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Theory of coherent transition radiation generated at a plasma-vacuum interface
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Transition radiation generated by an electron beam, produced by a laser wakefield accelerator operating in
the self-modulated regime, crossing the plasma-vacuum boundary is considered. The angular distributions and
spectra are calculated for both the incoherent and the coherent radiation. The effects of the longitudinal and
transverse momentum distributions on the differential energy spectra are examined. Diffraction radiation from
the finite transverse extent of the plasma is considered and shown to strongly modify the spectra and energy
radiated for long-wavelength radiation. This method of transition radiation generation has the capability of
producing high peak power terahertz radiation, of order A0fpulse at the plasma-vacuum interface, which is
several orders of magnitude beyond current state-of-the-art terahertz sources.
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I. INTRODUCTION terahertz synchrotron radiation peaking -a0.6 THz has
been demonstrated using 40-MeV, 500-fs duration electron
Radiation in the terahertz and far infrared frequency re-unches with picocoulomb charge levels produced by a high
gimes is used in many areas of research including biologicalepetition rate(37-MHz) linear acceleratof8]. Although
imaging, material screening, semi-conductor imaging, sursuch a high average power source will have a wide variety of
face chemistry, and high-field condensed matter studiegpplications, the amount of energy per pulse was comparable
[1-3]. Laser-based terahertz sources have been developes state-of-the-art solid state based terahertz sourcésud/
that rely on switched photoconducting antentBef. [4], pulse and does not benefit from intrinsic synchronization
and references thergiror optical rectification of femtosec- with an external laser, which is desired for pump-probe ex-
ond pulse traing5]. Since the radiation emission is either periments.
triggered by or directly produced from a laser, the terahertz Recently, researchers at Lawrence Berkeley National
radiation and laser pulses are intrinsically synchronized aboratory(LBNL) have demonstrated a laser-based source
thereby enabling pump-probe experiments. Large aperturef terahertz radiation that relies on the coherent transition
biased GaAs structures, operated at 1-kHz repetition rateadiation produced by a dense relativistic electron bunch tra-
have produced on the order of Qua/pulse[6]. Most other  versing a plasma-vacuum interfa@. In these experiments
sources that use lasers have operated at high frequey  a 10-TW, 50-fs laser pulse interacting with a gas jet was used
of megahertgwith microwatt—milliwatt level average power to generate self-trapped electron bunches via the mechanism
(i.e., tens of femtojoule—nanojoule per pylseacreasing the of a laser wakefield acceleratolWFA) in the self-
peak power and average power of terahertz and far infrareghodulated regimg10]. The energy per terahertz pulse in
sources would benefit numerous applications, such as rapitiese experiments was limited by the narrow transverse di-
two-dimensional imaging3] and high-field studies that re- mension of the plasma te’5 nJ within a 30-mrad collection
quire multi-MV/cm fields[2]. angle and was observed to scale quadratically with bunch
Relativistic electron beams can also be used to produceharge, consistent with coherent emission. The analysis pre-
terahertz and long-wavelength radiation through a variety oented below indicates thatl uJ/pulse is produced within a
mechanisms that include synchrotron radiafiery., emitted  100-mrad angle and that optimization of this table-top source
when an electron trajectory is bent in a magnetic jigdin-  could provide 10QuJ/pulse. Together with intrinsic synchro-
sition radiation(emitted when an electron traverses a me-nization to a laser pulse, this allows numerous applications in
dium with spatially varying dielectric properties, e.g., whenterahertz imaging and nonlinear ultrafast science.
an electron propagates through a metallic)far diffraction This laser-plasma source of terahertz radiation benefits
radiation(e.g., emitted when an electron propagates throughrom the extremely dense and ultrashort electron bunches
an aperturg[7]. Radiation emitted by these mechanisms will generated using a LWF#or a review of laser-plasma-based
be coherent when the bunch lengtbr any longitudinal accelerators, see Rqfl1]). The electron bunches produced
structure on the bunghis shorter than the wavelength of by this ultraintense laser-plasma interaction have been char-
interest. The radiated power then scales quadratically witlacterized experimentally12—17,1Q and using numerical
the total charge, rather than linear as in the case of incoheresimulations[18—20. The self-modulated LWFA produces
emission. Coherent radiation can be many orders of magnimulti-nanocoulomb electron bunches of duration on the or-
tude brighter than incoherent radiation since typical electronier of the laser pulse lengfks100 f9, radius on the order of
bunches contain between 2and 13° electrons per bunch. the laser spot sizé-5 um), and with a longitudinal momen-
For example, production of coherent high average powetum distribution that is well modeled by a Boltzmann distri-
bution, typically with a temperature of a few MeV. Inside the
plasma, background ions provide space charge shielding that
*Also at Technische Universiteit Eindhoven, The Netherlands. prevents blowup of the dense electron bunches. After exiting
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the plasma, space charge and energy spread effects cauwsd description of transition radiatigfor example, see Ref.
bunch density reduction through bunch lengthening and31], p. 190 for electrons transiting a metallic boundary into
transverse expansidr21]. Therefore, to produce high peak vacuum. For radiation wavelengths of interésty., A\~500
power coherent radiation, emission must occur before propgum or radiation frequency~4x 102 s™1), the plasma for
gation in vacuum. This occurs naturally in a self-modulatedtypical densities (e.g., plasma number densityn
LWFA by relying on the coherent transition radiation pro- ~10°cm 2 or electron plasma frequencyw,~2
duced by the ultrashort, dense electron bunch at the plasma«10' s) is highly overdense, i.e@;> w?. Furthermore,
vacuum boundary. since the scale length of the plasma-vacuum boundary is
The theory of transition radiation by a single electron, firstsmall compared to a radiation formation lenghe radiation
studied by Ginzburg and FrariR?2], is extensively treated in  formation length scales asy?\), the plasma-vacuum inter-
the monograph by Ter-Mikaeliaf23]. The passage of a face can be approximated as a step function. Hence, the for-
charged particle through a spatially inhomogeneous medigulas describing transition radiation in the limit of a metallic
results in a transient polarization of the dielectric, and I’adiaboundary into vacuum are a good approximation, provided
tion is emitted by the transient polarization current. Coherenthe plasma can be modeled as semi-infinite. These approxi-
transition radiation has been observed and used to diagnoggations and assumptions will be discussed in more detail in
the electron beam properties by passing the electron beatie following sections.
through a metallic foilfor example, see Ref24-28). Re- Consider a single energetic electron emerging from a high
cently, Zhgngst al.[29] discgssed the spectrum of transition density (,,)‘2)>w2), semi-infinite plasma into vacuurfstep
radiation in the optical region due to a hot electron beamyansition), traveling normal to the plasma surface. The en-
with structure at half the laser wavelength generated by @rgy radiated from a single electron per unit frequeday,

laser-matter interaction. _ per unit solid anglelQ) is given by
In this paper, properties of incoherent and coherent tran-
sition radiation are analyzed for parameter regimes relevant d2w FAMLC B2sirPo
to the production of terahertz radiation at a plasma-vacuum c_=° , (1)
boundary by electron bunches from a self-modulated LWFA. dodQ 72 (1-p2cog)?

The effects of a large spread in longitudinal momentum, the
transverse beam momentuiire., beam emittangeand the where@ is the observation angle with respect to the electron
finite transverse size of the plasma are included. In the longirajectory(assumed to be normal to the plasma sunfages
wavelength regime characteristic of terahertz radiation, théhe electron velocity normalized to the speed of lightm,
transverse extent of the self-fields of the electrons, which iss the electron rest mass, angis the classical electron ra-
of the order~\y, can be comparable to the transverse di-dius. The radiation pattern is zero along the a¥s0) and
mensions of the plasma. Hekeis the radiation wavelength peaks at a radiation cone angle ®f1/y (assumingy>1).
and vy is the relativistic Lorentz factor. In this regime, the Note that the differential energg®W,/dwdQ is indepen-
finite transverse boundary of the dielectric will produce co-dent of frequency. In practice, however, the maximum wave-
herent diffraction radiatiof30]. The coherent diffraction ra- length radiated will be limited, for example, by the physical
diation from the finite transverse size of the plasma willdimensions of the system, as will be discussed in Sec. VI,
strongly modify the radiation energy spectra and suppress thehereas the minimum wavelength radiated will be limited,
generation of long-wavelength transition radiation. for the case of CTR, by the electron bunch dimensions. In-
This paper is organized as follows. The basic descriptioriegrating over all angles yields
and scalings of transition radiation are presented in Sec. Il. In
Sec. lll, a detailed calculation of the energy radiated by a dW, remgC 5 1+8
nonevolving electron bunch traversing a dielectric-vacuum do 27 (1+89In 1-3 —2B|, @
interface is presented. Section IV considers the incoherent
transition radiation(ITR) of an electron bunch including the \which, in the highly relativistic limit y>1, reduces to
effects of t_he .eleg:tron beam Iongltudln_al and transverse MW, /dw=(2/7)r ;mcCIn(y).
mentum distributions. Section V considers coherent transi- consider now the energy radiated by a monoenergetic
tion radiation(CTR). Section VI discusses the effect of dif- gjectron bunch in the limit of zero emittance and beam ra-
fraction radiation due to the finite transverse size of thegiys. For wavelengths short compared to the bunch length,
plasma-vacuum boundary. In Sec. VIl we present an examplghe radiation from the electrons sums incoherently, i.e.,
of the coherent radiation produced by a self-mpdulat_ec{NlTRzNWe’ where N is the number of electrons in the
LWFA-generated electron bunch. A summary and discussioRynch. For wavelengths long compared to the bunch length,
is presented in Sec. VIII. the radiation sums coherently, i.8crr=N?W,. In particu-
lar, the total coherent radiated energy over all angles and
frequencies is given by

II. BASIC DESCRIPTION AND SCALINGS OF

TRANSITION RADIATION
Wtot2(4remeCZ)N2|n( Y Nmins (3

To illustrate the potential of CTR generated at the plasma-
vacuum boundary as a radiation source, a simplified, idealassumingy>1, where\ ., is the minimum wavelength for
ized description is presented in this section that uses the stamhich the bunch radiates coherently and is determined by the
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electron bunch dimensions, as will be discussed more rigor- dW, remec b 4
ously in the following sections. The energy radiated into a mzﬁﬂ Y- (6)
narrow frequency band w about the frequency=2mc/\
<2mcl\ min IS given approximately by multiplying the above , )
equation by the quantityA(,i,/\)(Aw/w). Equation(3) can Hence, the total CTR energy radiated into a narrow fre-
be written in practical units as W,[J]=3.6 duency band Aw about the frequency w=2mc/\
X 10~ 2(Q[nC])2IN(Y)/\ [ xm], where Q is the bunch <2mc/\min by @ monoenergetic bunch is given approxi-
charge. For exampl®=5 nC (N=3.1x 109, y=10, and Mately by
Amin=200 um give W,;;=10 mJ, which is several orders of
magnitude beyond that of conventional sources. 2remec2 s 400

Owing to theN? scaling of CTR, the total radiated energy Wigr=N TIB k4 90? @)
can approach the total kinetic energy of the bun@,
=Nmyc?(y—1), for electron bunches with sufficiently high

charge(large N) and low energy(small y). The above ex- . 5
. . : . g y*>1. For exampleQ=5 nC (N=3.1x10'"), y=10,
pressions hold only if the energy radiated is small compare =200 um, andd=10 mrad giveW,,—~0.11(Aw/e) uJ.

to the bunch kinetic energy. Requiritf;r<<W,, implies N min~
<0.25( /) (/N 7). For example,y=10, \ =200 zm Due to the strong dependence on electron energy and angle,

4 . .
implies N<7.7x 101 (Q<12 nC). Wi (v8g)*, the measured energy can easily be increased

The above expressions indicate that electron energy Io%\/ increasing either the electron energjor the cone angle

via CTR can be a significant factor in determining the final O%éhzb?\:fiﬁ:|fspgcs'| to an idealized case of a short
electron energy spectra emerging from a LWFA. In particu- . apply 10 .

lar, in the self-modulated regime, experiments have mear_nonoenergetm. bunch in the "”.’“.‘ O.f zero emittance and zero
su’red multi-nanocoulomb bunchém,p to 10 nC observed in radius interacting with a semi-infinite plasma slab. In the

experiments at LBN), with the bulk of electrons occurring I(r)]IIOWIr;g ‘lse;?tlrc])nsf, ?r:)nlcrieglil %ﬁﬁd‘?ﬂwl'”d?ﬁ acc;}m:nted f?r '3
at low energies, i.e., the energy distribution falls off expo- € caiculation ot the radiation, Including energy spread,

nentially with a temperature of a few Mef82]. Further- emittance, finite bunch size, and the finite transverse size of

more, the electron bunch length in the plasma is expected t@e plasma.
be on the order of the laser pulse duration, k&l00 fs. This
implies that CTR could be emitted with wavelengths on the IIl. GENERAL FORMALISM AND ASSUMPTIONS
order of A=30 um. The above expressions indicate that the i i i )
energy radiated by CTR can be on the order of the kinetic !N this section, we derive the total energy radiated by an
energy of the bunch, particularly for short, low energyeleg:tron bunch, with arbitrary spatial _and momentum distri-
bunches of high charge. Hence, as such bunches emeraét'onsi crossing a plasma-vacuum mterfage. We will con-
from the plasma, the CTR emitted at the plasma-vacuungider & dielectric(plasma-vacuuinterface in the X,y)
interface can significantly modify the electron energy spectr@!ane such that there is plasma for0 and vacuum foz
by shifting the spectra to lower energies. A self-consistent>0. The approximation of a step transition from plasma to
description of this problente.g., by including electron re- vacuum wlll be valid provided the transmon from plasma to
coil) is beyond the scope of this paper. In the following, Vacuum is much less than the formation lenf3] of the
sufficiently low bunch charge and sufficiently long bunch radiationL=\/(y~?+ ¢?). We will also consider an elec-
lengths will be assumed such that the electron energy can BEON beam current that has the form
assumed unperturbed as it crosses the plasma-vacuum
boundary. N

Another quantity of interest to experiments is the energy Jp(X, 1) = —ez CBjo(x—rj—cpjt), (8
radiated into a small cone about the propagation axis. Ex- =1
panding Eq.(1) for small angles#’<1 gives

or Wi mJ]|=9.0(Q[nC])2(ybo)*(Aw!/ w)/\[ um], assum-

where N is the number of electrons in the bunch,is
W, ramc By the electronic charge; is the speed of lighin vacuq andr;

e _&'*€ Y ) (4) is the position of thejth electron with velocityvj=cpg; .
dodQ) 72 (1+p2426%)2 The geometry of the calculation is shown in Fig. 1. The
dielectric interface lies @=0 in the (x,y) plane. Eachth)
electron in the bunch traverses the plasma-vacuum interface
with velocity v;=cpB;=c(By;,Byj,Bzj) =CBj(sinycosy;,
siny;sin¢;,cosyy). Without loss of generality we may as-

,827/203 sume that the observation vectr(or radiation wave num-
m ) ber vectork) is in thg x,z) plane, where_ﬁ is the _angle
0 between the observation vector and thaxis. We will as-
sume thafr, j(z=0)|<Rsin# for each electron, such that
which in the Iimit,82y20§<1, i.e., small angles compared to the beam-boundary interaction may be treated as a point
the cone angle of maximum emission 24(), gives source at the observation positién

Integrating over the solid angle from<09< 6,<1 vyields

dW, r.ms
do 732

In(1+ B%y%63)—
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Ny (ambient background densjtis spatially homogeneous such
thatif,:O in the plasma and vacuum regions and the sec-
ond term on the left-hand side of E¢ll) vanishes. The
plasma | vacuum R wave equation Eq11) can then be expressed simply as

41
(C2V2+ ew?)E= E[CZV(V'Jb)_'—wZEJb] (12

in both the vacuum and plasma regions, where 1l
—wf,/w2 is the dielectric constant in the plasma atl in
vacuum. Note that in this analysis we are assuming the ab-
sence of external magnetic fields, and we consider a colli-
sionless plasma, which is a good approximation since the
y collisional frequencies for the parameter regime of interest
\/ (e.g., plasma number density10'® cm ™3, electron plasma
temperature<1 keV) are much less than the plasma and
FIG. 1. Geometry of calculatiorr; is the position of thefth  radiation frequencies considered.
particle atz=0 [in the (x,y) pland, y; is the angle of the electron The transition radiation fields can be calculated by solving
velocity B; with respect to the axis, ¢; is the angle of the trans- the wave equatiori12) in both the vacuum and plasma re-
verse project_ion of3; with respect to thex ax_is, andd is the angle gions and applying continuity of the normal electric dis-
the observation vectdR makes with thez axis. placement fielde(w)E(w) and tangential electric field across
the boundary23]. The complete solution to the wave equa-
tion (12) in both the plasma and vacuum regions contains
The Maxwell equations can be combined and written asoth the particulatparticle field and the homogeneousa-
the following wave equatiofi7]: diation field solutionsE=E,+Ej,, where the homogeneous
(C2V2— 99 E=dmay(Jp+ o)+ 472V (ppt po),  (9) solution can be written aBp(w,k)=E(w,k) 8(k?c?— w?e). _
Note that the homogeneous solution to the wave equation
whereE is the electric field andgy,J,) and (p,,J,) are the 'S divergencelessk- En(w,k)=0. Applying the inverse-
density and current of the beam and plasma, respectively;ourier transform ofz to the homogeneous solution yields
The plasma density can be expressed as a sum of the electrBp(w,k, ,z) =[E/(4mck,)]explk,2) with  k,=*(w?e
and ion densitiesp,=pe+p;. We will assume a neutral —c2k?)2 and the= indicates waves in the forwar@h the
plasma and the ions are stationary such thatpo+dp and  vacuum and backwardin the plasmagoing directions with
pi=— po, Wherep is the constant background ambient elec-respect to the beam. Substituting the Fourier-transformed
tron plasma density andp is the electron plasma density peam currenfEq. (8)],
perturbation. By using the Poisson equat¥nE=4m(p,
+pp)=4m(Sp+py), the linearized fluid momentum equa-
tion 4md,J,= wSE, and the continuity equation, the linear N
electron plasma density perturbation response can be derived Jp(w,k)= —ez cB2mS(w—k- vi)e*ik'fi, 13
and has the form =1

A\
A\

A. Radiation field

((?tz-i- w§)4775p=—wr23477pb+ E~Vw;, (10
into the Fourier-transformed wave equatidy. (12)] yields
where w;=—4mep,/mec? is the plasma frequency. Equa- the particular solution

tions (9) and(10) can be Fourier time-decomposed and com-

bined to yield )
ck wB;
E-Vo? Ep(w.k)=i47e@> <_k.ﬁj_ﬁ)
(C2V2+w2—w2)E—C2V P =1 |\ we c
p 2_ 2
w (,l)p
2moo7KD) i, (14)
v.J ") e
= —id7w CZV( )+ 3], (11) (c2k%— ew?)
w —wp

where we have used the beam density continuity equatioApplying the inverse-Fourier transform afto the particular
V- -Jy=iwp,. We will assume that the plasma frequency solution Eq.(14) yields
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L (@B-cKO)
_ Ty ia—ik,(z —2)
et & e I B PR T (15

N
Ep(w,ki, = 2

Z] (c —6(02)

for the tangential components of the electric field and the
normal component of the electric displacement field and us-
ing the fact that the homogeneous fields are divergenceless,

the radiation fieldsE(w,k,) in both regions <0 andz B. Radiation energy spectra
>0) can be solved23]. In the limit of an ideal conductor-
vacuum interface(i.e., assuminge/>1 in the plasma and
e=1 in the vacuuny the boundary conditions reduce %o
X[Ep+Epl,=0=0 for the vacuum fields.
The homogeneous electric field in the vacuam0 gen- 5

erated by the current traversing the plasma-vacuum boundar W— f dtf d°x, (ExXB)-z
can be written as

From the continuity equations across the dielectric interface
En(X,t) = j

(2 )ZJ h(w kLv ) lkl'xl_iwt- (19)

The total (integrated over timeenergy radiated by the
electron beam through a plane in the far field is given by the
integral of the Poynting vector,

d2k
En(w.K, ,2) :%Jo f - (k 2)Ef (w,K, ,2)-En(w,K, ,2),

N
47e o
=i > secesj(ki,ﬂj)ef""Je'zV“’Z’CZ*kL, (20
=1

where, for a general wave numbé&r (w/c)(sinf cosq,
(16 singsina, cosf), E, is given by Eqg. (16 with
&;(0,Bj,4;,¢;—a). The energy radiatedyV, per unit fre-

where W=k, -1 j+(o—k -v,;)z/vy; and Ei(k,,B)  quencydw and unit solid angla( is

=£,—(0,_,8,— N ,<pj)_=8|“-é||+€“éL - Hereg; and&,; are the
normalized amplitudes of the electric fields generated by an PPW c0520
electron in the radiation plangéormed byz andk) and per- dod0 ~
pendicular to the radiation plang (n the geometry of Fig.

1), respectively. Equatiolil6) may be decomposed intg, 2 NN

=E&+E, & , with the normal componentz-E,= :—E E (Epg+ELE i~ (2D
—Esiné. In the limit of an ideal conductor to vacuum inter- m’c =1 /=1

face(i.e., assuminge/>1 for z<0 ande=1 for z>0),

(277)4 ((1) ki 12) Eh((l) kL! )

The summations over electrons in Eg1) may be removed

Ei(0,U; i 1) by taking an ensemble average over the six-dimensional
LR R Cig electron beam distributiom(r,p), with the normalization
u;cosy;[u;sing;cose; — (1+u?)%sin 4] Jd3rd®ph=1 and momentum distribution given bg(p)

= . = [d®h. Performing the ensemble average yields
[(1+u?)M2—u;sing;cose;sin ]2 — u?cos' 1;cos § I g gey

(17) d®w €N
dwdQ ’7TZC fdsp(€||+g )g(p)

5LJ(01u] vlrb] 1(P])

2 2
_ 3 3
uZcosiy;sin i;sin ¢;cosé +(N 1)Hfd Pa(p)€|F +fd pa(p)€ . F H
[(1+u?)*2—u;sing;cose;sin 61— u?cogy;cog o (22)

(18 whereF is the spatial form factor defined by

whereu=p/m¢c= yB is the normalized momentum of the 1 o ikx iz(o—k, -0))lo

electrons. Note that, for electrons traversing normal to the F:@J' dor e lf dze LOLZ(rp).
dielectric-vacuum boundang, ;=0 and the transition radia- (23
tion will be radially polarized. In general, the transition ra-

diation is elliptically polarized. The treatment of the plasmaThe first term on the right-hand side of EQ2) is the con-
as a perfect metallic conductor is a good approximation fotribution from the incoherent radiation<(N) and the second
radiation and plasma frequencies such tHat2 (see Appen- term on the right-hand side of Eq2) is the contribution
dix for further discussion The transition radiation electric from the coherent radiationo{N?), such thatW=W,x
field is the inverse-Fourier transform of E{.6), +Werr With
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e? ture of a few MeV(e.g.,u;~10). We will assume that the
—-N(ED+(ED], (24)  self-modulated LWFA electron bunch transverse momentum
mC distribution can be expressed as a Gaussian distribution
d*Wergr €7 th(elf(,agD)dl'ﬂdtf]e: r(r:- 0-%)' _(-:‘1:J ):apn(;es igil{é(;ﬁ()air::ltprgr?sl;pedﬂ@,self

Z CIR_ 7 _ 2 2 w o, is s diverg ) -
dwdQ WZCN(N DIKERIFHIERIT, 29 modulated LWFA electron bunches with nanocoulomb
charge have been demonstrated experimentally
where the brackets indicate an average over the momentufn0,14,16,17. While the electron bunch remains in the
distribution. Note tha{&, F) =0 for a cylindrically symmet-  plasma, where the background ions provide space charge
ric momentum distributior (u, ). shielding that prevents blowup of the dense electron
In the following sections, for simplicity, we will assume bunches, the bunch duration will typically be on the order of
no correlations between the position and momentum of thehe laser durationd,=< 100 fs) and the radius on the order of
electrons such that the electron beam distribution takes thge laser spot sizeo(~5 um).
form h(r,p)=g(p)f(r) and the spatial form factor reduces to

d?Wirg _
dodQ

IV. INCOHERENT TRANSITION RADIATION

In this section we consider the incoherent transition radia-
_ _ tion. Using the results of Sec. Il B, the energy radiated by a
The spatial form factor Eq(26) is closely related to the single electron per unit frequenajw in solid angled( is
Fourier transform _of the eleqtron beam spat-|al .dlst.r|but|ongiven by[d2W|TR/dwdQ]e=(remeC/ﬂ'z)(Sﬁ_F gf)_ In the
For ~a Gaussian spatial beam distributionf |imit of no divergencey=0, £ =0 and the single-electron

=[(2m)¥%0fo,] Texp(-r1207)exp(-Z1207), where o,  radiated energy reduces to the well-known refefitEq. (1)]
and o, are the root-mean-squafems) beam duration and

sz dzrle*”&'rif dze 'Hetkowdlvaf(r), (26)

transverse size, respectively, the spatial form factofF is d’Wrr e? | u?(1+u?)sirte
=F,F|, with dwdQ e_ 2c m
F, = o~ (W2(w/0)orsits (27 o2 B2sirto
—(1/2)[w!(cB cos)] 202(1—[3 sin 6 cose sin z//)2 - ( E) (1_'8276)2 , (30)
Fl=e 7 4 . (28

For ¢<1, i.e., a near-divergenceless beam at the plasmavhich can be integrated over solid angl =2 sin 6d6 to
vacuum boundar)EHzexr[—(wozlv)ZIZ]. As Egs.(27) and  Yield
(28) indicate, for radiation wavelengths=2mc/w that are

large compared to the dimensions of the beam,o, and dWirr| _ 2_92) (1+2u?) T L DY
A>o0,, F=1 and the radiation is fully coherent. For radia- do |, \7Cc/|u1+u’®)? J1+uZ
tion wavelengths such that,sin#>\ or o,>\, the spatial 5

i = i e 1+
form factor vanishes-=0, and the beam does not radiate _ (1+ ) B —2p|. (31)
coherentlyWerr=0. 2mwcB 1-3

In deriving the results in this section, it was assumed that
the total energy radiated is small compared to the energyhe total incoherent energy radiated by a beam Whitblec-
stored in the electron beafas discussed in Sec)/lso that trons and a normalized momentum distributgfp) is
the electron beam distribution remains approximately con- )
stant during the radiation process. Also, use of the far-field d"Wire :Nf d®pg(p)
(or radiation zongradiation fields requires that the observa- dwdQ)
tion position be sufficiently far from the source, such that the
distance from radiator to detector is larger than the radiatiofror small electron divergence and observation angles, such
formation length R>L;. that <1 and #<1, the total energy radiated by a cylindri-

cally symmetric beam distribution is

d*Wirg
dwdQ

(32

e

C. Self-modulated LWFA electron beam P )
W, eN
In this paper, we will assume that the electron beam mo- JZ—z[(<u2)+<u4>)02+<u4)<¢/f2>], (33
mentum distribution may be decomposed such i) dodQ  72¢

= ,0). The | itudinal t distributi . .
9)(u)g. (¥,¢). The longitudinal momentum distribution vhere (4%)'% is the rms beam divergence at the plasma-

of the self-modulated LWFA-generated electron bunch ca
g vacuum interface. Note that, fof<y<1, d°Wrr/dwdQ

be modeled as a single temperature Boltzmann distribution ™~ > s o X
=[e°N/(m=c) [{u*)(*), and the result of finite beam diver-

gj(u)du= Ut_leXF[— u/ug]du, (29 gence at the plasma-vacuum boundary is to produce incoher-
ent radiation on axigf#=0). Without beam divergence, the
where u, is the temperature of the distribution. Typically, radiation intensity vanishes on axis. Figure 2 shows the an-
self-modulated LWFA electron bunches will have a temperagular distribution of the normalized differential energy of the
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[72c/(2N)] d*Wipp/dwdQ

0.05 0.1 0.15 02 0.25
0 (rad)

{n2c/[e2N(N-D1} d*W orp/dodQ

0 0.1 02 03 0.4 05
0 (rad)
FIG. 2. Normalized differential energy distribution for the inco- ) . . L
herent radiatiorf w2c/(€2N)]d?W,rr/dwd() vs observation angle FIG. 3. _N(_)rmallzed differential energy distribution for the co-
6 generated by an electron beam with a 5-MeV temperature Boltzl'€"ent radiation{ 7*c/[€*N(N—1)1}d*Wcrr/dwd() vs observa-

mann momentum distribution and a Gaussian transverse momentufip" angle¢ generated by an electron beam with a 5-MeV tempera-

distribution With(¢2>1’2=0 (dashed ling and(z/fz)l’2=0.02 (solid ture Boltzmann momentum distribution and a Gaussian transverse

line). momentum distribution witH /?)*2=0 (dashed ling and ({ $?)?
=0.05(solid line).

incoherent radiatior 72c/(€°N) ]d?W,rr/dwdQ produced 42w
by a self-modulated LWFA electron beam,€ 10) assuming — TCIR_
a symmetric Gaussian transverse momentum distribution ~ dwd(}

eZ

(—2) N(N—1)sir?6
T°C

with {(?)Y2=0 (dashed lingand{?)¥?=0.02 (solid line).

2

. ) : 2\1/2)
Equation(33) can be integrated over solid angle, and for a u(1+u9)
small collection angled=< 6,<1/Ku), ” dugH(u)F(w,e,u)lJr u?sirte| (39
dWirg 2N In general, the differential energy spectrum will be modified

[((u?)+(u*)) 65+ 2(uty () 63]. (34) by finite beam divergence. For fully coherent radiatién,
=1, the energy emitted by a cylindrically symmetric beam
distribution with small divergence and a small observation

Since the differential incoherent transition radiation spectrunngle, such thatiyy<u6<1, is

Eq. (24) is frequency independent, the total incoherent en-

do ~ 2mcC

. . . . 2 2
ergy radiated into a bandwidthw/w and small collection d"Werr [ € a2 2012
angle o< 6,<1/u) is dwdQ | -2 N(N=1)6° | dugu(1+u)
2
e Ao |, . RU2, X 1—;(1+4u2)(¢2)} , (37)
Wirr=mcC YNT% (U5 +(u))+2(u >7 ,

0
(35 and foru>1,

wherer ;= e?/(m.c?)=2.818< 10 1> m is the classical elec- ~
tron radius. dwd(

2 2 2
d WCTR~(6_2 N(N—l)%[(l—FZ(UZ))Z
C

—2(1+2(u?) (3(u?) +Au)(¥*)]. (39
V- COHERENT TRANSITION RADIATION where (?)Y2 is the rms divergence of the electron beam
In this section the coherent transition radiation producedhrough the plasma-vacuum boundary. Fdi<y<1,
at the plasma-vacuum boundary is considered. The energy 0fWrr/dwdQ =0, and no coherent radiation is observed
the coherent radiation emitted by the electron beam has then axis for a cylindrically symmetric beam. Physically, this
form given by Eq.(25). The wavelength dependence is con-result is due to the fact that the radiation fields produced by
tained in the form factor Eq26), which is the Fourier trans- the electrons are summed for coherent radiation and the cy-
form of the spatial distribution of the electron beam. There-lindrical symmetry results in the sum vanishing on axis,
fore measurement of the energy spectra can provide whereas, in the case of incoherent radiation, the intensities
method for determining the spatial distribution of the elec-radiated by each electron are summed, resulting in a nonzero
tron beam. incoherent radiation intensity on axfas shown in Fig.
For the case of a collimated beag ()= (), (FE,) Figure 3 shows the angular distribution of the coherent tran-
=0, the fields are radially polarized, and the differential en-sition radiation produced by an electron beam with a 5-MeV
ergy spectrum of the coherent transition radiation is temperature Boltzmann momentum distribution and a sym-
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metric Gaussian transverse momentum distribution with 1

(y?)Y2=0 (dashed lingand(y?)Y?=0.05 (solid line). The D=1-Jg(busing) bK,(b)+ EbZKo(b)

radiation is assumed to be fully coherent in Fig. 3. As the

figure shows, and indicated by E(8), the effect of beam 1., i

divergence is to reduce the CTR energy radiated. — 5b°Ko(b)Jy(busing), (41)
Using Eq.(38), the total coherent radiation energy into a

small collection anglef= fo<1Ku), and for a bandwidth \yith the parameteb=kp/u describing the relative influence
Aolw, is of the transverse boundafj.e., the ratio of the transverse
size of the dielectric to the transverse extent of the self-fields
Mo W 03 of the relativistic electrons Here J,, and K, are the
WCTR:meCZXN(N—l)T Z[(1+2<U2>)2 mth-order regular and modified Bessel functions, respec-
tively. Forb>1,
—2(142(u?))(3(ud) +4uh) (¥ ]. (39 .
b
Equation (39) shows that the coherent transition radiation D=1=[Jo(kpsin6)+Jo(kp sin6)] 8 exp—b),
scales asVerr~ (MeC?) (ro/N)N?(A o/ w) O3(u?)2. (42)

and in the limit ofb—c, D=1 and Eq.(40) reduces to Eq.
VI. EFFECTS OF COHERENT DIFFRACTION RADIATION (36), i.e., neglecting diffraction radiation is a good approxi-
mation in the limit of large transverse dimensibrkp/u

The self-field of a relativistic electron extends trans—>1_ Forb<1,

versely a distance of the ordery\. Therefore diffraction
radiation from the transverse edge of the plasma-vacuum

boundary can be neglected providget\y, wherep is the D=1=Jo(kpsin®)

transverse size of the plasma-vacuum interface. For param- b2 b

eters such thai~\y, diffraction radiation will be produced, + 5 1 Jo(kpsind) +Ja(kp sin )| C,+In E)“
limiting the generation of long-wavelength transition radia-

tion. To estimate the effect of the transverse size of the (43

plasma-vacuum interface, consider the model of a circular

dielectric dlSC(Of radiusp) in the (X'y) p|ane and an electron WhereCy is Euler’s constant. In the ultrarelativistic limib,
beam, with rms radius, <p, propagating along the axis —0 andD=1-Jy(kp sin6).

through the dielectric. The resulting radiation will be a com- ~ The radiation generated by a fully cohereft=1, mo-
bination of transition radiation from the passage of the elechoenergetic beam passing through the dielecfeje-1) with
tron through the dielectric-vacuum interface and diffractionradiusp is

radiation from the transverse edge of the dielectric. The dif- 5 5
fraction radiation in the far fieldR>p and R>\) may be d*Wer d“Werr
determined by applying Kirchhoff diffraction theofy] to dewdQ | dodQ
the incident fieldgi.e., the particle fields given by E¢l4)]

at the transverse boundary. The electric fields produced by anhere W+ is given by Eq.(36) for a monoenergetic mo-
electron passing through a circular aperture are well knowmentum distribution. The peak of the angular distribution of
(for example, Ref[23]) and, through Babinet's princip[@],  the coherent radiation from an interface with finite transverse
may be applied to diffraction from a dielectric disc. For sim- size is shifted compared to the case of a semi-infinite plasma-
plicity, in this section we will consider a beam without di- vacuum boundary. The peak of the angular distribution of
vergence(y<1) passing through an ideal circuleradiusp)  the radiation given by Eq(44) occurs atfpeae=1/u for b

)DZ(w,p,u,a), (44)

conductor(|¢>1). - >1 and fpea=2.8/(kp) for b<1. The effect of the finite
Thg _dlfferenua_ll energy spectrum of the coherent radiatiortransverse size is that the peak of the angular distribution
(transition and diffractioncan be expressed as occurs at a larger angiéye,(b) > 1/u= fpeab—=). In the

ultrarelativistic limit,b<<1, and for small observation angles

42w kpsin <1, Eq. (44 reduces to d?Wcr/dodQ
CR_ ——|N(N-1)sir?6 =(mpOIN)*(d*Werr/dwdQ) <d?Werr/dwdQ, which in-
dodQ | 72c dicates that the total energy radiated is significantly reduced

2 in this regime due to the effects of diffraction radiation.
D(w.p,u,0) Figure 4 shows the angular dependence of the differential
R " energy Eq(40) produced by an electron beam with a 5-MeV
temperature Boltzmann momentum distribution for three
(40) cases:kp=100 (solid line), kp=20 (dotted ling, and kp
=5 (dashed ling As b=kp/u decreases, the diffraction ra-
whereD (w,p,u, #) =D (b,usind) describes the effect of the diation strongly modifies the angular distributipa.g., note
diffraction radiation from the transverse boundary, the oscillatory behavior characteristic of diffraction radiation

u(1+u?)t?

X N —
1+ uZsirte

fdugH(u)F(w,b’,u)
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FIG. 4. Angular distribution of normalized differential energy FIG. 6. Total coherent energy radiated, in the spectral range
for the fully coherent radiation(transition and diffraction ~ A=0.1-1 mm, normalized to the char§¢¥/Q? (nJ/n@) generated
{m2c/[e®N(N—1)]}d*Wcr/dwdQ generated by an electron beam by 5-MeV temperature self-modulated LWFA-generated electron
with a 5-MeV temperature Boltzmann momentum distribution with bunch vs transverse plasma radipgnm) within the collection
kp=100(solid line), kp =20 (dotted ling, andkp=5 (dashed ling angles:#<50 mrad,#<100 mrad, andh<200 mrad.

evident forkp=20 (dotted ling], resulting in the maximum VIl COHERENT TERAHERTZ RADIATION FROM A
of the differential energy distribution occurring at larger SELF-MODULATED LWFA ELECTRON BEAM

angles. o o Recent self-modulated LWFA experiments have produced

As Eq. (40) indicates, the finite transverse extent of theg|ativistic electrons with longitudinal momentum distribu-
plasma produces a wavelength dependence in the differentigh,g given by Eq.(29) with temperatures typically a few
energy for fully coherent radiation. Figure 5 shows the nor-yjey [10]. In such experiments, an intense laser pulse is
malized energy spectrum integrated over solid anglgocysed into a gas jet with dimensionsl mm. The laser
(dWCR/O_"*’){WZC/[ezN(N_.1)].} radiated by an electron pnyise jonizes the gas and becomes self-modulated through
beam with a Boltzmann distribution verskp=2mp/\ for  Raman scattering, generating a high phase velocity plasma
U= 20 (solid line), u;=10 (dashed ling andu,=5 (dotted  \yave. Background plasma electrons can become trapped by
line). Figure 5 clearly shows that the spectral content of theyeating(through the interaction with the backward scattered
radiation is no longer constant, as is the case for ordinar}qght) or by wavebreakingwhere the plasma wave drives
transition radiation from a fully coherent beam, and that thefiyig oscillations with velocities near the plasma wave phase
spectra is strongly modified by the diffraction radiation for ye|ocity). These trapped electrons are then accelerated by the
parameter®~1 (i.e., A ~p/y). Distortion of the spectra in- plasma wave. The self-modulated LWFA can produce nano-
creases with larger energy, and the spectra is suppressed &ulomb electron bunches of duration on the order of the
decreasing transverse size. For large transverse $ize (aser duration ¢,/c=100 fs) and radius on the order of the
>1), the fully coherent spectra becomes constaet, the  |aser spot sized,~5 wm). When the electron bunch exits
limit of transition radiation from an infinite transverse the plasma, radiation is emitted from the interaction with the
boundary. In general, the spectral region of coherent radia'plasma-vacuum boundary.
tion is 2wo,<N<2mplu, where the lower bound is due to  The interaction of these extremely dense laser-plasma-
longitudinal coherencgF in Eq. (40)], and the upper bound generated electron bunches with the plasma-vacuum bound-
is due to diffraction radiation effec{ in Eq. (40)]. ary can produce coherent radiation for wavelengths longer
than the bunch dimensions. For example, B3§) predicts
that the total energy radiated by a 2-nC laser-plasma-
generated electron bunch, with a 5-MeV temperature Boltz-
mann distribution, in the spectral range=-0.1-1 mm and
within the collection anglé<100 mrad, isW=98 uJ. This
energy per pulse is several orders of magnitude beyond cur-
rent state-of-the-art terahertz sour¢6s3].

For the laser-plasma acceleration experiments, the trans-
verse plasma boundary is typicallygsl mm. Therefore co-
herent THz radiation will be strongly modified by the diffrac-
tion radiation produced by the finite transverse size of the
plasma. Equatiori40) can be solved for the case of a self-
modulated LWFA-generated electron bunch distribution. Fig-
ure 6 shows the dependence of total coherent energy radi-
FIG. 5. Normalized differential energy spectrum integrated overated, in the spectral range=0.1-1 mm, normalized to the

solid angle{w2c/[€2N(N—1)]}dWer/dw radiated by an electron charge (/Q?) generated by a 5-MeV temperature self-
beam with a Boltzmann distribution visp=2mp/\ for u=20 modulated LWFA-generated electron bunch versus trans-

(solid line), u;= 10 (dashed ling andu,=5 (dotted line. verse plasma radius, within collection angle®<50 mrad,

5 10 15 20 25 30
kp
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0<100 mrad, and’<200 mrad. Figure 6 shows that, for this dense plasmag34]. For example, when an intense laser
spectral range, the energy radiated can be increased sevepallse strikes the front surface of a foil energetic electron are
orders of magnitude by increasing the transverse size of thgenerated near the front surface through a combination of
plasma, and this sourde.g.,~1-nC, ~5 MeV temperature ponderomotive and parametric processes. This results in a
self-modulated LWFA-generated electron bunbbs the ca- peam of relativistic electrons, which for sufficiently thin
pability to produce terahertz radiation with a flux of 100 fojls, can generate CTR as the beam emerges from the rear
mdlpulse. side of the target.
In addition to being an intense source of terahertz and far
VIIl. SUMMARY AND CONCLUSIONS infrared radiation, this radiation can also be used as a diag-
nostic for the electron bunch structure, due to the correlation
A general theory of transition radiation has been presentegetween the bunch dimensions and the rapid fall off of the
that describes both the incoherent and coherent radiatiopTr signal for short wavelengths. Although a direct mea-
emitted by an electron bunch traversing a plasma-vacuungyrement of the longitudinal bunch structure has not been
boundary. By using the dense, short electron bunches pronade in a LWFA, theory and simulation indicate that the

duced by a LWFA, unprecedented levels of CTR can be gens nch length should be on the order of the laser pulse length
er_ated at the plasma-vacuum bounc{ary where the bunch £50 f9). In the self-modulated regime, simulations indicate
still ultrashort and extremely dense, i.e., before the electro

bunch undergoes space charge blowup in vacuum. Coheren at the electron bunch may be sub-bunched at the plasma
. g P ge blowup ) wavelength, which is on the order of Jm for a plasma
emission requires that the longitudinal and transverse form

factors be near unity, e.g., for wavelengths long compared tgensny of 16°cm ?, as u_sed in present day experiments.
the bunch dimensions. To accurately model experiments i urthermore, futgr(_e experiments may t?St such _noveI con-
the self-modulated LWFA regime, the effects of the longitu-CEPtS @s the colliding laser pulse injectif8b,3@, simula-
dinal and transverse momentum distributions were examinetons of which predict electron bunch durations on the order
for both the ITR and the CTR. It was shown that finite beam®f 10 fs (a few microns. The fine longitudinal structure that
divergence produces on-axis radiation for ITR. For CTRMay be present on an electron bunch in the self-modulated
from a cylindrically symmetric beam with finite divergence, fegime, or the extremely short bunches predicted for a col-
the angular distribution of radiated energy is zero on axis andiding pulse injector, imply that such bunches can generate
the total energy radiated is reduced. CTR in unprecedented short-wavelength regimes, i.e., from a
In the limit of a semi-infinite plasma, the CTR energy few to tens of microns. For increasing bunch charge and
radiated in a narrow bandwidthw within a cone angled,  decreasing bunch length, it is possible that the total energy
scales asVxN?(u.6,)*. Hence, the CTR energy can be in- radiated by CTR approaches the total kinetic energy of the
creased by increasing the bunch chard®,(the opening electron bunch, particularly for modest energy electron
angle of the collection opticség), and the electron beam bunches. This could significantly alter the electron energy
energy (). The analysis in this paper indicates that for pa-distribution of the self-modulated LWFA electron bunch as it
rameters obtainable in present day experiments, seliexits the plasméaparticularly for the low energy component
modulated LWFA-generated electron bunches have the capaf the distribution. In this limit, an accurate analysis of CTR
bility of producing intense terahertz radiation, of order 100and the electron beam distribution must include the self-

mJ/pulse at the plasma-vacuum interface, several orders @pnsistent energy loss of the electrons due to the radiation
magnitude beyond current state-of-the-art terahertz sources)gcess.

One factor limiting the CTR energy is the small transverse
size of the plasma. This is of concern since the plasmas used
in the self-modulated LWFA are typically produced via tun-
neling ionization from the pump laser pulse and have a trans-
verse dimensiors1l mm. To model the finite transverse ex- )
tent of the plasma, the effect of the diffraction radiation was | NiS work was supported by the U.S. Department of En-
included in the analysis. The finite transverse extent of th&rdy under Contract No. DE-AC03-76SF0098.
plasma was shown to significantly reduce the long-
wavelength transition radiation>p/y. This restriction can
be overcome in a straightforward manner by using additional APPENDIX: FINITE PLASMA DIELECTRIC CONSTANT
laser pulses to preionize a larger region of plasma. Also as-
sumed in the analysis was a sharp transition between the In this appendix we consider the influence of a finite
plasma and vacuum. However, for sufficiently short-plasma dielectric and show that the plasma-vacuum interface
wavelength radiation the scale length of the plasma-vacuurman be well modeled by a conductor-vacuum interface pro-
boundary will be comparable to the radiation formationvided w,>w. Consider a single electron normal to the
length, and this assumption will no longer be valid. plasma-vacuum interface. For a single electron normal to the

This paper has focused on the production of CTR fromplasma-vacuum interface, the energy of the transition radia-
LWFAs, i.e., intense laser pulses interacting with gas jetgion emitted into the vacuum for arbitrary dielectric constant
(underdense plasmpasTransition radiation will also occur ¢, in frequency rangelow and solid angled(}, is given by
from intense laser pulses interacting with solid targeter-  [23]
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In the long radiation wavelength, high plasma density limit
g e=1—- w5 w’——, Eq. (A1) reduces to Eq(30). For
3 |elcos#>1 and|e[8>1, Eq.(Al) reduces to
=3 .
% 099 \\ d’w, € B2sirte (B cose—l)zl
3 0085 R dwdQ)  72¢ (1-B2%co$6)? |e|cog
< (A2)
3 :
098 20 15 10 5 0 or, with y>1 and 6<1,
1—(u)p/u))2
d?w, e? 02 5 ool 1
FIG. 7. Differential energydW,/dw emitted by a single elec- dodQ = 20 T —7alit (oY) le[ 1.
tron traversing normal to the plasma-vacuum interfice Eq. 7 (074 y ) A3)

(A1)] normalized to the conductor-vacuum requt Eq. (30)] vs
dielectric constante=1—wf,/w2, emitted within 6<200 mrad, )
with =20 (solid curve, 10 (dashed curvg and 5(dotted curvg Equation (A3) indicates that even for a relatively small

plasma dielectric constant, i.¢e|=1, the plasma can be well

approximated by a conductor. Figure 7 shaW/,/dw cal-
d*wW,  e* pZsifcose culated from Eq.(A1l), normalized to the infinite dielectric
dodQ  ;2¢ (1— B2c026)? constant result %alculated_ from _E(_BO), versus dielectric
constante=1— w2/ »?, emitted within /<200 mrad, by an

" (e—1)[1— B%— B(e—sirtH)*?] ‘2 eollectr(()jn withy=20 (solid ((;UTVG, 1Oh(dasheczid|cur\0:;‘1 an? 5

. . : otted curve Figure 7 indicates that modeling the plasma
[e cost(e—sir?6) [ 1 (e~ sir6) 7] z(as a conducaltor |gs a good approximatitire., witghin aﬁ)‘ew
(A1) percent for long-wavelength radiatiom < w,, .
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