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Diffusion and current of Brownian patrticles in tilted piecewise linear potentials:
Amplification and coherence
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Overdamped motion of Brownian particles in tilted piecewise linear periodic potentials is considered. Ex-
plicit algebraic expressions for the diffusion coefficient, current, and coherence level of Brownian transport are
derived. Their dependencies on temperature, tilting force, and the shape of the potential are analyzed. The
necessary and sufficient conditions for the nonmonotonic behavior of the diffusion coefficient as a function of
temperature are determined. The diffusion coefficient and coherence level are found to be extremely sensitive
to the asymmetry of the potential. It is established that at the values of the external force, for which the
enhancement of diffusion is most rapid, the level of coherence has a wide plateau at low temperatures with the
value of the Pelet factor 2. An interpretation of the amplification of diffusion in comparison with free thermal
diffusion in terms of probability distribution is proposed.
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[. INTRODUCTION quency locking and noise gives rise to a multienhancement
of the effective diffusion, and a rich behavior of the current,
It is difficult to overestimate the importance of the effectsincluding partial suppression and characteristic resonances
caused by Brownian motion for soft condensed matter physt19] (see also Refl.20]).
ics. An object of special attention has been Brownian motion Usually, when addressing diffusion enhancement, tilted
in periodic structures which has various applications in conharmonic spatial periodic potential is used, confer however
densed matter physics, chemical physics, nanotechnologﬁef- [16]. Furthermore, it i_s known that some features of the
and molecular biology1—4]. Furthermore, the idea that add- 'atchet transport mechanisfe.g., the current reversalare
ing noise to deterministic motion can give nontrivial results&Xtremely sensitive to the shape of the poterjl. In the
has led to many important discoveries, such as stochast esent paper, we carry out a comprehe_nswe study of the
resonancg5], resonant activatiof6], noise-induced spatial epenqlence O.f :jn‘fuswe and coherent(;n(_)lt!on ?f ovefrdamp_ed
patterns[7], noise-induced multistability as well as noise- Brownian particles on temperature and tilting force for varl-
induced phase transitioi8,8—11, ratchets[2], and hyper- ous shapes of tilted piecewise linear periodic potentials. The

ive t 2], t but a f £ th h latter are sufficiently simple to allow an algebraic treatment
sensitive transpo » 10-name but a few ot the New phe- ¢ ihe relevant quantities, being at the same time physically

nomena in this field. o _ rich enough to provide most of the effects characteristic of
~ The acceleration of thermal diffusion of Brownian par- tjjteq periodic potentials with one minimum per period.

ticles in tilted periodic potentials has been studied recently in e paper is organized as follows. Proceeding from the
a number of papergl3—16. A small enhancement of diffu- general scheme developed in Rdfs4,15 (outlined in Sec.
sion induced by bias with respect to free diffusion was esq|), we derive in Sec. Ill the algebraic expressions for the
tablished for the asymptotic limi{.3]. The paper$14-16 diffusion coefficient, current, and Blet factor for the case of
provided exact analytic treatments of the effect for arbitrarya general tilted piecewise linear periodic potential. The
temperature, tilting force, and periodic potential. A giant am-asymptotic limits and particular cases are considered analyti-
plification of diffusion up to 14 orders of magnitude was cally in Sec. IV. In Sec. V we analyze the behavior of the
predicted in Refs[14,15. Another new effect, a nonmono- diffusion coefficient and Reet factor in the space of system
tonic behavior of the diffusion coefficient and coherenceparameters, i.e., the tilting force, temperature, and asymme-
level of the transport of Brownian particles as a function oftry parameter of the potential. We also discuss the effect of
temperature, was found in R¢fl6]. Similar anomalies were the amplification of diffusion in terms of probability distri-
observed in systems with spatially periodic temperafii@. bution. The existence of correlation between the enhance-
Recently it was shown that nonhomogeneous dissipation cament of diffusion and the stabilization of the coherence level
induce enhancement and suppression of the diffusion as @f Brownian transport is demonstrated in Sec. VI. Our results
function of temperature, as well as an increase of the coheare summarized in Sec. VII.

ence level of Brownian motion in tilted symmetric periodic

potential[18]. A distinctive behavior of diffusion also occurs Il. GENERAL SCHEME

if one applies a sinusoidal time-periodic force to the system,

in addition to a tilted sinusoidal space-periodic force. It was We consider overdamped motion of Brownian particles
demonstrated numerically that the interplay between fredescribed by one-dimensional Langevin equation

dx(t dVv
oo T, @
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whereV(x) =Vy(x) —Fx andVy(x) =Vy(x+L) is the peri- the potential is monotonically decreasing, i.e., the potential
odic potential F is the static tilting forcey is the coefficient does not have local minima.
of viscous friction,&(t) is the Gaussian white noise with the ~ We can take with no loss of generality=1 and replace
mean value (¢(t))=0, and the correlation function the relevant quantities with the corresponding dimensionless
(€M) =27kgTo(t-t"). o ones: T=kgTA™! and F=F/F,, hence F.=1, D

As usual, the effective diffusion coefficient is defined by _ DyA L, 50=Do7lA_1 so that 50:7. and <)-(>

)= (x(1))2 =nA~Y(x). For brevity, in what follows we will omit the
D= lim————. (2) tilde signs above the symbols.
t=e Now the expressions for the diffusion coefficient, current,

. . . and Pelet factor have the following form:
In the same time scale the current is determined as

v\ — -1
S <X(t)> <X>_(POZ , (10)
(x)=1lim . (3)
tow L D=TYZ 3, (11
According to Refs[14,15 the diffusion coefficient for the Pe=¢oZ%(TY) 1, (12
model (1) is equal to £=0)
where
o= om0 T @ ;
:—3 +(X _(X T, 4 =
N=Jxq 0o=1 exr< T(l—k))’ (13
with
k 1
xo+L dx Z= fo H_(x)dx+ fk H_p(x)dx, (14)
N[0 T ©
« L
i k 2 ! 2
- Y= [ HLa00TH 00Tt [ H00TH 00 TPax
l.(X)=7 Daleiv(x)/kBTf e VO/keTqy, 6) 15
X

HereX, is an arbitrary point an®,=kgT/ 7 is the diffusion Equations(14) and (15) contain the function$4.., and
coefficient forVy(x) =0, i.e., for free diffusion. The particle H=b Where the subscripisandb associate, correspondingly,
current is given by14,15,23 with the limits of integration from 0 t& and fromk to 1. We

have

<X>= Nfl(l_efLF/kBT)_ (7) )
H+a(x):DOle[+ua(x)F(l+l)/2(lk)]/T[f e:va(y)/Tdy
The relationship between the directed and diffusive com- X

ponents in Brownian motiofthe level of coherengecan be

; 1 +1
characterized by the Blet number Pe or by the factor of +f e M/ Tdy+ fx e*”ﬁ(y)”dy],
randomness), k 1
N 1
- L({x) :E. @® Hop(X) = Dole[tub(x)F(ltl)/2(lk)]/T[ f e uWITgy
D Q X
, k+1 x+1 _
The greater the Réet number, the greater the coherence of +J e+va(y)/Tdy+f e+ub(y)/Tdy]_ (16)
Brownian transport. 1 k+1

Il ANALYTIC COMPUTATIONS In Egs.(16) the dimensionless potential reads as

We proceed from the exact analytical formulas for the va(X)=ap—ax, O0sxsk,
effective diffusion coefficient4) and current(7) of Brown-
ian particles, and consider a piecewise linear periodic poten- vp(X)=—bot+bx, ksxsl1,
tial with the amplitudeA, periodL, and asymmetry param-
eterk (O<k<L; the potential is symmetric K=L/2). If the va(X)=ag—ax, 1sx<1+k,
tilting force exceeds the critical value,
vE(X)=—bo+tbx, 1+k=x=2, (17

A
F>Fe="%’ ©  Lith
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1Rk o Lhk
T T(a-kk ¢ BTh AT
AN S S 18
- 1_k| 0_1_k| 0_1_ ( )

Performing integration in Eq$16), we obtain

al ¥2x—k(1¥1
Hia(X)Z%JFQQDanF{ [ XZT( )]),

®o
Hop(X)=— o 9%

;{b[iZ(x—l)Jr(l—k)(li 1)])
X ex )

2T

(19
with the notations
_1 1 20
1-F

Pa=exp —— |~ L,
1 1-(1-F)k 21
pp=1—ex T T a=k) ) (21)

Substituting the function$i ., p(x) from Egs.(19) into
Egs.(14) and(15), we have after integration

k 1-k

a b

o+ T @aep, (22)

k 1-k|
2 g 07T

2
9¢oPadh

1+
a® b
1

) 1 1
+§Tg %o

= =2
gsDaCPb b2<Pb<Pa

+29%¢0

k 1-k ,
gqoa(l—%)—T@b(lJrsoa)

31 3 1 3
+Tg 5¢a¢b(1—¢b)+5¢bcpa(l+¢a), (23
where
- 2(1—
(Pa:ex;( (l_l_ F))—l,
- 2[1—-(1-F)k
o= 1—ex;< — %) . (24)
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By that we have derived the exact algebraic expressions

for the currentx), the diffusion coefficienD, and the Pelet
factor Pe.

IV. ASYMPTOTIC LIMITS AND PARTICULAR CASES

In this section we will examine the asymptotic limits and
essential particular cases on the basis of the analytical for-
mulas derived.

(i) In the absence of tiltk =0), Egs.(13) and(21) reduce
to

©0=0, p,=e"—1, g,=1-e" T, (25)
and from Egs(11), (22), and(23) one obtains

1
D= > Tlcosh1m—17°

(26)

This expression is as a special case of the general formula of
the diffusion coefficient for arbitrary unbiased periodic po-
tential[23]. It is to be noticed that foF =0 the coefficient of
diffusion becomes independent of the asymmetry parameter
k.

(ii) In the high-temperature limit, one can take into ac-
count only the first-order terms in the expansions of the ex-
ponents in Eqs(13) and(21). Then

F 1-F 1-(1-F)k
P TA—K) T TT o T Tk
(27)
and
Higp=T"% Z=T1 Y=T72% (29)

The current, diffusion coefficient, and &et factor now
become

. F
0=1% (29)
D=T, (30)

F

(iii) Under the condition&>1 andF/T>1, it is valid
that

F
Po~—a~ep~1, a~—b~_— (32

and
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As a result, the expressions B (x), and Pe coincide with 35

Egs.(29—-(31). Thus, at high temperatures and at large val- 301

ues of tilting force, the transport properties of Brownian par- 257 A

ticles are the same. 20 e |
D/T  _1 ——

(iv) If F<1 and (1-F)/T>1, we have the following
asymptotic limits:

ep~pp=~1,

o ~el-PITs 1

Fame2 T2, (34
Then Eqgs(14), (15), and(19) yield FIG. 1. The plot of the diffusion coefficient vs the tilting force
and the potential asymmetry parameter at fiXed0.1.
Z=Tg?e P, (35)
D al (42
1 T 2112’
Y= E-|-gsez(1—F)/T[(a—l_ b—l)% 3(1-k)
Pe=3. 43
+2(a e FA-NT+p=h], (36) 43
We observe that foF =1 the Pelet factor is constant and
and depends neither on the temperature nor on the asymmetry
parameter.
o %o 3
x)= w' (37) V. NONMONOTONIC BEHAVIOR OF DIFFUSION
AND COHERENCE
2— o The expression of the diffusion coefficient as a function of
= S Ta2el-FIT’ (38  F given by Egs.(11), (22), and (23 reveals a qualitatively
ge similar behavior to that found in Reff12,13, exhibiting a
5 . resonantlike maximum if the temperature is sufficiently low.
%o _ This effect is strongly influenced by the shape of the periodic
P 2 tanhzi 39 . . P .
2— g T(1—-k) (39 potential, as illustrated in Fig.[R9]. This plot shows that for

positive bias F>0), the increase of the value kfavors the

(cf. also Ref.[16]). If, additionally, the conditionF/T(1
—k)>1 is fulfilled, it is valid thate” ™71 Y~0 and ¢,

~1. Consequently, in the present case we have=2x) and

amplification of diffusion compared to free thermal diffu-
sion.
Next we consider the dependence of diffusion on tem-

Pe=2. This indicates that an extremely exact stabilization oferature. Figure 2 displays the typical behavior of the diffu-
the level of coherence of Brownian transport occurs in thission coefficient as a function of temperature and asymmetry

region of parameters.
(v) At the critical tilt (F=1), it is valid that

o 1-k (a[F2x—k(1F1)]
Hia(x)—gﬂL T exr{ o7 )
®o 1-k ak

H.p(X) ;‘F?GX[{—?

N eol £2(x—1)+(1-KkK)(1=1)]
2T

(40

’

whereas in the low-temperature limit Eq$0)—(15) and(40)
yield

B 2T
C(1-k)?’

(x) (41)

parameter fo==0.95. The nonmonotonic behavior occurs
if the value of tilting force lies within a certain rande;
<F<F, whereF, ,depend ork. One can see that the maxi-
mum of D(T) becomes rapidly narrower and higher las

FIG. 2. The plot of the diffusion coefficient vs the temperature
and the potential asymmetry parameter at fiked0.95.
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0 05 1 1).‘(5 2 25 3

FIG. 5. The plot of the probability densiti?(x) at T=0.01,

k=0.5, andF=1.1.
FIG. 3. The plot of the Raet factor logy(Pe) vs temperature

log,¢(T) for various values of the potential asymmetry coefficient at[lg], where the enhancement of the coherence of Brownian
F=0.95 (curves 1-5 and F=1.05 (curve §. Curve 1,k=0.1,  motion in a certain region of temperature due to frictional

curve 2,k=0.5; curve 3k=0.9; curve 4,k=0.95; curves 5, 6, jnhomogeneity is associated with the suppression of diffu-
k=0.99. sion by the same factor.

Now we discuss the amplification of diffusion by bias in
approaches unity. There exist the limiting valuég  terms of probability distribution. The stationary probability
~0.8285 and~(=~1.1292: fork<<kg or F>F the diffusion  density for the coordinate of a Brownian parti€lg normal-
coefficient is a monotonic function of temperature for allized over one period can be written as
values of bias and asymmetry coefficient. Therefore, the
(k,F) space is lelo!ed into two d_o_malns where th_e analytical P(x) = ie*V(X)/kBTJH Lev(y)/kBTdy. 4
properties of the diffusion coefficient as a function of tem- N
perature are qualitatively different.

The curves of the Riet factor versus temperature are Figures 4—6 represefin terms of the dimensionless param-
depicted in Fig. 3. The function PE) passes through a eters the probability distributions characteristic to various
maximum (curves 1-5 for F<F., which is also present diffusion levels depending on the tilting force.
slightly above the critical tilt(curve 6. With a further in- Figure 4 illustrates the situation, where particles are
crease ofF, the maximum of Pel) disappears. mainly localized around the minima of the potential and

As seen in Fig. 3, the optimal level of Brownian transport,transport is strongly suppressed. Diffusion is essentially
determined by the maximal value of thédRe number, is weaker in comparison with free diffusiom/T~10%. The
sensitive to the shape of periodic potential: FatF. the  probability distribution shown in Fig. 5 corresponds to the
optimal level of transport rises with an increasekirAt the  case where the diffusion is approximately maximal/T
same time, the larger values lofmake a minimum oD(T), =3.5) for the chosen values of temperature and asymmetry
which follows a maximum ofD(T) at a higher value of coefficient. In this case the regions with a large probability
temperature, deepéthe effect can be anticipated in Fig..2 are separated by the domains where the probability is much
In this sense the situation is analogous to the results of Regmaller, however, large enough to allow the entrance of a

X

1.5
35+
30
25+ 1
p 20 P
15
0.5
10 -
5,
0 : : : : : 0 : ‘ : . ;
0 05 1 1)'(5 2 2.5 3 0.5 1 1).(5 2 2.5 3
FIG. 4. The plot of the probability densiti(x) at T=0.01, FIG. 6. The plot of the probability densit?(x) at T=0.01,
k=0.5, andF=0.8. k=0.5, andF=3.
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FIG. 7. The comparison of the dependencies of thele®dactor FK_S' 8'_ The comparison of th? _dependencies of thde_!?é:_actor
and diffusion coefficient on the tilting force for various tempera- ang dll(ff_USIOI‘l cgeff;]mznt lc_)n the t”t'?_g fgrcei(krzo.l(solld Ilnes)l
tures at fixedk=0.5. Solid lines, 5Pe vsF; dashed lines, 2" =0.9 (dashe ) ines at fixed T=001. Curves 1,
log,d D(F)/D(0)] vs F. Curves 1,T=0.01; curves 2T=0.03; 091 D(F)/D(0)] vsF; curves 2, 5Pe vE.

curves 3,T=0.09.

VII. CONCLUSION

sufficient number of particles into these domains. As aresult, |n the present work we have addressed the problem of

a channel of hoppinglike transport is formed, leading to theyyerdamped motion of Brownian particles on tilted piece-
enhancement of diffusion with respect to free diffusion. Theyise linear potentials in the presence of white thermal noise.
further increase of the tilting forcE makes the probability \we have derived the exact algebraic expressions for the dif-
distribution still more homogeneous, as seen in Fig. 6, angsjon coefficient, particle current, and factor of randomness,
the diffusion approaches the free diffusion lim@AT=1.3  \hich are valid for an arbitrary simple sawtooth potential,
for the values of the parameters used in Fig. 6 tilting force, and strength of the thermal noise. On the basis
Consequently, the amplified diffusion in the tilted periodic of these formulas we have discussed the characteristic limit-
potential is characterized by the specific inhomogeneoumg cases and asymptotic behavior.
probability distribution with spatially alternating domains of  acceleration of diffusion turns out to be very sensitive to
high and low probability. The occurrence of a maximum inthe shape of the piecewise linear potential. It is shown that
the dependencB(T) can be understood in a similar way. |arge values of the asymmetry parametefavor the ampli-
fication of diffusion by means of biased potential and tem-
perature in comparison with free thermal diffusion. This can
VI. CORRELATION BETWEEN THE ENHANCEMENT be understood as a result of the formation of probability
OF DIFFUSION AND STABILIZATION OF COHERENCE distribution with spatially alternating regions of specifically

i , ... . balanced high and low probability. The necessary and suffi-
With regard to the simultaneous enhancement of diffusion;ient conditions for the nonmonotonic behavior of the diffu-

and current, caused by the foréewith respect to an untilted  gjon coefficient as a function of temperature are established.
system, the relation betwedh and (x) is of interest. One On the basis of these results, among the other applications,
can expect that such a relationship reflects some intrinsione can expect the significant increase of diffusive transport,
features of the mutual influence between diffusion and curfor example, in the superionic conduct¢®st,25 in a strong
rent driven by the tilt merely at lower temperatures, when theexternal electric field.
initial suppression of both components of Brownian transport We have demonstrated that thecRe factor as a function
by periodic potential is stronger. of the tilting force has a plateau at low temperatures which
The comparative plot dd and Pe versuB is presented in  terminates with a steep rise at the critical value of the tilting
Figs. 7 and 8. One can see that the functionM)elfas a force. As temperature grows, the plateau gradually reduces
point of inflection which turns into a wide plateau at lower until disappears and the &let factor becomes monotonically
temperatures. For values Bf from zero up to the end of the increasing. The domain, where thécRe factor exhibits the
plateau, the behavior of Fe) is described with great accu- plateau, coincides with the domain where the enhancement
racy by Eq.(39). Note especially that the domain where Peof diffusion coefficient is maximal. Consequently, in the re-
=2 coincides with the domain where the increase of diffu-gion of parameters where substantial acceleration of diffu-
sion coefficient as a function &f is most rapid and follows sion occurs, the current and diffusion are exactly synchro-
with a good approximation the la®=c***2F, wherec  nized. Note that the stabilization of the coherence level of
and «; , depend onl andk. The location of the end of this Brownian transport takes place at the value of theléte
region at larger values df is quite insensitive to the shape factor Pe=2 which is also characteristic for Poisson pro-
of the periodic potential, as seen in Fig. 8, and is locatedtesseg1], such as the Poisson enzymes in kinesin kinetics
approximately af . [26-28.
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Finally, it is remarkable that, as a result of the interplay ofis enhanced by bias, which generates significant amplifica-

periodic potential, bias and white noise, there exists an exagton of diffusion in comparison with free diffusion.

correlation between the acceleration of diffusion, induced by

the tilting force, and the stabilization of the coherence level ACKNOWLEDGMENTS

of Brownian motion. It seems that this phenomenon is quite  The authors are grateful to Romi Mankin and Marco Pa-

universal and manifests itself for an arbitrary periodic poten+riarca for valuable discussions, and acknowledge support by

tial in situations where initially strongly suppressed transportEstonian Science Foundation through Grant No. 5662.

[1] H. Risken,The Fokker-Planck EquatiofBpringer-Verlag, Ber-
lin, 1996).

[2] P. Reimann, Phys. Ref61, 57 (2002.

[3] P.S. Landa and P.V.E. McClintock, Phys. R8g3 1 (2000.

[4] O.M. Braun and Yu.S. Kivshar, Phys. Reg06, 1 (1998.

[16] B. Lindner, M. Kostur, and L. Schimansky-Geier, Fluct. Noise

Lett. 1, R25(2001).

[17] B. Lindner and L. Schimansky-Geier, Phys. Rev. L&,

230602(2002.

[18] D. Dan and A.M. Jayannavar, Phys. Rev6& 041106(2002.

[5] L. Gammaitoni, P. Fiaggi, P. Jung, and F. Marchesoni, Rev. [19] D. Reguera, P. Reimann, P kiggi, and J.M. Rubi, Europhys.

Mod. Phys.70, 223(1998.

[6] C.R. Doering and J.C. Gadoua, Phys. Rev. Lé8, 2318
(1992.

[7] J. Garcia-Ojalvo, A. Hernandez-Machado, and J.M. Sancho;
Phys. Rev. Lett71, 1542(1993.

[8] C. Van den Broeck, J.M.R. Parrondo, and R. Toral, Phys. Rev.
Lett. 73, 3395(1994).

[9] C. Van den Broeck, J.M.R. Parrondo, R. Toral, and R. Kawai,
Phys. Rev. E55, 4084 (1997).

Lett. 57, 644 (2002.

[20] H. Gang, A. Daffertshofer, and H. Haken, Phys. Rev. L&df.

4874(1996.

[21] R. Mankin, A. Ainsaar, and E. Reiter, Phys. Rev6E 6359

(2000; R. Mankin, A. Ainsaar, A. Haljas, and E. Reitébjd.
63, 041110(2001); R. Mankin, R. Tammelo, and D. Martila,
ibid. 64, 051114(2001); R. Tammelo, R. Mankin, and D. Mar-
tila, ibid. 66, 051101(2002; R. Mankin, A. Haljas, R. Tam-
melo, and D. Martilajbid. 68, 011105(2003.

[22] R.L. Stratonovich, Radiotekh. Electro8, 497 (1958.

[10] P.S. LandaNonlinear Oscillations and Waves in Dynamical [23] S. Lifson and J.L. Jackson, J. Chem. PI86.2410(1962.

SystemgKluwer, Dordrecht, 1996

[11] J. Garcia-Ojalvo and J.M. Sanchdpise in Spatially Extended
SystemgSpringer, Berlin, 1999

[12] S.L. Ginzburg and M.A. Pustovoit, Phys. Rev. L&d6, 4840
(1998.

[13] G. Constantini and F. Marchesoni, Europhys. L&, 491
(1999.

[14] P. Reimann, C. Van den Broeck, H. Linke, P.rdgi, J.M.
Rubi, and A. Peez-Madrid, Phys. Rev. Lett87, 010602
(20021.

[15] P. Reimann, C. Van den Broeck, H. Linke, P.rdgi, J.M.
Rubi, and A. Peez-Madrid, Phys. Rev. B5, 031104(2002.

021111-7

[24] The Physics of Superionic Conductoeslited by M.B. Sala-

mon (Springer-Verlag, Berlin, 1979

[25] The Physics of Superionic Conductors and Electrode Materi-

als, edited by J.W. PerrartPlenum Press, New York, 1983

[26] K. Svoboda, P.P. Mitra, and S.M. Block, Proc. Natl. Acad. Sci.

U.S.A. 91, 11782(1994.

[27] M.J. Schnitzer and S.M. Block, Naturg.ondon 388 386

(1997.

[28] K. Visscher, M.J. Schnitzer, and S.M. Block, Natit®ndon

400, 184(1999.

[29] Note that all the quantities plotted in the figures are dimension-

less.



