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Universality and Shannon entropy of codon usage
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The distribution functions of codon usage probabilities, computed over all the available GenBank data for 40
eukaryotic biological species and five chloroplasts, are best fitted by the sum of a constant, an exponential, and
a linear function in the rank of usage. For mitochondria the analysis is not conclusive. These functions are
characterized by parameters that strongly depend on the total guanine and ci@@ientent of the coding
regions of biological species. It is predicted that the codon usage is the same in all exonic genes with the same
GC content. The Shannon entropy for codons, also strongly dependent on the &»odntent, is computed.
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I. INTRODUCTION f,=cn 2p". (2

In the recent past, some interest has been shown in applytote that Zipf’s law is observed fromm ranked random
ing methods of statistical linguistics and information theorysamples ofy? distributed variables, as shown [i]. In a
for the analysis of DNA sequences particular, in investi-  recent work{8] it was argued that Zipf's law is well adapted
gating whether the frequency distribution of nucleotides oro represent the abundance of expressed genes, with an ex-
sequences of nucleotides follows Zipf's IgW], and using  ponenta~1. However, in[9] the analyzed distributions of
the Shannon entropy to identify the redundancy or the bias afiene expressions are well fitted by a family of Pareto distri-
a nucleotide sequence. Let us recall that, at the end of thgytions.
1940s, Zipf remarked that, in natural languages and in many |ndeed, in the literature many have claimed that Zipf's
other domains, the distribution function follows an inversejaws are not really power laws. As the main point of our
power law, which can be described, denoting by rarkl  paper is not the analysis of the validity of this law, we will no
the most used word, bg=2 the next one, and so on, and longer pursue the debate, and we refer the interested reader

with a>0, by to the web site on Zipf’s lawhttp:/linkage.rockefeller.edu/
wli/zipf/), where a large literatur@updated to 2001on the
f, applications of this law in different domains can be found.
fnzp. (1) Recently, an analysis of the rank distribution for codons,

performed in many genes for several biological species, led
the authors of10] to fit experimental data with an exponen-
In [2,3], it was claimed that noncoding sequences of DNAtial function. In particular, by considering separately differ-
are more similar to natural languages than coding ones, arent coding DNA sequences, they studied the relation between
the Shannon entropy has been used to quantify the reduithe parameter in the exponential, the frequency of rank 1,
dancy of words. This work raised a debate in the literatureand the length of the sequence for different genes. From this
(see[4]). In particular, in[5] it was shown that the oligo- Vvery short overview, it follows that the determination of the
nucleotide frequencies in DNA, in both coding and noncod-kind of law followed by the codon rank distribution is ex-
ing sequences, follow a Yule and not a Zipf distribution. Lettremely interesting in investigations of the nature of the evo-
us recall that the Yule distribution with parametexs,c  lutionary process, which has acted upon the codon distribu-
>0 is given by[6] tion, i.e., the eventual presence of a bias.

In the last few years, the number of available data for
coding sequences has considerably increased, but apparently

*Email address: frappat@lapp.in2p3.fr no analysis using the whole set of data has been pgrfor_med.
"Email address: minichini@na.infn.it nge we present the results (_)f such a study._The main aim of
*Email address: sciarrino@na.infn.it this paper is to show the existence of a universal, i.e., bio-

80n leave of absence from LAPTH, Annecy-le-Vieux Cedex,l0gical species independent, distribution law for codons for
France. Email address: sorba@lapp.in2p3.fr; sorba@cemn.ch  the eukaryotic code. As a result of our investigation, we
IDNA is constituted of four bases, adenit®, cytosine(C), gua- point out that the rank of codon usage probabilities follows a
nine (G), and thymine(T), this last one being replaced by uracile universal law, the frequency function of the ramkeodon
(U) in messenger RNA. A codon is defined as an ordered sequen&howing up as a sum of an exponential part and a linear part.
of three bases. Coding sequences in DNA are characterized by théiuch a universal behavior suggests the presence of general
constituent codons. biases, one of which is identified with the to@tonic GC
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TABLE I. Values of the best-fit parameters, Ed), for the sample of biological species. Types: vrt
vertebrateg6), inv=invertebrateg3), pln=plants(4), fng=fungi (2), bct=bacteria(25).

Type Species GC content(%) @ n 108 X2
vrt Homo sapiens 52.58 0.0214 0.073 1.65 0.0126
pin Arabidopsis thaliana 44.55 0.0185 0.056 1.68 0.0051
inv Drosophila melanogaster 54.03 0.0247 0.081 1.67 0.0089
inv Caenorhabditis elegans 42.79 0.0216 0.064 1.79 0.0063
vrt Mus musculus 52.38 0.0208 0.071 157 0.0112
fng Saccharomyces cervisiae 39.69 0.0246 0.069 191 0.0127
bct Escherichia coli 50.52 0.0233 0.065 191 0.0112
vrt Rattus norvegicus 52.87 0.0222 0.073 1.63 0.0083
pin Oryza sativa japonica 55.84 0.0179 0.073 1.63 0.0211
fng Schizosaccharomyces pombe 39.80 0.0255 0.068 1.98 0.0036
bct Bacillus subtilis 44.32 0.0259 0.084 1.71 0.0241
bct Pseudomonas aeruginosa 65.70 0.0538 0.107 2.76 0.0191
bct Mesorhizobium loti 63.05 0.0416 0.093 2.44 0.0093
bct Streptomyces coelicol@d3 72.41 0.0567 0.098 3.14 0.0456
bct Sinorhizobium meliloti 62.71 0.0359 0.076 2.54 0.0067
bct Nostocsp. PCC7120 42.36 0.0288 0.098 1.63 0.0140
pin Oryza sativa 54.63 0.0173 0.062 1.59 0.0135
bct Agrobacterium tumefacierstr. C58 59.74 0.0308 0.067 2.43 0.0100
bct Ralstonia solanacearum 67.57 0.0543 0.105 2.87 0.0149
bct Yersinia pestis 48.97 0.0179 0.040 2.17 0.0066
bct Methanosarcina acetivoranstr. C24 45.17 0.0228 0.068 1.81 0.0214
bct Vibrio cholerae 47.35 0.0203 0.052 2.02 0.0100
bct Escherichia coliK12 51.83 0.0250 0.065 2.05 0.0117
bct  Mycobacterium tuberculosiSDC1551 65.77 0.0401 0.094 235 0.0105
bct Mycobacterium tuberculosid87Rv 65.90 0.0414 0.097 2.29 0.0109
bct Bacillus halodurans 44.32 0.0263 0.100 1.27 0.0233
bct Clostridium acetobutylicum 31.59 0.0434 0.087 2.76
bct Caulobacter crescentuSB15 67.68 0.0570 0.113 2.86 0.0087
vrt Gallus gallus 52.11 0.0239 0.095 1.17 0.0129
bct Synechocystisp. PCC6803 48.56 0.0260 0.083 1.49 0.0140
bct Sulfolobulus solfataricus 36.47 0.0290 0.066 2.26 0.0099
bct Mycobacterium leprae 59.90 0.0252 0.071 1.80 0.0065
bct Brucella melitensis 58.25 0.0294 0.067 2.25 0.0121
bct Deinococcus radiodurans 67.24 0.0481 0.098 2.76 0.0113
vrt Xenopus laevis 47.33 0.0193 0.084 0.92 0.0268
bct Listeria monocytogenens 38.39 0.0437 0.136 1.64 0.0267
pin Neurospora crassa 56.17 0.0241 0.086 1.31 0.0166
bct Clostridium perfrigens 29.47 0.0510 0.092 311
inv Leishmania major 63.36 0.0294 0.069 2.21 0.0050
vrt Bos taurus 53.05 0.0240 0.089 1.27 0.0126

content. Indeed, the values of the parameters appearing in the [l. CODON USAGE PROBABILITY DISTRIBUTION
fitting expression are plotted versus the total percentage of . .
exonic GC content of the biological species and are reason-_ -6t us define the usage probability for the cod<aN
ably well fitted by a parabola. Finally, from the expression(X,Z;N€{A,C,G,U}) as

obtained, we derive the theoretical prediction that the usage

probability forrank-orderedcodons is the same in any gene P(XZN)= lim nXZN, 3)
region having the same exor®&C content for any biological Nor— | Vot
species.

We compute the Shannon entropdd] for amino acids wherenyzy is the number of times the codotZN has been
and find that its behavior as a function of the exo@€  used in the analyzed biosynthesis process for a given biologi-
content is also a parabola, whose apex is around the valuml species, anll,y is the total number of codons used in all
0.50 of theGC content. processes considered. It follows that our analysis and predic-
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FIG. 1. Rank distribution of the codon usage probabilities for  FIG. 3. Rank distribution of the codon usage probabilities for
Homo sapiensCircles are experimental values, squares are fittedArabidopsis thalianaCircles are experimental values, squares are
values. fitted values.

tions hold for biological species with sufficiently large sta-

tistics of codo_ns. For ea_ch biological species, codon.s are E f(n)=1. (5)
ordered following decreasing order of the values of their us- n

age probabilities, i.e., codon number 1 corresponds to the

highest value, codon number 2 is the next highest, and so on. In Table | we list the 40 biological specidsix verte-

We denote byf(n) the probabilityP(XZN) of finding that bra}tes,_four plants, three invertebra_\tes, two fungi and 25 bac-
XZNis in thenth position. Of course the same codon occu-teria with a sample of codons of sizes between 800 000 and
pies in general two different positions in the rank distribution20 000 000 in decreasing ordéfata from GenBank release
function for two different species. We plé(n) versus the 129.0[12]) whose codon usage has been fitted, specifying
rank and we determine that the data are well fitted by thdor €ach biological species the value of the parameters com-
sum of an exponential function, a linear function in the rank,Puted by a best-fit procedure and the correspongiigHere

and a constant, i.e., and in the following, they? coefficient is defined by
f(n)=ae” "—pn+y, 4) 2_ [yi—y(x)]? ®
where 0.018%a<0.0570, 0.05& 7<0.136, 0.8X10°* Ty

<p3=3.63x10 4, andy=0.016 are constant depending on

the biological species. These four constants have to satisf‘ﬂyr}erexi are the (teﬁp?_iltmgntal ablsmssaethe expererekntaI
the normalization condition values, and/(x;) the fitted ones. In some casggy;) takes
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FIG. 2. Rank distribution of the codon usage probabilities for  FIG. 4. Rank distribution of the codon usage probabilities for
Drosophila melanogasteCircles are experimental values, squaresEscherichia coli Circles are experimental values, squares are fitted
are fitted values. values.
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TABLE II. Type of codons used for the observed rank distributi¢n).

20

191Vddvdd

UAC ACC

Rank
Species 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
Homo sapiens GAG CUG CAG AAG GAA GUG GCC GAC AAA GGC AUG GAU AUC UUC ccc AAC cuc AGC Acc G@JCU
Mus musculus CUG GAG AAG CAG GUG GAC GAA GCC AUC AUG GGC UUC GAU AAA AAC CUC GCU AGC Acc ccc
Rattus norvegicus CUG GAG AAG CAG GUG GAC GCC GAA AUC UUC AUG AAC GGC CUC GAU AAA ACC AGC GCuU ccc
Gallus gallus GAG CUG AAG CAG GAA GUG AAA GAC GCC GAU AAC AUC AUG GGC AGC uUuC Gcu ccc
Xenopus laevis GAA GAG AAA AAG CAG GAU CUG AUG GAC AAU AAC GGA GUG GCU CCA AUU GCA UUU UGU AGA
Bos taurus CUG GAG AAG CAG GUG GCC GAC GAA AUC GGC UUC AAC AUG AAA ACC GAU CUC CcCCC UAC AGC
Arabidopsis thaliana GAU GAA AAG GAG AAA GCU GUU UCU AUG CUU GGA AAU GGU UUU AUU UUG AAC UUC CAA AGA
Oryza sativa japonica GAG GCC GGC AAG GAC GCG CUC GUG GAU AUG UUC CUG GAA CAG GUC AuUC ccG GCu AAC caGce
Oryza sativa GAG AAG GCC GGC GAC GAU CUC AUG GUG GCG UUuC CAG GAA AUC GCU AAC GUC cuG GCcA GGG
Neurospora crassa GAG AAG GCC GAC GGC AAC CUC AUC CAG GUC ACC GAU CCC UUC AUG GAA GCU ucc GGU UAC
Drosophila melanogaster GAG AAG CUG CAG GCC GUG GAU GGC AAC GAC AUG AUC UUC ACC GAA AAU AGC UCC UAC cGC
Caenorhabditis elegans GAA AAA GAU AUU GGA AAU CAA AUG AAG CCA UUU UUC GAG GUU GCU CUU UCA UUG ACA ccCca
Leishmania major GCG GAG GCC CUG GUG GGC GAC CAG CGC AAG CCG AGC CUuC ACG AUG AAC UCG CAC GCA UAC
Sacch. cerevisiae GAA AAA GAU AAU AAG AUU CAA UUG UUA UUU AAC GGU UCU GUU AGA GCU AUG GAC ACU GAG
Schizosacch. pombe GAA AAA GAU AUU AAU UUU UCU GCU GUU CAA UUA CUU AAG UUG ACU UAU cCCU GGU GAG AuUG

Escherichia coli

Bacillus subtilis
Pseudom. aeruginosa
Mesorhizobium loti
Streptom. coelicoloA3
Sinorhizobium meliloti
Nostog sp. PCC7120
Agrobact. tumefaciens
Ralstonia solanacearum
Yersinia pestis
Methanosarc. acetivorans
Vibrio cholerae
Escherichia coliK12
Mycobact. tuberCDC1551
Mycobact. tuberH37Rv
Bacillus. halodurans
Clostridium acetobutylicum

Caulobacter crescentuSB15

Synechocystisp. PCC6803
Sulfolobus solfataricus
Mycobacterium leprae
Brucella melitensis
Deinococcus radiodurans
Listeria monocytogenes
Clostridium perfringens

CUG GAA AAA GAU GCG AUU CAG GGC AUG GGU GUG GcCC
AAA GAA AUU GAU UUU AUC AUG GGC GAG CUuG CUU UAU AAU ACA GGA GCA AAG GCG CAA UUA
GAC GCG AUC GAG CAG GUG UUC ACC CCG GUC cCcUC AAG AGC GAA AAC AUG
GGC GCC CUG AUC GCG GUC GAC CGC UUC GAG CCG AAG CUC GUG ACC CAG AUG GAA UCG GAU
GCC GGC CUG GAC GCG GAG GUC ACC CGC CUC GUG CCG CGG AUC UuC ccC CAG CAC UCC AAG
GGC GCC GCG AUC GUC CUC CUG GAC CGC GAG UUC CCG AAG GAA AUG CAG GUG ACC ACG uUcG
GAA AUU CAA UUA AAA GAU AAU UUU GCU GGU GCA UUG GUU ACU UAU GUA ACA AUC GCC AuUG
GCC GGC CUG AUC GCG GAA CGC GUC UUC GAU GAC AAG CUC CCG AUG GUG CAG GAG ACC AcCG
CUG GCC GGC GCG CGC GUG AUC GAC CCG CAG GAG UUC ACC GUC AAG ACG AUG AAC UCG cuc
CUG GAU GAA AAA AUU GCC AUG GGU CAG AAU GCG GGC CAA AUC UUG GUG UUU ACC UUA GAG
GAA AAA CUU GAU GGA AUU GCA AUC GAG UUU CUG GAC AUG AAU AAG AAC AUA GUU UAU UuC
GAA GAU AAA CAA AUU GCG GUG uuu
CUG GAA GCG AAA GAU AUU GGC CAG
GCC CUG GGC GCG GAC GUG ACC AUC
GCC GGC CUG GCG GAC GUG ACC AUC
GAA AUU AAA GAU UUU GAG CAA UUA AUG AUC
AAA  AUA AAU GAA GAU UUU UUA AUU UAU GGA
GCC CUG GGC GCG GAC CGC AUC GUC GAG AccC
GAA AUU GCC CAA GAU UUG AAA UUU GUG ACC UUA cCCC AAU GGC CAG CUG GCU GGU AuG
AUU AAU UAU GAG GUA GUU UUU GGA AGA GCU GGU AUG AcCU
AUC GUC ACC GAG CCG UUG GGU CGC CAG GAU GAA GCU UUC C8G
AUC GAU AAG GUG CCG UUC AUG CAG CUU GAC GUC ACC CUC GgG
CGC ACC CAG CUC GAG CCC GAA CCG AGC GUC AUC UUC GGG &G
UUU CAA GCA GUU AUG ACA GGU UAU GCU GUA CUU GGA AUC CEGA
UUA AUA AAU GAU GGA UUU GUU UAU AUU GCU AGA AAG GUA AUG ACU UCA GCA A@
S

CUG GCC GGC cCGC

AUA UUA
GCC CUG
GGC GCC
CUG GCC
AAA  GAA
AAA  GAA

AAA
GUG
CUG
GGC

GAA
GAC
GAA
GUG

AAG
GCG
CGC
GCG

AUU GAU UUA

GAU
GGC
GCG
GAC
AAU

CUG
AUG
GUC
GUC

GGU

GUG

CCG
CCG

AUG
GCC
GAG
GAG
UAU
AAG
AAG

AUC
AUC
CGC
CGC
Cuu
GUU
uucC

AUC UUU ACC AAC GCA CCG AAU cCaGU

GAG
GGU
CGG
CGG
GGA
GUA
GUG

GGC
ACC
CAG
uucC
GuUU
Cuu
CCG

UuG
CCG
uucC
CAG
AAG
GCA
CAG

AAU
uuu
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FIG. 5. Log-log ranked distribution of the codon usage prob-
abilities for Homo sapiens

logical species, the four most used codons @G, CUG,

AAG, andCAG. All these codons have @ nucleotide in the
vanishing or negative values for a few points and hence théhird position and three of them encode doublets. An analysis
x? is not reported. In Figs. 1-4, we report the plotsf (i) performed on the chloroplast codon usage for a sample of
as a function ofh for a few biological specieHomo sapi- five plants gives the same result for the rank distribution
ens, Drosophila melanogaster, Arabidopsis thaliaaadEs-  f(n); see Table Il and Fig. 6Chloroplast Arabidopsis
cherichia col). The plot has been cut to=61 to take into thaliana). We also report, in Table IV, the values of the pa-
account the fact that in standard code there are three Stapmeters and thg? for a sample of nine mitochondria with
codons(to end the biosynthesis procgswhose function is  codon statistics larger than 15 000. The fitsmmo sapiens
very peculiar. For the same reason, tpe has been com- andArabidopsis thalianaare presented in Figs. 7 and 8. We
puted by taking into account the 61 coding codons only. Inpoint out, however, that for mitochondria the codon usage
Table I, we report the type of the 20 most used codons of thérequency distribution for several specigsg., Arabidopsis
observed rank distributiof(n). The goodness of fit can be thaliana or Drosophila melanogasteis ill fitted by Eq. (4).
estimated byP(n/2,x%/2), whereP(a,x) is the incomplete This may be an indication that mitochondria do not follow
Gamma function and is the number of degrees of freedom. the universal law4). Note that the mitochondrial codes have
P(n/2,x%2) is the probability that the observegf for a  a few differences from the eukaryotic code and vary slightly
correct model should be less than the calculgtédin the  between species; see, el3]. In these cases, thg® has
present case?(n/2,x%/2) is less than 10° for each species. been computed over the corresponding coding codons. The
In Fig. 5, forHomo sapienswe draw the log-log ranked plot, value of the constanty is approximately equal to 1/61
which obviously does not show a linear trend taking into=0.0164 or 1/64-0.0156, i.e., the value of the codon usage
account all the points, as would be the case for a Zipf's lawprobability in the case of a uniform and unbiased codon dis-
behavior. Indeed, as emphasized%h when the majority of tribution. Therefore the other two terms in E@) can be
points reside in the tail of the distribution, it is necessary toviewed as the effect of the bias mechanism. The appearance
fit the whole range of data. of the linear term is more intriguing. Let us remark that in

A similar study, for a sample of 20 vertebrates with codon[10], where an exponential function is used to fit the rank of

statistics larger than 100 000, reveals that, for almost all biousage in gene&ot the rank of usage probabil)fythe linear

TABLE Ill. Values of the best-fit parameters, E@), for the sample of chloroplasts.

Species GC content(%) a 7 10'B X

Arabidopsis thaliana 38.37 0.0254 0.067 1.95 0.0030
Chaetosphaeridium globosum 30.29 0.0515 0.110 2.59 0.0174
Chlorella vulgaris 34.63 0.0513 0.114 2.04 0.0093
Cyanidium caldarium 33.31 0.0379 0.092 2.24 0.0103
Guillardia theta 33.20 0.0452 0.103 2.20 0.0089
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TABLE V. Values of the best-fit parameters, Ed), for the sample of mitochondria.

PHYSICAL REVIEW E 68, 061910 (2003

Type

Species

GC content(%) a

n

108

X2

vrt
pin
vrt
fng
inv
pin
pin
vrt
vrt

Homo sapiens
Arabidopsis thaliana
Mus musculus
Saccharomyces cerevisiae
Physarum polycephalum
Pylaiella littoralis
Neurospora crassa
Bos taurus
Sus scrofa

44.99
44.18
37.23
24.17
25.69
37.06
33.20
39.73
40.52

0.0414
0.0136
0.0455
0.0879
0.0624
0.0336
0.0388
0.0422
0.0497

0.099
0.049
0.104
0.198
0.128
0.108
0.101
0.106
0.112

231
1.39
2.44
2.66
2.70
1.72
2.14
2.25
2.51

0.0207
0.0589
0.0226
0.0611
0.0262
0.0112
0.0225
0.0430
0.0372

0.08 T T

term was observed, as its contribution becomes noticeable
for approximatelyn=20. Owing to the analysis of genes

0.06

foo4} &

0.02 %b

(with at most a few hundred codonghe fits in that paper
end before this value of the rank. It is believed that the main
causes of codon usage bias are translational efficiency, selec-
tion pressure, and spontaneous mutations. From the small-
ness of the paramet@ in Eq. (4), it is tempting to identify

it as a consequence of the mutation effect and the first term
in Eq. (4) as the effect of selection pressure, i.e., the interac-
1 tion with the environment.

Since it is well known that th&C content plays a strong
role in the evolutionary process, we expect the parameters to
depend on the totdbC content of the gene regidinere the
total exonicGC contenj that is indeed correlated with the
evolution of the systentsee[14] and references therginNe
have investigated this dependence and report, in Fig. 9, the

0.00

0.0 20.0

40.0
rank

FIG. 7. Rank distribution of the codon
mitochondrial Homo sapiens Circles are
squares are fitted values.

0.040

fits of @ and B to the total exonicGC contentY¢¢ of the
biological species. One finds that the valuesacdnd 8 are
well fitted by polynomial functiongwith 0<Y5c<100%):
usage probabilities for

experimental values, @= 0.21145 0.0077WGC+ 7.92<10° 5Y(23C1 X2= 0.0262,
(7)

60.0 80.0

1024=0.10096- 0.00345 g +3.50< 10 Y2, x2

0.030 %,

f 0.020 | M

0.010 R

0.000

=0.0170. (8)
The two parametera and 8 appear to be correlated. Indeed
1 the plot representingg as a function ofa is satisfactorily
fitted by a regression linesee Fig. 10

10°3=0.0085H1 0.375v, x?=0.0218. 9
The value of thep parameter is largely uncorrelated with the
total exonicGC content. Let us recall, however, thatis a

1 function of « and 8 due to the normalization condition of Eq.
(5). Indeed we have(assuminge™ %°7~0)

e 7

40.0
rank

0.0 20.0

FIG. 8. Rank distribution of the codon

mitochondrial Arabidopsis thalianaCircles are experimental val-

ues, squares are fitted values.

L o
60.0 80.0 1= 1 e 7 +20808+ 64y. (10

usage probabilities for
Note that the result is almost unchanged if the data are normal-

ized on the 61 coding codons.
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Using the fits fora and B, we can write the probability where the sum is over the skbf integers to which the 56
distribution function for any biological species, whose totalcodons containings and/orC nucleotides belong and; is

GC content in percent in the exonic regionsYig:, as the multiplicity of these nucleotides inside théa codon.
f(M=(aot arYoct azYso)e " —N(Bo+ Br¥ec IIl. AMINO-ACID RANK DISTRIBUTION
2
TB2Y5c) Ty, (11) It is natural to wonder if some kind of universality is also

present in the rank distribution of amino acids. From the
where 7 is obtained by solving Eq10). Of course we are available data for codon usage, we can immediately compute
not able to predict which codon occupies thih rank. Fi-  (using the eukaryotic codehe frequency of appearance of

nally, let us remark that the total exor®C contentYsc has  any amino acid=(n) (1<n=20) in the whole set of coding
to satisfy the consistency condition sequences. The calculated values as a function of the rank

are satisfactorily fitted by a straight line

Y ! > dif(i) (12)
= — . | s
T3 F(n)=F,—Bn. (13)
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FIG. 10. Fits for thea and 8 parameters and for the Shannon entropy.
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TABLE V. Values of the best-fit parameters for amino acids.

Species 1tB Fo x°
Homo sapiens 3.8 0.089 0.0072
Arabidopsis thaliana 3.8 0.090 0.0068
Drosophila melanogaster 3.5 0.087 0.0125
Caenorhabditis elegans 3.3 0.084 0.0124
Mus musculus 3.7 0.088 0.0087
Saccharomyces cerevisiae 3.9 0.090 0.0121
Escherichia coli 4.0 0.091 0.0115
Rattus norvegicus 3.7 0.088 0.0084
Oryza sativa japonica 4.1 0.093 0.0057
Schizosaccharomyces pombe 3.8 0.089 0.0162
Bacillus subtilis 4.0 0.091 0.0104
Pseudomonas aeruginosa 4.9 0.101 0.0493
Mesorhizobium loti 4.7 0.100 0.0215
Streptomyces coelicol@3 5.6 0.109 0.0624
Sinorhizobium meliloti 4.7 0.100 0.0188
Nostocsp. PCC7120 4.0 0.092 0.0174
Oryza sativa 3.9 0.091 0.0028
Agrobacterium tumefacierstr. C38 4.6 0.098 0.0144
Ralstonia solanacearum 4.7 0.101 0.0351
Yersinia pestis 4.0 0.092 0.0135
Methanosarcina acetivoranstr. C2A 4.1 0.092 0.0063
Vibrio cholerae 3.9 0.091 0.0148
Escherichia coliK12 4.0 0.091 0.0154
Mycobacterium tuberculosi€DC1551 5.2 0.105 0.01121
Mycobacterium tuberculosid37Rv 5.3 0.106 -
Bacillus halodurans 4.0 0.091 0.0100
Clostridium acetobutylicum 4.6 0.097 0.0076
Caulobacter crescentuSB15 5.1 0.104 0.0524
Gallus gallus 3.6 0.088 0.0040
Synechocystisp. PCC6803 4.1 0.093 0.0168
Sulfolobus solfataricus 4.4 0.096 0.0143
Mycobacterium leprae 49 0.101 0.0401
Brucella melitensis 4.5 0.097 0.0142
Deinococcus radiodurans 5.2 0.105 0.0679
Xenopus laevis 3.5 0.086 0.0084
Listeria monocytogenes 4.2 0.093 0.0088
Neurospora crassa 4.0 0.091 0.0042
Clostridium perfringens 4.6 0.098 0.0035
Leishmania major 4.7 0.099 0.0367
Bos taurus 3.6 0.087 0.0082

The parameter§, andB and the corresponding® for the  biological species are given in Fig. 12. Note that the 21st
fits are reported in Table V. It is interesting to recall that thepoint is just the contribution of the Stop codons, which of

linear trend was noted, from the analysis of a small numbefzourse has not been taken into account for the fits. One can

of proteins, in 1955 by Gamow and Yck5]. A better fit . .
car? be obtained in geyneral by using a ?fi?gd—degree polynor-emark that the most frequent amino acid is always above the

mial; however, the range of the four parameters for this fit idin€- This can be easily understood in the light of E4).
larger than the range of the two-parameter fit. For a fewndeed, the most frequent amino acids get, in general, a con-
biological species, we give below the parameters for the twdribution of the exponential term of E¢4) with a low value

fits (see also Fig. D1 The plots of the linear fits for a few of n.
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Species Linear/cubic fits e

Homo sapiens lin. f=0.087-0.0036 0.0072
cub. f=0.099-0.00881+57x 10 °n?>—1.7 0.0055
X 10 °n3

Arabidopsis thaliana lin. f=0.088-0.0036 0.0068
cub. f=0.099- 0.0090 + 62X 10 °n?—1.95 0.0049
X 10 °n3

Drosophila melanogaster lin. f=0.087-0.0036 0.0125
cub. f=0.097-0.00961+ 76X 10 °n?>—2.5 0.0042
X 10 °n3

Escherichia coli lin. f=0.090-0.003% 0.0115
cub. f=0.112-0.01361+ 105x 10 °n®—3.1 0.0067
X 10 °n3

Of course, the frequency of an amino acid is given by thele.g., for Homo sapiens y=35% andy;=70%). We can
sum of the frequencies of its encoding codons given by Eqwrite
(4). If the ranks of the encoding codons were completely
random, we would not expect their sum to take equally 1
spaced values, as is the case in a regression line. Therefore, fn)=x fy f(y,n)dy. (14
we can infer, for the biological species whose amino-acid 0
frequency is very well fitted by a line, the existence of som
functional constraints on the codon usage.

We report in Table VI the distribution of the amino acids
for the different biological species. There is no clear corre
lation between the rank of the codons and the rank of th
encoded amino acids. As has been previously remarked, in
many species three of the four most used codons encode for
doublets which are generally less used than the five quartets, .
and the three sextetsThe statement is illustrated by Fig. 13, With the condition
where we plot, forHomo sapiensthe frequencies of the
codons according to the rank of the encoded amino acids,
indicating for each amino acid the rank of the corresponding
codons. In the legend, for each amino acid, “codon 1” means

the most used codon, “codon 2" the next most used codonps a consequence, we predict that the codon usage probabil-
and so on. . . _ ity is the same for any codon in any exonic genic region with
However, the behavior predicted by H¢) fits the experi-  the sameGC content. The form of tha(y) andb(y) func-
mental data very well, while the shape of the distribution ofij5ns is yet undetermined. Fétomo sapienswe remark that
amino acids seems more sensible for biological species. lfhe total exonicGC contentY g is, in a very good approxi-
fact, one can remark in many plots of the amino-acid distri-pation equal to the mean value of the interVgh,y;].
butlons(see, e.g., Fig. _])Zthe existence of one or two pla- Therefore, inserting Eqs14) and (15) into Eq. (12), we
teaus, which obviously indicate equal probabilities of use forygrive the result that the functiongy) andb(y) have to be
some amino acids. Presently, we do not have any argumefiaar functions ofy. This theoretical derivation is in accor-
to explanj the u_mform distribution of amino acids from the yance with the conclusions of Zeebdtp] obtained by an
ranked distribution of the corresponding codons. analysis of 7357 genes. On a quantitative level, using the
numerical linear fits of Zeeberg, we find a very good agree-
ment with our calculations. Note that this result is not in
IV. CONSEQUENCES OF PROBABILITY DISTRIBUTION contradiction with Eq.(11), since the previous analysis is
valid for the fixed value of the exoniGC content forHomo
sapiens For bacteria, the range of variatian of the local
exonic GC content is very small. Therefore we expect the
functionsa(y) andb(y) to have the same shape as the func-
tions « and B given in Eqs.(7) and(8). Hence the functions
a and B depend on the biological species.
We compute the Shannon entropy, given by

€Since the left-hand side of the above equation has the form
given by Eq.(4) for anyn and for any biological species, if
we do not want to invoke some “fine-tuning” in the inte-
'grand functionf(y,n), we have to assume that

f(y,n)=a(y)e""—b(y)n+y (15

_1 Y1 _1 Y1
a=x yOa(y)dy, ﬂ—Kfyob(y)dy- (16)

We now derive a few consequences of E4). In the
following, we denote by the local exonicGC content(i.e.,
for coding sequences of gendsr a given biological species.
Let us assume that the exon@C content of a biological
species is essentially comprised in the interyal-y,=A

SHere and elsewhere, the words doublet, quartet, sextet, etc., refer
to the group of(synonymous codons coding for the same amino S= _2 f(n)log, f(n) (17)
acid. n ’
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TABLE VI. Type of amino acids of the observed rank distribution.

Rank
Species 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Homo sapiens Leu Ser Ala Glu Gly Val Pro Lys Arg Thr Asp GIn lle Phe Asn Tyr His Met Cys Trp
Mus musculus Leu Ser Ala Gly Glu Val Pro Lys Arg Thr Asp lle GIn Phe Asn Tyr His Cys Met Trp
Rattus norvegicus Lue Ser Ala Glu Gly Val Pro Lys Thr Arg Asp lle GIn Phe Asn Tyr His Met Cys Trp
Gallus gallus Leu Ser Glu Ala Gly Lys Val Pro Thr Arg Asp lle GIn Asn Phe Tyr His Met Cys Trp
Xenopus laevis Leu Ser Glu Lys Ala Gly Val Pro Thr Asp Arg lle GIn Asn Phe Tyr Met His Cys Trp
Bos taurus Leu Ser Ala Gly Glu Val Lys Pro Thr Arg Asp lle GIn Phe Asn Tyr Cys His Met Trp
Arabidopsis thaliana Leu Ser Val Glu Gly Ala Lys Asp Arg lle Thr Pro Asn Phe GIn Tyr Met His Cys Trp
Oryza sativa japonica Ala Leu Gly Ser Arg Val Glu Pro Asp Thr Lys lle Phe GIn Asn His Tyr Met Cys Trp
Oryza sativa Ala Leu Gly Ser Arg Val Glu Pro Asp Lys Thr lle Phe GIn Asn Tyr His Met Cys Trp
Neurospora crassa Ala Leu Ser Gly Glu Pro Arg Thr Val Asp Lys Ille GIn Asn Phe Tyr His Met Trp Cys

Drosophila melanogaster Leu Ser Ala Glu Gly Val Lys Thr Arg Pro Asp GIn lle Asn Phe Tyr His Met Cys Trp
Caenorhabditis elegans Leu Ser Glu Lys Ala Val lle Thr Gly Arg Asp Asn Phe Pro GIn Tyr Met His Cys Trp

Leishmania major Ala Leu Ser Arg Val Gly Thr Pro Glu Asp GIn Lys lle His Phe Asn Tyr Met Cys Trp
Sacch. cerevisiae Leu Ser Lys lle Glu Asn Thr Asp Val Ala Gly Arg Phe Pro GIn Tyr His Met Cys Trp
Schizosacch. pombe Leu Ser Glu Lys Ala lle Val Thr Asp Asn Gly Arg Pro Phe GIn Tyr His Met Cys Trp
Escherichia coli Leu Ala Gly Val Ser lle Glu Thr Arg Asp Lys GIn Pro Asn Phe Tyr Met His Trp Cys
Bacillus subtilis Leu Ala lle Glu Lys Gly Val Ser Thr Asp Phe Arg Asn GIn Pro Tyr Met His Trp Cys
Pseudom. aeruginosa Leu Ala Gly Arg Val Glu Ser Asp Pro GIn Thr lle Phe Lys Asn Tyr His Met Trp Cys
Mesorhizobium loti Ala Leu Gly Val Arg Ser Asp lle Glu Thr Pro Phe Lys GIn Asn Met Tyr His Trp Cys
Streptom. coelicoloA3 Ala Leu Gly Val Arg Pro Thr Asp Glu Ser Ille Phe GIn His Lys Tyr Asn Met Trp Cys
Sinorhizobium meliloti Ala Leu Gly Val Arg Glu Ser Ille Asp Thr Pro Phe Lys GIn Asn Met Tyr His Trp Cys
Nostoosp. PCC7120 Leu Ala lle Val Gly Ser Glu Thr GIn Arg Lys Asp Pro Asn Phe Tyr His Met Trp Cys
Agrobact. tumefaciens Ala Leu Gly Val Arg Ser Glu lle Asp Thr Pro Phe Lys GIn Asn Met Tyr His Trp Cys
Ralstonia solanacearum Ala Leu Gly Val Arg Thr Asp Pro Ser Glu lle GIn Phe Lys Asn Tyr His Met Trp Cys
Yersinia pestis Leu Ala Gly Val Ser lle Glu Thr Arg Asp GIn Lys Pro Asn Phe Tyr Met His Trp Cys
Methanosarc. acetivorans Leu Glu lle Gly Ser Ala Val Lys Thr Asp Arg Asn Phe Pro Tyr GIn Met His Cys Trp
Vibrio cholerae Leu Ala Val Gly Ser lle Glu Thr Asp GIn Lys Arg Phe Asn Pro Tyr Met His Trp Cys
Escherichia coliK12 Leu Ala Gly Val lle Ser Glu Arg Thr Asp GIn Pro Lys Asn Phe Tyr Met His Trp Cys

Mycobact. tuberCDC1551  Ala Leu Gly Val Arg Thr Pro Asp Ser Glu lle GIn Phe Asn His Tyr Lys Met Trp Cys
Mycobact. tuberH37Rv Ala Gly Leu Val Arg Thr Asp Pro Ser Glu lle GIn Phe Asn His Tyr Lys Met Trp Cys
Bacillus halodurans Leu Glu Val Ala Gly lle Lys Ser Thr Asp Arg Phe GIn Pro Asn Tyr Met His Trp Cys
Clostridium acetobutylicum Ille Lys Leu Ser Glu Val Asn Gly Ala Asp Thr Phe Tyr Arg Pro Met GIn His Cys Trp
Caulobacter crescentuSB15 Ala Leu Gly Val Arg Asp Pro Glu Thr Ser lle Phe Lys GIn Asn Met Tyr His Trp Cys
Synechocystisp. PCC6803 Leu Ala Gly Val lle Glu Ser GIn Thr Pro Arg Asp Lys Asn Phe Tyr Met His Trp Cys

Sulfolobus solfatarcus Leu lle Lys Val Glu Ser Gly Ala Asn Tyr Arg Thr Asp Phe Pro GIn Met His Trp Cys
Mycobacterium leprae Ala Leu Val Gly Arg Thr Ser Asp Pro Glu lle GIn Phe Lys Asn His Tyr Met Trp Cys
Brucella melitensis Ala Leu Gly Val Arg lle Glu Ser Asp Thr Pro Lys Phe GIn Asn Met Tyr His Trp Cys

Deinococcus radiodurans  Ala Leu Gly Val Arg Pro Thr Glu Ser Asp GIn lle Phe Lys Asn Tyr His Met Trp Cys
Listeria monocytogenes Leu lle Ala Glu Lys Val Gly Thr Ser Asp Asn Phe Arg Pro GIn Tyr Met His Trp Cys
Clostridium perfringens lle Leu Lys Glu Gly Val Asn Ser Asp Ala Thr Phe Tyr Arg Pro Met GIn His Cys Trp

for the codons of a biological species and plot it versus the The same behavior has been shown by analogous compu-
total exonicGC content; see Fig. 10. The Shannon entropy istations made by Zeebefd6] for Homo sapiensSo it seems
rather well fitted by a parabola: that the entropy in the gene coding sequences and in the total
exonic region as functions of the exon®&C content show

the same pattern.

In conclusion, the distribution of the experimental codon
probabilities for a large total exonic region of several bio-
logical species has been very well fitted by the law of Eq.
Note that the parabola has its apex for0.50, which is  (4). The spectrum of the distribution is universal, but the
expected for the behavior of the Shannon entropy for twacodon, which occupies a fixed level, depends on the biologi-
variables(here GC and its complementarfU). cal species. Indeed, a more detailed analysis shows that, for

S=2.2186+0.144Y g c—0.00146(% ., x?=0.0315.
(18)
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close biological species, e.g., vertebrates, a fixed codon oshown by the total exonic region with differe®C content
cupies almost the same position i(n), while for distant for different biological species.

biological species the codons occupy very different positions
in the rank distribution. We have also derived that the codon
frequency for any gene region is the same for fixed biologi-
cal species and fixedsC content. Entropy analysis has  The authors would like to thank A. Arneodo for fruitful
shown that the behavior observed in genes with diffe@@t  discussions. A.S. is indebted to the Universite Savoie for

content for the same biological species is very similar to thafinancial support and LAPTH for its kind hospitality.

ACKNOWLEDGMENTS

[1] G. K. Zipf, Human Behaviour and the Principle of Least Effort bridge University Press, Cambridge, U.K., 1944

(Addison-Wesley, Cambridge, MA, 1949 [7] W. Li and Y. Yang, J. Theor. Biol219 539 (2002.

[2] R. N. Mantegna, S. V. Buldyrev, A. L. Goldberger, S. Havlin, [8] C. Furusawa and K. Kaneko, Phys. Rev. L&, 088102
C.-K. Peng, M. Simons, and H. E. Stanley, Phys. Rev. [7&t. (2003.
3169(1994. [9] V. A. Kuznetsov, Signal Proces83, 889 (2003.

[3] A. Czirok, R. N. Mantegna, S. Havlin, and H. E. Stanley, Phys.[10] A. Som, S. Chattapadhyay, J. Chakrabarti, and D. Bandyo-
Rev. E52, 446 (1995. padhyay, Phys. Rev. B3, 051908(2001).

[4] R. Israeloff, M. Kagalenko, and K. Chan, Phys. Rev. L&6. [11] C. E. Shannon, Bell Syst. Tech. 27, 623 (1948.
1976(1996; S. Bonhoeffer, A. V. M. Herz, M. C. Boerlijst, S. [12] Y. Nakamura, T. Gojobori, and T. Ikemura, Nucleic Acids Res.
Nee, M. A. Nowak, and R. M. Mayipid. 76, 1977(1996; R. 28, 292(2000.
F. Voss,ibid. 76, 1978(1996; R. N. Mantegna, S. V. Buldyrev, [13] L. Frappat, A. Sciarrino, and P. Sorba, J. Biol. Ph¥g, 1
A. L. Goldberger, S. Havlin, C.-K. Peng, M. Simons, and H. E. (2002.

Stanley,ibid. 76, 1979(1996. [14] R. D. Knight, S. J. Freeland, and L. F. Landweber, Genome
[5] C. Martindale and A. K. Konopka, Comput. Chef@xford) Biol. 2, 1 (2001).

20, 35(1996. [15] G. Gamow and M. Ycas, Proc. Natl. Acad. Sci. U.S4,
[6] G. U. Yule, Philos. Trans. R. Soc. London, Ser.2B3 21 1011(1955.

(1924); The Statistical Study of Literary VocabulafCam-  [16] B. Zeeberg, Genome Rek2, 944 (2002.

061910-12



