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Dust size distribution for dust acoustic waves in a magnetized dusty plasma
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A reasonable normalization for a magnetized dusty plasma with many different dust grains is adopted, which
varies self-consistently with the system parameters. A Zakharov-Kuznetsov equation for small but finite am-
plitude dust acoustic waves is obtained for magnetized dusty plasma which contains different dust grains by
using the reductive perturbation technique. We study the dust size distribution. Some comparisons are made
between dusty plasma in which the dust size distribution is considered, and the monosized dusty plasma in
which there is only one kind of dust grain whose size is the average dust size. This suggests that both soliton
velocity and width are larger than that for monosized dusty plasma, but its amplitude is smaller than that for
monosized dusty plasma. If there are positively charged dust grains, compressive solitary waves may exist. The
velocity, amplitude, and width of a soliton in multidimensional form for a magnetized dusty plasma which
contains many different dust grains are studied as well.
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I. INTRODUCTION

Dusty plasma has been studied extensively recen
Dusty plasma consists of ions, free electrons, and micros
particles. Dusty plasma is thought to play an important r
in star and planet formation, such as planetary rings, co
tary surroundings, interstellar clouds, and the lower parts
the earth’s ionosphere@1,2#. In the laboratory, dust particle
appear as impurities and can significantly influence the
havior of the surrounding plasma@3#. Recently the study of
dusty plasma has developed rapidly with many applicati
in both laboratory and space plasma@4#. Dust acoustic waves
~DAW! were first reported theoretically in unmagnetiz
dusty plasma by Raoet al. @5#. On the other hand, at highe
frequency, Shukla and Silin showed the existence of dust
acoustic waves~DIAW ! @6#. Recent laboratory experimen
on dusty plasmas have confirmed the existence of DAW
DIAW @7–9#. Furthermore, low-frequency electrostatic io
acoustic and ion-cyclotron waves have been studied i
magnetized dusty plasma@10#. However, most of these theo
ries have focused attention on dusty plasma containing o
monosized dust grains@5,6,10#. In practice, the dust grain
have many different sizes@11–14#. Several authors hav
studied the dust size distributions@15–20#.

In this paper, the normalization for a magnetized du
plasma with different dust grains is adopted. Furthermor
Zakharov-Kuznetsov~ZK! equation is obtained which i
similar to that for a monosized dusty plasma@21#. Some
different results are obtained.

The paper is organized in the following fashion. In Sec
we normalize the equations of motion for a dusty plas
with N different dust grains. In Sec. III we obtain a Z
equation. In Sec. IV we study how one encounters comp
sive DA solitary waves when the plasma contains both ne
tive and positive dust grains. The amplitude, width, a
propagation velocity of a soliton are studied as well. In S
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V we study a multidimensional soliton.

II. NORMALIZATION AND GOVERNING EQUATION
FOR A MAGNETIZED DUSTY PLASMA WITH N

DIFFERENT DUST GRAINS

We now consider a three-component dusty plasma c
sisting of massive, negatively charged dusty fluid, Bol
mann distributed electrons, and ions in the presence o
external static magnetic fieldBW 5BkW , wherekW is a unit vector
along thez direction. Now we assume that there areN dif-
ferent dust grains with different dust size or mass. Thus,
haveni05( j 51

N Zd jnd j01ne0, whereni0 , nd j0 , ne0 are the
unperturbed ion,j th dust grain, and electron number densi
respectively.Zd j is the number of electrons residing on th
j th dust grain. Letnd j , md j represent the density and th
mass, respectively, of thej th dust grain,f is the electrostatic
potential, anduW d j5ud j iW1vd j jW1wd jkW is the j th dust grain
velocity, whereiW, jW,kW are the unit vectors in thex,y, andz
directions, respectively. We also letTe and Ti stand for the
temperatures of electrons and ions, respectively.

We now define the following quantities. The effectiv
temperature is defined byTe f f5TiTe /mTe1nTi , wherem

5ni0 /NtotZ̄d0 , n5ne0 /NtotZ̄d0. The total number density o
all dust grains isNtot5( j 51

N nd j0, wherend j0 is the unper-
turbed density of thej th dust grains. The average charg
number residing on a dust grain is Z̄d0

5(( j 51
N nd j0Zd j0)/Ntot . The average dust size or avera

dust radius isā5(( j 51
N ajnd j0)/Ntot , whereaj is the radius

of j th dust grains; here we assume that all the dust grains
spherical. The average mass of dust grains ism̄d

5( j 51
N md jnd j0 /Ntot . The effective Debye length is define

as lDd5(Te f f /4pZ̄d0Ntote
2)1/2. The inverse of effective

dusty plasma frequency is defined byvpd
21

5@m̄d /(4pNtotZ̄d0
2 e2)#1/2. The effective dust acoustic spee

is defined byCd5(Z̄d0Te f f /m̄d)1/2. The effective dust cyclo-
©2003 The American Physical Society02-1
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tron frequency is defined byvcd5BeZ̄d0 /vpdm̄d .
The dimensionless variables that we will use are defi

below. The ion and electron densities are normalized
NtotZ̄d0. The dust density is normalized byNtot . Zd j is nor-
malized byZ̄d0 . md j is normalized bym̄d . The space coor-
dinatesx,y,z are normalized bylDd . The dust velocityuW ,
time t, and the electrostatic potentialf are normalized by
Cd , vpd

21 , andTe f f /e, respectively. The dust grains are a
sumed monodispersive, and they emit no electrons. The l
assumption is appropriate for laboratory experiments, but
for astrophysical conditions where photoemission and s
ondary emission often result in a positive dust charge.
using the normalized variables, we obtain the followi
equations:

]nd j

]t
1

]

]x
~nd jud j!1

]

]y
~nd jvd j!1

]

]z
~nd jwd j!50, ~1!

]ud j

]t
1ud j

]ud j

]x
1vd j

]ud j

]y
1wd j

]ud j

]z

5
Zd j

md j

]f

]x
1vcd

Zd j

md j
vd j , ~2!

]vd j

]t
1ud j

]vd j

]x
1vd j

]vd j

]y
1wd j

]vd j

]z

5
Zd j

md j

]f

]y
2vcd

Zd j

md j
ud j , ~3!

]wd j

]t
1ud j

]wd j

]x
1vd j

]wd j

]y
1wd j

]wd j

]z
5

Zd j

md j

]f

]z
, ~4!

where j 51,2, . . . ,N, and also

]2f

]x2 1
]2f

]y2 1
]2f

]z2 5(
j 51

N

nd jZd j1ne2ni ~5!

with ni5me2sf and ne5nesb8f, where b85Ti /Te , s
51/(m1nb8). The Boltzmann distributed ions and ele
trons are valid for v!kzVTe ,vcekz /k' ,vce , and short
wavelength compared with the ion gyroradius. The lineari
tion of Eqs. ~1!–~5! yields 111/(k2lD

2 )2@vpd
2 /(v2

2vcd
2 )#(k'

2 /k2)2(vpd
2 /v2)(kz

2/k2)50, where lD

5lDelDi /(lDe
2 1lDi

2 )1/2, andlDe (lDi) is the electron~ion!
Debye radius. In the limit ofv!vcd , it is found thatv
5kzCd /@11k'

2 (rd
21lD

2 )1kz
2lD

2 #1/2 if k'
2 (rd

21lD
2 )5k'

2 rdD
2

!1, andkz
2lD

2 !1, and we find thatv'kzCd(12 1
2 k'

2 rdD
2

2 1
2 kz

2lD
2 ). It is clear that dust size distribution modifiesCd

5vpdld ~dust acoustic wave velocity! and rd
5lDvpd/vcd through the modification ofvpd and vcd ,
which is different from that reported by Raoet al. @5# where
they only studied the dusty plasmas composed by monos
dust grains. However they are same for dusty plasma
monosized dust grains.
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III. MATHEMATICAL FORMALISM

In order to study dust acoustic waves, we use a traditio
perturbation method. For long wavelength limitAk'

2 1kz
2

!1, we lete to be about the order ofAk'
2 1kz

2. We study the
small amplitude nonlinear waves which mainly propagate
thez direction. So we only consider the waves whose am
tude of dust particle density variations, electrostatic poten
variations, and the dust velocity component in thez direction
is about the order ofk'

2 1kz
2 or about the order ofe2, the dust

velocity components in bothx andy directions are about the
order of (k'

2 1kz
2)3/2 or about the order ofe3. Therefore the

variables are stretched as follows:

S j

h

z

t

D 5eS x

y

z2v0t

e2t

D ,

and

S nd j

ud j

vd j

wd j

f

D 5S nd j0

0

0

0

0

D 1e2S nd j1

eud j1

evd j1

wd j1

f1

D 1e4S nd j2

ud j2

vd j2

wd j2

fd j2

D .

Substituting above expansions into Eqs.~1!–~5!, we
obtain the following results: wd j152(Zd j /v0md j)f1,
nd j152(nd j0Zd j /v0

2md j)f1 , v0
25( j 51

N nd j0Zd j
2 /md j ,

vd j152(1/vcd)(]f1 /]j), ud j15(1/vcd)(]f1 /]h,
vd j252(v0 /vcd

2 )(md j /Zd j)(]
2f1 /]h]z), ud j25

2(v0 /vcd
2 )(md j /Zd j)(]

2f1 /]j]z), where f1 satisfies the
ZK equation

]f1

]t
1Af1

]f1

]z
1B

]3f1

]z3 1C
]

]zS ]2f1

]j2 1
]2f1

]h2 D50 ~6!

with A52(3/2v0
3)( j 51

N (nd j0Zd j
3 /md j

2 )2(v0/2)s2(nb82

2m), B5v0/2, andC5(v0/2)@11(1/vcd
2 )( j 51

N nd j0md j#.
It is clear that one-dimensional limit follows whe

k'
2 rdD

2 !1, in which case the effects of dust polarization dr
disappear. It is found that both the nonlinearity coefficienA
and the dispersive coefficientB are not affected by externa
magnetic field. It is suggested that for one-dimensio
waves propagating in thez direction the magnetic field doe
not affect the nonlinear waves.

IV. CONTRIBUTION OF DUST SIZE DISTRIBUTION

Now we describe the different dust species in a disc
tinuous model. We start with two different dust species, w
respective grain sizesa1 anda2, and densitiesNd1 andNd2.
2-2
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The average size is logically given byā5(Nd1a1
1Nd2a2)/(Nd11Nd2). We then define the following quanti
ties: md15m(a1);a1

3, Zd15Zd1(a1);a1 , md25m(a2)

;a2
3, Zd25Zd2(a2);a2 , m̄d5m(ā);ā3, and Z̄d5Zd(ā)

;ā. We also define the following velocities:v01
2

5Zd1
2 Nd1 /md1 , v02

2 5Zd2
2 Nd2 /md2 , v̄0

25Z̄d
2(Nd1

1Nd2)/m̄d. It is noted that the total charge that resides
the dust grains is the same as the case where all dust g
have the same mean radius. We introduce the quantitied
5a1 /a2 , n5Nd2 /Nd1. To model a realistic power law, w
assume thatd,1, n,1. The following ratio is investigated
(v01

2 1v02
2 )/ v̄0

2511n(12d)2/d(11n)2.1. It indicates that
two dust species increase the propagation velocity of soli
waves. Of course the same reasoning holds for three or m
dust species.

The ZK equation~6! also has a one-dimensional statio
ary solitary wave solution as follows:f105fmsech2@z
2u0t/w#, wherefm53u0 /A andw52AB/u0 are the am-
plitude and width of the soliton, respectively. For a typic
dusty plasma@22#, we estimate that the second term ofA can
be neglected compared with first term. Therefore, we ob

A'2
3

2v0
3 (

j 51

N nd j0Zd j
3

md j
2

. ~7!

It is clear thatA,0, B.0, andC.0, therefore the soliton
is rarefactive. We now study a dusty plasma with two diff
ent dust species. Then the ratio ofA/A is A/A5(11nd3/1
1n)@(n1d)/(d1nd2)#3/2, where A and A are the coeffi-
cients of the nonlinear term in ZK equation~6! for different
dust grains and average dust grains, respectively. Figu
shows the variations ofA/A with respect ton and d. It
seems thatA/A>1. We also find thatA/A increases asn
increases and decreases asd increases.

For monosized dusty plasma, the change of polarity
well known in the literature@23,24#. It has been observed b
the dust detector on the Ulysses spacecraft during its Ju
encounter that for very small grains in the size ran
0.03mm,a,0.14mm, the grains are all positively charge
due to secondary electron emission@13#. For this case it is

FIG. 1. The variations ofA/A with respect tod for different n
50.2,0.5,0.8,1.
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easy to note that the solitary waves are compressive s
A.0 which is an interesting result. It is also known that t
secondary electron emission from spherical grains can
to oppositely charged dust grains either due to differ
grains following different charging histories or due to diffe
ent dust size@13,14#. We now assume that there are tw
kinds of dust grains, wherea1,a2. If they are all positively
charged, which is not a usual case, then there are comp
sive solitary waves. For another case based on the exp
mental results@13,14#, we assume that there are two differe
dust grains which are oppositely charged. For smaller d
grainsZd1,0 which are positively charged, and for larg
onesZd2.0 which are negatively charged. Then we have
following equations:

v̌0
25

Nd1uZd1u2

kma1
3

1
Nd2uZd2u2

kma2
3

, ~8!

Ǎ5
3

2v̌0
3 S Nd1uZd1u3

~kma1
3!2 D F12S a1

a2
D 6 Nd2

Nd1
UZd2

Zd1
U3G . ~9!

It is easy to note thatv̌0
2 is always positive. But the sign ofǍ

is determined by the sign of As51
2(a1 /a2)6(Nd2 /Nd1)uZd2 /Zd1u3. As.0 means that
(Nd2 /Nd1)uZd2 /Zd1u3,(a2 /a1)6. For typical dust grains re-
ported in Ref.@13#, a150.01mm anda250.1 mm, so there
are compressive solitary waves when the inequa
(Nd2 /Nd1)uZd2 /Zd1u3,106 is satisfied.

V. MULTIDIMENSIONAL SOLITARY WAVE SOLUTION

In this section we study a multidimensional solitary wa
solution of Eq.~6!. In order to do this, we assume that the
is a solution of f15f1(X), where X5z1l1j1l2h
2v8t. Then we obtain that there is one soliton solution
follows @25#:

f15~3v8/A!sech2„1
2 Av8/@B1C~l1

21l2
2!#~X2X0!…,

where we have assumed thatf1 and all its derivatives tend
to zero whenX→`, andX0 is a constant. The soliton am
plitude and width are 3v8/A and 2A@B1C(l1

21l2
2)#/v8,

respectively. For continuous power law distribution@11,12#,
we find that v0

2/ v̄0
25@(b21)2(c2b21)(c22b21)#/@b(b

22)(c12b21)2# and A/Ā5@ v̄0
3(b21)4(c2b2221)(c22b

21)3#/v0
3(b12)(b22)3(c12b21)4, where v̄0 and Ā are

those with the average dust size of the power law distri
tion, respectively.c5amax/amin , whereamax and amin are
the maximum and the minimum dust size for the power l
distribution, respectively.C can be rewritten asC5v0/2
1(v0/2vpd

2 )c8, wherec85( j 51
N nd j0md j . Then we obtain

c8

c8
5

~n1d3!~11n!2

~n1d!3 ~10!
2-3
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for two different dust size distributions, wherec8 is that for
monosized dust grains. Figure 2 shows the variations
c8/c8 with respect ton andd. It seems thatc8.c8. For the
case of a continuous power law distribution, we find that

c8

c8
5

22b

42b

~c42b21!~c12b21!2

~c22b21!3
. ~11!

Figure 3 shows the variations ofc8/c8 with respect toc for
different b. It is noted then that different dust size distrib
tion can let the coefficientC of ZK equation ~6! become
large. For saturnF ring the grain radii ranged from 0.5mm
to 10.0mm and followed a power law distribution withb
53.5 @26#. It is noted thatv0

2 is '1.2 times that for average
monosized dusty plasma. MoreoverA and B are about 1.5
and 1.1 times that for monosized dusty plasmas with aver
dust grains.

FIG. 2. The variations ofc8/c8 with respect tod for different
n50.2,0.5,0.8,1.0.
m
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We now conclude that, for a dusty plasma composed
different dust grains, different dust size distributions can
both the soliton velocity and the width become larger, wh
the soliton amplitude becomes smaller.

We conclude that if there are positively charged d
grains which are usually smaller ones, the values of the s
ton velocity as well as the soliton width may be very larg
and the soliton amplitude may be very small. The possibi
of collisions among the dust grains will be much increased
will increase the possibility of the accretion of the du
grains due to collisions and Coulomb attractions. This is
interesting result for both laboratory and space dusty p
mas.
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FIG. 3. The variations ofc8/c8 with respect toc for different
b53,5,6,7.
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