating cell algorithm
Rather than calibrating the average fluctuating cell free v
ume of a homogeneous assembly to that predicted by sim
cell theory, a calibration could be made in order to match
bulk free energies of the two assemblies—i.e.,

f (sc)5 f (fc,H),

where Eq.~14! is replaced by

f (fc,H)52
1

cfN
(
i 51

N

lnFv f ,i

s2 G . ~26!
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Here cf is the calibration factor that must be provided
match the free energies. Using the same approach as in
calibration of free volumes, it was found thatcf51.11 gave
the best match between simple cell and fluctuating cell f
energies of homogeneous assemblies. This value and
~26! were then used to estimate the grain-boundary free
ergy as a function of misorientation with the same data u
to produce Fig. 18.

The two alternative methods of calculating free ener
were found to give essentially the same results to that of
original method shown in Fig. 18. This implies that the fe
tures of this plot are not tied to either the vertical binni
strategy or the free volume averaging scheme.

VI. CONCLUSIONS

Molecular dynamics can be used to estimate the inte
cial free energy and structure of symmetric tilt boundaries
assemblies of nearly hard disks. The most common te
niques for obtaining interfacial free energy rely on an attr
tive component to the pair potential and cannot be applie
such systems. Fluctuating cell theory was therefore use
estimate the interfacial free energy and was calibrated
homogeneous assemblies using simple cell theory. An a
rithm was developed to identify symmetric, tilt boundari
for which both vertical and horizontal periodicity is main
tained, and simulations were performed on 55 of these s
cial angles. This was sufficient to construct a plot of inter
cial free energy as a function of tilt boundary angle
assemblies of nearly hard, elastic disks. The structure
these grain boundaries was also studied through a com
son of free volume and specific volume plots. It was sho
that the low angle boundaries obey classical kinematic ru
and are composed of a series of dislocations. The free en
of individual dislocations was not quantified, but this will b
undertaken. Grain boundaries typically exhibited volum
bridging—periodically occurring bridges of disks with vo
umes the same as those associated with their bulk cou
parts. Also of interest was that bothS7 boundaries showed
large jump in specific volume across grain boundaries w
no corresponding jump in free volume.

Now that the interfacial free energy of symmetric t
boundaries has been estimated as a function of misorie
tion, it should be possible to use MD simulations to quant
the mobility of curvature driven grain boundaries. A pl
analogous to that of Fig. 18 could be developed for t
mobility.

The use of a MD simulation was originally motivated b
an interest in studying the kinetics of grain boundaries
deforming, lightly dissipative assemblies. It should also
possible, though, to estimate the interfacial free energy us
a Monte Carlo simulation and thermodynamic integrati
from an Einstein bicrystal. Such an approach, while m
computationally intense, would allow the consideration
truly rigid disks and would offer an independent check on
results presented here. The thermodynamic integration
sults, currently being pursued by our group, would be p
ticularly useful in evaluating the application of fluctuatin
7-10
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cell theory to inhomogeneous assemblies—the primary
sumption of this investigation. It would also be useful
consider an isobaric, isothermal ensemble with the Mo
Carlo setting in order to develop a plot of the Gibbs fr
energy as a function of misorientation with the same press
for each misorientation angle@32#. This is not possible in the
constant volume setting, since each misorientation is ass
ated with a different pressure.
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