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DNA-protein interactions under random jump conditions
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We model the site-specific association of a protein molecule with DNA as a random walk with random
jumps. Results show that the simultaneous occurrence of processes such as sliding, hopping, and intersegmen-
tal transfer can facilitate the diffusion-controlled site-specific association rate. We have also shown that sliding
would dominate at lower DNA length, whereas at higher lengths hopping and intersegmental transfer would
dominate. Apart from this, we predict that the association rate is directly proportional to the size of nonspecific
DNA that flanks the specific site. These results are consistent with the experimental observations.
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[. INTRODUCTION HereED, denotes the first nonspecifically bound weak com-
plex, ED, denotes the strongly bound complex,
Recognition of a specific sequence of DNA among a vask,; (mol~* andK;=k; /k,) is the dissociation constant for
excess of structurally similar nonspecific sequences by a prahe first step, an#t; (sec ') andk, (sec ) are the respec-
tein, by another DNA, or by a RNA is an important phenom-tive forward and reverse rate constants for the second step.
enon in molecular biology, especially in the processes suclccording to this model, the protein molecule nonspecifi-
as initiation of replication, i.e., recognition of an origin of cally binds to DNA to form the weak complekD,, and
replication by DNA polymerase and initiation of transcrip- then searches along the DNA for the specific site by the
tion, i.e., recognition of a promoter sequence by RNA poly-following facilitating mechanisms(Fig. 1), to form the
merase(Refs.[1-13)). Earlier theoretical models suggested strongly bound comple€D,, .
that a protein could find its target site on DNA in solution (i) Association and dissociatioriThe protein molecule
condition simply by a one step diffusion process as given irsearches for the specific site by continuously attaching and
scheme |. detaching from DNA, and therefore it is a random diffusional
search. This is a kind of macroscopic process, where the
Ky
E+D«+—ED, (scheme ). (a)
ko

Here, E denotes the proteinD denotes its target site on

DNA, andk; (mol~ts 1) andk, (s™!) are the respective

rate constants. According to scheme I, the DNA-protein in-

teraction is a kind of three dimensional diffusion controlled

reaction under electrostatic potential, where DNA is nega-

tively charged due to the presence of phosphate groups and (b)
the protein is positively charged due to the presence of basic

amino acids such as lysine and arginiffiefs.[5]). But the

diffusion controlled association rate has a theoretical upper

limit in the order of~10° M~1s 1, which is~10-20 times

lower than the observed ratRefs.[14], [15]), that is, in the

order of ~101°M~1s 1. Moreover, experiments OIEs-

cherichia coli lac repressor-operator systefiRef. [15]) {c)
showed an increasing magnitude of dissociation rate constant

with decreasing length of operator containing DNA and the

association rate showed a turn over dependency on salt con-

centration. Later these paradoxes were resolved by assuming

a two-step model with transient intermedi&Ref. [15]),

kg ks FIG. 1. Different searching modes of protein molecules for their
E""D‘k_)EDa{k_’EDb (scheme 1. recognition site on a supercoiled DNA, where dark-color ellipse
2 4

represents the initial position of protein molecules and light-color
ellipse represents the final positiqa) Sliding: step size is unit base
pair. (b) Hopping: step size is few base paifs) Intersegmental
*Corresponding author. FAX:+91-22-2280-4610/2280-4611. transfer: step size is few hundred to few thousand base pairs and
Email address: muruga@tifr.res.in this is possible only when two distal parts of the DNA come closer.
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associated protein molecule dissociates completely, i.emodel is necessary to describe such kind of stochastic mo-
comes out of the electrostatic potential, and reassociatd®ns. In this paper we will show that the correlated motion
again either at the same site or at a different site with equassumption is not necessary and the random walk with ran-
probabilities. dom jumps itself is enough to explain the rate enhancement
(i) Intersegmental transfeThe protein molecule bound of specific binding of protein to DNA in solution condition.
at one end jumps to another end of the same DNA latticeThe organization of this paper is as follows. First we will
Therefore, this is possible only in a supercoiled/condenseflesScribe the stochastic motion of protein molecule along
DNA, where two distal parts can come closer through a ringd®NA as a random walk with a fixed step size, from which we
closure event. Since this process requires the segmental myill prove that independent occurrence of sliding, hopping,
tion of DNA, the rate of transfer of protein from one segment@nd intersegmental transfer cannot facilitate the association
to another is retarded by segmental diffusion. Here ondate. Then we will generalize the st_ochastlc motion of protein
should note that the protein molecule is exchanged betweedONd DNA as a random walk with random jumps, from

two distal segments of same DNA through the ring closuréVhich we will show that the random jump condition itself is
event without any macroscopic dissociation. enough to facilitate the association rate. Finally, we will dis-

(i) Hopping Microscopic association and dissociation, CUSS some of the consequences of this model in relation to
where the dissociated protein molecule is still in the vicinity the evolution of supramolecular structure of DNA.
of DNA, i.e., in the electrostatic potential. Here the step size
|S few base pairs and there'f-ore, thlS happens Only in the II. SITE-SPECIFIC ASSOCIATION OF PROTEIN
linear DNA and thus the bending motion of DNA as in case WITH DNA
of intersegmental transfer is not necessary.

(iv) Sliding Transfer of the protein along the contour  In the following section, we will derive the expression for
length of DNA, which is a one-dimensional random walk the positional mean and positional variance of protein mol-
with a unit step size. This is different from hopping in a way ecule when it undergoes a stochastic motion along the DNA
that the protein is still under nonspecifically bound condition,lattice with a fixed step size.

i.e., it is not microscopically dissociated.

(v) Correlated walk Asymmetric one-dimensional walk
along the DNA lattice with unit step size, with a strong en- ) ) )
ergy correlation towards the specific sit@ef. [14]). Here Let us assume that a protein molecule is undergoing a
each movement of the protein along DNA is decided by thePne-dimensional random walk with step sizenobase pairs
energy correlation between initial and final positions of pro-along the DNA ofN base pairs in length and the specific site
tein. Positive correlations will favor the move towards theli€s atpth base pair, where the inequality&<p<N holds.
specific site, whereas negative correlations will resist thd-et us denote its present coordinate positionxaand the
move and therefore it is a kind of energetically driven slid-Position at timet=0 asxo. The corresponding transition
ing. probabilities in an infinitesimal timét can be written as

The extent of hydrogen bonding and hydrophobic interacfollows:
tions between the specific sites of DNA and the protein de-
termines the binding specificifyrRefs.[16]). Here one should
note that the free energy of specific binding is the sum of the
free energy of nonspecific binding and the excess free energy P(x—Xx—m)=w_At,
due to specific hydrogen bonding and hydrophobic interac-
tions. It was argued earligRefs.[14], [15]) that an energy
correlation towards the specific site was necessary to explain
the observed target-finding rate-(0*° M~ s 1). This kind
of energy driven searching mechanism was named as enerdfiere Wy, denotes the transition rate of protein molecule to-
correlated walk(Ref.[14]). The nature and the existence of wards the specific site and_, is its transition rate away
energy correlation is still under debate due to fact that so faffom the specific site anfl's are the corresponding transition
no such free energy correlations which could drive the proprobabilities. The birth-death master equation describing the
tein molecule towards the specific site were observed alongrobability of finding the protein molecule at an arbitrary
the DNA sequences, though a sequence correlation was obositionx in time t thus becomes
served along the DNARefs.[17]). Other drawbacks in the

A. Random walk with a fixed step size

P(X—x+m)=wyAt,

P(x—X)=[1—(Wp+wW_)At]. (1)

earlier models are as follows. Here the processes such as P(x,t+At) —P(x,t)
association-dissociation, sliding, and hopping were treated as J;P(x,t)= lim At =WpP(x—m,t)
independent phenomena. But in the real situation it is very At=0

difficult to partition them because a sliding protein-molecule W POX+m ) — (Wt w_ )P, (2)

may suddenly hop or may undergo intersegmental transfer

especially when it meets another protein molecule in its ) ) ) )

search path, i.e., switching from sliding to hopping or hop_Equatlon(Z) takes simpler form upon introducing the gener-
ping to intersegmental transfer is itself a stochastic quantityating function as(s,t) =% s*P(x,t). Now Eq.(2) trans-
Therefore, a generalized random walk with random jumpforms to a simpler form as
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WiS2™+W_ = (W, + w_m)sm] P(X,1)=— [ a1 P(X,1)]+ 307 a,P(x,1)], (8)
sm ‘

dsG(s,t)= G(s,t)[
(3)  where a;=m(w,—w_,,) and a,=m?(w,,+w_,,) are the
corresponding drift vector and diffusion matrix. Now defin-

The solution of Eq.(3) for the initial condition G(s,0) in = oxt (220 Ja)dZ the MEPT can be shown to be
=s* [becauseP(x,,0)=1] can be given as g B(2) =exp{[b(2a, /ay)dZ,

m _ m y
G(s,t)zsxoexp{twmsz W (W W) ] @ 100=2 "8y p@eziaz @

Sm

To obtain the probability distribution functioR(x,t), one  Evaluating the integrals in E¢9) we obtain
has to expand Ed4) in series of powers of and then find

the limit ass— 1. Since Eq(4) has an essential singularity at @, dasp 2a.p
T(X)= [exy{ ) - ex;{
1

s=0, a Taylor series expansion is not possible. However, it
can be expanded in a Laurent series and therd¥¢xet) can

be given as 20X
o 2. w0

@z
P(x, t)—llm[ f GE:+I)
|n 0

-1
1 G(s',1)
+ — n — T
27T| n:E—x S ‘fCZ S’n+1 d

A

Equation(2) is a general case where the forward and the
reverse transition rates are arbitrary. We can define the mi-
S] (5  croscopic equilibrium constant &= Wi /W_ = AC/RT
where AG (kcal/mol base paipsis the correlation free en-
ergy along the DNA lattice. If there is no such correlation
Here the contour€; and C, form a concentric shell such energy, then itis obvious th#t,;= 1. Whenw,=w_,, then
that C, encloses the singular poiet=0 andC, is such that  T(x)=(p?—x?)/2m?w,, and thus the average rate of escape,
0<s<R, where 6<R=<1. We are interested in the positional which is simply the rate of association, becomgs,.
mean and positional variance of protein molecule, which can=p(f5T(x)dx) ~*=3m?w,,/p2. Since the maximum pos-

be obtained as follows: sible diffusion controlled rate i&/,,~10° M~ 1s™ % to get a
_ tenfold increase, a step size wf=(10p?/3)°>>p is neces-
(X)=1ImdsG(s,t) =Xo+M(Wp—W_)t, (6)  sary, which is clearly impossible. This is because, according
so1 to two-state model, the protein first binds nonspecifically
o ) . with DNA and then searches for its specific site under non-
Var{x;=1limd5G(s,t) —[lim d5G(s,t)]°+ lim d;G(s, t) specifically bound condition. Therefore requirement of a step
st st st size, which is more than the length of DNA, contradicts the
=m?(Wy,+W_p)t. (7)  two-state models. Here, step size=1 denotes sliding, mod-

eratem values denote hopping, and higharvalues denote

Equation (6) clearly shows that the protein molecule will intersegmental transfer. In the following section we will
move either towards the specific si or away fromit(i.e., ~ Show that the simultaneous occurrence of sliding, hopping,
(X)=Xo+mM|wWn—W_p|t if w,>w_, and(x)=xo—m|w,, and intersegmental transfer in the search process can itself
—W_g|t if w,<w__,) depending on the magnitude of tran- €nhance the site-specific association rate. First we will derive
sition rates W,, andw_,,), which is also directly propor- the expressions for the positional mean and positional vari-
tional to the step sizen. Moreover, Eq(7) indicates disper- ~ance of protein molecule on DNA under random jump con-
sion in the probability distributiofP(x,t) with timet, which ~ dition.

is directly proportional to square of the step size Now,

using the mean first passage tinf@bbreviated as MFPT C. Random walk with random jump

formalism, we will calculate the site-specific association rate

of a protein with DNA in the following section. Let us assume that a protein molecule is presentttat

position of a DNA lattice ofN base pairs in length and);th
position at timet=0, which is now undergoing a random
jump with a maximum jump size &, and the specific site is

When the protein molecule is confined to a domain suchiocated atpth base pair, where the inequality<®q;<p
that O=x=<p with [9;P(X,t)]x=0=0, i.e., reflecting bound- <N holds. A random jump with sizkbase pairs includes the
ary atx=0 and[P(x,t) ]x-,=0, i.e., an absorbing boundary possibility of all the jumps withirk, and therefore includes
atx=p, the mean first passage time required for the proteirihe simultaneous occurrence of sliding, hopping, and inter-
molecule to escape from the domdid,p], i.e., to find the segmental transfers. Now, the probability of finding the pro-
target site, can be easily calculated from the Fokker-Planckein at thexth base pair such that<Ox<p<N, at timet can
equation(FPE analog of Eq(2) as follows. The FPE corre- be obtained from the following generalized birth-death mas-
sponding to Eq(2) can be written agRef.[18]) ter equation:

B. Site-specific association rate under a fixed step-size condition
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k From Eq.(15), we can conclude that depending on the for-
dP(x,t)= Z [w;P(x—i,t)+w_;P(x+i,t)—(w; ward and reverse transition rates the protein molecule will be
=1 driven towards or away from the specific site, which is linear
+w_)P(x,D)]. (11) with time. Equation(16) clearly shows a time dependent

dispersion of the probability distribution function. Now, in

Here,w; is the transition rate of protein towards the Spec|f|cthe following section, we will calculate the site-specific as-
sitep, andw_; is the transition rate away fromwith ajump ~ Sociation rate under random jump condition.

size ofi base pairs where is such that i<k, k is the

maximum jump size andP’s are corresponding transition D. Site-specific association rate under random jump condition
probabilities. We are summing over all valuesi efk due to
the fact that a jump size df includes all the possibilities
within k. Now, defining the generating functiof(s,t)
=E)X(°=OSXP(X,I) as in the earlier section, E¢L1) simplifies

The MFPT taken by protein molecule to regghstarting
from anyx<p, by a random jump process can be obtained
from Eqgs.(8) and(9) as follows:

to T k . ao 44&’1[)) 42&1[3) %4&1)()
_ | (X, )—4—2=a1 ex @ ex o ex o
w;s? +w_;—(w;+w_))s'
3G(s,)=G(s,1) X, g : a1
i=1 +ex , (17)
(12 ay
Using the initigl condition asP(x01,O)_:1, i.e., G(s,0) Wherea1=22‘:1i(wi—w_i) and a2:E:(:1i2(Wi+W—i) are
=s"1, the solution of Eq(11) can be written as the corresponding drift and diffusion terms. The problem
" _ _ simplifies when one of the following conditions holds.
G(s.t)=sorexg S Wis? +wW_— (W +w_)s Case | w;=w_;, w;#w;. These conditions can be un-
(s,)=s’rex g : derstood as follows. Since we are interested in an unbiased

(13) search, i.e., no energy correlation towards the target site
(Keg=W;/w_j=1), we can insist upon the conditiow;
As in the preceding section, the probability distribution func-=w_;. The second conditionv;#w; is true in case of a

tion can be expressed in terms of a Laurent series as linear DNA due to the fact that without a macroscopic dis-
sociation, hopping, and intersegmental transfers are not sup-
G(s' t) ported. These conditions hold well for the interaction of
P(x,t)= |lm[ = f Tl prokaryotic RNA polymerase with its DNA during transcrip-
st "o tion initiation where DNA is almost linear due to simulta-
1 % G(s' t) neous occurrence of tre_mscription aqd thg translatief.
t5= s nj wd ] (14)  [13]). Under these conditions E¢L2) simplifies to
n=-—X 2

where the contour€, andC, form a concentric shell such atG(S,t)zg(S,t)z :
thatC, encloses the singular poiat=0 andC, is such that i= S
0<s<R, where 0<R=<1. The positional mean and posi-

tional variance of the protein molecule on DNA lattice at The solution of Eq(18) for same initial condition as in the

k[ 52‘+1—25‘]
w21 (18

time t can be shown to be previous case becomes
k k 2i i
s7'+1-2s
(x)=1im 9;G(s,t)= x01+t2 i(wi—w_j), (15 G(s,t)=sX01exp(Z {wi—s,—U. (19
s—1 i=1
Var{x} = lim 92G(s,t) +(x) — (x)? Now the mean and variance gfcan be shown to be
s—1
) . (x)=1im 9;G(s,t) =Xo1, (20
—tZ{E Zwi—wo )% > iwi—wo) .
=1 i<j,j=1
k
. < Var{x} = lim 92G(s,t) +(x) — (x)?= ZtE wiiZ. (21)
XJ(wj—w_j) [+t 2x01§1 i(w;—w_;) sl

k1 From Eqs.(20) and(21) we can conclude that the positional

+ 2_21 (i =1)(W_j+Wjpq) FKKEDW_ (. mean does not evolve with time whereas the positional vari-
' ance evolves linearly with time. Using Eq8) and (9), the
(16) MFPT for a jump siz&k can be given as
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1 packed via forming higher structural elements such as super-
T(x,k)=—(p*=x?), (22 coils. Due to this fact the conditiow;=w_;, w;=w;=w

@2 approximately holdsn vivo, which is simply the random
walk with random jump with equal probabilitigase ).
The requirement of this fact for a living cell can be visual-
. . . " ized as follows. A nonspecifically bound protein molecule
S'Sted_ to account for an unb!ased Jump. '_I'he °°”d'“‘9” primarily can slide (jump size 1) along the DNA, but needs
=W, is true when the protein molecule interacts with a5 ho5 \whenever it finds a small barrier such as another pro-
closely packed/supercoiled DNA, where two distal segmentgsin molecule and jump to a distal part whenever there is a
of DNA come closer by a ring closure event, so that theyjng closure event of DNAotherwise the protein molecule
protein molecule can either jump from one segment to anmay get trapped in a nonspecifically bound form which is
other segment or slide/hop within the same segment witlethal to the organisin But the random jump sizé&) de-
equal probabilities. In other words, the protein molecule carpends on the amount of higher structural elements present in
undergo sliding, hopping, or intersegmental transfer withDNA, which varies from organism to organism. Therefore,
equal probabilities, which is possible only in case of afor an arbitrary jump sizé&, which includes all the possibili-
closely packed structure. Moreover, recent studies showeties of simultaneous occurrence of sliding, hopping, and in-
that proteins themselves induced the bending motion of DNAersegmental transfer, the averggeerx) site-specific asso-
(Bruinsma in Ref[5]). These conditions are true in case of ciation rate of protein with DNA undein vivo condition is
interaction of eukaryotice.g., plants and animalsRNA  approximately given byfrom Eq. (27)]
polymerase with its DNA in the process of transcription ini-

wherea,=23F i%w;.
Case Il wi=w_;, wi=w;=w. The first condition is in-

tiation where the DNA is closely packed/supercoiled. Under Mkape™= w (28)
these conditions, Eq12) becomes 2p
K 5 i whereas the site unspecific association r@iere it is just
2G(s.0)=WG(s,)S) sT+1-2s equal tow) is the diffusion controlled rate. One also should
R e s note that
(14+2K)(1—s)—s K-sk*1 ,  k(k+1)(2k+1)
:WG(S,t) s—1 . F![nNrKaue_W 2N2 (29)

(23)  Therefore to get a tenfold enhancementwfa jump size of
k=2N%%<N is needed(using the relationry,,.=10w),
which is clearly acceptable and suggests that at higher
values[Fig. 2@)] the contribution of sliding is negligible
32i+1_25i]> o [e.g., forN=100 base pairs, sliding.e., a unit step size

The solution of Eq.(23) with same initial condition as in
case | can be given as

contributes only (10®)=50x 100 %67~2.5%], whereas
other mechanisms such as hopping and intersegmental trans-
fer are the dominating ones. Variation of jump size required
to enhance the diffusion controlled association rate to tenfold
with respect to the DNA length is shown in Figib2, which
clearly indicates that dd increases, the intersegmental trans-
fer dominates, whereas at lowBr values sliding and hop-
k ping dominate. These results suggest that a simultaneous oc-
Var{x}= lim &gG(s,t)Jr(x)—(x)z:Zth i2. (26) currence of sliding, hopping, and intersegmental transfer
s—1 i=1 mechanisms is necessary to facilitate the diffusion-controlled
association rate. This is also true undervivo conditions
As in case |, Eqs(25) and(26) clearly indicate the invariant due to the fact that inside the living cell a large number of
nature of positional mean and linear evolution of positionalproteins varying in size, shape, and affinity are interacting
variance with time. Now the MFPT for a jump sizelotan  with a single DNA molecule whose specific sites are also

k
G(s,t)=sx01exp( Wt
=1

SI

Now the mean and variance rfbecomes

<X>: lim &SG(S,t):XOJ_, (25)

s—1

be given as different. Therefore searching process of a particular protein
y s molecule for its specific site by pure sliding will be fre-

T(x,k)= i(pz—x2)= 3(p°—x9) @27) quently hindered by other protein molecules present in its

' as k(k+21)(2k+21)w" search path thus reducing the search efficiency, which is di-

sastrous to the organis(Ref.[15]). Thus hopping and inter-
segmental transfer are essential to avoid the protein-protein
Il RESULTS AND DISCUSSIONS collisions in the course searching. ki~N° where 2/3<6
Generally, the genomic DNA present inside a living cellis<1, one can easily show thak,,.=wWN” (where O<7y
longer in length compared to the dimensions of the cell itself<1), i.e.,r,,e*N, which is the usual observation in DNA-
(e.g., in the case dE. coli, the DNA length is a few centi- protein binding studies, i.e., the association rate is directly
meters whereas the cell’s dimension is a few micromgters proportional to length of nonspecific DNA, which is flanking
Therefore, undein vivo conditions the genome is closely the specific sitéRef.[15] and Engler in Ref[4]). Moreover,
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50
FIG. 3. \Variation of site-specific association rate
(rkave mol™ts™1) with respect to changes in DNA lengtil in
40 v
7 (b) base pairsand jump size(k, in base pairs (when N and k are
independent quantitigswhich clearly shows a constant nature of
304 lkave at higherN andk.
44 2N%6’<k=N. Though the size of genomic DNA varies from

20- organism to organism, the rate of recognition of specific sites
by the corresponding proteins is almost a constant quantity
over different genomes, which can happen only when there is

10- a kind of compensation between the genomic $ideand
. the searching jump sizZe In this context, our model predicts
0 —_— — that as the genomic siZ@l) increases, the jump sizealso
0 20 40 60 80 100 increases in order to keep the site-specific association rate

N constant. This compensation phenomenon suggests a positive
correlation between the genomic size and its closely packed
FIG. 2. (a) Variation of required jump sizk~2N%%"base pairs, nature. Since hopping and intersegmental transfers are not
i.e., to enhance the diffusion controlled association rate of DNA-much supported by a linear DNA, in due course of evolution
protein binding to tenfold, with the size of DNAN base pairs ~ DNA might have taken the present closely packed super-
Here a random jump size &f means after a unit jump fromgth coiled and supramolecular structure. One more evidence we
base pair of DNA, the protein can be found anywhere in the rangebserve is the compartmentalization of eukaryotic DNA by a
of xo = k. (b) Variation of percentage occurrence (PSON™°®) of  nyclear membrane. Therefore, from these arguments we can
S|Id|ng with the size of DNA(N in base pall')SWthh Clearly indi- conclude that a random Jump condition is itself enough to
cates that at loweN values sliding dominates whereas at higNer  §rjve the target-specific association of protein with DNA and
values other processes such as hopping and intersegmental transf§bre is no need for the existence for correlation energy.
are the dominating ones.
Fig. 3 clearly shows that when the size of DNIW) and the ACKNOWLEDGMENTS
jump size are independent, at sufficiently higher valuell of  This work was supported by TIFR, Mumbai, India. The
andk, rya,e is almost a constant quantity that is not true in author thanks Professor S. Mazumdar for his encouragement
the real situation and thus proves the validity of the relatiorand help.
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