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The aim of this paper is to study the fine structure of the Cherenkov rings. We analyze the experiments
performed by one of authof&relov) in which no special focusing devices were used. The broad Cherenkov
ring was observed in the plane perpendicular to the motion axis. Using the exact and approximate formulas we
investigate how a charge moving uniformly in a medium radiates in a finite space intedamm problem
The formulas obtained describe the radiation intensity in the whole space, inside and outside the Cherenkov
ring. In the plane perpendicular to the motion axis, the radiation fills mainly the finite ring. Its gdipor-
tional to the motion intervaland the energy released in this ring do not depend on the position of the
observation plane. Outside the Cherenkov ring, the radiation intensity suddenly drops. Inside it, the radiation
intensity exhibits small oscillations which are due to the interference of the Vavilov-Cherenkov radiation and
bremsstrahlung. The bursts of the radiation intensity at the ends of the Cherenkov ring are associated with the
shock waves arising at the instants when the charge velocity coincides with the light velocity in a medium. For
the chosen motion interval, the well-known Tamm formula does not describe the radiation intensity inside the
Cherenkov ring for any position of the observation plane. Outside the Cherenkov ring, the Tamm formula is
valid only at very large distances. Theoretical calculations are in satisfactory agreement with experimental data.
Thus, the combined experimental and theoretical study of the unfocused Cherenkov rings allows one to obtain
information on the physical processes accompanying the Cherenkov radiation in the finite spatial interval
(bremsstrahlung, transition of the light velocity barrier, letc.
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I. INTRODUCTION the Cherenkov radiation and bremsstrahlung.
To resolve this controversy, the exact solution of the

The classical Tamm-Frank thedr¥] explaining the main Tamm problem was obtained and investigated in R&f]
properties of the Vavilov-CherenkoWC) effect [2,3] is (in the time representation for the dispersion-free medium
based on the assertion that a charge moving uniformly in @and in Ref[12] (in the spectral representatioft was shown
medium with the velocity greater than the velocity of light there that side by side with BS shock waves, the Cherenkov
C, in the medium radiates spherical waves from each point oshock wave(CSW, for short exists. The results obtained in
its trajectory[4]. The envelope to these spherical wavesRefs.[11] and[12] remove the above mentioned inconsis-
propagating with the velocitg, is the Cherenkov cone with tency between Refd5] and[9,10] in the following way:
its apex attached to a moving charge and with its normallthough the Tamm problem describes both the Cherenkov
inclined at the angled, towards the motion axis. Here radiation and bremsstrahlung, its approximate solutian,
cosh.=1/8,,8,=pBn,B=vic,c,=c/n (c is the velocity of the Tamm formulaidoes not describe the CSW properly.
light in vacuum anch is the medium refractive indéx We see that due to the approximations involved, an im-

The radiation of a charge moving uniformly in medium, portant physics has dropped out from the consideration. It is
in a finite space interval, is usually studied in the frameworkthe goal of this paper to analyze the experimental and theo-
of the so-called Tamm problef®]. In it, a point charge is at retical aspects of this new physics. For this we obtain the
rest at some spatial point up to an instant when it exhibits aexact(numerical and approximatéanalytica) theoretical ra-
instantaneous acceleration acquiring the velocity greater atiation intensities describing a charge motion in finite spatial
smaller thanc,,. With this velocity a charge moves in some interval and compare them with existing experimental data.
time interval at the end of which it exhibits an instantaneousTheoretical intensitiegexact and analyticalpredict the ex-
deceleration coming to the permanent state of rest. Unddstence of the CSW of finite extension manifesting as a pla-
certain approximationgsee beloyw Tamm obtained the re- teau in the radiation intensity and of the BS shock wave
markably simple formula which is frequently used by experi-manifesting as the intensity bursts at the ends of this plateau.
mentalists to identify the charge velocit§—8]. It turns out that the theoreticahumerical and analyticabnd

Zrelov and Ruzickd9,10] when analyzing the angular experimental intensities are in satisfactory agreement with
spectrum of the radiation arising in the Tamm problem camesach other, but disagree sharply with the Tamm formula. The
to the paradoxical result that this spectrum can be interpretegtasons for this are given in the Discussion section.
as an interference of two bremsstrahlui®p) shock waves According to Ref[11], when a charge moves in the in-
arising at the beginning and at the end of the charge motiorterval (—zy,z,), the CSW is enclosed between the moving
There was no room for the Cherenkov radiation in theircharge and thd ; straight line originating from the-z,
analysis based on the use of the Tamm approximate formulg@oint corresponding to the beginning of motion and inclined

Tamm himself 5] thought that his formula describes both at the angled, towards the motion axis. The CSW is perpen-
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FIG. 1. (a) The position of the CSW and the bremsstrahlung ones arising at the beginnipgg®B5the end (Bg of the charge motion
at a fixed instant of time. The CSW is enclosed betwegandL , straight lines originating from the points corresponding to the boundaries
of the motion interval(b) The propagation of CSW betweén andL, straight lines(c) In an arbitraryz=const plane perpendicular to the
motion axis, the CSW, in theé = const plane, cuts off the segment of the same lefgth R, for any z. (d) Due to the axial symmetry of
the problem, the CSW in the= const plane cuts off the ring with internal and external r&jiandR,, respectively. The widtiR,— R; of
the Cherenkov ring and the energy released in it do not depend on the pasifighe observational plane.

dicular toL,. When a charge stops at the instgjjtthe CSW  existence of the Cherenkov ring of finite width. To find the
detaches from it and propagates betweenLthstraight line  distribution of the radiation intensity within and outside it,
and thel, straight line originating from the, point corre-  the numerical calculations are needed.
sponding to the termination of motion and inclined at the \When the ratio of the motion interval to the observed
same angle), towards the motion axis. wavelength is very largethis is a usual thing in the
The positions of B§, BS, shock waves and the CSW at Cherenkov-like experimentsthe Tamm formula has a sharp
the fixed instant of time are shown in Figial For an arbi-  s.type peak within the Cherenkov ring. Due to this, it cannot
trary instant of timet>t,, the CSW is always tangential to gescribe a rather uniform distribution of the radiation inten-
both BS and BS shock waves. The length of CS\Woin- sity inside the Cherenkov ring.
ciding with the distance betweeln; and Ly) is L/Byyy, It should be mentioned that under the “shock waves”
where L =2z, is the motion interval andy,=1/|1—B;|.  used throughout this paper we do not mean the usual shock
As time goes, the CSW propagates betwkerandL, with  waves used; e.g., in acoustics or hydrodynamics where they
the light velocity in mediunt, [Fig. 1(b)]. The B§ and BS  are the solutions of essentially nonlinear equations. The
shock waves are not shown in this figure. Maxwell equations describing the charge motion in medium
In the spectral representatidsince transition to it in- are linear, yet, they can have solutiofghen the charge
volves the time integratignone gets space regions lying to velocity is greater than the light velocity in medilwith
the left of L, and to the right ofL, to which B and BS  properties very similar to the true shock waves. For example,
shock waves are confined, and the space region betlveen there is no electromagnetic field outside the Cherenkov cone,
andL, to which BS, BS,, and CSW are confined. Let the but an infinite electromagnetic field on its surface and a
measurements of the radiation intensity be made in the planather smooth field inside the Cherenkov cone. The analog of
perpendicular to the motion axis Then, CSW cuts out in the Cherenkov cone in acoustics is the Mach cone.
each of thez=const planes the segment of the lengit The observation of the above shock waves encounters cer-
=L/, independent of, with its center atRy,=2/y, [Fig. tain difficulties when the focusing devices used collect radia-
1(c)]. This picture refers to a particulgr=const plane ¢ is  tion from the part of the charge trajectory lying inside the
the angle in the=const plang Since the treated problem is radiator into the sole ring, thus projecting the VC radiation
the axially symmetrical one, the intersection of the CSWand bremsstrahlung into the same place. The typical experi-
with z=const plane looks like a ring with minor and major mental setup with a lens radiator and the corresponding
radii equal toR;=Ry—L/2y,, andR,=R,+L/2y,, respec- Cherenkov ring are shown in Fig. 2. In its left part, 1 means
tively [Fig. 1(d)]. the proton beam with the energy 657 MeV and diameter 0.5
This qualitative consideration implies only the possiblecm, 2 is the lens radiator with refractive index 1.512, and the
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FIG. 2. Left: The scheme of experiment with the lens radiator; 1
is the proton beam, 2 is the lens radiator, 3 is the focused VC
radiation, 4 is the plane photofilm placed perpendicularly to the
motion axis, and- is the focal distance for paraxial rays; Right: the
black-white photoprint from the photofilm shown on the left.

focal distance 2.27 cnffor paraxial rayg 3 is the focused ) ) )
VC radiation (cp=35.17°), and 4 is a plane photofilm FIG. 3. The experimental setup of Fhe discussed expe_rlment
(18%24 cm). On the right side there is a black-white pho-(zre!o"' 1962. The proton beanil) passing through the conical
toprint of the photofilm shown on the left. It has the form of Plexiglass radiato(2) induces the VC radiatiof8, shaded region
a narrow ring. propagat_lng in the dlrec_tlon perpendicular to the cone surfa;e. The
To see how the VC radiation and bremsstrahlung are diﬁc-’bsewatlons are m?‘de in the plane photof#nplaced perpendicu-
tributed in space, we turn to experiments in which the VC ar to the motion axis.
radiation was observed without using the focusing devices. _ _
These successfulalthough qualitative experiments were perpendicular to the beam at a distance of 0.3 cm from the
performed by one of the authofZrelov, unpublishedin ~ €One apex. Nearly 16 protons passed through the conical
1962 when preparing illustrations to monografg] de- radiator. T_he black_-wh|te_ photopr_lnt and th_e corresponding
voted to the VC radiation and its applications. In this papefPhotometric curve in arbitrary unit§rom which the beam
we processed these experimental data. The results are piRackground was subtractedre shown in the left and right
sented in the following section. $|des of Fig. 4. The photometric curve _degcrlbes the distribu-
One may wonder why we applied the theoretical formal-tion d&(p)/dp of the energy released inside the ring of the
ism developed recently to the description of rather old exfinite width. More accuratelydp d&(p)/dp is the energy re-
periments? The reason is that these experiments are the or§gSed in the elementary ring with minor and major radii
ones performed without using the special focusing devicednd p+dp, respectively. It is seen from this figure that the
and with rather thick dielectric samples. increment of the radlatl_on intensity tgke_:s placg at the radius
The plan of our exposition is as follows. The experiments?= 2.25 cm corresponding to the radiation emltted under the
mentioned above are discussed in Sec. II. The main compi=herenkov anglef; from the boundary point where the
tational formulas(exact and approximateare collected in charge enters into the radiator.
Sec. Ill. The analytic approximate formulas are needed for
the qualitative analysis of the exact calculations. Radiation
intensities for a number of observation plane positions arg
presented in Sec IV. In Sec. V, we discuss the results ob
tained and compare them with experimental data of Sec. Il
Section VI contains a brief summary and concrete proposals
for the performance of new experiments.

II. SIMPLE EXPERIMENTS WITH 657-MEV PROTONS

A. The first 1962 experiment

The 657-MeV (3=0.808 75) proton beam of the pha- 4 . T 1
sotron of the JINR Laboratory of Nuclear Problems was -
used. The experimental setup is shown in Fig. 3. The colli-
mated proton bearfl) with diameter 0.5 cm was directed 0 g1 4. (Left) The black-white photoprint from the photofilm
the conic polishing plexiglass radiat6?) (n=1.505 for\  shown in Fig. 3;(right) The photometric curvéin arbitrary unit$
=4x10"° cm). The apex angle of 109.7° of the cone en-corresponding to the left part. One observes the increment of the
abled the VC radiatiot3) to go out from the radiator in the radiation intensity ab~2.25 cm which corresponds to the Cheren-
direction perpendicular to the cone surface. The radiatiofkov ray emitted from the point where the proton beam enters the
was detected by the plane colorXd24 cm photofilm placed radiator.
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. ) FIG. 6. Left: The black-white photoprint from the photofilm

FIG. 5. The experimental setup of another experim@nelov, shown in Fig. 5; Right: The photometric curvie arbitrary unitg
1962. The proton bean(l) propagates through the quartz cu® . responding to the left part along the directim; x means the
along the axis connecting the opposite cube vertices. The observggiance alonga-a. The increments of the radiation intensity at
tions are made in the plane photofilf3) placed behind the quartz radii R,~2.3 cm andR,~ 1.4 cm corresponding to the Cherenkov
cube perpendicular to the motion axig) is the direction of the

h K 0 th h fth ) rays emitted at the vertices where the beam enters and leaves the
Cherenkov rays passing through one of the cube sides. cube, respectively. The radiation intensity for negativéescribes
the superposition of the VC radiation passing through two sides of
B. The second 1962 experiment cube(2). The radiation maxima relating to the ends of the Cheren-
In another experiment performed in the same y&a62), kov rings are more pronounced than in Fig. 4.

the radiation intensity m_axima correspo_nding to the radiatioqytically and numerically in Ref12] in the framework of the
from thg\ _klgﬁundary _pomtsl of tthe. railator .arg mgre PrOTamm problem. It was shown there that the angular region to
hounced. 1he experimental SEtup IS Shown In 719 9.~ \ypich the Cherenkov ring is confined is large for snmadind

The radiator was chosen in the form of the crystallmediminishes With increase of. However. the width of the
quartz cube of side 1.5 cm. The proton_beam pa_ssed band on the observational sphere corresponding to Cheren-
through the_ cubg2) along the axis ponnectlng opposite ver- kov ring remains finite even for infinite values of Unfor-
tices. In this case, the VC radiation went out through thetunately the authors of Ref12] were unaware about Zre-
three cube sides inclined at an angle- 35.26° towards the loV's unbublished experiments discussed above
motion axis. Likewise in the first experiment, the plane color Since the measurements in these experimen.ts were made
photofilm was placed perpendicular to the bea"T‘ axis, at th the plane perpendicular to the motion axishich we
distance ofl =2.35 cm from the_ cube vertex. This guaran- identify with thez axis), we should adjust formulas obtained
teed a smalleas compared with a previous experiment in Ref.[12] to the case treated
proton beam background in the VC radiation region. The ' '
direction of VC radiation rayq4) through one particular

cube sideG is shown. The black-white photoprint and the A. The exact formula
corresponding photometric curvén arbitrary unit$ mea- In the spectral representation, the nonvanistzrgmpo-
sured along the directiond-a” (Fig. 5) are shown in Fig. 6.

nent of the vector potential corresponding to the Tamm prob-
To make the rough estimates, we averaged the crystallinkem is given[5] by

quartz refractive index over ordinary and nonordinary wave
vector directions, thus obtainingn=1.55 for A=5 Eu

' : A,(X,Y,2)= —ar, g
x10° cm. The corresponding Cherenkov angle wés A%Y.2) 2mc T @3
=37.09°. In this case, the VC radiation rays emitted from
the cube vertices should be at the raRiji~1.4 cm andr,  Where
~2.3 cm in the photofilm perpendicular to the motion axis.

. g . - 7o dZ' z'
There is a rather pronounced radiation maximum in Fig. 6 aT:f 0 d—exp(iz/r), y=k| —=+nR/,
only atR,~2.3 cm. -z R B

Theoretical consideration and numerical calculations pre- 5 U
sented below show that the just mentioned radiation intensity R=[p°+(z=2")7]"
maxima should indeed take place and they are due to the

. -2 S »
dlsc'ontl_numes at the beginning and the end of the charge p2=x2+y?,  k=—, 3.2
motion interval. c
Ill. MAIN COMPUTATIONAL EORMULAS and n is the magnetic permittivityin the subsequent con-

crete calculations we always put=1).

In the past, the finite width of the Cherenkov rings on the The field strengths corresponding to this vector potential
observational sphergof the finite radiug was studied ana- are
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=~ ! i) —| —i+ — =———3Sin —— —cose 3.
Hy 271_CJ’dz exp(i ¥) RZ( |+knR)’ 9= /5.~ coso R (3.9
_ Here L=2z, is the motion interval ang3,=pAn, B=v/c.
ek ,up q z—7' 3i 3 Using this vector potential, one easily evaluates the quantity
Z'expli ‘/’) kn_R_ K2re)" similar to Eq.(3.9
d2€ 2e?uzp’
k,=kn 4 T 2, 3.6
" S =dpda V=5 (36

(we do not write out the component of the electric strength
since it does not contribute to tzecomponent of the energy Where cog)=2/r andr =/p?+ 2. The value of Eq(3.6) at

flux which is of interest for us cos#=1/B, is given by
The energy flux emitted in the frequency interda) and 5 oo
passing through the circular ring with radii and p+dp (s _ ekl _ 1
lying in the z=const plane is equal to oS0 2 mentg8y3z n N
o£2e (3.7
dwdp dpdw’ For largekL, Eg. (3.6) is reduced to
e?ukL 1 z
where (SDs1=—o—| 1~ —) 5(p— —>. (39
IBn n
d’¢ c . _ekPnup® ,
dpdw_zﬂ-pi(EPHqﬁJrc'C')_ 2mC (el lsls). Integration overp gives the energy flux through entiz
(3.3  =const plane,
Here we put d& e?ukL 1 w
— = 1-—|, k=—, (3.9
_ do/ c 2 c
(4 1 sinyy
o= f z R? CoSY— kR |’ which is independent of and coincides with the Tamm-
Frank valug/1] (as it should bg
3 Tamm himself evaluated the energy flux per unit solid
:f dzlz—z oSy — sm 4} angle and per unit frequency through the sphere of the infi-
R3 k2 2 knR nite radiusr,
cosy; ( d* ) e 2 sirf . (3.10
jdz —(sm/xl ) dQdw/_ 72 ncq '
This famous formula obtained by Tamm refers to the spectral
, 2=z 3 . COSiy representation and is frequently used by experimenters for
ls=] dz R3 1- \2R2 siny, +3 KR | identification of the charge velocity.
n
/ C. The Fresnel approximation
‘ﬂl:f +ka(R=T), r?=p*+2% (3.4 This approximation is valid if the following conditions are
satisfied.

(i) The terms of the orddr/r and higher are neglected in
I, 1., 1, andl occurring in Eq.(3.4) if they do not enter

Imposing the conditiongi) R>z, (this means that the the ¢, function defined by Eq(3.4). This approximation,
observational distance is much larger than the motion intervalid if the observational distanaeis much larger than the
val); (i) k,R>1, k,= w/c, (this means that the observations motion intervallL, is satisfied in a majority of the Cherenkov-

B. The Tamm approximate formula

are made in the wave zopdiii) nZ/2ran<m, A=27nclw like experiments.
(this means that the second-order terms in the expansiBn of (i) The terms of the order Bf and higher are neglected
should be small compared with since they enter intggy; as ~ inl, 1., |5, andl/ if they do not enter the/; function. This

a phasej is the observed wavelengtifamm 5] obtained approxmation, valid if the observational distances much
the following expression for the magnetic vector potential: larger than the radiated wavelength is also satisfied in a
majority of the Cherenkov experiments. For exame,
= 10° for the typical optical wavelength=6x10 ° cm and
the observational distanae=10 cm.

eu .
A= p— expiknr)q,

066501-5



AFANASIEV, KARTAVENKO, AND ZRELOV PHYSICAL REVIEW E 68, 066501 (2003

(i) The terms quadratic iz’ in the development oR e?ukpz
inside ¢, defined by Eq(3.4) are taken into account while > (3.13
the cubic ones are neglected. cr
Therefore, the conditions for the validity of the Fresnel
approximation are for p1<p<p,, wherep, andp, are defined by the vanishing
of the Fresnel integral arguments. Forz,, they are re-
Zy duced to

A
— <1, —<l, nz/(2r2n)<1.
p1o=Ba—1(zF 29).

Outside the plateau, for the fixed andp—o, Eq. (3.12

zij dz' cosy, Ié:EJ dz' cosy, decreases like pf coinciding with the Tamm formulé3.6).
r2 r3 Mathematically, the existence of a plateau is due to the fact

that forp;<p<p, the Fresnel integral argumerts andz_

have different signs. At the Cherenkov threshgBH1/n),

As a result, one obtains

e

1 ) z .
Is=r—2f dz’'siny, |;=r—3J dz'sinyy,

Ko 1 Z

sinf| ———=*+—

d’¢  e*kPznup® - 2 (200§(9/2) r)
ppeca LV (P R CE

dpdo 24
have the same sign far>L and the radiation intensity for
where kr>1 andr>L should be smallas compared with the pla-
teau valug3.13] everywhere.
, L These asymptotic expressions are not valigpatp, and
Il:f dz’cosys, Izzf dz'sinys,, p=p,. At these points the radiation intensities are obtained

directly from Eq.(3.12,
2kn
C —2ZpSiné,
r

" 1 z' 2
P1=kz E—ncos¢9+ES| 0.

Here 6 is polar angle(relative to the motion axjsof the
observational point.

2

( d2e ) _ez,u,kZpl(
dpdw/ _ 2cr?

2
The integrald ; andl, are expressed through the Fresnel +15 A /@Zo Singl) ]
integrals. Substituting them into E(B.11) one finds r '
d2¢ e’ukpz 2 2 2
S| = [(S. =S )%+ (C.—C )2, o) _emnkaa)) oKD Gin,
pdo/_  2cr dpdw/ 2cr3 ra

(3.12

Here

+|S

2kn
—2ySIn 6,
)
wherer, r,, 6;, and 6, are defined as
kar . 0(1—,8ncos¢9+zo
Z.=\/—=-Sin| ————*=—|,
- 2 Bnsirte T ri=vpi+z?°, r,=\p5+2z°, cosb,=zry,

C(x) andS(x) are the Fresnel integrals defined as

2
], (3.19
C.=C(z+), S+:=98(z+),

cosb,=12lr,.

2 [x 2 (x
S(x) = —j dtsint? and C(x)= —f dt cost?. Forkz/z>1, one gets

mJ)o mJo

2 2 2 2
From the asymptotic behavior of the Fresnel integrals ( d¢ ) _€ rkzp, ( d°¢ ) _¢ pNkzp,
dpdw/ _ — 4cr} dpdw/ _ 4cr)
1 1 cosx? 1 sinx? (3.15

1
2 am x 0 “WT3t s x
which is four times smaller than E3.13 taken at the same
as x—o and their property C(—x)=—C(x), S(—X) points. Forkzy/r<1, the radiation intensity3.12 outside
= —S(x) it follows that for largekr Eq. (3.12 has a kind of the Cherenkov ring coincides with the one given by the
plateau(if p,—p1<p) Tamm formula(3.6).
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1. Frequency distribution

Integrating Eq.(3.13 over p from p; to p, [suggesting
that outside this interval, the radiation intengidy12) is neg-

PHYSICAL REVIEW E68, 066501 (2003

ri=\p2+(z+z9)? r,=Vp’+(z—20)?

w
k=—.
Cc

ligible], one gets the frequency distribution of the radiatedit is seen that if 3>1/n, then A" is infinite at p=(z

energy,

2
(dg) _© kL (3.16
F

do c

1) w
1-— |, k=-—,
ﬁ C

n

which coincides with the Tamm-Frank frequency distribution

(3.9.

2. Energy radiated in the given frequency interval per unit
radial distance

Integrating Eq(3.13 over w from w, to w,, one gets the

—29)ly, and p=(z+2zp)/y,, that is, at the border with
CSW. There are no singularities A" for 3<1/n. Expand-
ing r; andr, up to the first order irgg (r;=r+2z,c0s6, r,
=r —2C0SH), one gets

T_ ©Mq
zZ  qacknr

expiknr), (3.20
which coincides with the Tamm vector potential5). Due to

the approximations involved, the singularities Af° and
AS‘S compensate each other, and the Tamm vector potential
(3.20 is finite at all angles. ThusA2S is the quasiclassical

space distribution of the energy emitted in the frequency inanalog of the Tamm vector potential.

terval (wq,w»). It equals

(3.17

d& e’upz s o
_ _wl)
F

—_ = (w
dp 2c22 " 2

for p;<p<p, and zero outside this integral. When perform-

ing the w integration, we disregarded the dependence of
the refractive indexn. This is valid for a rather narrow fre-
quency interval.

3. The total energy radiated in the given frequency interval
Integration of Eq(3.16) overw or Eq.(3.17) overp gives
the total energy emitted in the frequency interval, (w,)

2

_&pb 5 5 1

(3.18

(Again, the medium dispersion is neglected.

D. Quasiclassical(WKB) approximation

On the other hand, in the space regian—(@y)/ y,<p
<(z+zg)!y, (that is, betweerh, andL ;) one has
A,=ABS+ASH (3.20)

whereAZS is the same as in E¢3.19 while

eu . 27BYn
Ch_
AZ _chequlpch) kp

Olp—(z2—20)/ vn]

X0[(z+2)/ yn—p], (3.22

where® (x) is the step function and

. kZ+ T N kp
B4 By
It should be noted thaS" exists only if 3> 1/n. Otherwise
(B<1/n), the vector potential is given by E¢3.19 in the
whole angular region.
One can ask on what grounds we separated the vector
potential into the CherenkovAE™ and bremsstrahlung

B H BS BS ;
To make easier the interpretation of the numerical calcu(Az ) Parts? FirstA? and Az~ exist below and above the
lations presented in the following section, we apply theCherenkov threshold whilé;™ exists only above it. This is
method of the stationary phase for the evaluation of the vecwhat intuitively expected for the VC radiation and brems-

tor potential (3.1). For p<(z—2zg)!/y, and p>(z+2zy)/ vy
(that is, belowl , or abovel ;) one gets

ABS=ABS_ABS (3.19
where
ieup 1 . ieup 1 .
?S:2chR_leXF(“;bl)a Agszzﬂ_ck R € mlﬁz),
R,= ! R,= !
Yori—Ba(z+1zg)’ 21— Bn(z—12p)"
y k( ZO) o=k nrpt+ 22
=kl nry——/|, nro+ —|,
1 1 ﬁ 2 2 ,3

strahlung Secondl,\gh originates from the stationary point of
the integralat [see Eq(3.1)] lying inside the motion inter-
val (—zq,20). For APS and AS® the stationary points lie out-
side this interval, and their values are determined by its
boundary ¢-z,) points. Again, this is intuitively expected
since the VC radiation is due to the charge radiation in the
interval (— zy,2p) while the bremsstrahlung is determined by
the points ¢ z,) corresponding to the beginning and the end
of motion, respectively. Third, to clarify the physical mean-
ing of Afh, we write out the vector potential corresponding
to the unbounded charge motion. It equid$

_eu ikz kp
Az%ﬁ*ﬂ(?)“(m)

for B<1/n and
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ieu ikz| o[ ke gular there and the inclusion of the just mentiongdéunc-
A= X B Ho By (3.23  tions does not change anything. The energy flux along the
. motion axis is
for B>1/n. Since this vector potential tends to E§.22 as )
kp— oo, Afh entering Eq(3.2]) is a piece of the unbounded B d<¢ B N .
vector potential(3.23 confined to the £—zy)/y,<p<(z ~ldpdw WKB_ mpC(EH" +HE®). (329

+29)/ v, region.

i BS Ch ;
It is seen that fo_kr—>oo, AZ andA; " decrease I|k(_a Kkt Eqs.(3.24 and(3.25, E=E, andH=H, (in order not to
argcrz]l 1A/k_r_ , respectively. This means that at large distancesgyeripad formulas, we dropped the indicesEpf andH ;).
A;" dominates in the 4—2z,)/ ya<p<(z+2zo)/ vy region. e estimate the height of the plateau to which mainly
Thus, A, has a kind of plateau inside this interval with infi- {Ch and ECN contribute. It is given by
nite maxima at its endgquasiclassical approximation does
not work at these pointsand sharply decreases outside it. 5

The corresponding quasiclassical field strengths are given by Sz|p|ateau: mpc[ ES(HCM* + HEN(ECh)* |~ e pk _
By
E=EBS+EC",  H=HBS+HC", (3.24 " 326
_ 4BS BS _ =BS BS . . .. . . . s g s
HBS=HP-H;° EPS=E°-E;”, SinceS, is negligible outside this plateau and since infinities
at the ends of the Cherenkov ring are unphysitia¢y are
Bs eBp ) . due to the failure of the WKB method at these poirttse
1 :m(knRﬁ')eXp(' 1), frequency distribution is obtained by multiplying E@.26)
AL by the width of the Cherenkov ring,
epp . . 2 2
Hgszm(knRzﬂ)eXm%), (%) _€ |2<M L _eukl 1_%). (3.27
2 do/ g cBayn Tn ¢ Bn
E?Sz—iexp(h//l) This coincides with the Tamm-Frank formul@.9). It is
2mcek?riR] rather surprising that quite different angular distributions cor-
responding to the Tamm intensit®.6), to the Fresnel one
% (1—iknr1)(1—ikan)Z+ZO S (3.12, and the quasiclassical ori8.25 give the same fre-
rn R quency distribution(3.9).
) z+2zy
X (2—=iknRy) n —Bnl|: IV. NUMERICAL RESULTS
In Fig. 7, the radiation intensities are presented for vari-
eBp i ous distance®z of the observation planesg is the distance
ESS=— —— e ) : . o
2 2rcek?r2R2 Xp(i iz from z=2z, point corresponding to the termination of mo-
22 tion). We observe the qualitative agreement of the exact ra-
_ ) z—zy I, diation intensity(3.3) with the Fresnel on€3.12. Both of
X[ (1=iknra)(1—iknRy)——+ =~ them sharply disagree with the Tamm intengi®y6) which
2 2 does not contain the CSW responsible for the appearance of
) z— 2, plateau in Eqs(3.3) and (3.11). Figure 7d) demonstrates
X(2—iknRy) r —Bnl | that at large observation distance$z€ 100 cm) the Tamm

radiation intensity approaches the exact one outside the

e [2@By, 1 [2ik Cherenkov ring .
HEt=— 7n_< °- 1)exp(i then), In Fig. 8, the magnified versions of exact radiation inten-

2me kp  2p\ Byn sities corresponding téz=0.3 cm andéz=1 cm are pre-
sented. In accordance with quasiclassical predictions, one
ECh:iHCh. sees thg maxima at the ends qf tmto)/yn§p<(z
e +2z9)/ vy, interval. In Sec. | the special optical devices focus-

ing the rays directed under the Cherenkov angle into one ring

Here € is the electric permittivity 2= eux). It should be was mentioned. In the case treated, it is the plateau shown in

noted that when evaluating field strengths, we did not differ+igs. 7 and 8 and the BS peaks at its ends that are focused

entiate step functions entering into E®.22. If this were into this ring. The remaining part of BS will form the tails of

done, theé functions at the ends of the Cherenkov ring ap-the focused total radiation intensity. Probably, for such com-

peared. Due to the breaking of the WKB approximation atpressed radiation distribution the Tamm formula has a

these points, the vector potentials and field strengths are sigreater range of applicability.
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p{cm)

p{cm)

10°4 1 1 3 FIG. 8. Exact theoretical radiation intensities in th#
1 st0 © | 1 522100 @ | =0.3 cm andéz=1 cm planes.
1074 1074 1
3 4 0 €p 1 1 €p 21112
3 cosf=———+——|1—
$10% i ﬂﬁ’y% Bn Bnn
m :
“o '
10°4 : and
10'] cose S+ 1{1 ( €o )Tl/z 5
27 2 2" g |~ : :
10" B - j Bavn Bn Bn¥n
6 8 10 66 68 70 72 74
plcm) p(cm) Here eg=2zq/r. Forr>z,,
FIG. 7. Theoretical radiation intensities in a number of planes
perpendicular to the motion axis for the experimental setup shown _ ) _ €9
in Fig. 3; 6z means the distand@ cm) from the cone vertex to the 01=0c+ R 0= 0c— Bnvn’

observation plane. The solid, dashed, and dotted curves refer to the
exact, Fresnel, and Tamm intensities. In this figure and the follow-

ing ones, the theoretical radiation intensities areifcz, units.

A. Vavilov-Cherenkov radiation and bremsstrahlung
on the sphere

In the original and in nearly all subsequent publications

V. DISCUSSION

where . is defined by cog.=1/8n. In this case, the Tamm
formula(3.10 is valid for < 6, and > 64, that is, nearly in

the whole angular region. It should be added that the exis-
tence of the Cherenkov shock wave on the sphere is masked
by the smallness of the angular region to which it is con-
fined. It seems at first that on the observation sphere of infi-
nite radius there is no room for CSW. This is not so. Al-

on the Tamm problem, the radiation intensity was considere10UIhA 0= 01— 6,=2€o/Bnyy is very small forr>z,, the

on the surface of the sphere of the radiusuch larger than
the motion intervalL=2z,. It is easy to check that on the
surface of the sphere of the finite radiyshe intervals

and

p<(z2—29)/ yn

correspond to the angular intervals

0> 0,

0,< <6,

p>(2+20) v, (2=20) yn<p<(Z+Zp)/yn,

and 6<4,,

where 6, and 6, are defined by

length of an arc corresponding 6 in a particular ¢
=const plane of the spher8 is finite: it is given by £
=22z4/B,y, and does not depend on the sphere of radius
(for r>z,). Due to the axial symmetry of the problem, on
the observation sphel® the region to which the VC radia-
tion is confined looks like a band of the finite width Thus,

the observation of the Cherenkov ring on the sphere is pos-
sible if the detector dimensions are much smaller tian

B. Vavilov-Cherenkov radiation and bremsstrahlung in the
plane perpendicular to the motion axis

More pronounced the separation of the VC radiation and
the BS looks in the plane perpendicular to the motion axis.
We illustrate this using the quasiclassical intensities as an
example. In Fig. @a), we present the quasi-classical intensity
(3.25 for 5z=0.3 cm. We observe perfect agreement be-
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' ' ' sions of the above complex grow since its apex moves with
the velocityv>c, , while the shock wave S\Vpropagates
with the velocityc,,. In the past, on the existence of radia-
tion arising at the Cherenkov threshold was suggested on the
purely intuitive grounds if15].

Since in the original Tamm problem the charge velocity
changes instantly from 0 t@,, the shock waves are in fact a
mixture of thesethree shock wavekaving zero dimensions
at the initial instant of time. Due to the specificity of the
Tamm problem, the CSW and SVdre not separated in sub-
sequent instants of time too. They are marked as CSW in Fig.
1(a) and Xb). The smoothed Tamm problem was also con-

0 05 10 15 20 sidered in the last part of Refl1] in the spectral represen-
plcm) p(cm) tation. It was shown there that when a motion length along
which a charge moves nonuniformly tends to zero, its con-

FIG. 9. (a) Quasiclassical radiation intensity in tdg=0.3 cm  tribution to the total radiation intensity also tends to zero.
plane. It coincides with the exact one shown in Figa)&very-  There are no velocity jumps for the smoothed problem and,
where except for the boundary points of the Cherenkov ring Wher?herefore, the BS cannot be associated with instantaneous
the quasiclassical intensities are infinite due to the breaking of th%elocity jumps. However, there are acceleration jumps at the
WKB approximation.(b) The quasiclassical bremsstrf':thlung inten- beginning and the end of motion and at the instants when the
sity (solid curve and the Tamm onddotted curvé in the 82 5ccelerated motion meets the uniform one. Thus, BS can still
=0.3 cm plane. The sharp disagreement between them is observeg, 55qqciated with acceleration jumps. To clarify the situa-

tion, the Tamm problem with absolutely continuous charge
cmotion (for which the velocity itself and all its time deriva-
dives are absolutely continuous functions of tinveas con-

1.5 $z=0.3 (a b

—

-
(=]
I

10° d°E/dpde

o
n
1
L

tween it and the exact one shown in Figa8everywhere
except for the boundaries of the region to which the V
radiation is confined. The quasi-classical approximation is’. ,
unique in the sense that contributions of the VC radiation ang!dered in[16]. It was shown there that a rather slow de-
the BS are clearly separated in the vector pote(@al]) and ~ Ccr€ase in the radiation intensity outside the above plateau is

field strengthg3.24. To see the contribution of the BS, we ePlaced by the exponential dampirig the past, for the
omit AS" ECh andHEM in these relations by putting them charge motion in vacuum, the exponential damping for all
z ! H

to zero. The resulting intensity describing BS is shown inangles was recognized in ReL7]). It follows from this that

Fig. A(b). It sharply disagrees with the Tamm intensig6). the authord9,10] were not entirely wrong if under the BS

From the smallness of the BS intensity everywhere excep hock waves used by them, one understan_d_s th_e mixiure of
three shock waves mentioned above and originating from the

for the boundaries of the Cherenkov ring it follows that os-. . . : T
umps of velocity, acceleration, other higher velocity time

cillations of the total radiation intensity inside the Cherenkovjderivatives and from the transition of the medium light ve-
ring are due to the interference of the VC radiation and th ' 9

BS GI‘ocity barrier.
' This is also confirmed by the consideration of radiation
intensities for various charge velocities. Figuréa@emon-
C. On the nature of the bremsstrahlung shock waves strates that the position of the radiation intensity maximum
in the Tamm problem approaches the motion axis, while its width diminishes as the
Some words should be added on the nature of BS shocgharge velocity approaches the Cherenkov thresh@d (
waves discussed above. In Rdf8,10] they were associated =1/n~0.665). The radiation intensities presented in Fig.
with velocity jumps at the beginning and the end of motion.10(b) show their behavior just above8&0.67) and below
On the other hand, the smoothed Tamm problem was consid3=0.66) the Cherenkov threshold. It is seen that the
ered in Ref[14] in the time representation. In it, the charge maxima of the underthreshold and the overthreshold intensi-
velocity v changes smoothly from zero up to some valueties differ by 18 times. Far from the maximum position,
vo>C,, With which it moves in some time interval. Later, they approach each other. The radiation intensity at the Cher-
decreases smoothly fromy, to zero. It was shown in Ref. enkov threshold shown in Fig. (@) is three orders smaller
[14] that at the instant when coincides with the light ve- than the one corresponding f=0.67. The calculations in
locity in a mediumc,, a complex arises consisting of the Figs. 1Ga—g were performed using the Fresnel approximate
CSW with its apex attached to a moving charge, and théntensity (3.12 which is in good agreement with the exact
shock wave SW closing the Cherenkov corf@nd not coin-  one(3.3) for the treated positiondz=10 cm) of the obser-
ciding with shock wave originating at the beginning of mo- vational plangas Fig. 7 demonstrates
tion). The inclination angle of the normal to S\wbwards the To see manifestly how the bremsstrahlung changes when
motion axis(defining the direction in which S\Wradiate3  one passes through the Cherenkov threshold, we present in
changes smoothly from 0 at the motion axis up to the CherFig. 10d) the quasiclassical radiation BS intensities evalu-
enkov angled, at the point where S\Vintersects the Cher- ated for=0.67[in this case the VC radiation was removed
enkov cone. Therefore, the radiation produced by the, SWby hand from(3.24) similarly as it was done in Fig.(B)] and
fills the angular region & #<6.. As time goes, the dimen- B=0.66. The position of the observational plane 5z (
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associated with the transition radiation which appears when a

) charge intersects the boundary between two media. Turning
rom oto ] to the comparison with an experiment, we observe that it

- corresponds to the charge moving subsequently in air, in me-
dium, and, finally, again in air. The transition radiation
[18,19 arising at the boundary of medium with air is ap-
proximately 100 times smaller than the VC radiatj@0,21].
Since the uniformly moving charge does not radiate in air
wheren<1 and radiates in medium whefn>1, the ob-
server inside the medium associates the radiation with in-
stantaneous appearance and disappearance of a charge at the
medium boundaries and with its uniform motion inside the
medium. We quote, e.g., JelliRef.[22], p. 59: “A situation
alternative to that of a particle of constant velocity traversing
a finite slab may arise in the following way; suppose instead
that we have an infinite medium and that a charged particle,
initially at rest at a pointA, is rapidly accelerated up to a
constant velocity(above the Cherenkov threshpldhich it
maintains until, at a poirB, it is brought abruptly to rest. If,
as in the first case, the distana®=d, the output of Cher-
enkov radiation will be the same as before. In this case, there
will be radiation at the two pointé andB; this will be now
identified as a form of acceleration radiation. This and tran-
sition radiation are essentially the same; the intensities work
out the same in both cases and it is only convention which
| , . | decides which term shall be used.” This justifies the applica-
0 02 04 08 08 10 0 0.2 0.4 0.6 bility of the Tamm problem for the description of the dis-

pcm) p (cm) cussed experiments.
N . . Comparing theoretical intensities with the experimental

_FlG. 0. (&) Radiation intensities f(.)r a number of charge veloci- ones wg see the followindi) theoretical intensitieg have a
ties above thg Cherenkov threshqld in WE:.lO.cm plqne. As the plateau (Figs. 7—10, while the experimental ones have a
charge velocity approaches the light velocity in medium, the pos'triangle form (Figs. 4 and § (i) the observed radiation

tion of the Cherenkov ring approaches the motion axis while its . .
width diminishes.(b) Radiation intensities for the charge velocity peaks at the boundaneg of the Cherenkov rings are not so
pronounced as the predicted ones.

slightly above and below the Cherenkov threshold in e ’ o
=10 cm plane(c) Radiation intensity at the Cherenkov threshold ~ Probably, the triangle form of the observed radiation in-

in the 5z= 10 cm plane. In accordance with theoretical predictionstensities is due to the smooth change of the charge velocity
(see Sec. G it is much smaller than above the threshold) inside the dielectric. For such a motion, the radiation inten-
Quasiclassical BS intensities for the charge velocity slightly abovesities obtained in Ref$11,12,16 had indeed a triangle form.
and below the Cherenkov threshold in the=0.3 cm plane. We estimate now the energy losses for the experiment
treated. For the protons with energy 657 MeV, the energy
~0.3 cm). Again, we observe the sharp decrease in the Bi9nization losses in plexiglass with densjiy-1.2 g/cni are
intensities in the neighborhood of their maxima when oneAE/Az=2.91 MeV/cm([23]. This givesAE=8.58 MeV for
passes the Cherenkov barrier. This confirms that the B&e radiator length 2.95 cm. The corresponding proton veloc-
shock waves used in Reff9,10] are the mixture of three ity change isA 8=2.3x 1072, Alternatively, it can be asso-
shock waves mentioned above for the charge velocity aboveiated with a smooth change of the refractive index at the
the Cherenkov threshold. For the charge velocity below théorder of vacuum and dielectric. .
Cherenkov threshold, only the BS shock waves originating The item(ii) can be understood if one takes into account
from the jumps of velocity, acceleration, and other higherthat experiments mentioned in Sec. Il were performed with a
velocity time derivatives survive. They are much smallerrelatively broad proton beaf@.5 cm in diameter This leads
than the singular shock wave originating when the chargé0 the smoothing of the boundary peaks after averaging over
velocity coincides with the medium light velocity. the proton beam diameter.

8z=10 @ ] 10°4

0.95
0.7 0.8087

B=1/n=0.6645 10°+

D. Comparison with experiment VI. CONCLUSION

Strictly speaking, the formulas obtained above and de- According to quantum theorj24], a charge uniformly
scribing the fine structure of the Cherenkov rings are valid ifmoving in medium with the velocity greater than the light
the observations are made in the same medium where \&locity in medium radiatey quanta at the anglé, towards
charge moves. Because of this, the plateau of the radiatiotihe motion axis (cos.=1/8n). It should be noted that for
intensity and its bursts at the ends of this plateau cannot biine uniform charge motion in unbounded medium, a photo-
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plate placed perpendicular to the motion axis will be dark-ring (R;<p<R,), the Tamm formula does not describes the
ened with the intensity proportional togl(p is the distance radiation intensity at any position of the observation plane
from the motion axiswithout any maximum at the Cheren- (see Fig. J. Outside the Cherenkov ringp&R; and p
kov angle. Despite its increase for smallthe energy emit- >R,), the exact radiation intensity and the one given by the
ted in a particular ring with the widthlp is independent of Tamm formula are rather small. In this angular region they
p. The surface of the cylinder coaxial with the motion axis approach each other at large distances satisfyﬁgr<1_
will be uniformly darkened. For the experiments treated in the text, the left hand side of
The Cherenkov ring can be observed only for the finitethis inequality equals unity at the distance 1 km. On the
motion interval. In thez=const plane, the ring width is pro- other hand, the exact formul®.3 describes the radiation
portional to the charge motion interval AR=L/vy, (y, intensity in all space regions.
= 1/\/|1—,82n|, Bn=pBn). It does not depend on the position  We conclude that the experiments performed with a rela-
z of the observation plane. The frequency dependence entetigely broad 657 MeV proton beam passing through various
only through the refractive inder. The radiation emitted radiators point to the existence of diffused radiation peaks at
into a particular ring does not depend anFor the fixed the boundary of the broad Cherenkov rings. This supports
observation plane, the radiation intensity oscillates within theheoretical predictiond9,10,14 on the existence of the
Cherenkov ring. These oscillations are due to the interfershock waves arising when the charge motion begins and
ence of bremsstrahlung and the Vavilov-Cherenkov radiationvhen the charge velocity coincides with the medium light
in Eg.(3.24). The large characteristic peaks at the ends of thevelocity.
Cherenkov ring are due to the bremsstrahlung shock waves It is desirable to repeat experiments similar to those de-
which include shock waves originating from the jumps of scribed in Sec. Il with the charged particle beam of a smaller
velocity, acceleration, other higher velocity time derivatives,diameter 0.1 cm), with a rather thick dielectric sample,
and from the transition of the medium light velocity barrier. without using the focusing devices and for various observa-
The finite width of the Cherenkov ring in the=const plane tion distances. This should result in appearance of more pro-
is due to the Cherenkov shock wave. Inside the Cherenkomounced, just mentioned, radiation peaks.
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