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Grain-boundary free energy in an assembly of elastic disks
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Grain-boundary free energy is estimated as a function of misoriention for symmetric tilt boundaries in an
assembly of nearly hard disks. Fluctuating cell theory is used to accomplish this since the most common
techniques for calculating interfacial free energy cannot be applied to such assemblies. The results are analo-
gous to those obtained using a Leonard-Jones potential, but in this case the interfacial energy is dominated by
an entropic contribution. Disk assemblies colorized with free and specific volume elucidate differences be-
tween these two characteristics of boundary structure. Profiles are also provided of the Helmholtz and Gibbs
free energies as a function of distance from the grain boundaries. Low angle grain boundaries are shown to
follow the classical relationship between dislocation orientation/spacing and misorientation angle.
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I. INTRODUCTION For classical solid-state systems, the properties of grain

boundaries continue to be an active research topic. The in-

The bulk, thermodynamic properties of hard disk andternal energy of a grain boundary at zero temperature can be
sphere assemblies have been considered for more than gstimated by a single, static relaxation. The grain-boundary
years[1], and free energies have been estimated both anddternal energy is the difference between the energy of the

lytically [2—8] and computationally{9—12. We are not relaxed state and that of a perfect crystal at zero temperature.
aware of any efforts, though, to characterize the interfaciaf iNité temperature thermodynamic properties of grain
free energy associated with grain boundaries in such syfoundaries are more difficult to estimate computationally.

tems. The present work represents a first step along this pagf'€rmedynamic integration techniques must start at a state

through the consideration of symmetric tilt boundaries in pe-°" r‘:VhLCh the pountljlary Illf fully charactenzeﬁ and follow a
riodic assemblies of near hard elastic disks. path that avoids all bulk and boundary phase transitions

The grain boundary free energy is defined to be the [11,12. Alternatively, estimates may be constructed using a

ol K red to f - f interf b self-consistentocal harmonic approximatiorio efficiently
reversible work required to form a unit area of interface be-ggiimate grain-boundary free energjdd—17. In classical
tween two graing13]:

systems, however, the entropic contributioFS to grain-
boundary free energy is relatively small and can sometimes
be disregarded. For instance, this entropic contribution is es-
timated to be no more than 16% f@01] twist boundaries in
gold[17], and bicrystal, molecular dynamics simulations can
be used to measure the grain-boundary internal energy at
constant temperature and zero press$ugd.

Most of these approaches are applicable only to systems
governed by an attractive potential. In an assembly of hard

dU=TdS-PdV+ >, N+ ydA. (1)
I

The following equivalent expressions follow directly from
this:

y= ﬂ :f disks a local harmonic approximation is not reasonable, and
JA SV, JdA T,V,Ni' the promine_ntly figuring entropic component of free energy

cannot be disregarded. In fact, for a system of hard disks, the

dG dQ) grain-boundary Helmholtz free energy is shown to be purely
oA p N.:a_A TVM-, 2 entropic—i.e., it is simply the negative of the product of

temperature and interfacial entropy. Thermodynamic integra-
tion techniques might be adapted to study grain boundaries
whereU, F, G, and(}, are the internal energy, Helmholtz in such assemblies, but this is computationally intense, must
function, Gibbs function, and grand potential, respectively.contend with grain-boundary phase transitions, and has not
We consider a periodiblVT system and therefore measure yet been attempted to the best of our knowledge.
the interfacial free energy in terms of the difference between In this paper we present a method for estimating the ther-
two Helmholtz values. modynamic properties of steric grain boundaries using the
concept of free volume. The method is used to quantify the
grain-boundary free energy as a function of misorientation
*Electronic address: mlusk@mines.edu for a two-dimensional tilt boundary associated with nearly
"Electronic address: Paul.Beale@Colorado.edu hard, elastic disks.
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Il. HOMOGENEOUS ASSEMBLIES OF DISKS

(s€)— f(scH _
A. Free volume f f 21n

A quantity central to our work is the free volume associ- o
ated with each disk. In an assembly of densely packed, harfihen the pressure is given by
disks, the free volume of a given disk is simply the area that (s0) (s0) (H)
the center of the disk sweeps out in exploring all its possible BP _ df __P doj
configurations while holding all other disks fixed. For sys- p P dp vi dp

tems governed by a pair potentia(r_l,r_;), the potential

©)

Equations4), (5), and(9), provide a means of estimating

energy of a single disk ay is given by the thermodynamic properties of a homogeneous assembly
of disks using simple cell theory. In the high density limit,
D(ry)=2 u(ry,r), simple cell pressure is well approximated by the so called
i#1 crystal equation of statgl9]:
where, again, all other disks are held fixed. The free volume /Peys) 1
vy is then defined as =1+ : (10
! p VPmax/p—1
vf:e—ﬁ%/zf ar e—ﬁ[@(?)—(bo] 3) where
2
where B=1/kT and @, is the potential energy of the disk pmaxzﬁy pmin=1.08068 (11

when it is in its equilibrium positiofi2]. The free volume of

.‘a"’t‘Ch d;.Sk mHan asse:cnbly r"S determined using mont? Carll ives the range of number density over which the assembly
integration. HOWEVer, 1or a homogeneous assempbly o EVENlis i the solid state. This pressure relation can be integrated

. . )
spaced, hard disks, the free .volume of each digk, can give an approximation to the Helmholtz function valid at
be determined analytically23]: high densities. Usinglf/dp=BP/p?, the excess Helmholtz

free energy per disk is
vi” 32?3 3a
14 /p%x) ~009531. (12

——\4—a’-6 arcsirﬁa
o2 2 2 2

The integration constant is determined using the free energy
of the simple cell theory associated with E4).

[ 2
ac="\/—x= 5
7 p\/§ ® C. Fluctuating cell theory

. _ . _ . In an attempt to improve on simple cell theory, Hoover
is the distance between disk centers expressed in units of et al.[7,8] considered an average of the free volumes of each

+ . (4)

feYS)=—2 In

Here

the diameter of one disk, and the number density. disk associated with thermal fluctuations of the surrounding
cage of neighboring disks, so that E§) is replaced by
B. Simple cell theory
In cell theory, the partition function for a homogeneous f()=—1In @ . (13
assembly of disks is approximated [} o
Q9= A*ZN(UgH))N (6) Equation(3) is then used to calculate the free volume of each

disk numerically. For a homogeneous assembly, the temporal

where, as usual\ = h\/(27m) is the mean thermal wave- and ensemble averages may be interchanged, so that the disk
Iength' With the Helmholtz function denoted 1§y the re- positions at a single time can be used to estimate the excess

duced Helmholtz free energy per unit dishs?* = BF/N, Helmholtz free energy:
can be written as a function of the free volume:

N
Ui
fle=—jn > —=|. 14
_ (H) =1 NO'Z ( )
1 A v
f(Som =Wln[Q(s°)]=2 I —| = In| —- (7
g o Within the homogeneous setting, the fluctuating cell method

actually provides an estimate for the Helmholtz function that
It is convenient to work with the excess Helmholtz free en-is not as good as that of the simple cell theory. As will be
ergy per disk, the configurational contribution to the freeshown, however, there appears to be a simple relationship
energy: between the simple cell and fluctuating cell measures of free
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FIG. 1. Comparison of pressure functions for simple cell theory:

Barker, Lennard-Jones/Devonshire, and the crystal equation of FIG.2. Simple cell free volume of a single disk in a hexagonal
state. cage is calculated using E3) and Monte Carlo integration. The

result is plotted as a function of elastic stiffndésAs K increases,

. . the free volume approaches that predicted by (Y.
volume that can be exploited, so that the fluctuating cell

method gives free energy estimates that are as accurate as the E. Application of the fluctuating cell method
simple cell approach. Thus calibrated, the fluctuating cell to homogeneous assemblies

method can be applied to assemblies that are not )
homogeneous—in particular, to consider the free energy as- A Molecular dynamicsMD) model was developed and
sociated with a grain boundary. used to study the thermodynamics of the elastic disk assem-

blies. The pair potential used is

D. Other approaches — - Ko

’P u(rurp) =5 (Irz=ra| - 20)? (17
The thermodynamics of hard disk assemblies have been
estimated using a variety of free volume methods, but wi

include the results of just two approaches for compariso . X : e
used to integrate the equations of motion, periodic boundary

with both the simple cell method and our own numerical .
calculation of bulk properties. In both cases, free Volumecondltlons were enforced, and both the volume and tempera-

formulas are offered in place of E¢f). Barker[5,6] applied ture were held constant. The temperature was maintained by

the Bethe approximatiof20], also known as the quasichemi- per|0d|ca}lly normahzmg the Fotal k!neth energy.
cal approximatior21], to obtain The simulation was nondimensionalized using disk mass

m, disk diametero, and characteristic time. Disks were
given an initial velocity with components randomly chosen
between—200/7 and 2@/ 7. For an infinite, hard disk as-
sembly, this fixesB=1/(kT)=0.0075%/(mo?). The stiff-
ness parametdt was set so thgBKo?=3e’. As shown in
Fig. 2, this gives fluctuating cell free volumes that are within
a—1)? 15 2% of those predicted by simple cell theory for hard disks.
0.5231 (19 The data for this plot were generated in association with a
single disk caged by six neighbors on a hexagonal lattice.
Equation(4) was used to calculate the free volume numeri-
while Salsburget al.[22] used a simple cell approach to give cally, and Eq.(4) was used to generate the asymptote.
As has been reported elsewhere, the effect of finite size on
free volume follows a IN{)/N decay, and this is shown in

or [r,—r1|<20 and zero otherwise. A Verlet algorithm was

(B)
£l 2
T

of?

0_2

(S ) . L
£9= _in vt Fig. 3. The results were used to establish a minimum assem-
o2 | bly size of 2000 disks for all simulations used estimate grain-
boundary free energy.
v%s) a—1 )2 Calibration of the fluctuating cell method
?_ 0_5379 (16 It would seem reasonable to suppose that the average

value of the fluctuating cell free volume would be the simple

cell free volume, but this is not the ca§#0,23,24. This
Figure 1 compares the pressure for these two methods witissue was investigated using 17 periodic assemblies of 2500
the results of simple cell theory and the crystal equation oflisks having densities that ranged from 1(@&ar the fluid
state. limit) to 1.15(near the close-packed limitThe fluctuating
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FIG. 3. Finite size effect for homogeneous assemblies of nearly
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hard disks. Fluctuating cell theory and Monte Carlo integration
were used to calculate the average free volume of nine assemblies FIG. 5. The ratio of free volumes as predicted by simple cell
of varying sizes. theory and as measured by fluctuating cell theory. The solid line is
at a ratic=1.502.
cell free volume was then measured for each disk and these
values were normalized using the simple cell free volumeBarker, and simple cell approximation of Salsbwey al.
formula of Eq.(4). The results, shown in Fig. 4, indicate that Simulations were run with 2500 disks at the temperature and
the normalized size distributions do not vary with densityelastic stiffness prescribed above. Five time slices were con-
and have, collectively, an average value of 0.673. The norsidered for each assembly, so the average free volume esti-
malized simple cell value is, of course, 1.00, so the freamates were based on 12500 individual free volume calcula-
volume from fluctuating cell theory must be multiplied by tions. The results shown in Fig. 7 indicate that the free
1.486 in order to obtain the simple cell value. energy calculated using the calibrated fluctuating cell model
This calibration issue was further investigated to see hovis consistent with the four other approaches. A basic premise
the calibration factor varies with number density with the of this work is that the fluctuating cell method can be applied
results summarized in Fig. 5. As is clear from the plot, theto inhomogeneous distributions of disks as well as being a
ratio of fluctuating cell and simple cell free volumes is es-means of estimating the grain boundary free energy.
sentially constant up to a number density of 1.12. From there
it falls off, and this is most likely due to errors in fluctuating
cell free volume measurement takes into account the disk ] ] ) )
elasticity while the simple cell model does not. The high An algorithm, summarized in the following steps, was
density results were therefore disregarded in calculating eveloped to determine tilt boundaries that give a periodi-
final calibration factor of 1.502see Fig. 6. Such a constant cally repeating structure in both directions. Given a hexago-

calibration factor amounts to a vertical shift of the Helmholtz@! lattice with one of the close-packed directions aligned
free energy, as shown in E(L3). vertically, find all disks a distancé from the lower left disk,

With a calibration in place, the Helmholtz free energy canWhere 49 <X<51lc. Draw a line between one of the disks

be estimated using the fluctuating cell method and compare@nd the lower left disk. The angle between this line and the
with the analytical predictions of simple cell theory of Eq. horizontal is 8/2—i.e., one-half of the grain-boundary ftilt

(4), the crystal equation of state, the Bethe approximation ofngle that will have a horizontal period ¥f From this set of
angles, select a subset for which a line can be drawn at an

IIl. MODELING SYMMETRIC TILT BOUNDARIES

o ‘ ‘ ’ ’ angle of 7/2— 6/2 from the origin to a disk located at a
S @ i average value distance 46<Y=<1000. This subset of angles will have a
2 o osT
B (g ¥ of all distributions = 0.67
g 0.8[£ i ‘ ‘ ‘ ‘ 0.004 — Simple Cell
206012 ] o 0.003 O Fluc Cell
= 19 : . . :
= 1Y Free Volume Distribution: b A Calibrated Fluc Cell
_‘é‘ 04— N Homogeneous Assemblies - = 0.002 |2
o2+ 1w o

: “°‘°J,, 0.001 o]

0 1 1270 00 0y v s v olmmanma o 0 6 o Oo
1 2 3 4 5 6 7
ve(fe)ve(se 0
ge)ve(se) 1.08 1.09 1.1 L1l 1.12 1.13 1.14 1.15

FIG. 4. (Color) Histogram of free volumes for 17 homogeneous
assemblies covering a number density of 1.08 to 1.15. The results of

po?

each simulation were normalized by the simple cell free volume for  FIG. 6. Calibration of the fluctuating cell method using simple
the associated number density. cell theory. A fitted calibration ratio of 1.502 was used.
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Model Comparison: Helmholtz Functions
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FIG. 7. The Helmholtz free energy functions of simple cell
theory of Eq.(4), the Bethe approximation of Barker, the simple  FIG. 9. (Color Initial condition for a symmetric tilt boundary
cell approximation of Salsburg, and the crystal equation of stateystem with a misorientation of 35.56°. Portions of the upper and
compared with the free energy estimate of the calibrated fluctuatingight periodic replicas are shown to illustrate that the algorithm used
cell method. The fluctuating cell data was generated using assemmakes a perfect match on all periodic boundaries.
blies with 2000 disks and five time slices, so the free volume esti-
mates were based on the average free volume of 10 000 disks. the assembly by adding up the contribution from all bins:

vertical period ofY for the tilted grain. Figure 8 illustrates £ _ N | (V)i 18
this idea. There are 55 misorientation angles distributed in a P iin o2 | (18)
relatively even manner in the range<@<60°.

Within the periodic domain, bicrystals were constructedThe thermal average was taken over the 20 time slices cho-
with two vertical tilt boundaries as shown in Fig. 9. sen.

For each bicrystal, three simulations were performed. Af-  The binning data for free volume and Helmholtz free en-
ter allowing for the system to reach a dynamic equilibrium,ergy were supplemented with data for the average specific
five time slices were chosen from the first two simulations,yolume v, for each disk within bini. This is the average
and ten time slices were chosen from the third simulationspace assigned to each disk and is equal to the inverse of the
(which was twice as Ior’)g For each of these time slices, the number densit)p; it was calculated using a Voronoi a|go-
free volume of each disk was calculated. An average fregithm [25]. The specific volume allows an estimate to be
volume was obtained by constructing 51 vertical bins—eachnade of the average Gibbs free energy per disk associated
with a width of one disk diameter. For a given angle of with each bin:
bicrystal misorientation and a given bin, the average free
volume within the bin was calculated using all 20 time slices. () = £(1) 4 py; . (19)

It was implicitly assumed, therefore, that each disk within a

given bin is in a state that might be achieved by any othedhe pressur® is obtained from the crystal equation of state,
disk in the same bin. This seems reasonable since the bfg. (10), using the average number density of the disks as-
boundaries are parallel to the grain boundaries. Equéti®n  sociated with the bulk phases.

was then used to derive the excess Helmholtz free energy of A typical result is shown in Fig. 10 and illustrates the way
in which these quantities vary along a line perpendicular to

the grain boundaries. Within the hard diskyT ensemble,

the temperature and internal energy are the same with and
without grain boundaries. The spatial variation in the Helm-
holtz function is therefore due to the fact that disks within
the grain-boundary region have a higher entropy than those

60 aon

50

L, o : within the bulk. The figure also shows a horizontal line at the
o o value of Helmholtz free energy for the assembly without any
2 \ 1 grain boundaries. Grain-boundary formation clearly causes

the Helmholtz free energy of the bulk disks to go up while
decreasing the free energy of the disks in the vicinity of the
boundaries. The rise in the bulk Helmholtz energy offsets the
decrease in the Helmholtz energy associated with the grain
boundaries, and so the total Helmholtz free energy of the
FIG. 8. lllustration of the algorithm for choosing angles for assembly is higher with grain boundaries than without.

symmetric tilt boundaries such that the horizontal and vertical do- As indicated by Eq(2), the increase in the Helmholtz free
mains are periodic. energy of the bulk is a consequence of maintaining a con-

Q2
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8.5 : ! rﬁﬁ
8 : : FIG. 12. (Color) High angle grain boundary.
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FIG. 10. A typical Helmholtz free energy profile in the assem-
bly. The dashed line indicates the excess Helmholtz free energy per
disk for a homogeneous assembly of the same number density. Note
that the Helmholtz free energy within the grain boundaries de-
creases while the overall Helmholtz function increases.

Free Volume

Specific Volume

. ...‘”” FIG. 13. (Color) Transition through thex7 coincidence site

lattice, showing how the structure of the free volume and specific
FIG. 11. (Color) Low angle grain boundary. volume vary with position across grain boundaries.
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Speciﬁc Volume free and specific volume of each disk. These images offer
structural information that is lost in the binning algorithm.
The hues are associated with the average values of volume
for all 20 time slices mapped onto positions associated with
one arbitrary time slice. Each plot is individually normalized
so as to best exhibit relative variations. As is typical in
atomic bicrystals, the grain-boundary structure exhibits a
spatial periodicity that increases with misorientation. The
packets merge at misorientations near 15°. Typical low and
high angle grain boundaries are shown in Figs. 11 and 12.

The most pronounced difference between free and specific
volume plots is the 38.2° boundary of Fig. 13—very nearly a
37 boundary. The free volume shows almost no variation
between bulk and boundary disks while the specific volume
exhibits a spike across grain boundaries that is similar to that
of boundaries that are not coincidence site lattices. A very
similar result is obtained for a misorientation of
21.787°—close to the oth&7 boundary.

The color plots can be compared with the binning data
10 20 30 40 5 shown in Fig. 14, where it is clear that the three misorienta-

. . tions have a nearly identical variation in specific volume.

Gibbs Function However, theX7 boundary exhibits a strikingly homoge-

neous free volume, implying that the bulk and grain-
boundary disks have almost the same Helmholtz free energy
for the coincidence site lattic®CSL). This is shown in the
second plot and is in sharp contrast to the large variation in
the Helmholtz function for misorientations that are only
slightly different. The third plot shows that the Gibbs free
energy of theX7 boundary is much lower than that of the

~—

o r—

10 20 30 40 non-CSL grain boundaries, but the relative heights of the
Vertical Bin grain-boundary spikes are the same.
At misorientation angles close to either 0° or 60° the
o (o]
—37.8 —38.2 ~+40.0° grain boundaries are composed, as expected, of regularly
(~27) spaced dislocations. This is highlighted for two cases in Fig.

FIG. 14. Transition through thé.7 coincidence site lattice, ¢ \yith classical solid-state systems, the dislocation ori-
showing how specific volume, Helmholtz free energy, and Gibbs

) ey ) . entation and spacing can be related to the misorientation
free energy vary with position across grain boundaries. .
angle[26]. The relations are

stant volume. The formation of a grain boundary therefore . b coq30°)
causes the system pressure to increase while the specific vol- Ol near 0=2 5'”_1(T> ;
ume of the bulk decreases. These effects combine in the
Gibbs function to give a localized picture of the grain- b

boundary free energy. If the Gibbs free energy of the assem- O] near so=60—2 Sin_l(ﬁ) : (20)

bly is compared with that of a homogeneous assembly at the

same final pressure, the change in free energy is localized &nd the table below indicates that these provide reasonable
the grain boundary. This is shown in Fig. 10. The spikes inapproximations to the misorientation angles for several of
the Gibbs function reflect the increase in free energy of anhe grain boundaries simulated. Input for the estimated
isobaric, isothermal assembly due to the presence of graiangles was obtained by counting the spacing between dislo-
boundaries. Formation of an identical grain boundary withincations.

a larger assembly will give a different grain-boundary en- . o
ergy, though, because the final pressure of the system will be actual  Pestimate
lower. Grain-boundary formation for sufficiently large as- 3.48 3.42

semblies may be viewed as isobaric, but this is not the case

for the assemblies of the current study. 456 451
580 552

IV. GRAIN-BOUNDARY STRUCTURE 51.9 52.64

For each of the 55 misorientations considered, the grain- 53.99  53.98
boundary structure was plotted by using color maps of the 55.95 56.11
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0 =56.03° Free Volume SP601ﬁc Volume

»‘ ® 00000000
Specific Volume

- FIG. 16. (Color) Bridging networks in the free and specific vol-
. m‘m umes are typical of most grain boundaries but are particularly clear
in this 51.9° misorientation.
FIG. 15. (Color Low angle grain boundaries are composed of a
series of dislocations, but the structure is different for misorienta—a

' i nd 14. This suggests that the distribution of free volumes is
tions near 0°(left) than near 609right).

most likely different between bulk and interfacial disks. In
order to quantify this, the histograms were constructed of the
As the misorientation between grains moves from theseollective free volume for each bin for 500 grain boundary
extremes, individual dislocations can no longer be discernedgsimulations covering the 55 tilt boundary misorientations.
However, regular patterns still exist in both the free volumeThree such bin histograms are shown in Fig. 17.
and specific volume color plots, and these are qualitatively Bins located symmetrically on either side of the right
distinct. Most of the free volume plots clearly show a peri-grain boundary were found to have essentially the same free
odic pattern demarcated by disks that bridge adjacent grainslume distribution as that of the homogeneous assemblies
without exhibiting a free volume different than that associ-of Fig. 4, while bins that included the grain-boundary region
ated with the bulk disks. Free volume bridges are in a differ-exhibit a much wider variation in free volumes. In fact, this
ent state of stress than adjacent regions within the graitransition was found to vary smoothly as a function of bin
boundary and may play a dominant role in the transfer olocation. The grain-boundary distribution also includes a
force from one grain to another. This is similar to the jam-long tail out to free volumes a factor of 200 times that of the
ming and force chain phenomena observed in colloidal sussimple cell prediction. This tail is not shown in order to more
pensions of hard particld27]. These features are illustrated easily see that the distributions away from grain boundaries
in Fig. 16 for a misorientation of 51.9°. Bridging is also have essentially no free volumes with a relative value greater
clear in the high angle boundary of Fig. 12 and in the thirdthan 4.
pair of boundaries of Fig. 13. The grain boundary distribution in free volumes shown in
Grain boundaries typically contain disks with free vol- Fig. 17 is derived from 55 misorientations and suggests that
umes much larger than those associated with the bulk. Thithere is a general nature to the free volume distribution of
can be seen in the color plots of Figs. 11, 12, and 13 and, vimhomogeneously packed disks that is exhibited by consider-
Eq. (13), through the Helmholtz function profiles of Figs. 10 ing a wide range of such packings via tilt boundaries. With

1.2
z
wn
5
A 0.8 FIG. 17. (Color Free volume distributions for
b three vertical bins based on 500 simulations cov-
= 0.6 ering all 55 misorientations. The two similar dis-
'5 tributions (red and blackare +7 and —7 bins
= from the right grain boundary, while the lower,
o 04
8 wider distribution is for a bin coincident with the
A~ 02 boundary itself.

ve(fe) ve(sc)
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the exception of a very rapid rise near zero free volume, this
distribution shows an exponential decay in probability den-
sity with increasing free volume, and it is likely that the

rapid rise for very small free volumes is associated with disk 30}
elasticity and would not be present for disks that were truly .
hard. This effect was already noted in the discussion on fluc- ©
tuating cell calibration associated with Fig. 5. Interestingly, a ®- 20y
similar exponential distribution is observed in free volumes
of assemblies of pairs of fused hard di$RS)]. 10k

213

V. GRAIN-BOUNDARY FREE ENERGY AS A FUNCTION ; y
OF MISORIENTATION 0 10 20 30 40 50 60

Misorientation (Degrees)

The Helmholtz free energy of each bin can be added in
order to obtain the total Helmholtz free energy as a function FIG. 18. The interfacial free energy of an assembly of nearly
of misorientation angle. In particular, E¢L8) was used to  hard, elastic disks is plotted as a function of misorientation.

derive the excess Helmholtz free energy of each assembly:
free energy with, possibly, small dips for tRel9 boundaries

as well. As far as we are aware, this plot represents the first
. (21 estimate of grain-boundary free energy as a function of mis-
orientation for any steric system. These results can be com-
pared with the energy plot of Fig. 19 obtained for a two-
dimensional system governed by a Lennard-Jones pair

50 50
f<fC>=i§0 f§f°)=—i§0 N; In

(V)i
o2

Since the domain siz¥ is known for each bicrystal, the
simple cell result of Eq(8) can be used to calculate the

Helmholtz function without any interface: potential:
(H) ro|* ro|®
v o] s
fi9=—NIn # : (22) " Tij Tij

Periodic, zero pressure boundary conditions were enforced
Here the homogeneous free volum&” , a function only of ~ and isothermal conditions maintained. A half-loop, bicrystal
number densityp=N/V, was obtained using Eq$4) and geometry was used, so that any dependence on interface ori-
(5). For the simulations, the initial state of the assembly wantation was averaged. The entropic contribution was as-
constructed such that the average number density was fixegimed to be negligiblgl18].
at p=1.12044. Using Eq.2), the dimensionless grain-

boundary free energy is then Two alternate methods for estimating grain-boundary
f
B(HO 100 | ree enerqy |
Boy= TO'H (23 The result obtained for grain-boundary free energy is

based on a binning strategy in which the free energy of ver-

Here h is the height of the domain, and the factor of 2 is [
required because there are actually two grain boundaries con- L 1213
tributing to the change in the Helmholtz function. Note that :
Egs.(21), (22), and(3) imply that, for an assembly of hard
disks, the right-hand side of E@23) is not a function of
temperature. Since the grain-boundary entropy is defined as
Sgp= —(dy/dT)|n,v, the grain-boundary free energy is just

¥Y="TSp (29)

in the limiting case of hard disks—i.e., the free energy is
purely entropic. In an assembly of nearly hard, elastic disks,
this is the dominant contribution to the grain-boundary free
energy, and in the hard disk case it is the only contribution. ; ; :
This term is often neglected in solid-state systems. R .
Figure 18 shows the final plot of interfacial free energy as 30 40 50
a function of misorientation for symmetric tilt boundaries.
Of particular interest was whether or not coincidence site
lattices exhibit distinctive free energies in the same manner F|G. 19. Molecular dynamics prediction of the variation in grain
as for classical solid-state grain boundafi23—31]. All four ~ boundary internal energy with misorientation for a tilt boundary. A
37 and %13 boundaries show dips in the grain-boundaryLennard-Jones potential was used for the two-dimensional system.

Misorientation (Degrees)
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tical slices of the assembly is calculated using the averagklere c; is the calibration factor that must be provided to
free volume of disks in each bin. An implicit assumption is match the free energies. Using the same approach as in the
that the average free volume of disks in a bin represents thealibration of free volumes, it was found that=1.11 gave
thermally averaged free volume of any one disk in that binthe best match between simple cell and fluctuating cell free
In addition, the measured free volume of each disk is mU'ti'energies of homogeneous assemblies. This value and Eqg.
plied by a correction factor of 1.502 in order to better match(26) were then used to estimate the grain-boundary free en-

the free volumes of homogeneous assemblies. Alternatives gy as a function of misorientation with the same data used
the binning approach and the free volume calibration factog, produce Fig. 18.

were also considered as explained below. These other ap- The two alternative methods of calculating free energy

proaches were considered because the application of fIUCtWere found to give essentially the same results to that of the

_atin_g_ cell theqry to inhomogeneous assemblie_zs has not bee({lliginal method shown in Fig. 18. This implies that the fea-
justified, and it was thought that other strategies of accountt-ures of this plot are not tied to either the vertical binning

ing for assembly inhomogeneity might lead to different free trateqy or the free volume averading scheme
energy results. However, the alternate methods were found ey ging '

give essentially the same results as the original method, and
this lends a measure of support for the application of fluctu-
ating cell theory to assemblies with grain boundaries. VI. CONCLUSIONS

The vertical binning strategy can be replaced by an ap-  \glecular dynamics can be used to estimate the interfa-

proach that groups disks according to their free volume ing| free energy and structure of symmetric tilt boundaries in
stead of lateral posmon.'The u'nderly.mg assumption behind scemplies of nearly hard disks. The most common tech-
such a strategy is that disks with a similar free volume repyqes for obtaining interfacial free energy rely on an attrac-
resent configurations that any one such member of the group,e component to the pair potential and cannot be applied to
will eventually find itself in. As has already been discussedy,cpy systems. Fluctuating cell theory was therefore used to
in association with Fig. 17, grain-boundary structures werggtimate the interfacial free energy and was calibrated for
found to be relatively stable and typically had a number of,,,mageneous assemblies using simple cell theory. An algo-
disks which maintained a stable free volume that was manyiihm was developed to identify symmetric, tilt boundaries
times greater than that of the disks in the bulk. Removal ok, \yhich poth vertical and horizontal periodicity is main-
these larger disks from the calculation results in a renormalszined and simulations were performed on 55 of these spe-
ized distribution that is more c_Ioser allgned_ with that of the . angles. This was sufficient to construct a plot of interfa-
bulk and suggests that some improvement in the free energy,| free energy as a function of tilt boundary angle in
estimate might be obtained by treating the larger disks sepajssemplies of nearly hard, elastic disks. The structure of
rately. Disks were therefore binned according to size with gpaqe grain boundaries was also studied through a compari-

. e g . (fe) (sc)_ 4. -
bin dividing point atv{™/vi™=4: son of free volume and specific volume plots. It was shown
that the low angle boundaries obey classical kinematic rules

1 () (v1) and are composed of a series of dislocations. The free energy
pler—_ =[N In{ f/small| Niarge 4&]) of individual dislocations was not quantified, but this will be
N a? a? undertaken. Grain boundaries typically exhibited volume

bridging—periodically occurring bridges of disks with vol-
umes the same as those associated with their bulk counter-
An analysis showed that this free energy estimate was NQqfarts. Also of interest was that bo#¥ boundaries showed a
sensitive to variations In the CutOff Size betWeen 3 and 5|arge Jump in Specific Volume across grain boundaries W|th
This equation was used in place of Efj4) to generate a plot g corresponding jump in free volume.
of grain-boundary free energy. Now that the interfacial free energy of symmetric tilt
A third method was also considered that is based on §oundaries has been estimated as a function of misorienta-
different way of calibrating the fluctuating cell algorithm. tjon, it should be possible to use MD simulations to quantify
Rather than Calibrating the aVerage ﬂuctuating Ce” free VOI‘the mob|||ty Of curvature driven grain boundaries_ A p|ot

ume of a homogeneous assembly to that predicted by simplgnalogous to that of Fig. 18 could be developed for this
cell theory, a calibration could be made in order to match thengpility.

bulk free energies of the two assemblies—i.e., The use of a MD simulation was originally motivated by
an interest in studying the kinetics of grain boundaries in
£(s0)_ f(fcH) deforming, lightly dissipative assemblies. It should also be

possible, though, to estimate the interfacial free energy using
a Monte Carlo simulation and thermodynamic integration
from an Einstein bicrystal. Such an approach, while more
computationally intense, would allow the consideration of
truly rigid disks and would offer an independent check on the

where Eq.(14) is replaced by

1 N . results presented here. The thermodynamic integration re-
fle=—_—_> |n Uil (26)  sults, currently being pursued by our group, would be par-
ciN =1 a? ticularly useful in evaluating the application of fluctuating
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