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Superluminal propagation of light pulses: A result of interference
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The propagation of pulses through dispersive media was investigated by solving Maxwell’s equations with-
out any approximation. We show that the superluminal propagation of pulses through anomalous dispersive
media is a result of the interference of different frequency components composed of the pulse. The coherence
of the pulse plays an important role for the superluminal propagation. With the decrease of the coherence of the
pulse, the propagation changes from superluminal to subluminal. We have shown that the anomalous dispersion
~the real part of the susceptibility! not the amplification~the imaginary part of the susceptibility! plays the
essential role in the superluminal propagation. Although the superluminality always exists as long as the
spectrum of the coherent pulse is within the anomalously dispersive region, both the energy propagation
velocity and the frontal velocity never exceed the light speed in the vacuum. The output pulse through the
medium is not the original pulse; instead it carries the information of the original pulse and the information of
the prepared medium.

DOI: 10.1103/PhysRevE.68.066606 PACS number~s!: 42.25.Bs, 42.25.Hz
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I. INTRODUCTION

Superluminal propagation is a phenomenon that the gr
velocity of an optical pulse in a medium is greater than
light speed in vacuum@1,2#. This phenomenon has been di
cussed theoretically and experimentally in many differ
media @3–10#. However, the mechanism about the super
minal propagation remains controversial.

What is the mechanism of the superluminal group vel
ity of pulses through the medium~the advance of the puls
peak!? There are two different viewpoints. One of them
that the front and the back of the pulse undergo different g
or attenuation@11–15#. Some statements are as follow
‘‘The pre-excited active medium plays the role of a nonline
amplifier, amplifying the front of the laser pulse and abso
ing energy at the rear of the pulse in such a manner a
maintain its shape but at the same time increase the ov
pulse speed@11#.’’ ‘‘We show that in a gain medium, the
lowest-order effect is that the pulse propagates with velo
c and undergoes differential gain, i.e., a distortion in wh
the front of the pulse is amplified more than the back@12#.’’
‘‘The leading edge of the Gaussian pulse entering the
dium induces the gain~or accumulation! effect that makes
the peak of the pulse appear at the exit of the medium ea
than it appears through the vacuum. At a later time, when
peak of the pulse reaches the medium, the absorption~or
dissipation! effect becomes more important, and so, a par
the pulse energy would be dissipated inside the med
@13#.’’ ‘‘We demonstrate that a well designed linear mediu
with two resonances can be used to reshape a pulse so
the front is amplified and the back is attenuated@15#.’’

Another viewpoint is that it is due to the interference b
tween the different frequency components of the pu
which undertake different phase shifts after passing thro
a medium of anomalous dispersion@16–23#. ‘‘It can be un-
derstood by the classical theory of wave propagation in
anomalous dispersion region where interference between
1063-651X/2003/68~6!/066606~10!/$20.00 68 0666
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ferent frequency components produces this rather counte
tuitive effect@6#.’’ ‘‘In this experiment, each of the differen
frequency components making up the pulse experience
slightly different dispersion in the medium. The relativ
phases between them are therefore changed and the
shape is shifted to bring the pulse wave packet~or group
velocity! forward in time@16#.’’ ‘‘Therefore, in a sufficiently
strong anomalous dispersion medium, the redder incident
will have a shorter wavelength and hence becomes a b
ray, while an incident bluer ray will have a longer wav
length to become a redder ray. This results in an unus
situation where the phases of the different frequency com
nents of a pulse become aligned at the exit surface of
medium earlier than even in the case of the same p
propagating through the same distance in a vacuum@17#.’’

Recently, we have shown the effect of coherence of li
on superluminal propagation and the important role of
interference between different frequency components for
superluminal propagation@24#. In this paper, we will inves-
tigate the nature of the superluminal propagation, and
partially coherent pulses to solve this controvery. From
viewpoint that the interference between different frequen
components results in the superluminality, the superlumin
ity depends on the coherence of the pulse. If we can cha
the interference which can be realized by varying the coh
ence of the pulses, while keeping the intensity profile of
pulse the same, the superluminal propagation will
changed~even disappears!. In the following, we will inves-
tigate the dependence of the group velocities on the co
ence of the pulses, discuss the effect of coherence on
superluminal propagation, and demonstrate that the co
ence plays a key role in the superluminal phenomena. In S
II, we will introduce temporal partially coherent pulses.
Sec. III, we will discuss the propagation of temporal partia
coherent pulses in a gain medium. In Sec. IV, we will po
out that the key role for superluminal propagation of puls
in a dispersive medium is the real part of the susceptibi
©2003 The American Physical Society06-1
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and is not the imaginary part of the susceptibility. In Sec.
the group velocity, the energy velocity, and the frontal velo
ity of the pulses are again investigated in detail; we show
differences among these velocities. Our final conclusion
be found in Sec. VI.

II. TEMPORAL PARTIALLY COHERENT PULSES

The interference can be varied by changing the cohere
of light. In order to investigate the effects of coherence a
interference on the superluminal propagation, we introduc
kind of temporal partially coherent pulses. It is known th
any light field from real source is not fully coherent@25#. For
stationary fields, the theory of coherence has been studie
a long time@25,26#. Recently, the theory of coherence f
nonstationary fields is established@27–32#. The correlation
function of a pulse in space-time domain is the key quan
for discussing partially coherent pulses.

The correlation function of a fully coherent plane-wa
pulse @25# is defined by G(z1 ,t1 ;z2 ,t2)
5E* (z1 ,t1)E(z2 ,t2). The reflection in current case is ne
ligible. Decomposing the electric field into Fourier comp
nents, E(z,t)5*E(0,v)eik(v)ze2 ivtdv, where k(v) is a
complex wave vector, we can write the correlation functi
for a fully coherent pulse as

G~z1 ,t1 ;z2 ,t2!5E E W~0,v1 ;0,v2!

3eik(v2)z22 ik* (v1)z1ei (v1t12v2t2)dv1dv2 ,

~1!

where

W~0,v1 ;0,v2!5E* ~0,v1!E~0,v2!

5E E G~0,t1 ;0,t2!e2 i (v1t12v2t2)dt1dt2 ,

~2!

with G(0,t1 ;0,t2) being the initial correlation function of the
pulse atz50. By using Eqs.~1! and ~2!, we can obtain the
evolution of the correlation function.

For a partially coherent pulse the correlation functi
is defined @25# by G(z1 ,t1 ;z2 ,t2)5^E* (z1 ,t1)E(z2 ,t2)&,
where ‘‘̂ ¯&’’ represents the statistical ensemble average~the
phases of all components of the light field is partially ra
dom, and the average is taken on all these components!. The
evolution of the correlation function for partially cohere
pulses is still controlled by Eqs.~1! and~2!. In the above and
the following discussion, we assume that the medium is
tionary. For the fully coherent plane-wave pulses, we ha

G~0,t1 ;0,t2!5@ I ~0,t1!I ~0,t2!#1/2exp@ iv0~ t12t2!#. ~3!

For the partial coherent pulses, the temporal correlation u
ally depends only on the time difference, and we assume
the initial correlation function is Gaussian,
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G~0,t1 ;0,t2!5@ I ~0,t1!I ~0,t2!#1/2expF2
~ t12t2!2

4sL0
2 G

3exp@ iv0~ t12t2!#, ~4!

wheresL0 is the correlation time width, which measures t
correlation between two different space-time points. N
that the initial intensity of light fieldI (0,t i)5G(0,t i ;0,t i)
( i 51,2) is not dependent onsL0. That is to say, the space
time intensity profile of the pulse is the same for any value
sL0. We call the pulse defined by Eq.~4! as a kind of Schell-
Model plane-wave pulse@30#.

It is obvious from Eq.~4! that the completely coheren
plane-wave light pulse is obtained at the limitsL0→`. In
the opposite limitsL0→0, all the space-time points becom
uncorrelated. Therefore, when the parametersL0 varies from
zero to infinity, Eq.~4! represents a class of temporal pa
tially coherent pulses with the same space-time intensity p
file but with different coherence. In the following, we wi
consider two special partially temporal coherent pulses.

III. PROPAGATION OF TEMPORAL PARTIALLY
COHERENT PULSES IN A GAIN MEDIUM

We consider the propagation of a partially coherent pu
in a gain medium fromz50 to L surrounded by the vacuum
The susceptibility of the gain medium is assumed as a dou
Lorentz oscillator, which describes a three-level system w
two closely placed Raman gain peaks@6#,

x~v!5
M

v2v02D1 ig
1

M

v2v01D1 ig
, ~5!

whereM is related to the gain coefficient, andg is the spec-
tral width of two gain lines. The parameters used in th
section arev0/2p53.531014 Hz, M /2p52.262 Hz, g/2p
50.463106 Hz, D/2p51.353106 Hz, which are fit to the
experimental data reported in Ref.@6#. The relation between
complex wave number and the susceptibility isk(v)
5vn(v)/c with n(v)5A11x(v) @m(v)51#.

A. Gaussian pulses

First we consider the propagation of partially cohere
Gaussian pulses whose initial intensity is

I ~0,t !5expS 2
t2

st0
2 D , ~6!

where st051.231026 s is the pulse width. So the initia
correlation function of the partially coherent Gaussian pu
is

G~0,t1 ;0,t2!5expS 2
t1
2

2st0
2 D expS 2

t2
2

2st0
2 D

3expF2
~ t12t2!2

4sL0
2 Gexp@ iv0~ t12t2!#.

~7!
6-2
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SUPERLUMINAL PROPAGATION OF LIGHT PULSES: . . . PHYSICAL REVIEW E 68, 066606 ~2003!
Such a pulse is called temporal partially coherent Gaus
Schell-model pulse~GSMP! @30,24,31#.

Let the partially coherent Gaussian pulse enter the
dium atz50 and exit the medium atz5L. Substituting Eq.
~7! into Eq. ~2!, we have the generalized spectral density

W~0,v1 ;0,v2!5
1

2p
A 1

11~st0 /sL0!2

3expF 2
~v12v0!21~v22v0!2

2S 1

st0
2

1
1

sL0
2 D

2
~v12v2!2

4~st0
2 1sL0

2 !

st0
4

G . ~8!

The shape and the width of the generalized spectrum of s
a pulse depend on bothst0 and sL0. WhensL0@st0, the
light pulse is essentially fully temporal correlated~fully co-
herent!, and the width of the generalized spectrum is de
mined by the temporal widthst0. WhensL0!st0, the light
pulse is globally temporal uncorrelated~incoherent!, and the
generalized spectral width determined by the correla
time width sL0 becomes very broad. The intensity of th
pulse is determined byI (0,t)5G(0,t;0,t), which is indepen-
dent of sL0, that is to say, the initial intensity profile i
independent ofsL0. Substituting Eq.~8! into Eq.~1!, we can
get the pulse evolution through the medium. In Fig. 1,
plot the intensity profileI (z,t)5G(z,t;z,t) after passing
through the medium for differentsL0. When sL0 is large,
the pulse is essentially coherent and its propagation is su
luminal. For sL052400 ns~dot line!, the peak delay istd
5tm2tv5262.2 ns, wheretm and tv are the times that the
peaks appear for the pulses passed through the medium

FIG. 1. The temporal evolution of the pulse envelops atzL .
Solid line, the pulse through the vacuum; dot line, the pulse thro
the medium forsL052400 ns; dashed line, the pulse through t
medium forsL0582.41 ns@24#.
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through the vacuum, respectively. WhensL0 becomes small,
the pulse becomes partially coherent and the peak delay
creases. WhensL0 is sufficiently small~see the dashed line!,
the pulse propagation is no longer superluminal, but sub
minal. The dashed line in the figure is forsL0582.4 ns,
where we have a peak delay oftd596.6 ns ~subluminal
propagation!. In Fig. 2 we plot the peak delaytd as a func-
tion of the correlation time widthsL0 ~see curvea). It is
very clear that the time decay increases as the pulse cha
from almost fully coherent to almost incoherent. The tran
tion from superluminal to subluminal propagation happe
near sL0'200 ns. As the correlation timesL0 becomes
smaller than 75 ns, the time delay decreases again. At
tremely smallsL0, the time delay tends to a constant, whi
is determined from the average refractive index of the m
dium. In our case, the average refractive index isn̄51,
which means the time delay tends to zero in the limit
sL0→0. From the above discussion it is clear that the d
persion is result of the interference between different f
quency components.

B. Quasirectangle pulses

We consider the propagation of a temporal partially c
herent quasirectangle pulse. For a fully quasirectangle co
ent pulse, its spectrum@24# is

E~0,v!5H sin@t0~v2v0!#

t0~v2v0!
whenuv2v0u<d0

0 whenuv2v0u.d0 .

~9!

The intensity of the quasirectangle pulse at initial positi
z50 is

I ~0,t !5U E E~v!exp~2 ivt !dvU2

~10!

~see Fig. 3!. In the following we chooset052031026 s and
d0/2p50.53106 Hz, and other parameters are the same

h

FIG. 2. Peak delaytd as a function of the correlation timesL0.
Curve a for the partially coherent GSMP, the relevant paramet
are the same as in Fig. 1; curveb for the partially coherent quasi
rectangle pulse,t052031026 s and d0/2p50.53106 Hz, other
parameters are the same as Fig. 1.
6-3
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FIG. 3. The quasirectangle
pulse, heret052031026 s and
d0/2p50.53106 Hz. Its spec-
trum is shown in the inset.
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the above. Substituting Eq.~10! into Eq. ~4!, we can obtain
the initial shape of the temporal partially coherent quasire
angle light pulse of anysL0, as shown in Fig. 3. Using Eqs
~1!, ~2!, and~4!, we can get the evolution of partially cohe
ent quasirectangle pulse, and the intensity of the pulse in
medium at any position. The intensity of the quasirectan
pulse has a lot of peaks. The arrival of the first peak~sharply
ascending to highest value for the initial pulse! can be con-
sidered as the arrival of the pulse~or the signal carried by the
pulse! @20#. We study the time difference of the arrival of th
first peak of the pulse after propagating through the med
and the vacuum. In Fig. 2, curveb is the peak delay time
versussL0 for the quasirectangle pulse. When the cohere
decreases (sL0 decreases!, the propagation changes from s
perluminal to subliminal. The behavior is similar to that
curvea.

When sL0 becomes smaller from a large value~almost
infinity!, the peak delay time first increases to a maxim
and then decreases to zero assL0 goes to zero. As well
known, the spectrum widthDv of a coherent pulse is relate
to its durationDT as Dv'1/DT. For a partially coheren
pulse, we do not have its spectrum. However, we c
useW(v,v) as an equivalent spectrum@30#, which depends
on the correlation time widthsL0 and its durationDT.
For the partially coherent Gaussian pulse, we can ob
from Eq. ~8! the equivalent power spectrum widthDv
5A(1/st0)21(1/sL0)2. The equivalent spectrum width in
creases as the correlation time decreases. When the co
tion time decreases so that the equivalent power spectru
the pulse covers the whole normal dispersion region bes
the central anomalous dispersion region, the peak delay
reaches a maximum value. When the correlation time
creases continuously so that the equivalent power spec
width reaches the flat dispersion region outside the nor
dispersion region, the peak delay time decreases again.
06660
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IV. DISCUSSION OF THE ROLE OF THE REAL
AND IMAGINARY PARTS OF THE SUSCEPTIBILITY

In the above section, we have shown that the coherenc
the light pulses plays a very important role in superlumin
propagations, and superluminal propagation is a wave in
ference phenomenon. Reducing the coherence, the sup
minal will disappear. Meanwhile, we note that the super
minal propagation is always accompanied by amplificat
~due to the gain of the medium!. Now we examine what the
role of the amplification is~i.e., what is the role of the imagi
nary part of the susceptibility?!. In the following, we will
show that the gain~or absorption! of the medium is not im-
portant for superluminal propagation, although it cannot
removed for a practical medium.

A. Fully coherent Gaussian pulses

In order to examine the effect of the gain on pulse pro
gation, we consider three situations:~1! Only keep the imagi-
nary part of the susceptibility~pure amplification or absorp
tion!; ~2! only keep the real part of the susceptibility~pure
dispersion!; ~3! keep both parts~real medium!. In Fig. 4~a!,
we plot the profiles of the pulse at the exit end for the th
situations together with the profile after passing through
vacuum. The susceptibility is still given by Eq.~5! with the
same parameters as in the above section. Comparing cub
~for the pure amplification! and curved ~for the vacuum!, we
find their peak positions are the same and the amplifica
for the front and tail is symmetrical@see Fig. 4~b!#. Curvea
~for the pure dispersion! and curvec ~for the real medium!
have the same peak advancement. Curveb ~for the pure am-
plification! does not have the peak advancement. Theref
the amplification is not an essential factor for the advan
ment of the peak. In Ref.@33#, the authors divided the time
delay~defined by the time ‘‘center of mass’’ not by the pea
time delay! into two parts: ‘‘the net group delay’’ and ‘‘the
6-4
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SUPERLUMINAL PROPAGATION OF LIGHT PULSES: . . . PHYSICAL REVIEW E 68, 066606 ~2003!
reshaping delay.’’ In current case, due to the symmetry of
spectrum of the pulse around the central frequency of
gain medium, the amplification of each frequency comp
nent in the medium is also symmetrical. Consequently
symmetry of the pulse profile would be kept, if we on
consider the imaginary part of the susceptibility. Therefo
the reshaping delay induced by the amplification~or attenu-
ation! of the medium is always zero for the Gaussian puls
The effect of amplification induced by the imaginary part
the susceptibility only makes the pulse compressed or bro
ened. The real part of the susceptibility~i.e., the anomalous
dispersion! plays the essential role in the advancement
pulses through such a gain medium.

In Fig. 5, we compare the shape of the pulse after pas
through the medium with the initial shape. The pulse pass
through the medium is rescaled so that it contains the s
energy as the initial pulse. We align the two pulses’ center
examine the shape difference between the two pulses.
find that the pulse is compressed slightly~distorted!, because
the amplification at different part of the pulse is differen
although it is still symmetrical with respect to the center
the Gaussian pulse.

FIG. 4. A coherent Gaussian pulse through the medium w
gain. ~a! The profiles of the pulse at the exit end for the thr
situations together with the profile after passing through
vacuum. Curvea for the pure dispersion, curveb for the pure am-
plification, curve c for the real medium, and curved for the
vacuum.~b! The difference between the pulses through the p
amplification and the vacuum.
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B. Fully coherent quasirectangle pulses

In Fig. 6, we show the three situations as discussed ab
for the fully coherent quasirectangle pulse. In order to sh
the effects clearly, we chooseM /2p55.26 Hz , and other

h

e

e

FIG. 5. Comparison between the shapes of the pulses after p
ing through the medium with the initial shape. The shape of pul
is normalized by the areas of the pulse being equal to 1.

FIG. 6. A coherent quasirectangle pulse through the med
with gain, whereM /2p54.524 Hz and others parameters are t
same as before.~a! The profiles of the pulse at the exit end for th
three situations together with the profile after passing through
vacuum: Curvea for the pure dispersion, curveb for the pure am-
plification, curve c for the real medium, and curved for the
vacuum.~b! The difference between the pulses through the p
amplification and the vacuum.
6-5
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WANG et al. PHYSICAL REVIEW E 68, 066606 ~2003!
parameters are the same as before. In the figure, curvesa, b,
c, andd are the cases of the pure dispersion, the pure am
fication, the real medium and the vacuum, respectively. C
fully comparing curveb ~for the pure amplification! and
curve d ~for the vacuum!, we find that those peaks in th
front half of the pulse in curveb are shifted forwards, and th

FIG. 7. Comparision between the shapes of the quasirecta
pulses after passing through the medium with the initial shape.
shape of pulses is nomalized by the areas of the pulse being e
to 1.
06660
li-
e-

back half peaks in curveb are shifted backwards. Th
amount of forward shift and backward shift is symmetric
@see Fig. 6~b!#, and consequently curveb is still symmetrical
and slightly broadened. The maximum amount of 22.5
shift is for the first peak and the last peak. This effect
similar to the reshaping delay@33#. Comparing curvea ~for
the pure dispersion! and curved, we find that all the peaks o
curvea are shifted forwards by the same amount~127.5 ns!,
which are much larger than the shift~22.5 ns! induced by the
pure amplification. From curvec ~for real medium!, we find
that all peaks are advanced, and the first peak has the m
mum advancement~about 150 ns! and the last peak has th
minimum advancement~about 97.5 ns!. Therefore, the am-
plification ~or absorption! is not an essential factor for th
advancement of the peaks. In Fig. 7, we compare the sh
of the pulse after passing through the medium with the ini
shape. Here we also align the two pulses’ centers. It is c
that the shape is changed. Each peak is compressed.

Here we emphasize that, the shape distortion of pulses
be divided into two parts: the symmetrical distortion and t
nonsymmetrical distortion. The former is due to the ampl
cation~or attenuation! ~i.e., the imaginary part of the suscep
tibility !. The symmetrical distortion could not lead to th
advancement of the peaks. The nonsymmetrical distort

le
e

ual
FIG. 8. The evolution of the envelope intensity under different dispersions. Herev250.9v1. The solid line shows the waveform att
50 s, and the dash line shows the waveform att510 s, and the dotted line shows the waveform att520 s. ~a! In the vacuum (n15n2

51); ~b! in a normal dispersive medium,n151.4 andn251.35; ~c! in a weak anomalous dispersive medium,n151.3 andn251.4; ~d! in
a strong anomalous dispersive medium,n151.2 andn251.4. Note that thez axis is in the scale of 33108 m.
6-6
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FIG. 9. The energy velocity of a two-frequency-component plane wave propagtion under different dispersions.~a! In the vacuum (n1

5n251); ~b! in a normal dispersive medium,n151.4 andn251.35; ~c! in a weak anomalous dispersive medium,n151.3 andn251.4; ~d!
in a strong anomalous dispersive medium,n151.2 andn251.4. Note that thez axis is in the scale of 33108 m.
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which is essential for the superluminal propagation, is due
high order dependence of the wave vector on the freque
~the real part of the susceptibility!.

V. GROUP, ENERGY, AND FRONTAL VELOCITIES
OF PULSES

In order to better understand the group velocity~the en-
velope evolution! and energy velocity of a pulse, we firs
consider the simplest example of the superposition of
monochromatic plane waves passing through different
persion materials~assuming zero gain or absorption for bo
waves!. Then we will discuss the group velocity of a pulse
a function of frequency in different dispersion media. W
would emphasize that in our calculation, all orders of t
06660
to
cy

o
s-

e

dispersion effect are taken into account since the disper
relation of k(v) has not been expanded into the Taylor s
ries.

Two monochromatic plane waves propagate inz direction
with frequenciesv1 ,v2, and wave numbersk1 , k2 in a dis-
persion medium. The electric and magnetic fields of the t
waves are

EW i~z,t !5EW 0exp@ i ~kiz2v i t !#,

HW i~z,t !5A« i

m i
HW 0exp@ i ~kiz2v i t !#, ~11!

where« i andm i ( i 51,2) are the corresponding permittivitie
6-7
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WANG et al. PHYSICAL REVIEW E 68, 066606 ~2003!
and permeabilities at frequenciesv1 andv2. The total elec-
tric field and intensityI (z,t) are as follows:

EW ~z,t !5EW 1~z,t !1EW 2~z,t !

5EW 0$exp@ i ~k1z2v1t !#1exp@ i ~k2z2v2t !#%

52EW 0cosF1

2
~v12v2!t2

1

2
~k12k2!zG

3cosF1

2
~v11v2!t2

1

2
~k11k2!zG , ~12!

I ~z,t !5^EW * ~z,t !EW ~z,t !&

5uE0u2$212cos@~k12k2!z2~v12v2!t#%, ~13!

where ^¯& represents a time average@much longer than
1/(v11v2) and much shorter than 1/uv12v2u]. The group
velocity describes the evolution of the peak of the amplitu
envelope or of the peak of the intensity envelope,

vg5
dv

dk
5

v12v2

k12k2
5

c

n1 S v12v2

v12
n2

n1
v2

D , ~14!

whereni5cki /v i ( i 51,2) are the refraction indices.
In Fig. 8 we plot the evolutions of the intensity envelo

under different dispersion conditions. We assume that
medium is nonmagnetic, i.e.,m15m251. The directions of
vg are indicated by the arrows. In Figs. 8~a!–~c!, we can see
that the group velocities are equal to, less than, and la
than the light speed in the vacuum. Furthermore, in Fig
~d!, the group velocity becomes negative, i.e., the peak of
intensity envelope is propagating backward instead of
ward. Since the two monochromatic waves are propaga
forward, and the energy velocity of the compound wave m
be forward. Therefore, the group velocity is not the ene
velocity of the compound wave.

The energy velocity is defined by@34,26#
e

io
Eq
iv
th

06660
e

e

er
8
e

r-
g

st
y

vW e5
SW

we1wm
, ~15!

whereSW is the Poynting vector andwe andwm are the elec-
tric energy density and the magnetic energy density. In
case of two monochromatic waves, the Poynting vector
the form of the compound wave after the average:

SW 5
c

4p
@EW 3HW * #

5
c

4p SA«1

m1
1A«2

m2
D

3E0H0$11cos@~k12k2!z2~v12v2!t#%kW , ~16!

where kW is a unit vector and indicates the direction of th
energy flux of each composite wave. After the average
energy densities in this case are

we5
1

8p
@EW •DW * #

5
1

8p
@~EW 11EW 2!•~«1EW 1* 1«2EW 2* !#

5
1

8p
~«11«2!E0

2$11cos@~k12k2!z2~v12v2!t#%,

~17a!
wm5

1

8p
@BW •HW * #

5
1

8p
@~m1HW 11m2HW 2!•~HW 1* 1HW 2* !#

5
1

8p H ~«11«2!H0
21A«1«2SAm1

m2
1Am2

m1
D

3H0
2cos@~k12k2!z2~v12v2!t#J . ~17b!

Substituting Eqs.~16!, ~17a!, and ~17b! into Eq. ~15! we
have
vW e5

2cSA«1

m1
1A«2

m2
D

~«11«2!1

~«11«2!1A«1«2SAm1

m2
1Am2

m1
D cos@~k12k2!z2~v12v2!t#

11cos@~k12k2!z2~v12v2!t#

kW . ~18!
is
nly

r a

ch
in
In Fig. 9, we plot the energy velocity as a function of tim
t and positionz. The energy velocityvW e of the compound
wave is not a constant. It varies with the time and posit
due to the interference of the two plane waves. From
~18!, we can prove that the energy velocity is always posit
and always equal to or less than the light speed in
vacuum on the condition that the permittivities« i of the me-
n
.

e
e

dium are larger than unit. That is, to say the group velocity
not the energy velocity of the wave. They are the same o
in the case of the vacuum~or the nondispersion media!. They
are always different in the dispersion medium even fo
normal dispersion one.

In the above case, it is too simple and ideal but mu
more explicit. Now, we still consider the case discussed
6-8
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SUPERLUMINAL PROPAGATION OF LIGHT PULSES: . . . PHYSICAL REVIEW E 68, 066606 ~2003!
Sec. III. The medium can be seen as a single-layer phot
crystal. By using the method developed in Ref.@23#, for a
coherent pulse, we obtain the energy velocity from Eq.~15!.
Here we would like to emphasize that both the transmit
and reflected electromagnetic fields are included in the
culation.~The result is almost the same if the reflected fie
is neglected.! In Fig. 10, we plot the energy velocity for th
fully coherent Gaussian pulse propagating in the anoma
dispersion medium with a gain as discussed in Sec. III. T
energy velocity is approximately equal toc. No superlumi-
nality for the energy velocity of the wave propagation occ
in such a medium. Obviously, the group velocity is also n
the energy velocity of the pulse~wave!.

Although the intensity envelope is proportional to the e
ergy density, the energy velocity is not equal to the gro
velocity. The energy density in the medium and at the e
end comes from two contributions: One from the incomi
electromagnetic field and another from the energy prese
in the medium@36#. The energy velocity determined by E
~15! is the propagating velocity of the electromagnetic fie
energy of the wave only. Hence the group and energy vel
ties are different.

Now we turn to consider the velocity of pulse’s fro
@2,14,15,34,35#. Here we consider the initial incident ligh
pulse has the following form:

E~0,t !5H 11cosS pt

2t0
D when22t0<t<2t0

0 otherwise.

~19!

The pulse has well-defined start and end (t051.2 ms),
and there is no singularity in the pulse envelop. The cohe
pulse passes through the mxedium considered in Sec. II
order to make our calculation convinced, we take into
count both the transmitted wave and reflected wave in
medium by using the method of Ref.@23#, which can include
all orders of the dispersion. Figure 11 shows the evolution
such pulse through four different channels with differe
length of the anomalously dispersive medium. Figure 11~a!
shows the schematic diagrams of four channels:~1! 6-cm-

FIG. 10. The energy velocity of a completely coherent Gauss
pulse through the two-gain medium. The relative parameters are
same as in Fig. 1.
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long medium 144-cm-long vacuum;~2! 12-cm-long me-
dium 1 38-cm-long vacuum;~3! 24-cm-long medium126-
cm-long vacuum;~4! 50-cm-long vacuum, and Fig. 11~b!
shows the normalized intensity profiles of such pulse at
exit end when it passes through these four different chann
while the inset figure is the amplification of the front leadin
of the pulse. From these curves, we obtain the time delay
the pulse peak through each channel are:~1! td563 ns, ~2!
td5132 ns, ~3! td5249 ns, and~4! td50, respectively.
From the insert figure, we can find that the front leading en
of the pulses propagate with the same velocityc, although
the peaks of the pulses propagate in the medium with a n
tive group velocity due to anomalous dispersion. The pea
the third channel emerges first at the exit end. However,
shape of the pulse from the third channel is greatly distort
The time advancement of the peak can never be larger
the time interval between the start point and the peak of
original pulse~here it is 2.4ms). Therefore, the distance o
such pulse with a front start point passing the medium
limited if we want to preserve the pulse shape~nearly un-
changed! after passing through the medium.

We have shown that the front leading end is alwa

n
he

FIG. 11. The evolution of such pulse through four differe
channels.~a! is the schematic diagrams of these channels:~1! with
a 6 cm medium,~2! with a 12 cm medium,~3! with a 24 cm
medium, and~4! with a 50 cm free space, and~b! shows the nor-
malized intensity profiles of such pulse at the exit end when
passed through these different channels, and the inset is the a
fication of the front leading of the pulse. The other parameters
the medium are the same as in Fig. 1.
6-9



ul
he

e

in
h

ts

g
st
a
il

in
s

ssed

ality
se is
ape
are

pli-
f the
lse
ad-
ads
o-
ses
the

C
ce

WANG et al. PHYSICAL REVIEW E 68, 066606 ~2003!
propagating at the speed of lightc ~no superluminality!; the
propagation of the pulse’s peak is superluminal. We wo
like to point out that, if the pulse is partially coherent, t
front end also propagates at the speed of lightc, and the
superluminal propagation of the peak gradually becom
subluminal as the coherence of the pulse decreases.

VI. CONCLUSION

In the linear media with dispersion and gain~or absorp-
tion!, each Fourier component of the pulse propagates
different way. Each Fourier component obtains a phase s
when it propagates and is amplified~in gain media! or at-
tenuated~in absorptive media!. However, these phase shif
are not the same, and the amplifications~or attenuation! for
different Fourier components are also not identical. Althou
each Fourier component propagates in a velocity not fa
than c, the resuperposition of all frequency components
the end of the medium will produce a new pulse which w
appear in advance~for anomalous dispersion! or delay ~for
normal dispersion! compared with the pulse propagating
vacuum through the same distance. When the pulse lose
,

-
,

tt

.

to

ys
,

u
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coherent properties, as the partially coherent pulses discu
above~or pulses containing strong noise!, the superluminal-
ity disappears. As demonstrated above, the superlumin
always exists as long as the spectrum of the coherent pul
within the anomalously dispersive region whatever the sh
of the pulse is, and the evolution of such coherent pulses
always transmitted superluminally. We show that the am
fication is not the essential reason for the advancement o
pulse peak, and the amplification is responsible for pu
compression or broadening. The main reason for the
vanced peak is the real part of the susceptibility, which le
to the different phase shifts for different frequency comp
nents through the medium. Although the peak of the pul
appear in advance, both the energy and frontal velocity of
pulse never exceed the light speed in the vacuum.
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@8# A. Haché, and L. Poirier, Phys. Rev. E65, 036608~2002!.
@9# S. Longhi, P. Laporta, M. Belmonte, and E. Recami, Ph

Rev. E65, 046610~2002!; S. Longhi, M. Marano, P. Laporta
M. Belmonte, and P. Crespi,ibid. 65, 045602~R! ~2002!.

@10# G. Nimtz, Ann. Phys.~Leipzig! 7-8, 618 ~1998!.
@11# D.L. Fisher and T. Tajima, Phys. Rev. Lett.71, 4338~1993!.
@12# P. Sprangle, J.R. Pen˜ano, and B. Hafizi, Phys. Rev. E64,

026504~2001!.
@13# Chao-Guang Huang and Yuan-Zhong Zhang, Phys. Rev. A65,

015802~2001!.
@14# Chao-Guang Huang and Yuan-Zhong Zhang, J. Opt. A, P

Appl. Opt. 4, 1 ~2002!.
@15# Filipe J. Ribeiro and Marvin L. Cohen, Phys. Rev. E64,

046602~2001!.
@16# Jon Marangos, Nature~London! 406, 243 ~2000!.
@17# A. Dogariu, A. Kuzmich, and L.J. Wang, Phys. Rev. A63,

053806~2001!.
.

.

re

@18# A. Dogariu, A. Kuzmich, H. Cao, and L.J. Wang, Opt. Expre
8, 344 ~2001!.

@19# Y. Japha and G. Kurizki, Phys. Rev. A53, 586 ~1996!.
@20# A. Kuzmich, A. Dogariu, L.J. Wang, P.W. Milonni, and R.Y

Chiao, Phys. Rev. Lett.86, 3925~2001!.
@21# M. Blaauboer, A.G. Kofman, A.E. Kozhekin, G. Kurizki, D

Lenstra, and A. Lodder, Phys. Rev. A57, 4905~1998!.
@22# D. Bortman-Arbiv, A.D. Wilson-Gordon, and H. Friedmann

Phys. Rev. A63, 043818~2001!.
@23# N.H. Liu, S.Y. Zhu, H. Chen, and X. Wu, Phys. Rev. E65,

046607~2002!.
@24# L.G. Wang, N.H. Liu, Q. Lin, and S.Y. Zhu, Europhys. Let

60, 834 ~2002!.
@25# L. Mandel and E. Wolf,Optical Coherence and Quantum Op

tics, ~Cambridge University Press, New York, 1995!.
@26# M. Born and E. Wolf,Principles of Optics, 7th ed.~Cambridge

University Press, Cambridge, 1999!.
@27# M. Bertolotti, A. Ferrari, and L. Sereda, J. Opt. Soc. Am. B12,

341 ~1995!.
@28# L. Sereda, M. Bertolotti, and A. Ferrari, J. Opt. Soc. Am. A15,

695 ~1998!.
@29# M. Bertolotti, L. Sereda, and A. Ferrari, Pure Appl. Opt.6, 153

~1997!.
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